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Abstract
Solving the Kohn-Sham equation, which arises in density functional theory, is a standard procedure to
determine the electronic structure of atoms, molecules, and condensed matter systems. The solution of this
nonlinear eigenproblem is used to predict the spatial and energetic distribution of electronic states. However,
obtaining a solution for large systems is computationally intensive because the problem scales super-linearly
with the number of atoms. Here we demonstrate a divide and conquer method that partitions the necessary
eigenvalue spectrum into slices and computes each partial spectrum on an independent group of processors
in parallel. We focus on the elements of the spectrum slicing method that are essential to its correctness
and robustness such as the choice of filter polynomial, the stopping criterion for a vector iteration, and the
detection of duplicate eigenpairs computed in adjacent spectral slices. Some of the more prominent aspects
of developing an optimized implementation are discussed.
Keywords: Spectrum slicing, Hermitian eigenproblem, Kohn-Sham equation, sparse parallel eigensolver,
polynomial filtering

1. Introduction
Treating the electronic structure problem in density functional theory (DFT) requires calculating a large
number of eigenvalues and eigenvectors (eigenpairs) for the Kohn-Sham equation [10]. The number of
eigenpairs corresponds to one for each pair of valence electrons in the system of interest (unless an explicit
spin description is required). Here we consider only the valence states [4] and do not consider magnetic
systems, i.e., each eigenpair is interpreted as representing two distinct spin states, although the extension
to magnetic states is straightforward. The Kohn-Sham equation is written in atomic units (~ = e = m = 1)
as follows:


1 2
− ∇ + Vion + VH [ρ] + Vxc [ρ] ψi = ǫi ψi
2
N
(1)
occ
X
fi |ψi |2
ρ=
i=1

where Vion is the external potential, often taken to be an ion core pseudopotential [4], VH is the Hartree
potential or electrostatic potential, Vxc is the effective exchange-correlation potential, ρ is the charge density
occ
of the valence electrons, and {(ψi , ǫi )}N
i=1 are the eigenpairs for the occupied states. fi is given by a FermiDirac distribution, usually replaced by the Heaviside step function, which is the limit of zero temperature,
i.e., fi is unity for an occupied state and zero for an empty state such that the system is neutral. Since ρ
is computed from the set of eigenpairs but also appears in the left hand side of (1), obtaining the correct
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electronic structure requires an iterative procedure that finds a fixed point of (1) in terms of ρ. At the fixed
point, the potentials computed from ρ, VH and Vxc , generate the same ρ through (1). So the solution creates
a “self-consistent field” [10].
As the number of electrons (or atoms) grows, the computational complexity of the Kohn-Sham problem
scales super-linearly. In particular, enforcing an orthogonality condition on the approximation subspace for
the eigenvectors results in cubic scaling. Since the prefactor associated with cubically scaling operations is
small compared to that of quadratic operations, for a sequence of increasingly larger systems all of moderate
size, the runtime exhibits predominantly quadratic growth. We note that some methods exist that attempt
linear scaling solutions of the Kohn-Sham equation [7, 6], but these methods are usually quite specialized.
Here we develop a method that partitions the occupied states into slices. The eigenproblem on each slice is
computed independently of the others. Our implementation of this method parallelizes the eigensolver with
respect to these independent slices and provides a scalable approach to the Kohn-Sham problem.
2. Filter Operators on a Spectral Slice
Let H be the discretized Hamiltonian for the operator on the left hand side of (1). Because H is
Hermitian, its eigenvectors, {ui }ni=1 , form an orthonormal basis for Rn . For v ∈ Rn , we have
Hv = H

n
X

ci ui =

n
X

λi ci ui .

i=1

i=1

Since {λi }ni=1 ∈ R, we may pass from a polynomial p̃ : Cn×n → Cn×n to the corresponding polynomial,
p : R → R, as follows
n
n
n
X
X
X
ci p(λi )ui .
ci p̃(H)ui =
ci ui =
p̃(H)v = p̃(H)
i=1

i=1

i=1

A judicious choice of p(x) leads to an operator, p̃(H), that enhances eigencomponents from only a segment
of the spectrum. Therefore, the eigenpairs in that segment will lie in the span of a subspace generated by
repeated applications of this operator.
Our algorithm must compute several eigenpairs associated with the smallest eigenvalues of (1). In
practice, the largest necessary eigenvalue, λNocc , is not known, and inevitably some number of unnecessary
eigenpairs with λi > λNocc will be computed. To simplify the discussion, we will refer to λNocc as if it were
known beforehand.
A polynomial resembling the step function

1 : x ≤ λNocc
φ(x) =
0 : x > λNocc
would yield an ideal operator for the task. Unfortunately the discontinuity at λNocc causes any approximation
of φ to exhibit rapid oscillations around λNocc . The desired property of p(x) is to decay as rapidly as possible
beyond λNocc . Even a sharp cut off function with arbitrarily high regularity will result in approximations
that exhibit rapid oscillations around λNocc . For this reason, we take the simplest approach of approximating
φ and smoothing the result.
To this end, we employ the Chebyshev-Jackson approximation (2) [8, 13].
f (x) ≈

γi =
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This modification of the usual Chebyshev approximation attenuates higher order terms in the sum. Letting
π
αk =
, we have for gik from [9]:
k+2


1
i
sin(αk ) cos(iαk ) + k+2
cos(αk ) sin(iαk )
1 − k+2
.
(4)
gik =
sin(αk )
For a given term in (2), gik depends only on the degree of approximation. The location of the filter within
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Figure 1: Attenuation coefficient gik for k=50,100,150.
the spectrum and the exact filter function, φ, are not taken into account. gik is plotted for a few values of k
in Figure 1.
For the specific case where f (x) is a step function on [a, b] we have the following equations for γi

1


(arccos(a) − arccos(b)) : i = 0


π
.
(5)
γi =



2 sin(i arccos(a)) − sin(i arccos(b))



: i>0
π
i

Calculating the coefficients for the approximation of a given degree is straightforward and O(n) in the degree
of approximation. To see the effect this attenuation factor has on the usual Chebyshev approximation, see
Figures 2 and 3.
The degree of approximation needed to obtain a sufficiently sharp p(x) increases with the number of
slices packed into a fixed span of the spectrum. As more slices are needed in a calculation, the overlap
between adjacent filter polynomials must decrease. The extent to which p(x) faithfully represents the step
function is controlled by a transition width, w, and a magnification factor, m.
For an interval, [a, b], in the spectrum we require
p(b)
p(a)
> m and
> m.
p(a − w)
p(b + w)

(6)

This ensures that the eigencomponents in [a, b] are magnified by a factor of m over the components outside
of [a − w, b + w]. This criteria, while appearing less precise than an expression involving a norm, reflects
the functional impact p(x) will have when used in the eigensolver. Let Nf be the number of filters, which
is identical to the number of slices. When Nf > 1, we would like to set the transition width to keep the
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Figure 2: Approximation of a step function equal to 1 on (−0.8, −0.7). Both polynomials have the same
degree.
overlap between adjacent filters proportional to the width of an individual interval. To achieve this, given
a width, w, that works well for a single filter, a transition width w/Nf should be employed in the case of
multiple filters. Therefore the transition width should be made inversely proportional to Nf . As shown
in Figure 4, the degree of a filter that satisfies (6) is inversely proportional to the transition width, w/Nf .
These two inverse relationships cause the degree of a filter to scale linearly in Nf .
As the number of slices increases, the average number of times the filter must be applied to form the
slice subspace decreases linearly. This is because the average number is proportional to the total number
of states in each interval. In a parallel implementation, where the eigenpairs for each slice are calculated
independently, this would nominally hold constant the wall clock time spent in the filtering operation while
the total computer time would increase. Increased filtering cost is incurred in exchange for a decrease in
the cost of super-linear scaling procedures used in the eigensolver, making this method most advantageous
as the number of atoms increases.
A related issue in employing (2) comes from a filter’s location. The distribution of the Chebyshev
polynomials’ roots is denser at the endpoints of the spectrum, giving better accuracy in that region for
lower order approximations. So obtaining a uniform degree of sharpness for all filters in a given calculation
requires higher degree polynomials in the interior of the spectrum. Figure 5 shows the degree of a filter
with a fixed width and sharpness criterion as the filter slides across the range [−1, 1]. The difference in filter
order leads to a load balancing problem. To add a new vector to an approximation subspace, processors for
interior slices spend more time filtering than those for exterior ones. There are two main approaches to this
problem.
On one hand, a code could setup the slices heterogeneously, varying the width of each slice based on some
model of runtime that uses a guess of where the new eigenvalues lie. Such a guess is easy to produce because
the spectrum from the previous SCF iteration, shifted and scaled into the new Hamiltonian’s bounds, is
usually good enough. However, developing a model for runtime is more difficult. The number of vectors
needed in the subspace is affected by nearby spectral gaps as well as the presence of nearly degenerate
eigenvalues. The multiplicity of a degeneracy is also a factor, with higher multiplicity requiring more
subspace vectors per converged eigenpair than lower multiplicity. Furthermore, reducing the width of an
interior slice too much necessitates reducing the transition width of the associated filter as well as either of
the adjacent filters if the density of eigenvalues at the shared boundary is high enough. Issues like this can
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Figure 3: Close up of Chebyshev approximation (dashed) and smoothed Chebyshev-Jackson polynomial
(solid) for a step function nonzero on (−0.8, −0.7) over the interval [−1, 1].
make a model dependent on a number of heuristics.
Another possibility is to take a simple approach to laying out the slices, perhaps giving them equal width,
and address load balancing dynamically. One approach that we have implemented is for the left neighbor
of a slice ( being more exterior, it typically finishes first ) to send the converged eigenpairs in the transition
region to its right neighbor. At the end of each loop of Algorithm 2, the processors for a slice check to see
if there is a message from the left neighbor. If so, then the processors incorporate these converged vectors
into their approximation subspace by orthogonalization. This technique generally decreases the runtime of a
calculation by 20%. Other dynamic load balancing techniques can be applied, and this is a route for further
research of spectrum slicing methods.
3. Creation of the Approximation Subspace for a Spectral Slice
Given an operator f (H) : Rn → Rn that enhances eigencomponents from only an interval, [a, b], of
the total spectrum, we can easily develop a vector iteration that yields an approximation subspace for the
eigenpairs in that interval. Algorithm 2 is such an iteration. Starting with a normalized initial vector
v0 , we construct a subspace, V , from repeated application of f (H), vei+1 = f (H)vi . Since vei+1 is to be
used to augment the subspace, we are only interested in its component orthogonal to V . Let vi+1 denote
′
that component so that vei+1 = vi+1 + vi+1
where vi+1 ⊥ V is the vector with which to augment V and
′
vi+1 ∈ span(V ) is of no interest. The vector vi+1 will be mapped under f (H) in the next iteration.
With a procedure for building a subspace, we need a criterion to terminate the iteration. One option is
to perform the Rayleigh-Ritz method, shown in Algorithm 1, on V and examine the approximate eigenpairs
( Ritz pairs ) and their residuals. However, the cost of periodically computing the approximate eigenpairs
is high. The approximations always need to be computed using Algorithm 1 once convergence is reached,
but using them to detect convergence can be even more costly because Algorithm 1 must be repeated when
convergence is not detected.
While costly, such a test can be reliable as long as the eigenpairs of interest are at either end point of
the spectrum. However, for an interior slice, the Rayleigh-Ritz procedure produces vectors whose Ritz value
is a weighted average of eigenvalues on the left and right side of the slice. This averaging will routinely put
a few of the Ritz values in [a, b], though the associated residuals would be large. One is then faced with
developing some criterion for throwing out Ritz pairs that appear to be in the slice. That task is made
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Figure 4: The linear relationship between the degree of a filter and decreasing transition width, w. Here,
m = 2 and w = 5 × 10−3 /k.
Algorithm 1: The Rayleigh-Ritz method
Input: Orthonormal basis, V ∈ CN ×m , and the Hamiltonian matrix, H ∈ CN ×N
Output: Approximate eigenpairs (λi , ψi ) and their Ritz residuals, σi
R = V H HV ;
QH ΛQ = R ;
Ψ=VQ ;
for i = 1 to m do
σi = kHψi − λi ψi k2
end

// form Rayleigh quotient matrix, O(N m2 )
// diagonalize R, O(m3 )
// form Ritz vectors, O(N m2 )
// compute each residual, O(N m)

more difficult since nearly degenerate subspaces are typically resolved last among all eigenpairs in the slice;
and until resolution happens, the Rayleigh-Ritz procedure reports the degenerate subspace as one or two
Ritz vectors with large residuals. This makes examination of the subspace’s Ritz data alone insufficient for
developing a stopping criterion.
There is an alternative which requires computing only the Ritz value of vi+1 , the component of the most
recently produced vector which is orthogonal to the current approximation subspace. When convergence is
obtained, the eigenpairs in [a, b] are contained in span(V ). Thus, vi+1 has no components from that interval
in the spectrum, i.e., in the eigenvector expansion
vi+1 =

N
X

ck ψk

k=1

and ck = 0 for all k with λk ∈ [a, b]. Since vi+1 is normalized, the Ritz value
X
H
µi+1 = vi+1
Hvi+1 =
c2k λk

(7)

k=1,N

is a convex combination of the eigenvalues outside of [a, b]. If the average of the eigenvalues in (7) is heavily
weighted to the positive side, the Ritz value will leave this interval once convergence is obtained.
In the electronic structure problem, we are always interested in the smallest eigenvalues, those of lowest
energy, because they correspond to the occupied states. The number of occupied states is far smaller than the
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total number of eigenpairs in the spectrum of H. A typical example is the system used in the computational
experiment to follow. The occupied states fill only 2% of the spectral radius, and they constitute only
0.3% of the total number of eigenvectors. Moreover, the calculation is done with a grid spacing close to
the maximum that can be used on this system, 0.7 au. For a given problem, grid spacing determines the
spectral radius and the total number of eigenvectors, both increasing with decreasing grid spacing. In a
system with a transition metal, typically a smaller grid spacing would be required; and the principle on
which the convergence criteria is based would still apply. Therefore, in the Kohn-Sham problem, (7) leaves
[a, b] quickly after convergence is reached, making it a useful measure for stopping the iteration.
The Chebyshev-Jackson polynomials allow this technique to be effective. Without smooth filters, convergence in the wanted eigenspace is followed by convergence in the peaks and troughs of the step function
approximation’s ripple, see Figure 3. Convergence in these unnecessary areas makes the Ritz value of vi+1
stagnate for many more iterations.
In Algorithm 2, the stopping criteria is given by the input max outside. The iteration stops when the
Ritz value is outside of [a, b] for max outside iterations. In the computational example we set this value to
10. While specifying a stopping criteria in this way is heuristic, the more precise application of Sylvester’s
theorem must be ruled out as it requires a complete LDLT factorization of a shifted Hamiltonian [12].
Figure 6 displays this Ritz value, computed in Line 2 of Algorithm 2, at each iteration. Note that the Ritz
value moves outside of the upper boundary of the interval in latter iterations. This indicates convergence of
eigenpairs in the slice. In the calculation, the number of eigenpairs with residuals below 10−10 is 63 and the
total number of iterates is 128. So this criteria stops the iteration and requires roughly 2 filter operations
per converged vector. Of the 63 converged vectors, only 41 reside within the slice. To some extent, excess is
unavoidable; but its cost can be recouped somewhat by the optimization described at the end of Section 2.
Aside from the stopping criterion, computing the orthogonal component in line 1 of Algorithm 2 can
be problematic. As this iteration nears convergence, the eigenpairs in [a, b] will be contained in span(V )
and the result of the operator f (H) will be nearly linearly dependent with V . Modified Gram-Schmidt and
QR factorization will both fail to produce an orthogonal component in this situation. A Gram-Schmidt
algorithm with reorthogonalization must be used here [5].
Dividing the spectrum into slices requires an estimate of the Fermi energy, or better, a knowledge of the
highest occupied eigenstate. In our implementation, we use the Fermi level from the previous self-consistency
7

Algorithm 2: Slice subspace creation method
Input: max outside, the stopping criterion; H, the Hamiltonian matrix; f , the filter polynomial over
[a, b]
Output: At least all eigenpairs of H lying in [a, b]

1
2

v0 = Random(N );
count = 0;
V = ∅;
while count < max outside do
ṽi+1 = f (H)vi ;
Compute the normalized component vi+1 ⊥ V of ṽi+1 ;
V = V ∪ {vi+1 } ;
H
if vi+1
Hvi+1 > b then count = count + 1;
else count = 0;
end
Apply Algorithm 1 to V

iteration as an estimate, and place the last filter at some distance beyond that point to ensure a few extra
states are included. This means that we cannot use the filtering algorithm for the first self-consistency step
unless the user can provide a reliable guess at the Fermi level. Hence, for the first self-consistency iteration,
we compute the spectrum using Algorithm 2, but with only one slice and with a low degree filter that
gradually slopes upward such as that in Figure 9. This requires a much less accurate estimate of the Fermi
level and can be modified adaptively [16]. It is also necessary to have a guess of the minimum and maximum
eigenvalues of the spectrum, but this is easily obtained with a few iterations of the Lanczos algorithm [11].
Algorithm 2 computes the required states lying in [a, b], but it also inevitably calculates converged states
immediately outside of the boundary of [a, b]. In enumerating the final set of states from which the density
and forces are calculated, eigenvalues that lie very close to either end point of an interval may be counted
twice.
4. Identifying Duplicate Eigenpairs
Eigenpairs near interval boundaries present a problem where, in enumerating the complete set of occupied
states, these eigenpairs may be counted twice. When an algorithm uses the Ritz value
µi = ψiH Hψi
and residual
σi = kHψi − µi ψi k2
to determine which Ritz pairs lie in an interval, there must be some slack in the condition owing to the fact
that the approximated eigenpair may lie anywhere in the interval (µi − σi , µi + σi ). Therefore a Ritz pair
with µi slightly outside of the interval may be approximating an eigenpair inside of the interval. This is the
essence of the problem with duplicate eigenpairs. Algorithm 2 run on [a, b] and [b, c] may count eigenpairs
near b twice. In Figure 7 eigenpairs in the shaded region are computed for both slices. Most of the eigenpairs
may be eliminated by a simple test using the Ritz value and residual, but eigenpairs close enough to the
boundary at −4.11 eV require a more robust test.
To avoid double counting, the principal angles between the subspaces of Ritz vectors near an interval
boundary may be used. If QL and QR are the Ritz vectors near the boundary for the left and right slice
H
then the singular value decomposition of QH
yields the cosine of the principal angles through
L QR = U ΣV
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the singular values in Σ, [2],
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Assume the singular values in Σ are ordered and suppose k of the singular values are near 1. By

 k×k
0
I
H
H
H
QL QR = U ΣV ⇒ (QL U ) (QR V ) = Σ ≈
0
0
we see that the first k columns of QL U are a basis for the subspace of duplicate vectors in the left slice. By
examining the first k columns of U for some of their largest elements, we can find the specific columns of
QL that are duplicates. Let NL be the number of vectors in QL . Define the vector m ∈ RNL so that
mi = max |Ui,j |.
1≤j≤k

The largest k elements of m have indices corresponding to the duplicated vectors in QL . We cannot simply
examine the columns of U for their maximum elements. In the event that the duplicate eigenvectors form
a nearly degenerate subspace, such a test can find the maximum across two separate columns to be in the
same row. For example, if QL contained five vectors, and three of them formed a degenerate subspace, then
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a possibility for U , shown in (8), would indicate that the first, second and fourth vectors of QL are a basis
for the degenerate space. Examining only the maximum absolute value of the elements, the maximum is
found for column one and two in the first row, and for column three in the fourth row. Hence row two
would be overlooked. Note that in practice, one can not simply examine the rows in the first k columns for
nonzeros, as would work in this example. The matrix in (8) is an ideal case, and precision issues can add
slight perturbations making any of the zero elements nonzero. Therefore a method like the one described
above is necessary for identifying the relevant rows.
 √1

√1
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0 0
2
2
 √1 − √1
√1
0 0 
 3

3
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0
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 √

√
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0 1
With the indices for basis vectors of the duplicate subspace in QL , the code can remove duplicates in the
left slice without explicitly forming any state vectors.
For a slice at [a, b], discarding all converged eigenpairs for which (µi − σi , µi + σi ) ∩ [a, b] = ∅ and applying
Algorithm 3 will result in the union across all slices of all remaining eigenpairs giving an accurate count of
the occupied states.
One situation that will cause a problem for this algorithm is if Algorithm 2 does not find a complete basis
for a degenerate subspace with an eigenvalue near the boundary. In the simplest case, QL could consist of
two vectors that span a degenerate space, but QR could have only one basis vector. In this situation, the
code would have only one singular value to work with, and would only identify one duplicate. Indeed, it
would identify one of the vectors in QL as a duplicate and remove it. Without further reorthogonalization at
some later stage, the basis for this degenerate space would not be orthogonal. We do not handle this in the
code. We assume that Algorithm 2 will always find a complete basis for any degenerate or nearly degenerate
10

Algorithm 3: Remove duplicates in slices before final state enumeration
Input: Converged eigenpairs for two adjacent slices at [a, b] and [b, c]; tolerance δ < 1 with δ ≈ 1
Output: Indices for the set of duplicate eigenvectors to remove from the slice at [a, b]

1

if slice over [a, b] then
for i = 1 to NL do
// loop over converged states
if (µi − σi , µi + σi ) ∩ [b, c] then QL = QL ∪ {ψi }
end
end
if slice over [b, c] then
for i = 1 to NR do
// loop over converged states
if (µi − σi , µi + σi ) ∩ [a, b] then QR = QR ∪ {ψi }
end
end
U ΣV H = QH
// assume Σi,i ≥ Σi+1,i+1 so Line 1 is max over contiguous elements
L QR ;
k = 0;
if Σi,i > δ then
k = k + 1;
end
for i = 1 to NL do
mi = max |Ui,j |;
1≤j≤k

end
L
Sort the sequence {{mi , i}N
i=1 } descending by the first coordinate;
The second coordinate of the first k elements of the sorted sequence gives the column index of a
duplicate in QL ;

space near the boundary. In practice, the Algorithm 2 will always find more states than necessary on either
side of the boundary.
5. Computational Result
We have computed the occupied states of a passivated nanocrystal, Si275 H172 , using the spectrum slicing
algorithm. The geometry of the nanocrystal is fixed by assuming a bulk crystal fragment. Unsaturated
bonds are passivated by hydrogen-like atoms. This is a modestly sized nanostructure and is typical of a
contemporary electronic structure problem [3]. 636 eigenpairs or occupied states are required for a solution.
This calculation was done in the framework of the real-space code PARSEC [4]. A histogram of the states
is shown in Figure 8. The result computed using the spectrum slicing solver with 16 slices agrees exactly
with the standard PARSEC solver. For this problem, the number of slices used here is unnecessarily high.
Our calculations for this system are meant as a “viability” test or a proof-in-principle for the algorithm as
opposed to a fully optimized example of the algorithm.
The order of filter polynomials ranges from 290 for the leftmost filter to 1090 for the innermost filter. The
order of these polynomials is much higher than that of those used in the standard PARSEC solver where the
degree is usually less than 25. For any configuration, the cost of filtering in a spectrum slicing algorithm is
higher than in a standard method. However, this algorithm reduces the quadratically and cubically scaling
costs for other operations that dominate the runtime in larger systems. To demonstrate how the spectrum
slicing method becomes advantageous for large subspaces, we compare the runtimes for a calculation using
Algorithm 2 employing a single low-degree filter to those of Algorithm 2 run with a single higher degree
window filter. This calculation is done for a fixed system where the number of wanted eigenpairs exceeds
the Fermi level. This is an important setting for time-dependent density functional theory, where a large
number of unoccupied Kohn-Sham orbitals are used to calculate excited state properties [14].
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Figure 8: States for unrelaxed Si275 H172 as computed by Algorithm 2 using 16 slices. The states computed
for a slice are shown by the solid line. The dashed line is the union of all wanted states. Algorithm
2 inevitably produces converged eigenpairs for some states outside of the interval boundaries, hence the
overlap between states of adjacent slices.
For the calculation done with low-degree filters, the entire set of occupied states is computed at once,
similar to the algorithm used in [1, 15]. The filters used for the comparison are shown in Figure 9. By fitting
the run times to a model of the computational complexity we can estimate at what number of computed
unoccupied states the use of multiple filters becomes advantageous.
A model for the operation count of the loop in Algorithm 2 is
2
T (Nocc ) = αNocc
+ βDf Nocc + γ,

(9)

where α, β, and γ are to be determined by data. The first term in equation 9 comes from the orthogonalization cost, and the second term comes from filtering cost. Df is the degree of a filter. Because the degree
increases as filters are added, we need it to be factored out of β.
In a model for systems where the number of atoms can increase, the first two terms would contain an
additional O(Nocc ) factor to account for the length of a vector. This factor is O(Nocc ) because adding
states corresponds to adding some species of atom and hence some amount of volume and its associated
grid points. Hence orthogonalization is cubic in the number of occupied states when the number of atoms
increases. Therefore, in this situation, the model would be
3
2
T (Nocc ) = αNocc
+ βDf Nocc
+ γ.

In the model, (9), we account only for the time spent on filtering and orthogonalization, the body
of the loop in Algorithm 2. We do not consider time spent executing Algorithm 1, the Rayleigh-Ritz
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Figure 9: A low degree (22) filter (dashed) enhancing the occupied states in [−12.8, 0] and a filter of degree
118 (solid) approximating a step function in the same interval. The polynomial extends to the end of the
discrete Hamiltonian’s spectrum at 655 eV.
procedure. This omission ultimately makes the estimate pessimistic for the spectrum slicing method because
the Rayleigh-Ritz procedure has steps that scale super-linearly in the number of states. Consequently the
spectrum slicing method reduces the cost of the Rayleigh-Ritz procedure. This model will not reflect that
benefit, but the omission of the Rayleigh-Ritz cost improves clarity by allowing us to treat only the costs
that are incurred on a per iteration basis.
In this model, adding Nf filters corresponds to decreasing Nocc by a factor of 1/Nf and increasing the
degree of a filter polynomial by a factor of Nf . This increase is necessary for the filter to become sharper
as discussed in section 2. Therefore with multiple filters we have
T (Nocc ) =α
=α





Nocc
Nf
Nocc
Nf

2
2

+ βDf Nf

Nocc
+γ
Nf

+ βDf Nocc + γ.

(10)

Nf is introduced in the numerator of the second term by the increased degree of the filter polynomial.
However it is also appears in the denominator by a reduced number of filter applications caused by the
reduced subspace size for the smaller slice.
The run times for each calculation are displayed in Figure 10. Fitting the data, which has been computed
up to 636 states, and extrapolating we arrive at the plots for a single slice and a single low degree filter in
Figure 11. The break-even point occurs under 3, 000 states. This is for only a modest sized nanostructure.
The largest nanostructure studied by this group has been for a nanocrystal of over 10,000 atoms, requiring
20,000 eigenpairs. While many factors affect the exact crossover point such as the relative efficiency of the
codes for matrix-vector operations and dense super-linear scaling procedures, this estimate is derived from
real data and shows that spectrum slicing techniques should be applicable for even moderately large systems
accessible on current computing hardware.
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Figure 10: Run times for the first SCF iteration of Si275 H172 using the filters displayed in Figure 9
6. Conclusion
In this paper we demonstrated a method by which the Kohn-Sham eigenproblem can be solved in a
parallel divide and conquer fashion. The cost of orthogonalization and the Rayleigh-Ritz procedure, which
scale cubically in the number of states, is reduced by the reduction in the size of the eigenspace for each
spectral interval. For systems with tens of the thousands of states, an approach of this nature is the only
viable course given the computational complexity of the problem. The independent nature of the calculations
done on each spectral interval allow an additional layer of parallelization to be implemented where the
calculations for each slice are done on independent groups of processors. For a typical system, the silicon
nanocrystal, we estimate the spectrum slicing method to be preferred over the fast Chebyshev-Davidson [16]
method currently used in PARSEC once the number of necessary states exceeds 3000.
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