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Abstract—In this paper, we study the problem of optimal
trajectory generation for a team of heterogeneous robots moving
in a plane and tracking a moving target by processingrelative
observations, i.e., distanceand/or bearing. Contrary to previous
approaches, we explicitly consider limits on the robots’ sped and
impose constraints on the minimum distance at which the robts
are allowed to approach the target. We first address the casef a
single tracking sensor and seek the next sensing location order
to minimize the uncertainty about the target’s position. Weshow
that although the corresponding optimization problem invdves
a non-convex objective function and a non-convex constrain
its global optimal solution can be determined analytically. We

Emafkezhoustergiog @cs.umn.edu

In this paper, our objective is to determine optimal trajec-
tories for a team of heterogeneous robots that track a moving
target using a mixture of relative observations, including
distance-only, bearing-only, and distance-and-bearing mea-
surements. Since accurately predicting the motion of trgeta
over multiple time steps is impossible, we focus our attenti
to the case where the robots must determine their optimal
sensing locations for one step ahead at a time. Specifically,
we seek to minimize the uncertainty about the position of
the target, expressed as the trace of the posterior coearian

then extend the approach to the case of multiple sensors and matrix for the target's position estimates, while considgr

propose an iterative algorithm, Gauss-Seidel-relaxation (GSR),
for determining the next best sensing location for each sens
Extensive simulation results demonstrate that the GSR algithm,
whose computational complexity islinear in the number of
sensors, achieves higher tracking accuracy thagradient descent
methods, and has performance indistinguishable from that b
a grid-based exhaustive search, whose cost is exponential in the
number of sensors. Finally, through experiments we demonsite
that the proposed GSR algorithm is robust and applicable to eal
systems.

Index Terms—Mobile Sensor, Target Tracking, Distance Mea-
surement, Bearing Measurement, Gauss-Seidel Relaxation.

I. INTRODUCTION

Optimally tracking a moving target under motion an
processing constraints is necessary in a number of appli
tions such as environmental monitoring [1], surveillan2g [
[3], human-robot interaction [4], as well as defense ajplic

tions [5]. In most cases in practice, multipatic wireless

maximum-speed limitations on the robots’ motion. Addition
ally, in order to avoid collisions, we impose constraintstioa
minimum distance between any of the robots and the target.
This formulation results in a non-convex objective funatio
with non-convex constraints on the optimization variatjies,
the robots’ sensing locations).

The main contributions of this work are the following:

e We first investigate the case ofsingle sensor and for
the first time we prove that the global optimal solution to the
active target tracking problem can be determined analiptica
for arbitrary target motion models. In particular, we showatt
depending on the distance between the robot and the target,
two distinct cases must be considered, each corresporalang t

ifferent pair of polynomial equations in two variables,osle
inite and discrete solution set contains the optimal sofuti

¢ \We extend the above approach to the caseudfiple het-
erogeneous sensors by employing the non-linear Gauss-Seidel-
relaxation (GSR) algorithm whose computational compyexit
s linear in the number of sensors. Additionally, we compare

sensors are employed in order to improve the tracking acszuréh ; .
and increase the size of the surveillance area. Contramatic s the performance of the GSR algorithm to that of a grid-based

sensors, whose density and sensing range are fiebile exhaustive search (GBES), whose cost is e>_(ponential in the
sensors (robots) can cover larger areas over time with ml?er of sensors, and_ sh_o_w that GSR achieves _comparable
the need to increase their number. Additionally, their ispat tracking accuracy at a significantly lower computf’:\tlonaﬁtco
distribution can change dynamically so as to adapt to t oreover, we demonstrate that the GSR algopthr_n qgtper-
target’s motion, and hence provide informative measurésne orms gradient-descent-based approaches and |s_S|ngW|can
about its position. Selecting thaest sensing locations is of the;t(;.‘;rsginpared to the case where the sensors simply follow
particular importance especially when considering tirrigeal Following a brief review of related work in Section I,

applications (e.g., when tracking a hostile target), asl wel . . .
as limitations on the robots’ processing and communicatiégwe present the formulation of the target-tracking problem i
reSOUTCes ection 1ll. In Section 1V, the global optimal solution for a

single sensor is determined analytically, while the nowdir
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GSR algorithm employed to solve the multiple-sensors case i
described in Section V. Extensive simulation and real-dorl
experimental results are presented in Sections VI and VII,
respectively, while the conclusions of this work and diieats



of future research are discussed in Section VIII. Information Matrix — FIM) is significantly simplified, and
the resulting control law requires that the sensor switdtses
Il. LITERATURE REVIEW bearing rate between its upper and lower bound.

In contrast to [16], where the optimization is performed
in the discrete time domain, Passerieux and Van Cappel [17]
formulate the optimal trajectory generation f@ngle-sensor
target tracking using bearing measurements in continuous
Bme. In this case, the target is constrained to move on a

Although target tracking has received considerable attent
in most cases the sensors involved sig¢ic and the emphasis
is on the optimal processing of the available informatiog.(e
given communication constraints [6]). In contrast to usin

static sensors, the deployment afobile sensors (orobots) straight line with constant velocity and the objective is to

for tracking offers significant advantages. For examplargdr m(i)r%imize the target's location and velocity uncertaintyrgx-

area can be covered without the need to increase the number ) . o .
. ) . : .imizing the FIMs’ determinant over a finite time horizon. The
nodes in the sensing network. The idea of optimally choosin

. ) . . S Withors present theecessary condition for the continuous-
the mobile sensors’ locations in order to maximize inforiorat

ain (also known as adaptive sensing or active perceptias) rt]ime optimal sensor path based on the Euler equation.
9 P 9 P b In [18], Logothetiset al. study thesingle-sensor trajectory

been applied to the problems of cooperative localizatidn [7_ .. = 7 : : _
) . . -optimization from an information theory perspective, wher
simultaneous localization and mapping [8], parametenesti

tion [9], [10], and optimal sensor selection [11], [12]. Imat Fhe sensor.attempts to reduc_e the target’s location and-velo
. X : . ity uncertainty through bearing measurements. The authors
follows, we review single- and multi-robot tracking appcbas

that usedistance-only, bearing-only, or both distance and employ _the dgtermmapt of the targets covariance matrix
. over a finite time horizon as the cost function, and compute
bearing measurements.

the optimal solution by performing grid-based exhaustive
search. Acknowledging that the computational requirements
A. Active target tracking - distance-only observations increase exponentially witthe number of time steps, the

Yang et al. [13] present an active sensing strategy usin@ithors present suboptimal solutions in [19], wheredtie-
distance-only measurements, where both tteee and the based minimization takes place over only one time step.
determinant of the target position estimates’ covariance are Recently, Frew [20] investigates the problem @hgle-
considered as the objective functions. The authors propos&nsor trajectory generation for target tracking using bearing
control law, with constant step size, based ondhedient of Mmeasurements. In this case, motion constraints on the Ii€nso
the cost function with respect to each sensor’s coordinatestrajectory are explicitly incorporated in the problem farm

In [14], Martinez and Bullo address the problem of optimdfition and the objective functiordéterminant of the target's
sensor placement and motion coordination strategielsdioo- covariance matrix) is minimized over a finite time horizon
geneous sensor networks using distance-only measuremeri#§ing exhaustive search through a discretized set of candidate
where the emphasis is on the optimal sengi@cement for Sensor headings.

(non random)static target position estimation. The objective
is to minimize thedetermi napt of the covariance matrix. The = active target tracking - distance-and-bearing observations
resulting control law requires that the sensors move on a

polygon surrounding the target so as the vectors from tigetar Stroupe and Balch [21] propose an approximate tracking
to the sensors are uniformly (in terms of direction) Sp(,jmed_behawor, where the mobile sensors attempt to minimize the

Recently, Stumpet al. [15] investigated the problem of target’s location uncertainty using distance-and-begpnrea-

localizing a stationary target by processing distance-onlfuremems' The objective function is ttheter minant of the tar-

measurements from mobile sensors. The objective is to St POsition estimates’ covariance matrix, and the optin
lect the sensing locations such that ttime derivative of problem is solved bygreedy search over the discretized set of

the determinant of the target-position estimate@iformation candidate headings, separately for each sensor. Addigiona
matrix (i.e., the inverse of the covariance matrix) is maximized® expected information gain from the teammates’ actiens i
The proposed control law is based on theadient of the a_lpproxmatgd by assuming that their measurements in thte nex
cost function with respect to each sensor's coordinated, a#me Step will be the same as these recorded at their current
is implemented in a distributed fashion. Additionally, thd0cations. o

expected distance measurements in the next time step ar@!fati-Saber [22] addresses the problem of distributegetar

approximated by assuming that they will be the same as th&&&king for mobile sensor networks with a dynamic commu-
recorded at the sensors’ current locations. nication topology. The author tackles the network connégyti

issue using a flocking-based mobility model, and presents a
. ) . . modified version of the distributed Kalman filter algorithm

B. Active target tracking - bearing-only observations for estimating the target's state. In this case, the sensees

In [16], Le Cadre proposes an approximate tracking algbeth distance and bearing measurements to a target thasmove
rithm, in which asingle mobile sensor attempts to minimizein 2D with constant velocity driven by zero-mean Gaussian
the target’s location and velocity uncertainty over a fitilee noise, and seek tminimize their distancesto the target, while
horizon, using bearing measurements. Under the assumptoeniding collisions.
that the distance between the sensor and the targetves/s Chunget al. [23] present a decentralized motion planning
constant, the objective function (thdeterminant of the Fisher algorithm for solving the multi-sensor target tracking lpisom



using both distance and bearing measurements. The authmossible combinations of the sensors’ locatfons
employ thedeterminant of the target’s position covariance

matrix as the cost function. The decentralized control law i I1l. PROBLEM FORMULATION

this case is based on tlggadient of the cost function with

respect to each of the sensor’s coordinates with constapt st Consider a group of mobile sensors (or robots) moving
in a plane and tracking the position of a moving target by

size of 1. : . . .
processing relative measurements, consisting of distanke
bearing-only, and distance-and-bearing observationghis

D. Summary paper, we study the case giobal tracking, i.e., the position

of the target is described with respect to a fixed (global)
The main drawback of the previous approaches is tioat frame of reference, instead of a relatigeoup-centered one.

physical constraints on the motion of the sensors are conHence, we hereafter employ the assumption that the position

sidered. The only exceptions are the works presented in [&]d orientation (pose) of each tracking sensor are knowm wit

for distance-and-bearing observations, and in [20] foringa high accuracy within the global frame of reference (e.gurfr

only observations. However, in both cases the proposed griecise GPS and compass measurements).

based exhaustive search algorithm, when extended to thé&urthermore, we consider the case where each sensor moves

multi-sensor case, has computational complegigonential in 2D with speedv;, which is upper bounded by vimax,

in the number of sensors, which becomes prohibitive when the= 1, ..., M, whereM is the number of sensors. Therefore,

number of the sensors is large and/or the size of the gridscellat time-stepk + 1, sensor: can only move within a circular

small. In addition, teams of heterogeneous sensors usixgdmiregion centered at its position at time-stépwith radius

(i.e., distance and/or bearing) relative observationsoamy vimax0t, Wheredt is the time step (see Fig. 1). In order to avoid

considered in [13], whose gradient-based algorithm cag ordollisions with the target, we also require that the distanc

guarantee achievirlgcal minimum, while its convergence ratebetween the target and sensdp be greater than a threshold

is not addressed. Moreover, analytical solutions for alsing;, i.e., sensoi-is prohibited to move inside a circular region

sensor tracking a moving target are provided only for theentered at the target's position estinfate time-stepk + 1

bearing-measurements case when the target is restri¢ket eiwith radiusp; (see Fig. 1J. Note also that since the motion of

to be at a constant distance from the sensor [16], or to movette target can be reliably predicted for the next time stdp, on

a straight line with constant velocity [17]. Lastly, exters our objective is to determine the next best sensing location

of [16] and [17] to multi-sensor target tracking have notrbedor all sensors at one time step ahead.

considered. In the next two sections, we present the target’s state
Compared to our previous work [24], where only distanderopagation equations and the sensors’ measurement models

observations were employed, in this paper, we address the

most_ general case.of active target tracking When processiggate Propagation

a mixture of relative measurements (i.e., distance and/or ] )

bearing}. Specifically, we first address the problem of single- !N this work, we employ the Extended Kalman Filter (EKF)

sensor target tracking where we explicitly consider carists [0 recursively estimating the target's stater(k). This is

on the robot's motion by imposing bounds on its maximurfiéfined as a vector of dimensianV, where N — 1 is the

speed, as well as on the minimum distance between the ropighest-order time derivative of the target's positionaized

and the target. However, contrary to [16] and [17], we reguify the motion model, and can include components such as

no particular type of target's motion. Our main contribatie  POSition, velocity, and acceleration:

that we derive thelobal optimal solutions for distance-only,  xr(k) = [ 27 (k) yr(k) 7 (k) yr(k) ir(k) jrk) ... ]" (1)

bearing-only, and distance-and-bearing observationsly&n

cally. Moreover, we generalize these results to the metltissr

case by employin@Gauss-Seidel relaxation that minimizes the

trace of the target's position estimate covariance witipees 2A preliminary version of this paper was presented in [25] seredl sensors

to the motion ofall sensors in a coordinate-descent fashioBan measure both distance and bearing to the target. Thes patends the

Our algorithm applies to heterogeneous sensor teams usinrgsg_lts in [25] by providing a unified framework to charaizterthe solutions
. . . .. r the three different measurement models (i.e., distamtg bearing-only,

_mIXture of observations, has computa_tlonal complekmar and distance-and-bearing), and is applicable to hetesmgensensor teams

in the number of sensors, and achieves tracking accuragych collect a mixture of observations.

indistinguishab|e of that of an exhaustive search over all¥ldeally, the collision-avoidance constraints should béingée using the
true position of the target. However, since true target posittoanavailable,
we instead use thestimated target position and appropriately increase the
10ur previous publication [24] and the current paper sharaesparts of safety distance to account for the uncertainty in this extém
the problem formulation. However, our current work gerigesl the results  #As explained in Section IV-E, our problem formulation can ébeéended
in [24] (which are applicable solely to the case of distaonl measurements) to handle additional motion constraints such as those iegpby obstacles or
by providing solutions to distance-only, as well as beaonty and distance- the sensors’ kinematics, e.g., maximum turning rates iegpas the sensors’
and-bearing observation models. Furthermore, for thelesisgnsor case, the motion directions. The effect of these will change the shafiibe feasible set
solution strategies employed in [24] and in our current pape fundamentally from a circular disk to an area determined by the turningus@onstraints.
different. While the closed-form optimal solution in [24% idetermined Note, however, that this new region can also be described dynpmial
geometrically, our current work derives the optimal soluti@hgebraically —constraints, since the kinematics of a mobile robot invaiee and cosine
by solving the correspondingKT optimality conditions analytically. functions.

We consider the case where the target moves randomly
and assume that we know the stochastic model describing the



M1 U My U Mz, where M; denotes the set of sensors
that have access to both distance and bearing observations;
Target Estimated M comprises sensors that measure only bearing; &g

Position at k+1

Target Trde
Posmon at k

Sp (K) i consists of sensors that record distance-only measurement
T ngs?:;nﬂautem/ In what follows, pr(k + 1) = [zr(k + 1) yr(k + 1) and
ps;(k+1) = [zs,(k + 1) ys,(k + 1)]T denote the positions
5 SDT(kjr,l) of the target and théth sensor, respectively, expressed in the
. T global frame of reference. Furthermore, to simplify theanot
Sensor + at k :: tion, we introduce the following quantities € 1, ..., M):

yr NQk+l) Azg,(k+1) = zp(k + 1) — g, (k + 1)

./ Sensor + at k+1

/ Vimaxdt Ayr,(k+1) =yr(k+1) —ys,(k+1)
S Azg, (k+1)k) = 20(k + 1|k) — zg, (k + 1)
Fig. 1. lllustration of thei-th sensor’s and target's motion: Sensanoves A?JT» (k + 1|k) — T(k + 1|k) — ys, (k + 1)
in 2D with speedv;, which is bounded by, ax. From time-stepk to k + 1, K R ’
the sensor can only mowgithin a circular region centered at its position at pi =pi(k+1) =pgs,(k+1)—pr(k+1]k) (4)

time-stepk with radius v;maxdt. Furthermore, to avoid collision with the
target, sensoi-is prohibited to move inside a circular region centered at th . . ) .
target’s positiorestimate at time-stept+1 with radiusp;. Si p is the target's 1) Distance-and-Bearing Observation Model: At time-step

position with respect to sensarThe distance measurement of sensirthe . 4 1, sensor; (] c Ml) records its distance-and- bearlng
norn} of Sq))Tl(k + 1) plus noise, and the bearing measurement of se;nsor bservatlonSc{](k:—i— 1) andd. (k—i— 1)] to the target, as shown
is 6;(k + 1) plus noise.

in Fig. 1. The measurement equation is:

. . d;j(k+1 (k+1

motion of the target (e.g., constant-acceleration or @onist z;j(k+1) = i (k+1) + na (k+1) (5)
. L . 6‘]'(/{4-1) ngv(k—l—l)

velocity, etc.). However, as it will become evident latef oar ’

sensing strategy does not depend on the particular seiazftio With

the target's motion model. 5 3
; . . L di(k+1)=,/A E+1)+ A k+1 6
The discrete-time state propagation equation is: i(k+1) \/ v, (k+1) + Ayg, (k +1) (©)

AyTj (k + 1)
J
wherew, is a zero-mean white Gaussian noise process W\mwere(b-(k: + 1) is the orientation of sensgi-andn, (k +
covariancel = [Wd(k)wd( )]. The state transition matrix, 4 X

1) = [ng,(k+1)n (k+1)]T is the noise in thej-th

®,., and the process noise Jacobi&k,, that appear in (2)
sensor’s measurements which is a zero-mean white Gaussian
depend on the motion model used [26]. In our work, these

can bearbitrary, but known, matrices, since no assumptlons”oceszs with covarianc®; = Eln;(k + 1)n, (k1) =
on their properties are imposed diag(og, ,09 ), and independent of the noise m other sensors,
The estimate of the target's state is propagatel by: e, Efn;(k + 1)nf (k +1)] = 0 for i # j.

xr(k + 1k) = ® %0 (k|k) (3) The measurement of senspis a nonlinear function of the
state variablex; [see (5)]. The measurement-error equation
where x7(¢]j) is the state estimate at time-stép after for sensors, obtained by linearizing (5) is:
measurements up to time-stg¢ave been processed.
The error-state covariance matrix is propagated as: zj(k +1|k) = z;(k + 1) — 2;(k + 1]k)

0) < |
Piiip = ®uPrp®) + GeQuGL Hp  xp(k+11k) +n;(k+1)  (8)

1R

whereP,; is the covariance of the erratr (£]j) = xr({) — where
xr(¢]7), in the state estimate. 2k +1)k) = [d;(k + 1K) 0;(k + 1|k)]"
N —2 —2
B. Measurement Model dj(k+1|k) = \/AITj (k +1[k) + Ay, (k + 1]k)

Let us denote the complete set of the sensor team as x (k+ 1]k)
= {1,..., M}, where M is the number of the sensors. 0,(k + 1|k) = arctan AyTj —¢;(k+1)
At time-step k + 1, based on the type of the measure- Az, (k + 1]k)

ment that each sensor collect${ can be partitioned into  \qte that the measurement matrix in (8) has a block column

5In the remainder of the paper, the “hat” symbigldenotes the estimated structure, which is given by the foIIowmg expression:
value of a quantity, while the “tilde” symbol, represents the error between ) T
the actual value of a quantity and its estimate. The relahqm between a Hk+1 = [h' (k + 1) 02x(2N—2)] (9)
variable, z, and its estimatez, is z = =z — &. Additionally, “~" and “>"
denote the matrix inequality in the posmve definite anditpes semidefinite  Where2N is the dimension of the state vector and
sense, respectivel,, x», andl,, represent then x n zero matrix anch x n

identity matrix, respectively. hj(k+1) = [hg,(k+1) hy, (k+1)] (10)



hy,(k+1)= p;, hy,(k+1)= Jp; (11) whereh; (k+1),7i =1,...,M, are defined based on the
,/p;fpj P;Pj type of the observatlons con5|dered [see (10), (14), any.(17
Note also thaR. = E[n(k + 1)nT(k + 1)] = diag(R;), i =
whereJ = C (—%) andC(:) is the2 x 2 rotational matrix. 1 ... A, due to the independence of the noise in each sensor.

2) Bearing-only Observation Model: At time-stepk + 1,
sensort (¢ € M) only has access to its bearing measuremept

State and Covariance Update
0¢(k + 1) towards the target [see (7)], and the measurement P

and measurement-error equations are: Once the measuremenis(k+1), i = 1,. s M, from all
the sensors are available, they are transmitted and pextess
ze(k+1) =0k +1)+ng,(k+1) at a fusion center (e.g., one of the robots in the team), amd th

Zo(k + 1)k) ~ HJ(Q1XT(/€ + 1K) +ne(k + 1) (12) target's state estimate and its covariance are updated as:

whereny(k+1) = ng,(k+1) is the zero-mean white Gaussian xr(k+ 1k +1) = xr(k + 1K) + Kp12(k + 1[k)
measurement noise with varianBe = E[n,(k + 1)n} (k + Piiipprt = Proip — Kip1Ser1 K (19)
1)] = o3,, which is independent of the noise in other sensors

As before, the measurement matiik.’)

where K =P HT, .S ! is the Kalman gain, and
('), has the following b R i g

Sk+1 = Hk+1Pk+1‘ka+1 + R is the measurement residual

structure: covariance.
H5c+1 = [bf(k+1) Oyxian_3)] (13) qu objective in thie _werk is to determine the.ective—
sensing strategy that minimizes the uncertainty forgbeetion
hy(k+1) =hg,(k+1) = — EJpe (14) estimate of the target. In order to account for the impact of
4

the prior state estimates on the motion of the sensors, ve firs
3) Distance-only Observation Model: At time-stepk + 1, present the following lemma.
sensor: (v € Ms3) only measures its distaneg(k +1) to the  Lemma 1: The posterior (updated) covariance for the tar-
target [see (6)], therefore the measurement equation is:  get's position estimate depends on (i) the measurement sub-
matrix corresponding to the targepssition, and (ii) the prior
Jk+1) =d,(k+1 k+1 \ ) i
z(k+1) (k+1) +nq,(k+1) (propagated) covariance sub-matrix of the targptsition:

B B 1
Pitijkt1,11 = ((Pk+1\k,11) ! +H;r,k+1R 1He,k+1) (20)

7,k + 1)) = H{ Zr(k+1]k) +n,(k+1)  (15) whereH, ;.1 is defined in (18) an®,; ,, denotes the x 2
wheren, (k+ 1) = ng, (k + 1) is the noise in the-th sensor's UPPer diagonal sub-matrix @&,; [see (19)] corresponding to
distance measurement, which is a zero-mean white Gauséi’é\% covariance in the position estimates.
process with varianc®, = E[n,(k + ))n’ (k + 1)] = 02, Proof: The proof is shown in [27]. Ll
and independent of the n0|se in other sensors. Additiortaly ~ The importance of this lemma is that the optimization

measurement matrll'(-I in (15) is given by the following algorithms presented in Sections IV-V can be derived based
expression: i on (20) for the position covariance update — instead of (&®) f

the entire state covariance update — regardless of theasttich
H,(Cll = [bf(k+1) O1xen—2)] (16) process model employed for describing the target’s motion.

hy(k+1) = hy, (k+1) = 1 . (17) Exploiting the fact thaR is diagonal, and substituting (18)
VP! P

into (20), we obtain the following expression fBrkH‘kH 11
] . . 1 pjp;, 1 Jp;p;JT
4) Linearized Measurement-Error Equation: The overall Prsiirsin = | (Pesajean) '+ > ( T o

and the corresponding measurement-error equation is:

PIP; 05 (P} pj)?

measurement-error equation at time-step- 1, obtained by e o
stacking all measurement-error equations corresponding t + 3 1 JIpepgd” 3 L p.p; 1)
each sensor [see (8), (12), and (15)], is: Exy 75, PIPO? S5, oG, PUP
T In order to encapsulate all three measurement models (see
z2(k+1|k) = [2] (k+ 1|k) ... Z3,(k + 1|k)] Section IlI-B) into a unified framework, we introduce two
~ Hy 1 Xr(k+1)k) +n(k +1) binary variablessy, € {0,1} and kg, € {0,1} for sensor,
_ t=1,...,M. kg, = 1 if sensoré can measure relative dis-
with tance at time-step + 1, otherwisex,, = 0; similarly, ry, = 1
n(k+1) = [an(k: +1) ... oYk + 1)}T if sensori is capal_)Ie of taking a beering ebservatio_n at time-
stepk + 1, otherwisexy, = 0. Following this convention, we
and [See (9)’ (13)1 and (16)] havendi = Ky, = 1, Vi e Mq; Rd; = 0, Kg, = 1, Vi e Ms;
T T ka; =1, kg, = 0, Vi € Ms. Using this convention, (21) can
Hy1 = {(H&)l) (H,(f\ff) } = [Hexq1 O be written as:

P 22
whereH, ;. is the block element of the measurement matrix R (22)

. " M T M T\ "t

correspondlng to the target’s position: _ (Pk+1\k 11)—1 + Z Kd; PiPs + Z ko, Jpip; J
T 1=1 0—311 p;rpl 7

He_’kJrl = [hl(k-i-l) h]u(k—f— 1)] (18)

i—1 0 (P Pi)?



Remark 1: Note thatVi € M, the termagi is irrele- o OPTIMIZATION PROBLEM 1 (I1;)
vant, i.e.,,0 can be set to any positive real number, since Mk, pipT & ke, IpipTIT
ndiagf = 0 regardless of the specific value @f . Similarly, b1 <(P’““““"“) + ; o3 pIpi * ; oZ (pTpi)? )
og is irrelevantvi € Ms. s.t. ||pi — [ps, (k) — pr(k + 1[k)] || < ri, @n

Remark 2: When sensoi-is unable to detect the target and el > pi, i=1,..., M
hence records neither distance nor bearing observations
time-stepk+1, the corresponding,, andxy, in (22) are set to
zero. In this case, the target’s position posterior covaeas
indepe'nde.n_t qf the.vari_ablei. However, we stil! require that Lemma 2: Assume Py . 0byn iS NON-
sensor: minimizes its dlstanceH()iU) to the est.lnjated tfarg(atdiagonal, and consider the  eigen-decomposition
location, while adhering to its motion and collision-avante -1 — C(py)AC(— here A — di ~1 y—1

; : : - i k-+1]k,11 ®o0) (—0), where lag(A; ", Ay )

constraints, so as to increase its probability of re-datgdhe and\; > A\, > 0. Then
target in the following time steps. The updated estimate OP P=e ' v M S
the target's stat&r(k + 1|k + 1) is communicated to SENSOrty (P, 111) = tr <A + mzz siTsi Z n_stszz J )
1 by those sensors that are able to detect and take relative 04,808 = 0p, (s8]si)?
measurements at time-stép+ 1. In case none of the robots ) (28)
can detect the target, i.esy, = kg, = 0, ¥ i € M, then wheres; " Cl(=¢o)ps; i :_}""’M'
all robots propagate the previous state estimate [seed@3d, Proof. Sut.)stltutmngH‘k,_ll - C(QPO)AC(_%) and
plan their motions so as to minimize their distances from tH¥ ~ C(‘PO)S? in (27), e_mploylng the equa“.tﬁ(_%)']. ~
predicted target's location. JC(—¢p) which holds since both arzx 2 rotational matrices,

In the next section, we formulate the sensors’ one—ste?

nd noting that the trace operation is invariant to sintyari
aheadoptimal motion strategy as a constrained optimization raﬁi{grg;sag?ﬂ;ﬁzugin I'rllaﬁgs)t'ransformat'on does not c;an
problem, and discuss its properties. imiiarnty . lon ¢ ) g
the norm of a vector; thus, constraint (25) is equivalent to
lIsi —ci|l < T, with C; = C (—0) [pSi(k) —pr(k+ 1““)}1
D. Problem Statement and Reformulation and constraint (26) is equivalent {8;|| > p;. Therefore I,
As is evident from (4) and (22), after each update step thseequwalent to the following optimization problem:
target’s position covariance matrix will depend, throgghon « OPTIMIZATION PROBLEM 2 (II2)
all the next sensors’ positionss,; (k+1) = [zs, (k+1) ys, (k+ . M kg, 58T O kg, JsisTIT
D]T, i = 1,..., M. Assume that at time-stefp, sensor: is o tr| A+ Z 72 sTs. + Z 2 W
located atpg, (k) = [zs, (k) ys,(k)]T. At time-stepk + 1 =1 %d; SiSi 3 99, (SiSi

3h what follows, we apply a coordinate transformation (see
Lemma 2), to convert the objective function 0f into (28),
in which A is a diagonal matrix.

its positionpg, (k + 1) is confined within a circular region (29)
centered apg, (k), due to the maximum-speed constraint, but st lsi —cil|? <72, (30)
outside a circular region centeredfai(k+1|k) so as to avoid Isill? > P2, i=1,....M (31)
collisions (see Fig. 1), i.e.,
Once the optimal solutiofs;, ¢« = 1,..., M} is obtained,
[ps,(k+1) = ps, (k)[| < s (23) the best sensing location for sensoat time-stepk -+ 1,
lps;(k+ 1) — pr(k+ 1k)|| > pi (24) ps;(k+1), can be calculated through = C(¢o)s; and (4).

Remark 3: The optimization problerl; is a nhonlinear pro-
= gramming problem since both the objective function [sed](29
and constraints [see (30)-(31)] are nonlinear functionth wi

where r; = min (Vimax0t, ||Ps; (k) — pr(k + 1]K)]))
Uimaxéty = 1,...7M.

_ Supstituting p: [see (4)] in the above two inequalities,reSIoect to the optimization variable — [S1T . SMT
yields: Moreover,Il; (and equivalently]T;) is not a convex program
||pi — [ps, (k) — pr(k + 1|k)] || <r (25) since the objective function (29) is non-convex with respec
Ipill > pi 26) and the feasible set defined by constraint (31) is not canvex

Remark 4: As shown in [24], given distance-only observa-
thus, the feasible region @j; is inside a circle of radius; tions, the corresponding optimization problem, when abnsi
centered atpgs, (k) — pr(k + 1]k), and outside a circle of ering maximum-speed constraintsNB-Hard. Thus the more
radiusp; centered at the origifd 0]T. Note that the estimate general problem addressed in this paper (of which [24] is a
pr(k+1|k) [see (3)] is shared among all sensors, and can bpecial case) is alsNP-Hard in general.
treated as a constant at time-step- 1. Hence, oncey;, i = The above remark establishes the fact that the problem
1,..., M, is determined, the location of sengoat time-step of optimal trajectory generation for multiple sensors with
k+1,ps,(k+1), :=1,..., M, can be obtained through (4).mobility constraints that track a moving target using mixed

The problem we address in this work is that of determininglative observations (i.e., distance and/or bearingyPdHard
the sensorsoptimal motion strategy, i.e., the set{p,, ¢ = in general. Hence, finding thglobal optimal solution forII;
1,..., M}, that minimizes therace of the target's position or Il is extremely challenging. Ideally, the optimal solution
estimate covariance matrix [see (22)], under the condgraican be determined if one discretizes the feasible set of all
specified in (25)-(26): sensors [see (30)-(31)] and performs an exhaustive segmh.



approach, however, has computational complessionential
in the number of sensors, which is of limited practical use
given realistic processing constraints.

In order to design algorithms that can operate in real time,
appropriate relaxations ofl, become necessary. In what
follows, we first derive the analytic solution for the single
sensor case (see Section IV) and based on that we propose a
Gauss-Seidel relaxation (GSR) to solve the general problem
of multiple sensors (see Section V), which has computationa
complexitylinear in the number of sensors.

IV. SINGLE-SENSORACTIVE TARGET TRACKING: 0
ANALYTICAL SOLUTION

ForM =1, the optimization prObIerﬁ[z described by (29)' Fig. 2. Geometric illustration of Lemma 3. The global optinsalution

(31) is simplified tc® resides only in®, i.e., the portion of the boundary of the feasible §&t
(depicted by the red-colored cur#D B), defined by the two tangent lines
« OPTIMIZATION PROBLEM 3 (H3) OA and OB, which is closest t@D.

JssTIT\
mln. fo(s) =tr <A + %% + %(S;T)Q) (32)
) ) o at one or multiple points. Lest € 9Q denotes the closest
st [s—cl]” <77, (33) intersection to the origin (see Fig. 2), thgn(s?) < fo(s).
Isl? > p? (34) Proof: Based on the construction sf, we havest = s,

| d Ivell d foll - We first d with s € (0,1), and thus:
mineall critical/Siatonery poirts i6., those points which (sHsHT  ssT I(sH(sHTIT LJSSTJT JssTg™

termineall critical /stationary points (i.e., those points which —=—~ = —, > = > = 5
satisfy the Karusé-Kuhn—Tucker (KKT) necessary optinyalit (s1)7(st)  sTs . ((:iT)T(Si)) . %21 (TSTTS) . (s7s)
conditions [28, Ch. 3]) analytically and evaluate theirastive =~ _ (A 4 bd (s")(s%) + ko J(s')(s?) J )
values. Then, as optimal solution fi; we select the critical g (s5)T(s%) g ((s4)T(s%))?
point whose objective value is the smallest. - ( N Kass' ko Jss'JT

To proceed, we first construct the Lagrange function [28]:

)7 = fo(sh) < ols)

O'?lm O'_g (ST5)2
M 2 2 v 2 2 [ ]
L = £ — - - _
(8, ,v) = fols) + 2 (HS clf” —r ) * 2 (p sl ) Remark 5: Lemma 3 establishes the fact that the global

Based on the KKT necessary conditions, the critical poin@ptimal solution forll;, when optimizing over the feasible
s*, and the associated Lagrange multipligisand v*, must set 2 (see Fig. 2), is always on itsoundary 052, defined

satisfy: by (33)-(34), i.e.s* satisfies eithefis* — c|| = r or ||s*|| = p.
Moreover, by applying the same argument as before (see
Vfo(s®) +p" (s* = ¢) = v's" = 021 (35)  Fig. 2), it can be easily shown th#(st) < fo(s!), wheres!
pt >0, ut (HS* —c|* - T2) -0 (36) is any other intersection point in the directionsdf Therefore,
the global optimal solutios* resides only in the portion of
v >0, v (p2 — ||s*|\2) =0 (37) 99 facing the origin, denoted & (see Fig. 2.

. ) As shown in Figs. 3(a)-3(d), depending on the values of the
. Cle_arly (36)-(37) are degree-3 multivarigualynomial equa- parameters, r, and p, there exist four cases that we need
tions in the unknowns®, n* andv”. Furthermore, as showny, .,nsider for the feasible sét of I1s. In what follows, we
in [27], both f, and its derivativeV f, arerational functlo_nS analytically solve the KKT conditions (35)-(37) for each of
with respect tos*, and thus (35) can be transformed into #he first three cases [see Figs. 3(a)-3(c)], while for thetfou

polyn_qmial equa"ty in ,s*’ “*: andv”. Therefore, computin_g case [see Fig. 3(d)], we propose a strategy for handling the
all critical points oflI; is equivalent to soI_V|_ng the ponno_mlz;llempty (or infeasible) se. In the ensuing derivations, we use
system_defl_ned by (35)-(37_). Moreover, it is W(_)rth mentlayunthe definitionss* :— [x y]T ande — [61 CQ}T

that unlike linear systems, in general there eristtiple solu-
tions for the above polynomial system. In order to efficiently

solve (35)-(37), we first prove the following lemma: A Casel: 0<p<c|—r

Lemma 3: Assumel) = QU is a compact and connected  As shown in Fig. 3(a), the onlgctive constraint for Case | is
sef in 2D, and the originO = [0 0] ¢ Q. For anys € Q, the maximum-speed constraint [see (33)]. Based on Lemma 3
the line segment connectirgand the origin will intersecd?  and settingy = vmax, the optimal solutions* must reside

5To simplify notation, we drop the indices sf, o4, , 09, , K4, Ko, , c1, 8|t is straightforward to extend and generalize Lemma 3 tontioti-sensor
r1, andps. case and conclude that the global optimal solut{af,7 = 1,..., M} for

Q) stands for the open set consisting of all interior point€Xofwhile 9Q  TIs is also always on theoundary of the feasible sets defined by (30)-(31),
and ) represent its boundary and closure, respectively. i.e., sy satisfies eithel|sy — c;|| =r; or ||s}|| = ps,Vi=1,..., M.



X Q is an empty set X

© (d)

Fig. 3. Four cases of the feasible $&t(a) Case 10 < p < ||c||—7. (b) Case Il:\/||c[|2 — 72 < p < ||c||+7. (c) Case ll:||c|]|—7 < p < /[[c][|2 — r2.
(d) Case IV:||c|| 4+ < p, which corresponds to the feasible $&being empty. In the first three cases (a)-(c), the globahugtisolution resides in a subset
© of the boundary of2, which is depicted by the red-colored curveD B in Case |,EGF in Case I, AEGFB in Case lll, respectively. In the above
plots, O is the origin; C' is the center of the circlds — c|| = r; A and B are the two tangent points residing in the cirfiie— c|| = r; E and F' are the
intersection points of the two circlds — c|| = r and||s|| = p; the ray starting fromO and passing throught’ intersects the circldis|| = p at G, and the
circle ||s — c|| = r at D and D’. Finally C’ is the midpoint betwee® and C'.

in the arc ADB, where A and B are two tangent points, Note that (41) is equivalent to the following bivariate
whose Cartesian coordinates are computed later on [see (58plynomial equation [27]:

Since the collision-avoidance constraint (34)if@ctive, its o — f,(z,y) = BszyA® + (asz + ary + f2)ayA’ (42)
corresponding Lagrange multipliers = 0, and the system

of (35)-(37) is simplified to:
. . x whereA := 22 4 42, and the parameter, i = 1,2, 3, and
Vio(s™) + 17 (s" — €)= 021 (38) aj, j =1,...,8, are known coefficients expressed in terms
||S* —CHQ—TQ =0 (39) of )\1,/\2,01,62,%,10'(1_2, andngae_Q.
In order to obtain all the critical points dfl;, we need
solve the system of polynomial equatiofis(z,y) = 0
and fo(z,y) = 0 analytically [see (40) and (42)]. Although
0= folz,y) = (x —c1)? + (y — c2)? — 1? (40)  fa(x,y) is independent of the measurement tyfiéz, y) is a
function of kg andky. Additionally, as it will become evident,

the total degree o ,y) depends om\; — A\s. (Note that in
Since we aim at transforming (38) into a polynomial equg- g fu(z, y) dep 1= s (

. | - p imi ‘b tinlvi ‘emma 2 it is assumed that > \»). In what follows, we
tion only containingz andy, WeTe Iminatey” by multiplying gy present the solution of the system of bivariate polyiam
both sides of (38) withs* — ¢)" C (), which yields:

equations (40) and (42) under the assumpiipn- A\, for each
* T m *\ different type of measurement (see Sections IV-Al-IV-A3),
- C(= = 41 )
(8" —¢) (2) Vfo(s") =0 (41) and then address the case)af= )\, (see Section IV-A4).

+ (apz® + asz’y + auzy® + azy® + Brzy) A + (aex + ary)zy

Clearly, (39) is a 2nd-order polynomial equation in th?o
variablesz andy, i.e.,



1) Distance-and-Bearing Observations: When the sensor The final step is to evaluate the objective functify(s)
measures both distance and bearing to the target, or equisae (32)] at all the critical points i; and select the one with
lently, kg = ko = 1, it can be shown [27] that; # 0,7 = the smallest objective value as the global optimal solutibn
1,2,3,anda; # 0,5 = 1,...,8. Therefore,f; [see (42)] is I3, for the casesq = kg = 1,1 > Ao, andp < [[c|| — .
an 8th-order polynomial in the variablesandy. 2) Bearing-Only Observation: When only a bearing mea-

To solve fi = f» = 0 analytically, we first treatr as g rement is available, i.esy = 0,59 — 1, it can be
a parameter and rewrite (42) as a sumgemonomials in  ghown [27] thatBs = ag = a7 = 0, and B2 > 0. Thus,

decreasing order: fi(z,y) [see (42)] can be simplified into the following 6th-
fr=xmy"+xey’+xsy° +xay" +x3y’ +x2y’ +x1y+x0  (43)  order bivariate polynomial:

wherey;, i = 0,...,7, are coefficients expressed in terms0 = fi(z,y) = foayA® 47)
of A1, 2, c1, ez, o;%, 057, andz (see [27] for the specific | (age® + ase?y + cuzy® + asy® + Brey) A + (av + ary)zy
expressions ok;, i =0,...,7).

Similarly, (40) can be rewritten as: Similarly to the case of distance-and-bearing observation
we rewrite f; as:

=G+ Gy + 6y + ey +Gy+G  (48)

5 S where(;, i =0,...,5, are coefficients expressed in terms of
m=1, m=-2c, m=a"-2c0+c+cz—r" (45) A1y Ag, 1, ¢2,05 7, anda [27).

f2=my® +my+no (44)

where

Thus, the Sylvester matrix of; and f, with respect toy, The Sylvester matrix of'; and f> [see (40) and (48)] with
denoted asSyl(f1, f2;y), is the following9 x 9 matrix [29, respect tay is the following7 x 7 matrix, whereng, 11, 7. are

Ch. 3] defined in (45):
X7 72 T r b
X6 X7 M 7n2 Co T2
X5 X6 770 771 772 C4 C5 771 772
X1 X5 no M M2 3 G mo Mmoo me

SYI(f1s f259) = X3 X4 o MmN SYI(f1, fasy) = G2 G M MmN
X2 X3 o2 G G Mo M 12
X1 X2 Mo M N2
Yo xu o m G G o M
L X0 70 Co 7o

The resultant off; and f, with respect toy, denoted The resultant off; and f2 with respect toy is a 6th-order
asReq fi1, f2;y), is the determinant of the Sylvester matrix/nivariate polynomial:
Syl(f1, f2;y). Furthermore, note that sincg, i = 0,...,7, 6 _
and 7 are polynomials ofr, Regf, f2;y) is also a poly- 0= fs(z)=Resf1, fo;y):=det(Syl(f1, f2;y)) =Y vz’ (49)
nomial of x only. Hence, by employing the Sylvester resul- ) =0 _
tant [29, Ch. 3], we are able to eliminate variaplérom (43) Wherev;, j =0,...,6, are known coefficients expressed in

—2
and (44), and obtain the following 10th-order univariatéypo €'MS 0fA1, A2, c1, ¢2, 0,7, andr. The real roots off; are the
nomial in variablez: real eigenvalues of thé x 6 companion matrix¥:

L0 ; 0 —o /e
0= f3(z) =Reqf1, f2; y) :==det(Syl(f1, f2;¥)) :Z vz’ (46) 1 0 —iy [
j=0 —
where~;, j=0,...,10, are known coefficier%ts expressed in V= . :
terms of\i, Ao, c1, 2,0, %, 0, %, andr. 1 —as /i

The roots of the univariate polynomig@i correspond to the

10 eigenvalues of the associat#dl x 10 companion matrix _ ONCe IS deter?ine(-jy can be computed from (40), and
T [30]: those pairs ofz y|* falling on the arcADB are included in

the set=;, which has at most 12 elements.

Finally we evaluate the objective functiofg(s) [see (32)]
at all the critical points in=; and select the one with the
: smallest objective value as the global optimal solutioflgf
1 —v /710 for the casesg = 0,k = 1, A1 > A2, andp < |c|| — r.

Note also that we only need to consider the real solutions3) Distance-Only Observation: When the sensor can only
of (46). Oncer is determinedy is computed from (40), which measure its distance to the target, iy, = 1,59 = 0, it
can have at most 2 real solutions for every real solution can be shown [27] that the coefficients appearingiif, y)

In addition, from Lemma 3, we only need to consider thodeee (42)] are:

critical points belonging to the arc ADB. Thus the sefE; . .
consisting of all critical points* = [z y]*, has at most 20 fs <0, ag = —cfy, a7 =—cfs
elements. Po=Pi=as=as=as=az=az=a; =0

0 —0/710
10 —71/710
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(@) (b) () (d)

Fig. 4. Critical points for single-sensor target trackinghvistance-only observations. (@ax(|c1 |, |c2|) < r: There exist six critical points4,B,I,1’,.J,J’.
(b) |c2| <7 < |e1]: The four critical points ared,B,1,I'. (c) |c1| < r < |c2]: The four critical points ared,B,J,J’. (d) min(|c1],|c2|) > r: Only A and
B are real critical points, and there exists no real solutiatisfying £2(x,y) = 0 and fa2(x, y) = 0 simultaneously.

T
Therefore, (42) can be simplified into the following 8th; .1 _ 0 si [2 2 if <
order bivariate polynomial: Ty stgn(ez) { leal /7% =1 e <r

0= fi(z,y) = B3A%xy(2® + 9y* — 12 — o) (50) Where sigiiz) is the sign function of a real variable
Note that the number of the real solutions satisfying

SinceA = 22 + 2 > 0 and 85 < 0, the roots off; must & = f» = 0 depends onc|, |cof, and r. Specifically, if
satisfy either one of the following two polynomial equations:ax(|cil, [c2|) < r [see Fig. 4(a)], there are four real solutions
(I, I',J,J") in 21, If |ea| < 1 < eq| [see Fig. 4(b)],Z1,
0="&(2,y) =2"+y° — a1z — coy (51) only consists ofl and I’. Similarly, if |¢;| < r < |e,| [see
0==E&(z,y) =ay (52) Fig. 4(c)], only J and J" are valid solutions irey,. Finally,
» ) _when min(|e1],|e2|]) > r [see Fig. 4(d)],=;, becomes an
Thus, the set of all the critical points givengy oy set je., there exists no real solution that can fulfl
g distance-only measurement i&;; U St where ¢ = 0 and f, — 0 simultaneously.
v = A@ylaley) = f2(ry) =07 and Zi =y summaryZ,, containing all the critical points in the arc
{(z,9)l&2(z,y) = fo(z,y) = 0}. Note though that the ,pp s subset of,US,,, which has at most six elements
se'F of possible global minim&;, contains only the critical (A,B,I,I'.J,J’). The final step is to evaluate the objective
points that belong to the ard DB (see Lemma 3), and thusg,ntion £, (s) [see (32)] at all the critical points i&;, and
=1 is a subset 0y U =y, select the one with the smallest objective value as the globa
In order to determine the elements &f;, we note that optimal solution ofll;, for the caseiq = 1, k9 = 0, A1 > Aa,
(geometrically)¢; [see (51)] andf, [see (40)] describe two andp < |[c|| — 7.
circles in the plane whose intersection points belon&tp 4 A = X2 = A In the previous sections, we have
In [27], it is shown thaE,; contains exactly two real elements@nalyzed and presented the solutions for the three obgsrvat
which correspond to the two tangent pointsand B, shown Models under the assumption > . We hereafter consider
in Fig. 3(a). The Cartesian coordinates.tfand B are [27]: the special casg; = X, = ), i.e., A = A\ 'L.
In [27], we show that for single-sensor target tracking with
{IA} - {C,OS(‘PC - w)} [xB} -7 {C,OS(‘PC + w)} (53) bearing-only or distance-and-bearing observationgz, y)
Ya sin(pc — w) Y sin(pc + w) [see (42)] can be transformed into a linear equatiom, —
where [see Fig. 3(a)] c1y = 0, which depicts a line passing through the origin
‘ , and the cente€' [see Fig. 3(a)]. Furthermore, the coordinates
7 =14/]c|]|? = 72, pc = arctan <—2) , W = arcsin (—> sp andsp. of the two critical pointsD and D’ (obtained
“ lell by the intersection of the circle described By(x,y) = 0
[see (40)] with the linefy(z,y) = cox — c1y = 0), satisfy the
relation fo(sp) < fo(sp/) (see Lemma 3). Therefore, for the
bearing-only and distance-and-bearing observation nspttes
global optimal solution ofI3 is s* =sp = HE—”(HCH —7) [see
Fig. 3(a)], when\; = \s.
o [ y - T On the other hand, as shown in [27], the objective function
lzr y1]” = |sign(e1) <|Cl| A C2) 0} Jdfleal <7 f(s) in (32) remains a constant and is independens édr
- T single-sensor target tracking with distance-only measergs.
[xl’ yl/]T = Sigr(cl) <|Cl| =+ 4 [r2 — C%) O:| ’|f |C2| <r In other WordS,Vfo(S) = 02><1 when Rd = 1, Iig = O,)\l =
. - Ao. Thus, the sensor can move anywhere withiinHowever,
. . in order to increase the probability of target re-detectin
v ys)" = |0 sign(cz) (lch — - C%)] dfferl < e following time steps, we require the sensor to mové®1o

Next we focus orE;,.. It is straightforward to conclude from
& [see (52)] thateither x = 0 or y = 0. Substitutingz = 0
ory =0 into fo = 0 [see (40)], we obtain the following four
critical points [see Fig. 4(a)]:
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which is the closest to the target point Qf where [see Fig. 3(b)]
In summary, ifA\; = X\, the best sensing location, regardless N 0%+ |lc||? — 2
of the employed observation model, i [see Fig. 3(a)], i.e., pc = arctan <—) , T = arccos <—)
. ¢l 2p||c]]
s*=sp = g (llell = ). . o
Therefore, the s€E, is augmented int&; = =, U{FE, F'},
which can have two, three, or at most four elements. The
B. Casell: \/|lc[ZP=m2<p<|c|+r global optimal solution ofil; in Case Il is selected as the

As shown in Fig. 3(b), and based on Lemma 3, t F € = with the smallest objective valug(s*). Note that

only active constraint for Case Il is the collision-avoidancd"€ SENsor Is not necessarily required to move at its maximum

constraint (34), while the maximum-speed constraint (33) §peedumax ?n Case II. ) o .
inactive and hence its corresponding Lagrange multiplier is Rémark 6: The preceding derivations follow the assumption

w* = 0. Thus, (35)-(37) are simplified into: that (i) Ay > Ao; and (ii) Kaog P # “{909_2- In [27], we also
address the special cases whereXj) = Ag; or (i) kg =

Vfo(s*) = v's" = 02,1 (34) kp =1 andp = 2%, and show thatfy(s) remains constant

||S*H2 —p2=0 (55) along the curveZ G F [see Fig. 3(b)] ifeither one of these two

_ _ o conditions is satisfied. This means that any point belonging

Clearly, (55) is a 2nd-order polynomial equation in thehe curveEGF is aglobal optimal solution. In such cases, we
variablesz andy, i.e., require the sensor to move to the locatiénsee Fig. 3(b)],
0= fs(z,y) = a2 +y2 — p (56) which is the closest point of the al€GF to C, i.e., s* =

Sg = %p.
Applying the same technique as in Case | to eliminate el
from (54), yields:

(s)7C (E) Vfo(s) = 0 57y C Caelll: fle| —r < p < /e]* =72
2

As shown in Fig. 3(c), and based on Lemma 3, the optimal

Further analysis shows that, if (i > As; and (i) solutions* € ) must reside on the curv@ EGEF' B, which is

k4o, 2p? # Kea,? (which is automatically satisfied for thecomposed of three segments, i®.— O, UO, UOy. O, and
distance-only and bearing-only measurement models, aod

. v , ) " O, are due to the maximum-speed constraint (33), @pds
holds true ifp # o for the distance-and-bearing observatloaue to the collision-avoidance constraint (34).

g

model), then (57) is equivalent to the following 2nd-order

bivariate polynomialf, [27]; To obtain the critical points for Case Ill, we proceed as

follows: We first ignore the collision-avoidance consttgB4),
0= fi(z,y) = zy (58) and calculate all critical points dff; under the maximum-
) . ] o speed constraint (33) following the same process as for Case
It is easy to verify that the four reaITsqut|ons$at|sfy|m (see Section IV-A). Note, however, that we only need to
[see (58)] andf; [see (56)] are{[+p O], [0 +p]"}. How- congider those critical points that residedn and©,, which
ever,not all these critical points belong to the feasible regiopy 5 g pset =5 of Z;. Then, we ignore the maximum-speed
€. In particular,[—sign(c1 ) p 0]_T and[0 —sign(cz)p]" violate  constraint (33) and apply the same method as for Case Il (see
the maximum-speed constraint (33) [27]. The remaining tWaction IV-B) to compute the optimal solutiafi of II; over

points [sign(c1)p 0]" and [0 sign(c2)p|" belong toQ [see  he seto,. Following the above strategy, the $&f of all the
Fig 3(b)], if the following conditions are satisfied [27]: critical points for Case Il i3 = =3 U {s'}.

[sign(c)p 0T €Q « (p-— |Cl|)2 <r2-c (59) The final step is to evaluate the objective functif_u{s)

} T A 9 5 5 at all the critical points in=Z3, and select the one with the
[0 signe2)p]” € Q= (p—le2l)” <r*—cf  (60) gmallest objective value as the global optimal solutioflgf

Hence, the seE, containing all thefeasible critical points

has at most two elements. Specifically, if both (59) and (60)
are satisfied,Z, = {[sign(c1)p 0]T,[0 sign(co)p]™}; if D- Case Ve[| +7<p
only (_59)_'3 satisfied=, = {[ST'QT_‘(Cl)p O]T_}? if only (60) is From the geometry of Fig. 3(d), we immediately conclude
?at'Sf'_ed_’:2_: {[0 sign(cz)p] }+ when neither (59) nor (60) that there exists no real solution that satisfies both (33)
is satisfied =, = &, which corresponds to the case shown ig,q (34) simultaneously, i.e., the feasible §etfor II; is

Fig. 3(b). . _ _ empty. In this case, regardless of the measurement model,
Since the curvésG I is an arc of the circle defined by (55),ye require the sensor to move 1, as shown in Fig. 3(d),

it is also necessary to consider the objective value atiainghich ensures that (i) the sensor maintains the largesttpess
at the two boundary pointéZ and F', or equivalently, the gistance from the target so as to avoid collision, and (i)

intersection points of the two circlefs — | = rand|is|| = p it satisfies the maximum-speed constraint (33). Thus, the
[see Fig. 3(b)], whose Cartesian coordinates are [27]: solution of IT; in Case IV is [see Fig. 3(d)]:

b=z =z [ilelwiee 2] e o mom = (e )
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E. Extension to Obstacle Avoidance and Additional Kinematic V. MULTIPLE-SENSORACTIVE TARGET TRACKING:
Constraints GAUSS-SEIDEL RELAXATION

Motivated by the simplicity of the analytic-form solution
Our approach to determine the global optimal solution fdP" the single-sensor optimal target tracking (see Sed¥gn

single-sensor target tracking, as described above, caeduke r & Straightforward approach to solve the optimization peobl
ily extended to include more complicated motion constsaintll2 is to iteratively minimize its objective function [see (29)
such as limitations on the sensor's kinematics and comssraifor €ach optimization variable separately. Specifically t
imposed by obstacles. To proceed, we can employ one S§jution ofll; is acquired by employing the FyC|IC coordlnatg
multiple polynomials to describe (exactly or approximgpyel descgnt method, also referred tq as nonlinear Gauss—$e|del
the obstacles’ boundariesor simply seek the minimal circle @90rithm [31, Ch. 3], which requires to solve the following
that encloses the obstacles. From Lemma 3, the global dpptirRtimization problem at each step:
solution must be on the boundary of the feasible set. In othere OPTIMIZATION PROBLEM 4 (I14)

words, if the obstacle-avoidance constraintagtive and its ( (z+1)) ( e+)\ T
; T ; . e\t Ka, \Bi Si
associated Lagrange multiplier i®nzero, the global optimal min. tr (P<. ) fvd;

) . . . L (e+1) i o2 [ wr\T [ (et
solution must satisfy the polynomial equation describing t s; d; (si ) (si )
boundary of the obstacles, denoted®ags*) = 0. Thus, the 1
corresponding KKT necessary condition, similar to (38) ha 3J (s(_l+1)) (S<_e+1))TJT

11 K,@, 7 (3
the form: ~5 . (64)
. . . %9, (S(_l+1))T (S(_l+1))
Vfo(S ) —+ v VC(S ) = 02><1 (62) z Q3
where v* is the Lagrange multiplier. Moreover, sinegés*) st || — c” <r; and Hsﬁ””” > p;

is a polynomial,Ve(s*) is a2 x 1 vector whose components (+1)

are also polynomials ie*. To eliminatev*, we multiply both Wheres; is the sought new optimal value sf at iteration

041) - . . 4+1) . .
sides of (62) by(Ve(s*))" C(Z), which yields: 041, P is defined in (65), and\" " j =1,...,i 1,
T _ /T ands(.l),j =1i+1,..., M, are the remaining optimization vari-
(Ve(s™) € (5) Vfo(s*) =0 (63) ables, considered fixed during this step, computed sedlignti

g{,Jring the previous iterations. Note that the maﬂ?bz?Hl

IS positive definite, and in general, non-diagonal. Howgver
\}_Jgsed on Lemma 2, through a similarity transformation, the
optimization algorithm employed for a single sensor can be

Note that the only difference between (63) and (41) is th
it contains the termVc(s*) instead ofs* — c. Therefore,
we can apply the same process described in Section |
to transform (63) into a polynomial equatiof(z,y) = 0, : .
and solve the corresponding polynomial systdifx,y) = readily applied to solvel.

c(z,y) — 0 by employing the Sylvester resultant and the The optimization process in the above Gauss-Seidel
oY) = y employing y .r%axation (GSR) algorithm séquentially optimizing over
companion matrix. In fact, our approach can be generalize

to solve any optimization problem with two optimizationsl’SQ""’SM) is repeated until the maximum allowed number

; . : . N of iterations is reached (here set to 4), or the change in the
variables (i.e., 2D sensor motion), while only requiringttthe - : . .

S ; ' X objective function [see (29)] is less than 1%, whicheveosc
objective function and all constraints are expressed @@niat

functions with respect to the two variables first. Note that since the optimization process in the GSR
P ' algorithm is carried out sequentially for each variabjeits
computational complexity is onlyinear in the number of
sensors, i.e.O(M). Furthermore, it is easily implemented,
9Note that kinematic constraints can also be described asaés in the has low memory requirements and, as demonstrated in Sec-

sensor’s vicinity limiting its motion range. tion VI, it achieves the same level of tracking accuracy &s th
10since there exists a linear relation betwaeand p (see Lemma 2), any exhaustive search approach.

polynomial (p), expressed irp, preserves its polynomial property under

linear transformation, i.e.h(p) = h(C(yo)s) = c(s), and c(s) is a

polynomial with respect te. V1. SIMULATION RESULTS
Note that in (62) we only consider one constrais*) = c(x,y) = 0 _ )
as being active. In case of two (or morajtive constraintsc;(z,y) and In order to evaluate the presentednstrained optimal

¢j(z,y), the solutions that simultaneously satisfy(z,y) = ¢;(z,y) = 0 motion strategy, Gauss-Seidel Relaxation (GSR), we have
are generally discrete and finite. Thus, the optimal saluttan be easily d d . . lati . d heed
obtained by evaluating(s) at each solution and selecting the one with th&On ucted extensive simulation experiments and compaged t

smallest objective value. performance of GSR to the following methods:

wo (s v . (sg,l))TJT =y
SOV (sO) T N () +JZ=‘? 73 (ST (DY T (e T ()
) )T (6) P () )

) () 35 ()
T T
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e Grid-Based Exhaustive Search (GBES). In this case,
we discretize the feasible set of all sensors and perform ar
exhaustive search over all possible combinations of these
to find the one that minimizes the trace of the posterior
covariance matrix for the target's position estimates [259].
Ideally, the GBES should return the global optimal solution
and it could be used as a benchmark for evaluating the GSR
if the grid size is sufficiently small. However, this is diffi¢
to guarantee in practice since its computational compjéasit
exponential in the number of sensors. Hence implementing

n
=]
1

[
©
T

=
o
T

[N
I
T

[N
N
T

Trace of Covariance Matrix (m 2)
=
o] o
T

the GBES becomes prohibitive when the number of sensors 4
M, increases and/or when the size of the grid cells decreases 2
Throughout the simulations, we discretize the cufrdsee 0

Figs. 3(a)-3(c)] for each sensb(i = 1,..., M) into 24 cells
(arcs) of equal length.

e Gradient Descent with Constant Sep Sze (GDC). In order Fig. 5. [Two-sensor case] Trace of the target’s positiortquas covariance
to compare GSR with the methods proposed in [13] and [23}atix. Comparison between GBES, GDC, GSR, and RM.
we implemented the steepest-descent algorithm [28, Ch. 1]
with the same step size = 50 as in [13]. However, both [13] 200
and [23] do not address the sensors’ motion constraints.
Therefore, to account for mobility constraints, we projeath
solutions} generated by GDC back into the senserfeasible
region€;, if s¥ ¢ Q; (i=1,...,M).

e Random Motion (RM). This is a modification of an
intuitive strategy that would require the sensors to move
towards the target. In this case, however, and in order to
ensure that the sensors do not converge to the same poin
we require that at every time step sensdi-= 1,..., M)
selects its heading direction with uniform probability tmds
points within the curve® [see Figs. 3(a)-3(c)].

i
I
T

-
N
T

Trace of Covariance Matrix (m 2)
=
o o] o
T T

IS
T

N
T

A. Smulation Setup

For the purposes of this simulation, we adopt a zer@ig. 6. [Two-sensor case, Monte Carlo simulations] Aversgee of the

acceleration target motion model: target's position posterior covariance matrix in 50 expemts. Comparison
between GBES, GDC, GSR, and RM.

xr(t) =F x7(t) + G w(t) (66)
where The duration of the simulations is 5 sec (i.e., 50 time steps)
0 010 0 0 x(t) At every time step, we employ the methods described (i.e.,
F_ 0 0 01 G 0 0 ~yr(®) GBES, GDC, GSR, and RM) to calculate the next sensing
1o 00 of G |1 of W)= ar(t) |’ location of each sensor.
0 0 0 O 0 1 yr(t)
and w(t) = [w,(t) w,(t)]" is a zero-mean white GaussiarP- T/g€t Tracking with 2 Sensors (Homogeneous team)
noise vector with covariancg [w(t)w™ (t')] = gL,8(t — t'), We first investigate the scenario where 2 identical sensors

q =1, andd(t—t') is the Dirac delta. In our implementation track a moving target with distance-and-bearing obseonati
we discretize the continuous-time system model [see (6&)e., k4, = ko, = 1, i = 1,2). The noise variances of the

with time stepdt = 0.1 sec. measurements al; = diag(o , 05 ) with 07 =4 m?, and
The initial true state of the target isr(0) = [0,0, -8, 6] . ag =0.5rad?, i=1,2.
The initial estimate for the target's state #,(0/0) = The time evolution of the trace of the target's position

[2,—2,0,0]T. This can be obtained by processing the firstovariance in a typical simulation is shown in Fig. 5. As
measurements from the sensors at time-step 0. At the begirpected, the performance of GSR and GBES is improved
ning of the experiment, the sensors are randomly distributeompared to the case of GDC, and is significantly better
within a circle of radius 5 m, which is at a distance of abouhan that of the non-optimized case RM. Additionally, the
20 m from the target'’s initial position. The maximum speed faincertainty in the target's position estimates (trace df th
each sensor is set to 12 m/sec, i.e., the largest distanta theovariance matrix) achieved by the proposed GSR motion
sensor can travel during any time step is 1.2 m. The minimwstrategy is indistinguishable of that of the GBES, at a cost
distance between the target and sensors is set 02 m. linear, instead of exponential, in the number of sensoreséh
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Fig. 7. [Two-sensor case] Trajectories of the two sensard tlae actual and estimated trajectories of the target, whgsloying as motion strategy (a) GBES,
(b) GDC, (c) GSR, and (d) RM. The ellipses denote thet®unds for the target’s position uncertainty at the cowasjng time steps.

results are typical for all experiments conducted and are
summarized, for 50 trials, in Fig. 6.

Fig.s 7(a)-7(d) depict the actual and estimated trajextarf
the target, along with the trajectories of the two sensolgw
employing as motion strategy GBES, GDC, GSR, and RM,
respectively. As evident, the accuracy of the target’s tjpsi
estimates for GSR is better than the case of GDC or RM,
and almost identical to that of GBES. Additionally, the EKF
produces consistent estimates for GSR, in other words, the
real target’s position is within thec3ellipse centered at the
target’s estimated position.

C. Target Tracking with 3 Sensors (Heterogeneous team)

We hereafter examine the performance of the GSR motion
strategy for a heterogeneous team of 3 sensors tracking}i

201

B = = =
N > o ®

Trace of Covariance Matrix (m 2)
=
o] o

moving target with a mixture of relative observations. If6th matrix. Comparison between GBES, GDC, GSR, and RM.

case, sensar-can measure both distance and bearing to the
target ¢4, = Ko, = 1), and its measurement noise covariance
is set toR; = diag(o3,,05,) with 07 =4 m? andoj =

ga.'8. [Three-sensor case] Trace of the target's positmstgsior covariance

0.5 rac®. On the other hand, sens®rean only record bearing variances;, = o /2 = 0.25 rad?, while sensoB only has
observations £,, = 0,kg, = 1) with measurement noiseaccess to relative distance measuremenyis € 1, kg, = 0)
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Fig. 9. [Three-sensor case] Trajectories of the three sensod the actual and estimated trajectories of the tavgstn employing as motion strategy
(a) GBES, (b) GDC, (c) GSR, and (d) RM. The ellipses denote3théounds for the target’s position uncertainty at the cowasng time steps.

with noise variancerj, = 03, /2 =2 m?. Finally, we note that the time evolution of the trace of the
Fig.s 9(a)-9(d) depict the actual and estimated trajeztortarget's position covariance matrix is similar to that oeth

of the target, along with the trajectories of the three ses)sotwo-sensor case, and is illustrated in Fig. 8.

when employing as motion strategy GBES, GDC, GSR, and

RM, respectively. As evident, the accuracy of the target's VIl. EXPERIMENTAL RESULTS

position estimates for GSR is better than that of GDC or RM,

. ) We hereafter describe one of the experiments performed to
and almost identical to that of GBES. Furthermore, the E}ﬂ'/:alidate the performance of our proposed GSR algorithm. Our

esumateg for the sensors that employ the GSR motion Syr""tee'(%perimental setup is shown in Fig. 10, where a team of three
are conss_tent. ) i Pioneer Il robots are deployed in a rectangular region o siz
Interestingly, in this case for both the GBES and GSRy, oximatelys m x 3 m. In Fig. 10, the target is shown at
motion strategies, sensor-2, which only measures relatiyR pottom right, while the other two Pioneers are acting as
bearing, immediately starts following the target, andrafi&s 5cking sensors. An overhead camera is employed to provide
to minimize its distance to it. The reason for this is thg,ond truth for evaluating the estimator’s performanced®
following: As shown in Lemma 3, although the informatiory, rectangular boards with specific patterns (see Fig. f0) a
contributed by a distance measurement (i.e., the F%TE% N mounted on top of the Pioneers, and the pose (position and
the proof of Lemma 3) is independent of the relative distanggientation) of each Pioneer, with respect to a global frame
|s|| between the target and the sensor,TthTe information fromaerence, is computed from the captured images.
bearing measurement (i.e., the tei;%TJ(ZSTS‘)]z in the proof of  |In the experiment, we adopt a zero-acceleration target
Lemma 3) increases as the relative distarjedl, decreases. motion model, where the target moves with constant speed of
Therefore this prompts sens®to approach the target as clos@pproximatelyd.1 m/sec. The process noise(t) [see (66)] is
as possible. assumed to be a zero-mean white Gaussian noise vector with
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Fig. 10. [Two-sensor case, experimental setup] Three Biorabots, each
with a pattern board attached on its top. The target is ldcatethe bottom Fig. 11. [Two-sensor case, experimental result] Trace eftéinget’s position
right of the image, while the other two robots act as traclsegsors. posterior covariance matrix, when employing GSR as mottostesyy.

covariancel [w(t)w™ ()] = 107I:6(¢ — '). In our imple-
mentation, the sampling time is setd= 0.5 sec. The initial
true state of the target, computed from the overhead caiisera,
x7(0) = [0.23,0.16,0.05,0.01]T, while the initial estimate for
the target’s state is set to-(0/|0) = [0,0,0,0]™. At the begin-
ning, the two sensors are deployedpat (0) = [0.20, 1.69]T
andps, (0) = [2.34,0.17]T, respectively. The maximum speed
for each sensor is set to 0.12 m/sec, and the minimum distanc:
between the target and sensorgis- 1 m. We consider the
scenario where each sensor measures both relative distanc
and bearing to the target (i.esq, = kg, = 1, i = 1,2). oosl W%XXX&%
These relative measurements are generated synthetically b Xk *
adding noise to the relative distance and bearing calallate o ‘ ‘ ‘ ‘
from the Pioneers’ pose estimates using the overhead camer: 0 ° Y ey P » %0
In this experiment, the standard deviations of the distance
and bearing measurement noise are setq{o= 0.05 m and Fig. 12. [Two-sensor case, experimental result] 2-Normhef error of the
o9, = 0.05 rad, i = 1,2, respectively, target’s position posterior estimates, when employing @SRotion strategy.
The duration of the experiment is 30 sec (i.e., 60 time steps)
At every time step, we employ the GSR method to calculate
the next best sensing location of each sensor.
Fig. 11 depicts the time evolution of the trace of the tagyet’
position covariance, which shows that at steady state, the

0.2r

0.15

Norm of Errors (m)

0.1f

X
X XXX

E
g X X X
%xm%‘xw XX 300

Target true trajectory
— — Target est. trajectory| END

O Robot 1 trajectory G, Target
standard deviation of the estimation error along each timec | AQ L Robot2 trajectory | 5 END
. . . 15F S
is around 0.02 m. The real estimation error, computed as Qs o

) H ' >
the 2-norm between the target's estimated and true positior Robot 1 A

(obtained from the overhead camera), is shown in Fig. 12. START

As evident, the estimation error, when employing the GSR-
based motion strategy, is immediately reduced from 0.28 m
to 0.04 m, and is less than 0.05 m for most of the remaining o5l
time steps.

Fig. 13 depicts the actual and estimated trajectories of the
target, along with the real trajectories of the two sensehgn 0 6/ v : " é .
employing the GSR-based motion strategy. Again, as was the X (m)
case in the simulations, the EKF produces consistent egtima
for GSR, i.e., the real target’s position is within the 8llipse Fig. 13. [Two-sensor case, experimental result] Real dtajees of the two
centered at the target's estimated position. This valglétat Sop me f‘nnodtighne ;f;‘ig'g;”iﬁ;tgﬂia;sg;rsleenc;g'?;gg%fg:’?{i”ﬁ?g?gg%
our proposed GSR algorithm is robust and applicable to rgakition uncertainty at the corresponding time steps.
systems.

y (m)
[

Robot 2
START

] Target
START




VIII. CONCLUSIONS

In this paper, we have addressed the problewoo$trained
optimal motion strategies fdneterogeneous teams of mobile
sensors tracking a moving target usingnaxture of relative
observations (i.e., distance-only, bearing-only, oratise-and-
bearing). In particular, our objective is to determine thesstb

(5]

(6]

(7]

locations that the sensors should move to at every time step i
order to collect the most informative measurements, ites, t [8]

observations that minimize the trace of the target's pasiti
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G. M. Siouris, G. Chen, and J. Wang, “Tracking an incombalistic
missile using an extended interval Kalman filtdf?EE Trans. Aerosp.
Electron. Syst., vol. 33, no. 1, pp. 232-240, Jan. 1997.

E. J. Msechu, S. I. Roumeliotis, A. Ribeiro, and G. B. Giakis,
“Distributed quantized Kalman filtering with scalable commmcation
cost,” |[EEE Trans. Sgnal Process., vol. 56, no. 8, pp. 3727-3741, Aug.
2008.

N. Trawny and T. Barfoot, “Optimized motion strategies tooperative
localization of mobile robots,” irProc. |EEE Int. Conf. Robot. Autom.,
New Orleans, LA, Apr. 26 - May 1 2004, pp. 1027-1032.

H. J. S. Feder, J. J. Leonard, and C. M. Smith, “Adaptivebiteorobot
navigation and mapping/ht. J. Robot. Res., vol. 18, no. 7, pp. 650-668,
Jul. 1999.

covariance matrix. In our formulation, we have explicitly 9] v, N. Christopoulos and S. I. Roumeliotis, “Adaptive séry for
considered motion constraints on the robots (maximum speed

and minimum distance to the target), and we have shown t
this non-convex constrained optimization problem is NReHa
in general.

i)

In order to derive a computationally efficient solution, wéH

first investigated the optimal trajectory generation peoil

for single-sensor target tracking. Despite the fact that tfit2]
constrained optimization problem is non-convex even fer th
single-sensor case, we derived its global optimal solutigrs)
analytically by (i) transforming the associated KKT optimality
conditions into a system of bivariate polynomial equatjonﬁ4]

and (ii) directly solving it using algebraic geometry maiso

Furthermore, and in order to provide a real-time solution

for the multi-sensor case, we leveraged the single-sen
result by relaxing the original NP-Hard problem. Specifical
we introduced an iterative algorithm, Gauss-Seidel relara
(GSR), whose computational complexity is significantly éow

[16]

compared to that of a grid-based exhaustive search (GBE£)
method (linear vs. exponential in the number of robots).
Simulation studies show that the GSR algorithm achiev 3]
the same level of tracking accuracy as GBES, while it out-

performs gradient-descent-based approaches. Furthermer
performed experiments using a team of two mobile robots t

hay,

demonstrate the applicability of the GSR algorithm to real

systems.

0

In our future work, we plan to extend our current approaéﬁ ]
and address the cases when the robots’ poses are uncertainca, Aug. 2003.

and when multiple targets are present. Finally, we intend i} A W. Stroupe and T. Balch, “Value-based action setectior obser-

investigate distributed implementations of the GSR atbani

that account for limitations on the sensors’ communicatigpe]

bandwidth (by transmitting only quantized functions ofithe
measurements [32], [6]) and range (by explicitly consiaigri

[23]

the time-varying communication topology when designing th

estimator [33], [34]).
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