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Abstract In recent years, mixture models have found widespread usage in discov-
ering latent cluster structure from data. A popular special case of finite mixture models
is the family of naive Bayes (NB) models, where the probability of a feature vector
factorizes over the features for any given component of the mixture. Despite their
popularity, naive Bayes models do not allow data points to belong to different com-
ponent clusters with varying degrees, i.e., mixed memberships, which puts a restric-
tion on their modeling ability. In this paper, we propose mixed-membership naive
Bayes (MMNB) models. On one hand, MMNB can be viewed as a generalization of
NB by putting a Dirichlet prior on top to allow mixed memberships. On the other
hand, MMNB can also be viewed as a generalization of latent Dirichlet allocation
(LDA) with the ability to handle heterogeneous feature vectors with different types of
features, e.g., real, categorical, etc.. We propose two variational inference algorithms
to learn MMNB models. The first one is based on ideas originally used in LDA, and the
second one uses substantially fewer variational parameters, leading to a significantly
faster algorithm. Further, we extend MMNB/LDA to discriminative mixed-member-
ship models for classification by suitably combining MMNB/LDA with multi-class
logistic regression. The efficacy of the proposed mixed-membership models is dem-
onstrated by extensive experiments on several datasets, including UCI benchmarks,
recommendation systems, and text datasets.
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1 Introduction

Probabilistic mixture models are arguably one of the most popular approaches to latent
cluster structure discovery from observed data (Redner and Walker 1984; McLachlan
and Krishnan 1996; Banerjee et al. 2005¢). Naive Bayes (NB) models! are a special
case of such generative mixture models and have found successful applications in a
wide variety of problem domains (Nigam et al. 2000; Domingos and Pazzani 1997,
Ng and Jordan 2001). In NB models, the probability of a feature vector conditioned
on a particular mixture component is assumed to fully factorize over individual fea-
tures. In spite of their vast popularity, mixture models in general, and NB models in
particular have an important restriction that limits their modeling capabilities: they do
not allow each data point to belong to different components with varying degrees, i.e.,
they do not allow mixed memberships. In a recommendation system scenario, such
an assumption may indicate that each user only likes one type of movies. In text min-
ing, such an assumption implies that a document can be on only one topic. In reality,
the assumption is clearly not true, and becomes a restriction of the mixture models’
modeling capability. There are a few existing approaches to relax this assumption to
mixed membership, most prominently including multi-cause models (Saund 1994;
Ghahramani 1995; Shahami et al. 1997), overlapping mixture models (Banerjee et al.
2005b; Segal et al. 2003; Fu and Banerjee 2008), and aspect models (Hoffman 1999) as
well as its generalization—Ilatent Dirichlet allocation (LDA) (Blei et al. 2003; Griffiths
and Steyvers 2004). Such mixed-membership (MM) models have advanced the state-
of-the-art in topic modeling, as well as served as a basis for advanced analysis of text
and relational data (Blei et al. 2003; Airoldi et al. 2008). However, most of such mixed-
membership models only work with a specific type of data (Blei and Jordan 2003) such
as text or real valued features, but have not been systematically generalized to deal
with arbitrary data types or heterogeneous feature vectors (e.g., user’s personal infor-
mation in online shopping systems, such as age, occupation, monthly expense, etc.),
where NB models are still the methods of choice (Mitchell et al. 2004; Yousef et al.
2007). Meanwhile, for most of such mixed-membership models, especially for those
with multiple layers of hierarchical structure like LDA, learning the model through a
direct application of expectation maximization (EM) (Dempster et al. 1977) algorithm
is usually intractable. Two most popular types of approaches to address the problem
are variational approximation (Jaakkola 2000; Blei et al. 2003) and Gibbs sampling
(Geman and Geman 1984; Griffiths and Steyvers 2004). Unfortunately, most of these
existing algorithms are computationally expensive, which restricts the model’s wide
application to large datasets in real-life cases.

In this paper, we introduce a family of generative models which allows mixed-
membership clusterings, while almost maintaining the simplicity of NB models. In

I NB in the mixture models setting is an unsupervised clustering algorithm, as opposed to a supervised
classification algorithm.

@ Springer



Mixed-membership naive Bayes models

particular, we introduce a family of mixed-membership naive Bayes (MMNB) mod-
els, effectively by taking the best of both NB models and mixed-membership topic
models such as LDA. MMNB models are significantly more flexible than NB mod-
els by using a Dirichlet-discrete prior, while inheriting NB’s advantage to deal with
heterogenous data. We propose two variational inference algorithms for MMNB, as
well as corresponding variational EM algorithms to learn the parameters for any reg-
ular exponential family distributions (Banerjee et al. 2005¢; Barndorff-Nielsen 1978).
The first inference algorithm is based on the ideas originally proposed in the context of
LDA (Blei et al. 2003). The second algorithm uses a substantially smaller number of
variational parameters, with no dependency on the dimensionality of the dataset, and
an application of the same idea in the context of topic modeling gives a new Fast LDA
algorithm. By design, the new algorithm has substantially smaller memory require-
ments, and is orders of magnitudes faster, where the speedup times roughly increases
with the dimensionality of data, i.e., the higher dimension the data has, the more
computational achievements the algorithm gains compared to the one used in LDA.

Mixed-membership models® achieve good performance in clustering: they yield
high clustering accuracy, and also generate mixed-membership vectors which serve
as a succinct and interpretable representation of otherwise large and high dimensional
data points. However, one important restriction of most existing mixed-membership
models is that they are unsupervised models and cannot leverage class label infor-
mation for classification. Meanwhile, most popular classification algorithms, such as
support vector machines (SVM) (Burges 1998) and logistic regression (LR) (Pampel
2000), perform well on classification, but the classifier itself is often hard to inter-
pret. Therefore, in this paper, we propose discriminative mixed-membership (DMM)
models,> which is a combination of mixed-membership models and logistic regres-
sion. In particular, we propose discriminative MMNB (DMMNB) and discriminative
LDA (DLDA) as discriminative classification algorithms leveraging mixed-member-
ship models for interpretability, where the mixed-membership vector forms the input
to logistic regression for classification.

The effectiveness of MM and DMM models are established through extensive
experiments on various types of datasets. We first present results for unsupervised
MM models. We show that MMNB models outperform NB models in most settings,
and the performance of MMNB is found to be very stable across a wide range of
input parameter choices, especially on held out test sets. For supervised DMM mod-
els, the results show that they achieve higher accuracy than unsupervised MM models,
as well as higher/competitive performance compared to the state-of-the-art classifi-
cation algorithms. More importantly, the new variational inference algorithm used in
both MM and DMM is shown to be orders of magnitudes faster than the one used in
LDA. In our experiments, we achieve dozens to hundreds of times speedup for Fast
LDA/DLDA and 5-10 times speedup for Fast MMNB/DMMNB, with no noticeable
loss in the unsupervised setting and even higher accuracy in the supervised setting.

2 In this paper, mixed-membership models particularly refer to MMNB and LDA.

3 In this paper, discriminative mixed-membership models particularly refer to discriminative MMNB and
LDA.
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Fig. 1 An overview of the models

Since we propose several different models and their variants, to give a clear over-
view of these models, we show them in Fig. 1. Overall, we propose two types of
models, one is the unsupervised clustering models, the other is the supervised clas-
sification models. For clustering, we have LDA and Fast LDA for text clustering, as
well as MMNB and Fast MMNB for non-text clustering. LDA and MMNB together
are referred to as MM models, and Fast LDA and Fast MMNB together are referred to
as Fast MM models. Similarly, for classification, we have DLDA and Fast DLDA for
text classification, as well as DMMNB and Fast DMMNB for non-text classification.
DLDA and DMMNB together are referred to as DMM models, and Fast DLDA and
Fast DMMNB together are referred to as Fast DMM models. All models are new
except LDA. The acronym list of the model names is in Table 1.

The rest of the paper is organized as follows: Sect. 2 gives a brief overview on gen-
erative mixture models as a background knowledge. Section 3 proposes mixed-mem-
bership naive Bayes models. The algorithms of variational inference are presented in

Table 1 The acronym list of

model names Acronym Full name
LDA Latent Dirichlet allocation
Fast LDA Fast latent Dirichlet allocation
MMNB Mixed-membership naive Bayes
Fast MMNB Fast mixed-membership naive Bayes
MM Mixed-membership models
Fast MM Fast mixed-membership models
DLDA Discriminative latent Dirichlet allocation
Fast DLDA Fast discriminative latent Dirichlet allocation
DMMNB Discriminative mixed-membership naive Bayes

Fast DMMNB  Fast discriminative mixed-membership naive Bayes
DMM Discriminative mixed-membership models

Fast DMM Fast discriminative mixed-membership models

@ Springer



Mixed-membership naive Bayes models

Sects. 4 and 5, with Sect. 4 giving the variational inference as a direct generalization of
that in LDA, and Sect. 5 giving a fast variational inference. Section 6 proposes the dis-
criminative mixed-membership models. Extensive experimental results are presented
in Sect. 7. We review the related literature in Sect. 8 and conclude in Sect. 9.

2 Back ground—generative mixture models

In this section, we give a brief overview of the existing literature on mixture models,
which is a background for mixed-membership and discriminative mixed-membership
models.

2.1 Finite mixture models

Finite mixture (FM) models are arguably the most widely studied and used form of
mixture models (Redner and Walker 1984; Banerjee et al. 2005¢). An FM model is a
convex combination of a finite number of latent component distributions, each of which
generates a set of observed data points. To generate each data point x, an FM model first
picks a component z = ¢ and then generates the data point following the component
distribution corresponding to c. If & denotes a discrete distribution as a prior over the
components, and 9, denotes the parameters for the distribution of the cth component,
an FM model with k components has a density function of the following form:

k
pXIT, ©) = > pz = clm)pxloe), ey

c=1

where ® = {6., [c]’f} ([c]} = ¢ = 1,...,k) are the groups of parameters for the
component distributions {p(x|6,), [c]’f}. Most of the existing literature has focussed
on the case where the component distributions belong to a regular exponential family
(Banerjee et al. 2005¢; Barndorff-Nielsen 1978), and the most widely used mixture
models are Gaussian mixture models, where each p(x|6.) is a Gaussian distribution.

2.2 Naive Bayes models
Naive Bayes (NB) models (Fig. 2a) are a special case of FM models. NB assumes that
features of a data point are conditionally independent given the latent component. In

particular, with an appropriate univariate exponential family (Banerjee et al. 2005c;
Barndorff-Nielsen 1978) on feature j and component ¢ given by

Py (xjl0jc) = exp(x;bjc — ¥ (0jc))pj(xj),

the probability of a d-dimensional feature vector x given the component z = c is

d d
P10 =[] py;xj10j0) = [ [ exp(xjbjc — ¥ 00 pj(x)),
j=1 j=1
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Fig.2 Graphical model representation of naive Bayes models and latent Dirichlet allocation. a Naive Bayes
models. b Latent Dirichlet allocation

where v;(-) is the cumulant or the log-partition function, and p;(x;) is a non-
negative base measure. ¥;(-) determines the exponential family model appropriate
for feature j, e.g., Gaussian, Poisson, Bernoulli, etc., and 6 is the natural parameter
corresponding to feature j and component c. Given the prior discrete distribution
over the components, the marginal probability of x according to naive Bayes is given by

k d
pxlm, ©) =D pz = clm) [ | py, (xj160;0). )

c=1 j=1

2.3 Latent Dirichlet allocation

One key assumption of NB models, or FM models in general, is that the latent com-
ponent z is fixed across all features of a data point x. While such an assumption is
reasonable in certain domains, it puts a major restriction on the flexibility of NB mod-
els. Latent Dirichlet allocation (LDA) (Blei et al. 2003; Griffiths and Steyvers 2004)
is an elegant extension of standard mixture models by relaxing this assumption in
the context of topic modeling, where each data point is a collection of tokens, e.g.,
a document with a collection of words. LDA assumes that each word in a document
potentially comes from a separate topic z, which is generated from a discrete distribu-
tion discrete(sr) of this document, and all documents share a k-dimensional Dirichlet
prior «. The generative process for each document x is as follows (Fig. 2b):

1. Choose a mixed-membership vector & ~ Dirichlet(x).
2. For each of m words (tokens) (x;, [j]}") in x:
(a) Choose a topic (component) z; = ¢ ~ discrete(r).
(b) Choose x; from p(x;|B.).

B = {8, [c]]f} is a collection of parameters for k component distributions, with each
of them a V dimensional discrete distribution where V is the total number of words
in the dictionary.

LDA assumes that words are generated from topics, and the topics are exchange-
able within a document. Recall that according to de Finetti’s representation theorem
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(de Finetti 1990), if the joint distribution of a set of random variables is invariant to
permutation, these random variables could be considered as independent and iden-
tically distributed conditioned on a latent parameter, which is drawn from a certain
distribution. In LDA, the random variables in question are the topics corresponding to
the words, and the latent parameter is 7 for the discrete distribution, which is drawn
from the Dirichlet distribution Dirichlet(«). The density function of a document x is
given by
m  k
p(xla. ) =/p(n|a> [12.rG) =clm)pxjlpe) | dm. 3)

pt j=lc=1

Computing the probability of a collection of documents is intractable, and several
approximate inference techniques have been proposed to address the problem.
The two most popular approaches include variational approximation (Jaakkola 2000;
Blei et al. 2003) and Gibbs sampling (Geman and Geman 1984; Griffiths and Steyvers
2004).

3 Mixed-membership naive Bayes models

In this section, we first take a careful look at the strengths and limitations of naive
Bayes (NB) models and latent Dirichlet allocation (LDA), and then propose mixed-
membership naive Bayes (MMNB) models by taking the best of both worlds.

A “data point” in LDA (Blei et al. 2003) is a collection of tokens, each of which is
assumed to be generated from one of the discrete component distributions. The tokens
represent the same type of objects, e.g., in case of LDA, all tokens are words. The set
of distributions remain the same across all tokens. In several applications, there are
two important deviations from the above set-up:

1. Each feature may have a measured value, e.g., real, categorical, etc.. LDA is not
designed to deal with such data since it only works with tokens.

2. Features may be heterogeneous. By “heterogeneous”, we mean the feature vec-
tor containing features of different semantics (e.g. height, weight), different data
types (e.g. real, integral), different ranges of values (e.g. [—1, 0], [10,100]), etc..
Using a homogeneous component distribution, LDA is not directly applicable to
such heterogeneous features.

As for NB models, while they have been widely used due to their simplicity, and
can handle heterogeneous features with measured values, they also suffer from two
important limitations:

1. Most large-scale datasets are sparse, so most feature values will be unknown. For
example, in a movie recommendation setting, each user would have rated only a
very small fraction of all available movies. NB models have no explicit mechanism
to handle missing values.

2. Unlike LDA, NB models are not mixed-membership models because they assume
that all the features in a feature vector come from the same mixture component.
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Such a mixture of unigrams approach (Blei et al. 2003) yields simplicity, but puts
a severe restriction on the modeling power of NB.

To address the first drawback of NB models, we introduce marginal naive Bayes
models where the model itself takes into consideration the sparsity structure of the
data points. For a d-dimensional feature vector x with only a subset of m (m < d)
non-missing features, the density function is given by

k d

p&xIm, 0) = p=cln) [ py, xj10)0). )
c=1 j=1
E|Xj

where 3x ; denotes any observed feature j for x. Note that the observed feature sets will
be potentially different for different x. Theoretically, the model simply marginalizes
over all possible values of the missing features. Operationally, the model is only built
over the features whose values are observed, e.g., the movies that have been rated by
a certain user.

By focusing only on the observed features, marginal NB can naturally handle spar-
sity, but it inherits the second problem of NB models, i.e., all features are assumed to
be generated from the same component z. Meanwhile, as a mixed-membership model,
LDA allows tokens in a data point to be generated from different components. We adopt
the same idea of LDA in the context of marginal NB, and propose mixed-membership
naive Bayes models. In particular, we allow each observed feature x ; of a data point to
potentially come from a separate component z ;, which has a Dirichlet-discrete prior
on top as in LDA. Given z, the generation of each feature still follows marginal NB,
which allows MMNB to handle heterogenous features with various types of measured
values, so the two limitations of LDA are conveniently addressed. Overall, as a com-
bination of LDA and marginal NB, MMNB takes the best of these two to overcome
the limitations of each other.

The graphical model for MMNB is given in Fig. 3. The generative process for x
following MMNB can be described as follows:

1. Choose a mixed-membership vector m ~ Dirichlet(c).
2. For each non-missing feature x; of x:
(a) Choose a component z; = ¢ ~ discrete(r).

Fig. 3 Graphical model

representation of 0
mixed-membership naive Bayes Q
models k d
O-O+0O—@
N N
o T Z X 4
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(b) Choose a feature value x; ~ py,; (x;|0;c), where ¥; and 6;. jointly decide
an exponential family distribution for feature j and component c. We define
© = {Bjc., [j1{. [c]}}

To make the model fully generative, we also need to generate the sparsity structure
of the dataset. In principle, we can assume a fixed Bernoulli distribution Bernoulli(A)
for the entire dataset. The draws from Bernoulli(1) determine which features of each
data point are missing. Since estimation of A can be done from the observed sparsity
structure, and, in general, it does not affect the rest of the model, we will ignore this
aspect.

From the generative model, the density function for x is given by:

d k

p(xla, ©) = / pile) | [] 2] pzj = clmpy, (x;1050) | dr. ©)
T j=lc=1
H)Cj

The probability of the entire dataset 2~ with n data points 2~ = {x;, [i]}} is given by

n d k
p( 2. 0) =] / p(ile) | [ 2 pij = clmi)py, (xij160) | dmi. (6)
i=ly, j=1lc=1
ERYS

In LDA, an atomic event is the generation of a token (word) x; from a discrete
component distribution, determined by z;. If there are k components, there would be
k such discrete distributions, which are fixed for generating all words in the document.
In MMNB, an atomic event is the generation of a value x; for the jth feature from an
exponential family distribution py; (x[6c). If there are k components and d features,
the total number of component distributions would be k£ x d, with k distributions for
each of d features respectively. Unlike LDA, the distribution for generating x; not
only depends on z;, but also depends on which feature is being considered. Therefore,
by choosing an appropriate exponential family distribution for each feature, MMNB is
able to deal with heterogeneous feature vectors. For a concrete exposition to MMNB
models, we will focus on two specific instantiations of such models based on univari-
ate Gaussian and discrete distributions for each feature in each component. Note that
although the two examples we give have a same family of distributions across all fea-
tures, MMNB allows different features to have different distributions and parameters.

1. MMNB-Gaussian: Such models have Gaussian distributions for each feature,

hence are applicable to the data with real-valued features. Given the model param-
eters  and 2 = {(u e, ajzc), [j]f, [c]’f}, the density function is given by:
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p(xla, 2)= / (i)

T

& 1 (x; _’u_‘)2
X H§ P(Zj:c|n)—2€Xp(—]2—2]C) dr. @)
j=1c=1 V2705, Ojc

Jx;

2. MMNB-Discrete: Such models have discrete distributions for each feature, hence
are applicable to the data with categorical features. Assuming that feature j can
take r; possible values, each feature j and component ¢ then has a discrete distri-

bution {pjc(r), [r]}'}, where p jc(r)r; Oand 37| pic(r) = 1.* Given the model
parameters « and £2 = {p;.(r), [r]lf, [j]d, [c]’l‘}, the density function is given by

d k
p(xle, 2) = / ple) [ [] D pj=clmipje(x)) | dr. ®)
p j=lc=1
E|Xj
4 Inference and estimation
For a given dataset 2~ = {x1, ..., X,}, the learning task in mixed-membership naive

Bayes (MMNB) is to estimate the model parameters («*, @*) such that the likelihood
of observing the whole data set p(2 |a*, ®*) is maximized. A general approach for
such a task is to use expectation maximization (EM) algorithms. However, the likeli-
hood calculation in (6) is intractable, implying that a direct application of EM is not
feasible. In this section, we propose a variational inference method, which alternates
between obtaining a tractable lower bound to the true log-likelihood and choosing the
model parameters to maximize the lower bound. To obtain a tractable lower bound,
we consider an entire family of parameterized lower bounds with a set of free varia-
tional parameters, and pick the best lower bound by optimizing the lower bound with
respect to the free variational parameters. For the details of derivations, please refer
to Appendix A.1.

4.1 Variational inference

In most applications of the EM algorithm for mixture modeling, in the E-step, one
can directly compute the latent variable distribution (Neal and Hinton 1998; Baner-
jee et al. 2004), which is used to calculate the expectation of the likelihood; in the
M-step, parameter estimation is done by maximizing the expectation of the complete
likelihood, where the expectation is with respect to the latent variable distribution.

4 The representation is over-complete (Wainwright and Jordan 2003). One can use kd less parameters by
using the fact that p ;) is a discrete probability distribution, implying that the components will sum up
to 1.
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However, a direct computation of latent variable distribution p(7, z|c, ®, X) is not
possible for MMNB models. In particular, the latent variable distribution, given by

p(ele) [T9, 5., p(zj = elm) Py, (xj1650)
S pGrle) (T a0, Thet Pz = elm)py, (3510500 ) dr

p(r, zla, O, X) = )

has an intractable partition function, which cannot be computed in closed form. Hence,
we introduce a tractable family of parameterized distributions g (7, z|y, ¢) as an
approximation to p(w, z|, ®, X), where (y, ¢) are free variational parameters. In
particular, following Blei et al. (2003), we focus on the family (Fig. 4a)

d

a1 zly, ¢) = () [ | a1zjle)). (10)
i=l1
HXJ'

where for each data point, y is a Dirichlet distribution parameter over 7 and ¢ =
{9, [j ]‘11, dx;} are parameters for discrete distributions over the latent components z

for all non-missing features. Following Jensen’s inequality (Neal and Hinton 1998;
Blei et al. 2003) we have

log p(x|a, @) = Eg[log p(7, z, X|ar, ©)] + H(q1 (7, 2y, §)), (1)

where H (-) denotes the Shannon entropy. Note that (11) gives a family of lower bounds
to the true log-likelihood log p(x|a, @), parameterized by (y, ¢). If we denote the cor-
responding lower bound for data point x; by L(y;, ¢;; o, ®), following (11), we have

L(y;, ¢i; o, ©) = E4 [log p(mi|a) ]+ Ey, [log p(z;|m;) ]+ Ey, [log p(x;|z;, ©)]
—E4 [logqi(milyi)] — Eg [log q1(zi|$i)]. (12)

The lower bound of the log-likelihood on the whole dataset 2" is simply the summa-
tion of L(y;, ¢i; o, ®@) over all data points x;. The best lower bound can be computed
by maximizing each L(y;, ¢;; o, @) over the free parameters (y;, ¢;). A direct calcu-
lation gives the following update equations that iteratively maximize the lower bound:

d
Vie=0c+ D $ije (13)

=1
Elx,-j

k

Pije ocexp(vf(yic)—wc y,-z))pv,,(x,-,-ch), 1 [, et 3x;.
=1

(14)

where y; is the cth component of the parameter for variational Dirichlet distribution of
the ith data point, ¢; . is the cth component of the parameter for the variational discrete
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Fig. 4 Variational distributions for MM and Fast MM models. a MMNB/LDA. b Fast MMNB/LDA

distribution of the jth feature in the ith data point, and ¥ is the digamma function, i.e.,
the first derivative of the log Gamma function. From Banerjee et al. (2005c), we know
that any regular exponential family distribution py (x]60) = exp({x, 8) — ¥ (0)) po(x)
can be expressed in terms of the Bregman divergence between x and the expecta-
tion parameter T as py (x|0) = py(x|t) = exp(—dy(x, v))bs(x), where f is the
conjugate of the cumulant function ¥ of the family, by = exp(f(x))po(x), and
dy(-,-) is the Bregman divergence determined by the function f. Therefore, (14)
could be written as

k
Pije X EXp (‘I’(Vic) -y z Vil) —dy; (xij, ch)), (15)
=1

where 7. is the mean of the jth feature of the cth component. The above equation
shows the following observation: ¢; ;. is inversely proportional to the exponential of
Bregman divergence between the jth feature and its expectation of the cth component,
i.e., if x;; is far from the mean 7, its membership in component ¢ will be small. In
fact, ¢i; = {ijc, [c]lf } gives the mixed-membership of x;; belonging to k components
respectively. For a specific model, such as MMNB-Gaussian, the updating equation
for ¢;jc could be obtained by replacing the corresponding distributions in place of
Py, (x;j10j¢) in (14). The form of the updates for y; is independent of the exponential
family being used.

4.2 Parameter estimation

The goal of parameter estimation is to obtain («, ®) such that log p(Z|«, ®) is
maximized. Since the log-likelihood is intractable, we use the lower bound as a
surrogate objective to be maximized. Note that for a fixed value of the variational
parameters (y;*, ¢') obtained by variational inference for each x;, the lower bound of
log p(Z |, ©), ie., ZL] L(yj, ¢}; a, ®), is a function of the parameters (a, ®).
Following Redner and Walker (1984); Banerjee et al. (2005¢), the parameters & can
be estimated in closed form for all exponential family distributions.
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From the Bregman divergence perspective, let 7. be the expectation parameter for
the jth feature of the cth component, the estimation for 7/ is given by

n
2i=13y,; PijeSij
n
Zi:l,ﬂxij ¢ijc
where s;; is the sufficient statistic. The natural parameter 6. is given by conjugacy as
Ojc = Vi (o), U], [ely,

where f (-) is the conjugate of cumulant function v; for each feature. We now give the
parameter estimation for two special cases—MMNB-Gaussian and MMNB-Discrete.

Tje = , 19, [elh, (16)

MMNB-Gaussian: For Gaussians, by maximizing the lower bound, the exact update
equations for u j. and a}c can be obtained as

n
Zi:l,flx,-j bijcXij

Bje = o (17)
Z?=1,3xij ¢ijc
Z’?—] 30, Pije(Xij — 1 'c)2
2 i=1,3x;; T J 1 k
o, = » L1y, [ely (13)
e Z?:I,Elx,-j ¢ijc
MMNB-Discrete: For a discrete distribution p ;. overr = 1, ..., r; values for feature
J» the estimate of pj.(r) is given by
n
. rj
pie(r) o< D ijel (xij =r), [elf, 1, [r1Y, (19)

i=1

where 1(x;; = r) is the indicator of observing value r for feature j in observation x;.
While such a maximum likelihood (ML) estimate will give the maximizing parameters
on an observed training set, there is possibility of some probability estimates being
zero. Such an eventuality does not pose a problem on the training set, but inference on
unseen or test data may become problematic. If a feature in the test set takes a value
that it has not taken in the entire training set, the model will assign a zero probability
to the entire set of test observations. The standard approach to address the problem is
to use smoothing, so that none of the estimated parameters is zero. In particular, we
use Laplace smoothing, which results from a maximum a posteriori (MAP) estimate
(DeGroot 1970) assuming a Dirichlet prior over each discrete distribution, so that

Pic(ry = dijclxij =r) +e, [elf, LI, 717, (20)
i=1

for some € > 0.

The update of « is independent of the choice of exponential family distribution.
Using Newton—Raphson algorithm (Blei et al. 2003; Minka 2003b) with line search,
the updating equation is given by:
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al = a. —n2—, [cl}, 1)

where

o) o) oo (5)

he = —n¥' (o)
_ 25;1 g/
w4 25;1 hz_l

k
w=n¥’ (Z Ol]) )
=1

Since « has the constraint of o, > 0, by multiplying the second term of (21) by n,
we are performing a line search to prevent o, to go out of the feasible range. At the
beginning of each iteration, we set 1 to be 1. If the updated «. falls into the feasible
range, the algorithm goes on to the next iteration, otherwise, it reduces « by a factor
of 0.5 until the updated o, becomes valid.

4.3 Variational EM for MMNB

Based on the variational inference and parameter estimation updates, it is straight-
forward to construct a variational EM algorithm to estimate («, ®). Starting with an
initial guess («?, ©®©), the variational EM algorithm alternates between two steps:

1. E-step: Given (a(’_l), U _1)), for each data point x;, find the optimal variational
parameters

(Vi(t)a ¢l(t)) = argmax L()/i, ¢l’ a(l—l)’ @([—l)).
Vi ®i)

L(yl.(t), ¢l.('); o, ©) gives a lower bound to log p(x;|«, @).
2. M-step: An improved estimate of model parameters («, @) are obtained by max-
imizing the aggregate lower bound:

n
@, 00y = argmax Z L(yl.(l), qbl.(t); a, O).
(a,0)

i=1
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After t iterations, the objective function becomes L(yl.(t), ¢i(t); a, (H)(’)).
In (r 4 1)th iteration, we have

n n
1 1
ZL(VZ'([)’ ¢1(t)’ Ol(t), @(l)) < ZL()/[(H’_ )’ (pi(t"l‘ )’ Ol(l), @(l))

i=1 i=1

n
1 1
< ZL(Vi(Z+ )’ ¢i(t+ ); a(r+1)’ @(z+1)).

i=1

The first inequality holds because in the E-step, (yi(t+l), ¢i(t+l)) maximizes L(y;, ¢i;
a® ©®). The second inequality holds because in the M-step, («+1, @ +D) max-
imizes L(yl.('H), ¢l.(l+l); a, ©). Therefore, the objective function is non-decreasing

until convergence.

5 Fast variational inference

The variational distribution we have used in Sect. 4 exactly follows the idea proposed
for latent Dirichlet allocation (LDA) (Blei et al. 2003), where every feature j of the
data point x; has a corresponding variational parameter ¢;; for the discrete distribu-
tion. In this section, we introduce a different variational distribution with a smaller
number of parameters, yielding a much faster variational inference algorithm. Mixed-
membership naive Bayes (MMNB) with such a fast variational inference algorithm is
referred to as Fast MMNB. We also apply the same idea to LDA and come up with
the Fast LDA algorithm. The details of derivation are presented in Appendices A.2
and A.3 for Fast MMNB and Fast LDA respectively.

5.1 Variational approximation

Given the lower bound to log-likelihood of each data point as (11) in Sect. 3, the
variational distribution we have used is (10), where each non-missing feature j of
each data point x; has a separate discrete distribution ¢;;. In a full data matrix with n
d-dimensional data points, the total number of ¢;; would be n x d, which is a huge
number for high-dimensional data. Meanwhile, since in the E-step of variational EM
algorithm, the optimization is performed over each variational parameter, a large num-
ber of variational parameters will lead to a large number of optimizations, significantly
slowing the algorithm down. To make the algorithm more efficient, we introduce a
new family of variational distributions (Fig. 4b):

d
@, 2$.y) = o@ly) [ | a2zjl¢). (22)

j=1
Hx]'

Compared to q1(, z|¢, ) in (10), g2 (7, z|¢p, ) only has one discrete distribution
parameter ¢ for each data point. For data points with no missing features, the total
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number of ¢s decreases from n x d in (10) to n in (22), accordingly, the number of
optimizations over ¢ also decreases from n x d to n. Such a reduction implies a big
saving on both time and space, especially for high dimensional data with a large d.

Assuming there are m; non-missing features for each data point x;. Given the var-
iational distribution in (22), we have a set of new lower bounds L (y;, ¢;; a, ®) for
p(X;|la, ®), and the best lower bound is obtained by maximizing L (y;, ¢;; o, @) with
respect to the variational parameters. The update equations for variational parameters
become

Vie = d¢ + midic (23)
1/m;
k d
Pic exp(wmc) - W(Z m)) [1rv@ijle;0 | 11, Lelf,
=1 é:]l
(24)

where y;. and ¢;. are parameters for variational Dirichlet and discrete distributions
for the cth component of x; respectively. Comparing (24) to (14), in (14), we have
the term py,; (xi;|0jc) in ¢ijc for each feature j of x;, but in (24), since there is only
one ¢; for all features of x;, it contains the geometric mean of Pv; (x;j10jc) over all
non-missing features. y;. is again independent of the exponential family being used.

5.2 Parameter estimation

After obtaining the variational parameters, we can have a tractable lower bound of
the log-likelihood as a function of the model parameters («, @). The estimation for
« is the same as in Sect. 4 using Newton—Raphson algorithm with line search, and
the estimation for ® has a closed form for exponential family distributions. From
the Bregman divergence perspective, assuming the expectation parameter for the jth
feature of component c is 7j., the estimation for 7. is given by

n
Zi:l,ﬂxlj Qicsij

ST e i1, Lelf, (25)
i=1,5|xij e

ch =

where s;; is the sufficient statistic and the natural parameter 6;. = V f;(t;.) by con-
jugacy, and f;(-) is the conjugate of cumulant function ¥; for each feature. For two
special cases, MMNB-Gaussian and MMNB-Discrete, the closed form parameter esti-
mates are given below. Note that (25)—(28) are mild variants of (16)—(19) as ¢;. does
not depend on feature j.

Fast MMNB-Gaussian: For Gaussians, the update equations for 1 ;- and afc are given
by
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n
Zi:l,Elx,-j PicXij

Wje = (26)
7 er'l:lﬂxij ¢ic
21'1_] El Gic(xij — 'c)2
2 i=1.4xi 1 1 k ad
0. = s Lely, 115 27)
e Z?:l,flx,-j ¢ic :
Fast MMNB-Discrete: For a discrete distribution pj. over r = 1,...,r; values for
feature j, the update equation for p;.(r) is given by
n
. rj
Pie(r) o< > dicl(xij =r) + €, [clf, [j1], [r]Y (28)

i=1

where 1(x;; = r) is the indicator of observing value r for feature j in observation x;.
Given the updates for variational and model parameters, a variational EM algorithm
could be constructed to estimate («, ®@) as in Sect. 4.3.

5.3 Fast LDA

We apply the same idea in Fast MMNB to variational inference in LDA (Blei et al.
2003), yielding Fast LDA. As in Fig. 2b, LDA has two model parameters « and §: «
is the parameter of the Dirichlet distribution over , and 8 is the set of the discrete
distribution parameters for each of k components over V words, where V is the size
of the dictionary. Following the notation in Blei et al. (2003), the vth word in the
dictionary is represented by a V-dimensional vector x such that x’ = 1 and x* = 0
for u # v, and each document x is represented by m words x = {x, x2, ..., X5, }.

We introduce the same variational distribution for Fast MMNB as in Fig. 4b, i.e.,
for each document x, we introduce one Dirichlet distribution parameterized by y and
one discrete distribution parameterized by ¢. In particular, the variational distribution
is given by:

o, 2p, y) = p0ly) [ | aiile). (29)

j=1

The lower bound of the log-likelihood in (3) is again obtained from Jensen’s inequality
asin (11). By taking derivative of the lower bound with respect to ¢» and y respectively
and setting them to zero, the update equations for variational parameters of x; are as
follows:

Yie = Q¢ + M Pic (30)
k 1 m; V
ic ccexp [ ¥ (yie) =¥ (Z y,-l) o Z > xpilog ey | . LT} [clh,
=1 j=lv=1
(€29)
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where m; is the number of words in document x; .

For fixed values of variational parameters y and ¢, maximizing the aggregate lower
bound with respect to the model parameters yields the update equation for « and S.
In particular, the update equation for « is the same as (21), and the update equation
for B is given by:

ﬁcvocz %le, [elf, [v]}. (32)

i=1

6 Discriminative mixed-membership models

While mixed-membership (MM) models provide a succinct and interpretable rep-
resentation of otherwise large and high-dimensional datasets, there is an important
restriction that they are unsupervised models and cannot leverage class label informa-
tion for classification. On the other hand, most of the popular classification algorithms,
such as support vector machines (SVM) (Burges 1998) and logistic regression (LR)
(Pampel 2000) are usually difficult to interpret. Therefore, an accurate discriminative
classification algorithm leveraging mixed-membership models for interpretability is
highly desirable.

Supervised latent Dirichlet allocation (SLDA) (Blei and McAuliffe 2007) is such a
mixed-membership model which takes response variables into account, but it has two
limitations preventing it from being used as a classification algorithm:

1. The response variables in SLDA are univariate real numbers assumed to be gen-
erated from a normal linear model, whereas the response variables, i.e., labels,
are discrete categories in the classification setting. Although the authors pointed
out that the response variables can be of various types obtained from generalized
linear models, variational inference is difficult in the general case. While a Taylor
expansion is recommended (Blei and McAuliffe 2007) to obtain an approxima-
tion of the log-likelihood, such an approach forgoes the lower bound guarantee of
variational inference.

2. Like latent Dirichlet allocation (LDA), SLDA is designed for text data as a col-
lection of homogeneous tokens. However, most non-text classification tasks, e.g.,
the UCI benchmark datasets, have features of heterogeneous types with measured
values. SLDA is not designed for such data.

In this section, we propose discriminative’ mixed-membership (DMM) mod-
els as a classification algorithm by combining multi-class logistic regression with
unsupervised MM models. In particular, we consider two variants—discriminative
latent Dirichlet allocation (DLDA) and discriminative mixed-membership naive
Bayes (DMMNB). DLDA is applicable to text classification and uses latent Dirichlet
allocation (LDA) (Blei et al. 2003) as the underlying MM model. DMMNB is applica-
ble to non-text classification involving different types (e.g., numerical, categorical) of

5 “Discriminative” here does not mean a discriminative model, but a generative model used for classification
instead of clustering.
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feature vectors and uses mixed-membership naive Bayes (MMNB) as the underlying
MM model.

6.1 Discriminative LDA

Assuming there are ¢ classes and k components, the graphical model for DLDA is
given in Fig. 5a. It is similar with LDA except that it generates the label y other
than the document x through logistic regression with parameter n = {91, ..., n:},
where each n;, for [h]tl is a k-dimensional vector and 7; is a zero vector by default.
The generative process for each document x and label y is given as follows:

1. Choose a mixed-membership vector & ~ Dirichlet(c).
2. For each of m words (x;, [j1}") in the document x,
(a) Choose a component z; = ¢ ~ discrete(r).
(b) Choose a word x; ~ discrete(f.).
3. C?E)ose the label from a multi-class logistic regression y ~ LR(anZ, n2T Zy.o.
1 2)-
Z is an average of zj...z, over all observed words. Note that each z; in LDA
is represented as a k-dimensional unit vector with only the cth entry being 1
if it denotes the cth component. LR(anZ, 772T Zyenn, r;tT 7) denotes a logistic trans-
formation on [anZ, 7727 Zyenns n,T z], which is equivalent to a discrete distribution
exp(n! 2)
EDYRICAE)
sification, y is 0 or 1 generated from Bernoulli(

(p1y.e-pr—1,1 — Zz;ll pn) with p, = for [h]tl_l. In two-class clas-

1
1+exp(—n ]T 2)
parameter 11 to be estimated, 7, is the zero vector by default.

There are two important properties of DLDA, and of DMM models in general: (1)
The k-dimensional mixed membership 7 effectively serves as a low dimensional repre-
sentation of the original document. While z in LDA is inferred in an unsupervised way,
it is obtained from a supervised dimensionality reduction in DLDA. (2) DLDA allows
the number of classes ¢ and the number of components k in the generative model to be
different. If & was forced to be equal to ¢, for problems with a small number of classes,
z would have been a rather coarse representation of the document. In particular, for

), i.e., there is only one

O
o

OO 8 || OroTQ e

o T Z X m o T z X g4

O ‘® O ‘®

n ot y  nhpomoy Yy  n
(a) (b)

Fig. 5 Graphical models for DLDA and DMMNB. a DLDA. b DMMNB
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two-class problems, z would lie on the 2-simplex, which may not be an informative
representation for classification purposes. Decoupling the choice of k from ¢ prevents
such pathologies. In principle, we may find a proper k using Dirichlet process mixture
models (Blei and Jordan 2006).

From the generative model, the density function for (x, y) is given by:

k
p(x, yla, B, ) = / ple) | [] 2] pzj = clmpx)lBe) | pOylz, md.

pa j=lc=1

(33)

The probability of the entire dataset of n documents and labels (2™ = {x;, [i]}}, % =
{yi, [i1}}) is given by

(2, Y, B, n)=H/p(mIa)
i=1y.

mi

k
< | [1 22 pij=clmp(xijlBe) | p(ilzi, mydmi. (34)
j=1c=1

6.2 Discriminative MMNB

Discriminative MMNB is similar with DLDA except that it is applicable to non-text
data and it keeps separate distributions for each feature, as in MMNB. Given the
graphical model in Fig. 5b, the generative process for the data point x and label y is
as follows:

1. Choose a mixed-membership vector 7 ~ Dirichlet(x).
2. For each non-missing feature j in x
(a) Choose a component z; = ¢ ~ discrete(r).
(b) Choose a feature value x; ~ py,; (x;10;c)
3. Choose the label from a multi-class logistic regression y ~ LR(anZ, 772TZ, ceey
nl 7).
Here v/; and 6;. jointly decide an exponential family distribution for feature j and
component c.

In both DLDA and DMNB, following Blei and McAuliffe (2007), we have used z
(the mean of z for all words/features) as an input to logistic regression. In principle,
any other transformation of z could work, as long as it gives a reasonable represen-
tation of the original data point. We choose z due to the following two reasons: (1)
Optimality: Given a set of data points, their best representative is always the mean
according to a wide variety of divergence functions (Banerjee et al. 2005¢; Banerjee
2007). We also notice that n}{z = n}{ ElzZl=E [n}{z], which means that if we take the
mean of n,{z on each feature as the input to logistic function, it is equivalent to using
n,{Z as the input to logistic function. (2) Simplicity. Since z is the latent variable, if
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we use other complicated transformation on z such as a non-linear function, it would
greatly increase the difficulty in inference and learning.
The density function for (x, y) is given by

d k
p(x,y|a,@,n)=/p<n|a) [12. rGi=clmipy;xj16;0) | pOy1z, mdr.
T =1

Jx;
(35)
The probability of the entire dataset of n documents and labels (2" = {x;, [i]}}, ¥ =
{yi, [i]7}) is given by
P2, Ve, ©.1) = H/ p(rile)
i=lp

T2 ptij = clmpy, (xijloje) | pGilzi, ndi.

j=1c=1

3xij

(36)

Like MMNB, two special cases of DMMNB are DMMNB-Gaussian and DMMNB-
Discrete. The density functions corresponding to (7) and (8) are given by

p(x, yle, 2, 1) = /p(n|a> HZp(z]_cm)

j=1c=1
Jx;
1 (xi — i ')2
x exp (— L POz, n)d
27[0‘]26 20-./'6

(37
for DMMNB-Gaussian and

d k
p(x,yla,ﬂ,n)=/p(n|cx) [12.rGi=clmpjctxp) | pyIz, mdr (38)

et j=1c=1
3x;

for DMMNB-Discrete.
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6.3 Inference and parameter estimation

Since DMM models assume a generative process for both labels as well as the data
points, instead of using labels directly to train a classifier, we use both 2 and % as
samples from the generative process to estimate the parameters of DMM models such
that the likelihood of observing (£, %) is maximized. In particular, we use a same
strategy as in Sects. 4 and 5.

For each data point, to obtain a tractable lower bound to log p(x, y|a, A, n)f’,
we introduce a variational distribution ¢ = ¢ as in (10) or ¢ = ¢> as in (22) to
approximate the true posterior distribution p (7, z|o, A, n) over the latent variables.
By a direct application of Jensen’s inequality (Blei et al. 2003), the lower bound to
log p(x, yla, A, n) is given by:

log p(x, yla, A, ) > Eyllog p(7,z, X, y|lo, A, m)] + H(q (7, 2)). (39
Denoting the lower bound for each data point (x;, y;) with L(y;, ¢i; o, A, ), we have

L(y;, ¢i; o, A, n) = E4[log p(m;|a) ]+ Ey[log p(z;|m;) ]+ E4[log p(x;|z;, A)] (40)
—E4llogq(milyi)] — Eq4llog q(zi1¢i)] + E4llog p(yilzi, n)].

As in MM models, using ¢ = ¢ yields the regular DMM models and using ¢ = g2
yields Fast DMM models. We will use ¢ to denote g; or g» without differentiation
unless otherwise necessary.

Given the variational distribution ¢, the first five terms in (40) are exactly the same
with the corresponding MM models. The most difficult part is the last term, which
cannot be computed exactly even after introducing the variational distribution ¢, so
further approximation is needed. We give the expression for the last term here, and
the details of derivation could be found in Appendix A.4. For DLDA, we have

m; k t—1 t—1
1 < 1
E4llog p(yilzi, n)] > p— E E ¢ijc(§ NheYih — & E eXp(nhc))
! h=1

bj=1c=1 h=1

+ (1 — El — logsi), 41)

]

and for DMMNB, we have

d k —1 t—1
1 1
E4llog p(yilzi, n)] > p— E E ¢ijc(§ NheYih — & E eXp(nhc))
! h=1 ' h=1

j=1c=1
ERYS

+ (1 — 51 — log&-), (42)

1

6 A denotes B for DLDA and & for DMMNB.
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Table 2 Updates for variational parameters in DMM and Fast DMM

(a) Updates for ¢
DLDA Bije ocexp (¥ (vie) = ¥ (Zh_y vin) + X1+, log By
it Zhh (neyin — explmne) /5)
Fast DLDA ic X exp (lI/(m) — o i) + g XL S0 xb Tog By
+ = Sz (oneyin — expQine) /)
MMNB Pije x exp (‘I’(Vic) - lI/(Zle vil) + (—W — log Znajzc)
2

-1
+r i1 (Mheyin — eXP(nhc)/&))
(xji—pj )2
Fast DMMNB ¢, exp(‘I’(Vic) ~ v v+ mil z(;:l,Elxi/ (_uzosz ~log Z”Ufc)
: z

+= s neyin — exp(nhc)/éi))

(b) Updates for y

DLDA Vie=ac + 3L dije

Fast DLDA Yie = Qc +m;Pjc

DMMNB Vie =+ 39 3, dije

Fast DMMNB  y;. = a¢ + midj¢

(c) Updates for &

DLDA & =1+ mi, Z;,_:ll Zf.:l ZTLI Gijc exp(npe)
Fast DLDA & =1+ >k i exp(nne)

DMMNB =142\ 2k Z;Ll,ng ®ijc exp(hc)

FastDMMNB & = 1+ 3170 S| o exp(npe)

where & > 0 is a new introduced variational parameter. Also, for both Fast DLDA
and Fast DMMNB, we have

k -1 -1
1
Eqllog p(yilzi, 1= D" ic D mmeyin — — D exp(iic)
c=1 h=1 Y =1
1
+ (1 — 5_ - logé,-) . 43)
1

Maximizing the lower-bound function L (y;, ¢, &, o, A, n) with respect to the var-
iational parameters gives the update equation of y;, ¢; and &; as in Table 2. The average
of ¢;; over all existent x;; of x; in DMM, or ¢; in Fast DMM, gives the posterior of
Z, i.e., the low-dimension representation of each data point. In Table 2, note that the
last term in all expressions of ¢ contains y, showing that the low-dimensional rep-
resentation not only depends on x, but also depends on y, which means that DMM
models achieve supervised dimensionality reduction. Removing the last term gives
the expression of ¢ in the corresponding unsupervised settings.
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Variational parameters (¢, y;*, &) from the inference step gives the optimal lower

bound to the log-likelihood of (x;, y;), and maximizing the aggregate lower bound
Do L@, v, EF o, A, n) over all data points with respect to o, A and 7 respec-
tively yields the estimated parameters. The estimations of « and A are the same as in
the corresponding MM models. As for 1, we have

Dot Z};il Yin®ije/mi

: , k’ ht—l
> 27;1¢ijc/(mi§i) (el a1y

Nhe = log

for DMM models, and

Doim1 BicYin

Nhe = log
‘ D1 Pic/&i

etk !

for Fast DMM models.

Given the updates for variational and model parameters, a variational EM algo-
rithm could be constructed to optimize the lower bound to the log-likelihood function
over variational parameters (¢;, yi, &) in the E-step, and over the model parame-
ters («, A, n) in the M-step respectively until convergence. The objective function is
guaranteed to be non-decreasing.

7 Experimental results

In this section, we present results for clustering using mixed-membership (MM) and
for classification using discriminative mixed-membership (DMM) models. First, for
MM models, we present three sets of results: (1) comparing mixed-membership naive
Bayes (MMNB) with naive Bayes (NB),’ (2) comparing Fast MM with MM, and (3)
interesting properties in cluster assignments of MMNB. Second, for DMM models, we
present three sets of results: (1) comparing (Fast) DMM to corresponding (Fast) MM
models. (2) comparing Fast DMM with other state of the art classification algorithms
such as support vector machine and logistic regression. (3) the topic lists generated
by DLDA.

7.1 Datasets

Various datasets with different data types (real, integral, discrete, etc.) and different
sparsity structures (full, sparse) are used in our experiments to show the versatility of
MMNB and its variants.

UCI datasets: Nine datasets from UCI machine learning repository® are used for
our experiments. These datasets are represented as real-valued full matrices without

7 In this section, we abuse the terminology by using “naive Bayes models” to refer to the standard NB or
marginal NB as appropriate.

8 http://archive.ics.uci.edu/ml/.
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Table 3 The number of data points, features and classes in each UCI dataset

Dataset Ecoli Glass Iono Seg Segn Sona Vow Wdbc Wine
Data points 336 214 351 2310 210 208 990 569 178
Features 7 9 32 19 19 60 11 30 13
Classes 8 6 2 7 7 2 11 2 3

missing entries. The numbers of data points, features and classes in each dataset are
listed in Table 3.

Movielens: Movielens is a movie recommendation dataset created by the Grouplens
Research Project.” It contains 100,000 ratings for 1682 movies by 943 users repre-
sented as a sparse matrix, i.e., there are only 6.30% non-missing entries in the matrix.
The ratings range from 1 to 5 with 5 being the best.

Foodmart: Foodmart data comes with Microsoft SQL server. It contains transaction
data for a fictitious retailer. In particular, there are 164,558 sales records for 7803 cus-
tomers and 1559 products, i.e., there are only 1.35% non-missing entries in the matrix.
Each customer record contains the number of each product bought by the customer.

Jester: Jester is a joke rating dataset.!” The original dataset contains 4.1 million
continuous ratings of 100 jokes from 73,421 users. The ratings range from -10 to 10
with 10 the best. We pick 1000 users who rate all 100 jokes and use this full data
matrix in our experiment.

For the experiments on LDA and its variants, we use 3 text datasets:

Nasa: Nasa is a text dataset downloaded from Aviation Safety Reporting System
(ASRS) online database.!! This database contains aviation safety reports submitted
by pilots, controllers and others. The dataset used is a subset of the whole database. It
contains 4226 documents about the anomalies originating from three sources: flight
crew, maintenance, and passengers. The vocabulary size is 604.

Classic3: Classic3 (Dhillon et al. 2003) is a well known text dataset. It contains
3893 documents from three different classes including aeronautics, medicine and
information retrieval. The vocabulary size is 5923.

CMU Newsgroup: The CMU Newsgroup is also a benchmark text dataset (Lang
1995). The standard dataset of CMU Newsgroup contains 19,997 messages, collected
from 20 different USENET newsgroups. We use three subsets in our experiments: (1)
Diff is a collection of 3000 messages from 3 different newsgroups with 1000 mes-
sages for each class: alt.atheism, rec.sport.baseball and sci.space. The vocabulary size
is 7666. (2) Sim is a collection of 3000 messages from 3 somewhat similar newsgroups
with 1000 messages for each class: talk.politics.guns, talk.politics.mideast, talk.pol-
itics.misc. The vocabulary size is 10083. (3) Same is a collection of 3000 messages
from 3 very similar newsgroups with 1000 messages for each class: comp.graphics,
comp.os.ms-windows, comp.windows.x. The vocabulary size is 5932.

9 http://www.grouplens.org/node/73.
10 http://goldberg.berkeley.edu/jester-data/.
n http://akama.arc.nasa.gov/ASRSDBOnline/QueryWizard_Begin.aspx.
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7.2 Experiments for MM models

In this section, we present results for MM models in three parts. First, we compare
MMNB to NB models. Second, we present the results using fast variational inference
algorithms. Finally, we show some interesting properties of MM models in cluster
assignments.

7.2.1 MMNB vs. NB

In this section, we demonstrate the efficacy of MMNB through the comparison with
NB on UCI, Jester, Foodmart and Movielens datasets. We use MMNB-Gaussian for
UCI and Jester, MMNB-Poisson for Foodmart, and MMNB-Discrete for Movielens
respectively. The results show that MMNB is applicable to different types of data and
it achieves a better performance than NB.

Before we make comparison between MMNB and NB, we must note that the param-
eters of NB effectively has one fewer degree of freedom than MMNB. In particular,
the k-dimensional Dirichlet parameter « in MMNB can be any non-negative vector,
whereas the discrete distribution 7 in NB has to be a probability distribution sum-
ming up to one. In other words, there are k scalars to determine parameter «, but only
k — 1 scalars to determine the parameter . For a generative model, a larger number
of parameters may yield a better performance on the training set, such as a lower
perplexity or a higher accuracy, since the model could be as complicated as necessary
to fit the training data perfectly well. However, such complicated models typically
lose the ability for generalization and lead to over-fitting on the test set. Therefore,
in our experiments, we consider the comparison to be fair due to the following two
reasons: First, MMNB and NB essentially have the same number of parameters, with
NB having one fewer degree of freedom on the prior parameter. Second, we compare
the performance on both training and test sets. If the over-fitting does occur to MMNB,
it will lead to a bad performance on the test set. Thus the results on test sets are more
interesting and crucial.

We use perplexity as the measurement for comparison. The generative models are
capable of assigning a log-likelihood log p(x;) to each observed data point x;. Based
on the log-likelihood scores, we compute the perplexity (Hoffman 1999; Blei et al.
2003) of the entire dataset .2~ as
Z?:lnlogp(xi) ], (44)

21 mi

where m; is the number of observed features for x; and 7 is the number of data points.
In the case of a full matrix such as the UCI data, m; is the number of features, which
is the same for all data points. In the case of a sparse matrix such as Movielens, m;
may be different for different data points. As shown in (44), the perplexity is a mono-
tonically decreasing function of the log-likelihood, implying that lower perplexity is
better (especially on the test set) since the model can explain the data better.

Unless otherwise specified, we use 10-fold cross-validation with random initial-
izations for MM models. In a 10-fold cross-validation, we divide the dataset evenly

perplexity(Z") = exp [—
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into 10 parts, one of which is picked as the test set, and the remaining 9 parts are used
as the training set. The process is repeated for 10 times, with each part used once as
the test set. We then take the average of results over 10 folds on the training set and
the test set respectively. For results on the training set, we train the model on training
data by running variational EM as in Sect. 4.3 to obtain the model parameters and
variational parameters for calculating the perplexity. For results on test sets, given the
model parameters from the training process, we run E-step (inference) on test data to
obtain the variational parameters, and then calculate the perplexity.

The average perplexity of MMNB and NB on UCI, Jester and Foodmart after a
10-fold cross-validation are listed in Table 4. The number of clusters we use for UCI
data is the actual number of classes given in the dataset, and the number of clusters for
Jester and Foodmart is 10. The p-value is from the paired t-test. It is clear that MMNB
has a significantly lower perplexity than NB on most datasets, especially on the more
important test-set results, indicating that MMNB fits the data better than NB.

We run more comprehensive experiments on Movielens. Given a fixed number of
classes (k=20), Fig. 6 shows the perplexities of MMNB and NB with € varied from
0.01 to 1, where € is the Laplace smoothing parameter as introduced in Sect. 4.2 for
MMNB-Discrete case. The overall trend is as follows: when € increases, the perplexity
on the training set increases and the perplexity on the test set decreases. The result is
consistent with the Bayesian intuition behind smoothing. In particular, a lower value of
the Laplace smoothing parameter implies a high confidence on the parameters learnt
from the training set. The learnt parameters will surely have a good performance on
the training set itself, but does not necessarily perform well on the test set. On the other
hand, larger value of the smoothing parameter implies a conservative approach, which
may have restricted performance on the training set, but will perform reasonably well
on the test set, especially if the training set is noisy or sparse. Therefore, we observe
the ideal behavior one would expect as an effect of smoothing.

Given a range of values for the number of clusters k and the smoothing parameter
€, the overall results for the entire (k, €) range on training and test sets of Movielens
are presented as perplexity surfaces in Fig. 7.!> The key observations are as follows:

1. For the training set results in Fig. 7a, the perplexity surface for MMNB is almost
always lower than that of NB over the entire range. NB tends to do marginally
better than MMNB for a very large k and a very high €.

2. Opverall, the smoothing parameter has an adverse effect on the training set perfor-
mance for both MMNB and NB. Both models tend to perform better on the training
set with a larger number of latent clusters and a smaller value of the smoothing
parameter.

3. For the test set results in Fig. 7b, MMNB achieves a lower perplexity than that
of NB for a smaller smoothing parameter. NB performs marginally better than
MMNB for high values of the smoothing parameter.

4. The test set performance of MMNB is robust across the entire range of (k, €),
which highlights the stability of the model.

121 give a better presentation of the results, the x and y axes do not run in a same direction in (a) and (b).
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Fig. 6 Perplexities of NB and MMNB with k£ = 20 and varying € on Movielens. With a larger smoothing
parameter, perplexity decreases on the training set, and increases on the test set. a NB. b MMNB
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Fig. 7 Perplexity surfaces of NB and MMNB over a range of k and € on Movielens. MMNB mostly has a
lower perplexity than NB, and a more stable performance on test set. a Training set. b Test set

5. NB’s test set performance for low € values is poor, whereas the training set per-
formance is good, which is a clear indication of over-fitting.

Overall, MMNB demonstrates better performance on the training set and more robust
and mostly better performance on the test set. Its stability on test set across different
choices of parameters shows its modeling capabilities and makes it more suitable for
real life tasks.

7.2.2 Fast MM vs. MM

In this section, we demonstrate the advantage of Fast MM compared to the MM in
terms of running time and modeling performance measured by perplexity. In addition,
for text datasets, we also generate the word lists for topics. The hypothesis is that the
Fast MM would achieve a similar performance with MM, but it would be much more
computationally efficient.
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Fig. 8 Perplexity of Fast MM compared to MM. Fast MM achieves similar perplexity with MM. a LDA
and Fast LDA. b MMNB and Fast MMNB

Table 5 Running time (seconds) of Fast MM and MM

(a) LDA and Fast LDA

Nasa Classic3 Diff Sim Same
Dimension 604 5923 7666 10083 5932
LDA 354.63+1.13 2893.90+4.68 2397.40+28.20 4186.50+80.85 2471.5+243.79
Fast LDA 2.821+0.07 19.47 +0.18 19.77 +2.66 34.03 +8.37 12.59+3.15
Speedup times 126 149 121 123 196

(b) MMNB and Fast MMNB

Jester Foodmart Movielens
Dimension 100 1559 1682
MMNB 215.36+2.02 1190.86 £12.92 3664.67 £26.73
Fast MMNB 39.95+2.48 209.15+3.78 356.38 +5.01
Speedup times 5 6 10

Fast MM is computationally more efficient than MM

We use text datasets for comparing Fast LDA and LDA, and use Jester, Movielens
and Foodmart for comparing Fast MMNB and MMNB. The number of clusters on
text data is the real number of classes, and the number of clusters on Jester, Movielens
and Foodmart is 10. The comparisons of average perplexity and time over 10-fold
cross-validation are presented in Fig. 8 and Table 5 respectively. The time shown in
the figures is the sum of two parts: training a model from the training set and applying
it to the test set to calculate the perplexity. From the comparison, we observe similar
perplexities for Fast MM and MM on some datasets, and a mildly higher perplexity
for Fast MM on some other datasets. The overall performance of these two models are
close to each other. As for running time, the results provide the supportive evidence
that Fast LDA is 100-200 times faster than LDA, and Fast MMNB is 5-10 times
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Fig. 9 Histogram of cluster membership entropy on Glass for MMNB and Fast MMNB. a MMNB. b Fast
MMNB

faster than MMNB, which is a significant improvement in computational efficiency.
According to the derived update equations, the improvement is directly related to the
dimensionality of the data. Since fast variational inference uses one ¢ per data point
irrespective of the dimensionality and the regular variational inference uses one ¢ for
each dimension of the data point, the speedups achieved by the fast variational infer-
ence are more significant in high dimensional data. However, the number of iterations
in variational EM algorithm is also an important factor for the running time and it is
not determined by the update equations.

We further investigate the cluster assignments of Fast MM. The cluster membership
of each data point could be considered as its probability belonging to different clus-
ters. If we calculate the Shannon entropy of the cluster membership, a high entropy
indicates a real mixed membership assignment, while a low entropy implies almost a
“sole membership”. Figure 9 shows the histograms of cluster membership entropy of
MMNB and Fast MMNB on Glass, where each bar denotes the number of data points
falling into that range of entropy. While most data points from MMNB have a large
entropy over different ranges, the data points from Fast MMNB mostly have a small
entropy. Such results also hold for LDA and Fast LDA on text data. The interesting
observation indicates that fast variational inference actually generates somewhat “sole
membership” while the regular variational inference generates real “mixed member-
ship”.

One possible reason for the sole membership from fast variational inference is as
follows: In the E-step, MMNB iterates through (13) and (14), while Fast MMNB iter-
ates through (23) and (24). The expression for y in (13) contains the summation of
¢ over all features j. Since each ¢; may take different values, in the sense that each
¢ may peak at different component, the summation of ¢; may have several peaks on
different components. Accordingly, y will also have several peaks, leading to a mixed
membership over those peaked components. In comparison, the expression for y in
(23) has a term of m¢ instead, so no matter which component ¢ peaks at, the peak
will be greatly enhanced in y, and such enhancement in y will further increases the

sole membership nature of ¢ through the term exp (lI/()/ic) 4 (Zfz 1 J/il)) in (24).
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Fig. 10 Posterior over 6 components for one data point in Glass at the beginning, middle and the end
of an E-step in MMNB and Fast MMNB. Both algorithms start from an almost uniform distribution, but
MMNB ends up with a bimodal distribution showing a mixed membership over two peaked components,
and Fast MMNB ends up with a unimodal distribution showing an almost sole membership on the peaked
component. Similar results are observed on other datasets. a MMNB—beginning. b MMNB—middle.
¢ MMNB—end. d Fast MMNB—beginning. ¢ Fast MMNB—middle. f Fast MMNB—end

By iterating through y and ¢, the accumulated enhancement finally leads to almost a
sole membership on the peaked component. Figure 10 shows the posterior of one data
point in Glass at different stages (beginning, middle, and the end) of an E-step from
MMNB and Fast MMNB, where each bar ¢ shows the probability of the data point
belonging to component ¢ among 6 components in total. We can see that at the begin-
ning, both MMNB and Fast MMNB have an almost uniform posterior distribution. As
the algorithm runs, the posterior gradually shows some peaks. MMNB finally gives
a bimodal distribution (or it could be a multimodal distribution in other examples),
and Fast MMNB gives a unimodal distribution. For our experiments, we used a strict
stopping criterion for the E-step, however, an early stopping strategy for Fast MMNB
may give a mixed membership. The above argument also works for LDA and Fast
LDA.

We use 5% of the data as initialization, and run Fast LDA and LDA on the whole
data sets to get word lists of topics for text data in Tables 6-10, where the words are
listed with decreasing probabilities in each topic. The observations are as follows:
First, both LDA and Fast LDA generate appropriate word lists for the topics. For
most of the datasets, we can map each list to the given classes. For example, in the
result on Nasa, Topic 1 is “flight crew”, Topic 2 is “maintenance”, and Topic 3 is
“passenger”’. Second, for Nasa, Classic3, and Diff, the datasets with distinct classes of
documents, the topic lists generated from Fast LDA and LDA are very similar, even
for the rank of words in each topic. For Sim, the dataset with somewhat similar classes
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Table 6 Word list for three

topics on Nasa Topic 1 Topic 2 Topic 3
(a) LDA
runway aircraft passenger
approach maintenance flight
aircraft engine attendant
departure 777 captain
altitude flight seat
turn minimum equipment list told
time check asked
air traffic control fuel back
flight time attendants
tower gear aircraft
(b) Fast LDA
runway aircraft passenger
aircraft maintenance flight
approach flight attendant
flight engine capt
departure minimum equipment list told
time 777 seat
alt check asked
The word lists from LDA and . .
Fast LDA are qualitatively turn time aircraft
similar. Topic 1 is “flight crew”,  landing control back
Topic 2 is “maintenance™, and air traffic control crew attendants

Topic 3 is “passenger”

of documents, Topic 1 and 3 from Fast LDA and LDA are still similar, and there is
some difference on Topic 2. The difference is probably because the corresponding
class of that topic is “talk.politics.misc”, so it covers several different aspects, which
could be extracted in different ways. Despite the difference, the topics generated from
Fast LDA and LDA are both qualitatively reasonable/good lists. Finally, for Same, the
dataset with very similar classes of documents, the difference between Fast LDA and
LDA is more distinct. While we can approximately map three topics from LDA to
“comp.windows.x”, “comp.graphics”, and “comp.os.ms-windows” respectively, Fast
LDA seems to have comp.graphics in both Topic 2 and 3. Therefore, we believe that
LDA performs marginally better than LDA in this case. Given the above observations,
we draw the following tentative conclusion in terms of LDA and Fast LDA’s topic
modeling performance: If the dataset contains several distinct classes with each doc-
ument belonging to one, the sole membership generated by Fast LDA is good enough
for such datasets, and Fast LDA usually gives very similar topic lists with LDA on
such data. When the classes of documents become similar, each document tends to
have a mixed membership over different topics, then the sole membership from Fast
LDA may not be good enough to extract the topic lists. However, as we can see from

@ Springer



H. Shan, A. Banerjee

Table 7 Word list for three

. . Topic 1 Topic 2 Topi
topics on Classic3 opie opie opic 3
(a) LDA
information patients flow
library cells boundary
system cases pressure
data normal layer
libraries growth number
research blood mach
systems found results
retrieval treatment theory
science children heat
scientific cell method
(b) Fast LDA
information patients flow
library cells boundary
system cases pressure
libraries normal layer
data growth number
research blood mach
retrieval treatment results
The word lists from LDA and systems found theo
Fast LDA are qualitatively y' ) o
similar. Topic 1 is “information science children shock
retrieval”’, Topic 2 is “medicine”,  scientific cell heat

and Topic 3 is “aeronautics”

the examples on Sim and Same, such degeneration of topic modeling performance
only happens when the classes are very similar or almost the same.

7.2.3 Cluster assignments of MMNB

To obtain a better understanding of MMNB’s behavior, we run more experiments on
UCI data to study the relationship between the cluster assignments and modeling per-
formance. Although each data point in the UCI dataset only belongs to one cluster,
the cluster assignments from MMNB still conveys interesting information.

The cluster membership entropy indicates the degree of mixed membership. From
another perspective, it also shows the model’s degree of confidence when each data
point only belongs to one cluster as in UCI. A low entropy implies almost a hard cluster-
ing, hence the model’s high confidence of the clustering assignments. A high entropy
implies a mixed-membership assignment to multiple clusters, hence the model’s low
confidence of the clustering assignments. Therefore, we can learn the relationship
between MMNB'’s confidence in cluster assignments and its modeling performance. In
particular, we use the cluster membership entropy to measure the degree of confidence
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Table 8 Word list for three

topics on Diff Topic 1 Topic 2 Topic 3
(a) LDA
god space year
people earth game
don nasa don
time launch team
good orbit baseball
religion system good
make shuttle time
objective moon games
point time hit
evidence mission players
(b) Fast LDA
god space year
people earth game
don nasa don
religion launch team
time time baseball
objective orbit good
good system games

The word lists from LDA and .

Fast LDA are qualitatively moral don time

similar. Topic 1 is “alt.atheism™, ~ make shuttle hit

Topic 2 is “sci.space”, and Topic point moon players

3 is “rec.sport.baseball”

in cluster assignments, and use the test-set perplexity to measure the model’s accuracy.
The hypothesis is that the more confident the model is on the test set, the higher accu-
racy it achieves. The experiment runs as follows: we sort all the data points in the test
sets in ascending order of their cluster membership entropy, and divide the test sets
evenly into five parts according to the ascending entropy, i.e., the first part contains the
first 20% data points with the lowest entropy, the second part contains the second 20%
data points with the second lowest entropy, and so on. We then calculate the perplex-
ities on these five parts separately and draw a perplexity curve. Figure 11 shows the
curves as an average of 10-fold cross-validation on 9 UCI datasets. Interestingly, we
can see that the perplexity increases monotonically with ascending cluster member-
ship entropy on almost all datasets. Since higher perplexity indicates lower accuracy,
and higher cluster membership entropy indicates lower confidence, the observation
could be rephrased as: model’s accuracy decreases monotonically with the model’s
confidence, i.e., the less confidence the model has, the worse performance it gets.
Therefore, the hypothesis is verified. It is a useful property to help us understand the
result from MMNB.
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Table 9 Word list for three

topics on Sim Topic 1 Topic 2 Topic 3

(a) LDA

people people people

gun don israel

don government armenian

government rights turkish

fbi men jews

guns make armenians

fire law don

law political israeli

time gay government

batf free time

(b) Fast LDA

people people people

gun president israel

don don armenian

fbi government turkish

guns make jews

fire stephanopoulos armenians
The word lists from LDA and government states israeli
Fast LDA are qualitatively . L
similar. Topic 1 is koresh time jewish
“talk.politics.guns”, Topic 2 is time state war
“talk.politics.misc”, and Topic 3 |4y health armenia

is “talk.politics.mideast”

7.3 Experiments for DMM models

In this subsection, we present experimental results for DMM models in classification.
In particular, we compare (Fast) DMM models to (Fast) MM models, and compare
Fast DMM to several state-of-the-art classification algorithms with a 10-fold cross val-
idation. For (Fast) DLDA, the experiments are performed on text datasets. For (Fast)
DMMINB, the experiments are performed on UCI datasets.

7.3.1 DMM vs. MM

We first compare DMM models to corresponding MM models, using both the regular
and fast variational inference for each of them.

For initialization, the model parameters are initialized using all data points and their
labels in the training set, in particular, we set the number of components k to be the
number of classes #; use the mean and standard deviation (for Gaussian case only) of
the data points in each class to initialize A; and use nj/n to initialize each dimension
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Table 10  Word list for three

topics on Same Topic 1 Topic 2 Topic 3
(a) LDA
lib file max
expose image windows
event graphics dos
dpy program card
Xxmu window file
libxmu ftp bhj
twm files win
undefined jpeg giz
key data run
mydisplay software system
(b) Fast LDA
entry bit max
window card windows
entries image file
program colour image
file graphics dos
widget ati program
rules ultra graphics
LDA generates better topic lists. | .
Topic 1 is “comp.windows.x”, info 1mages files
Topic 2 is “comp.graphics”, section windows windows
and Topic 3 is build conference don

“comp.os.ms-windows”

of «, where nj, is the number of data points in class & and 7 is the total number of
data points. For n in DMM we run a cross validation by holding out 10% of training
data as the validation set and use the parameters generating the best results on the
validation set. In particular, each n;, of [h]’l_1 in n takes value of ruj, where uy, is a
unit vector with the 4th dimension being 1 and others being 0, and r takes values from
0 to 100 in steps of 10. In principle, MM models are not used for classification, but
given the initialization we have introduced, there is a one-to-one mapping between

the component and the class, hence we can measure the accuracy.

The results for DLDA and DMMNB are presented in Tables 11 and 12 respectively.

The observations are as follows:

1. On text data, Fast DLDA has a higher accuracy than DLDA. On UCI data, Fast
DMMNB generally also has a higher accuracy than DMMNB, with a few excep-
tions. In Sect. 7.2.2, we have seen that Fast MM achieves a similar performance
with MM in clustering, but not as good as it. However, when it comes to classi-
fication, Fast DMM has higher accuracy than DMM, making the fast variational

inference more advantageous.

2.  While DMM models are not necessarily better than MM models, Fast DMM mod-
els are almost always better than Fast MM models. Overall, Fast DMM models
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achieve the highest accuracy among four algorithms. The higher accuracy of Fast
DMM demonstrates the effects of logistic regression in accommodating label
information for DMM models.

As in the unsupervised case, DMM and Fast DMM models generate mixed member-
ship and sole membership respectively. The result of accuracy shows that the sole
membership seems to be more helpful than the mixed membership in terms of classi-
fication accuracy. The possible reason is that in (single-label) classification scenario,
each data point only belongs to one class, hence the sole membership from Fast DMM
would probably be more appropriate.

We compare the running time between DMM and Fast DMM. The results for DLDA
and DMMNB are presented in Tables 13 and 14 respectively. In Table 14, although
most of datasets are small, Fast DMMNB is already faster than DMMNB. Fast DMM’s
advantage increases when it comes to the larger and higher-dimensional text data as
in Table 13, where Fast DLDA is about 20 to 150 times faster than DLDA, showing
Fast DMM models’ significant superiority in terms of time efficiency, which is consis-
tent with the results in Sect. 7.2.2. Therefore, Fast DMM models are generally more
accurate and substantially faster than DMM models.
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Table 11 Accuracy for LDA and DLDA (k=t) on Text

Nasa Classic3 Diff Sim Same
LDA 0.9140+£0.0140 0.6733+£0.0254 0.9677£0.0069 0.8143+£0.0161 0.5633£0.0243
DLDA 0.9220+£0.0127 0.6710£0.0256 0.9600£0.0089 0.8140£0.0252 0.6267 £0.0348
Fast LDA  0.919440.0148 0.6748+0.0242 0.9773+£0.0110 0.8553+£0.0197 0.773040.0205
Fast DLDA  0.9237 £0.0163 0.6756 +£0.0234 0.9800+0.0102 0.8653 +0.0182 0.7900 +0.0315

Fast DLDA has a higher accuracy on all datasets

7.3.2 Fast DMM vs. other classification algorithms

Since Fast DMM models have better performance than DMM models, in this subsec-
tion, we use Fast DMM to compare with other classification algorithms. In particular,
we compare Fast DMMNB with support vector machine (SVM) (Chang and Lin 2001),
logistic regression (LR) and naive Bayes classifier (NBC)'3 on UCI data; and compare
Fast DLDA with SVM, NBC, LR and mixture of von Mises-Fisher (vMF) (Banerjee et
al. 2005a) model on text data. Since DMM is a combination of logistic regression and
mixed-membership model, we also compare the results from DMM with the results
from MM and logistic regression in two steps sequentially.

For Fast DMM models, we run the experiments with an increasing k. In particu-
lar, for Fast DMMNB, we use k = (t,t + 5,t + 10), and for Fast DLDA, we use
k= (t,t+ 15,1t + 30, + 50, t + 100). For initialization of A, we use the mean and
standard deviation (for Gaussian case only) of the training data in given classes plus
some perturbation if k > #; for o, we set it to be 1/k on each dimension; and for 7,
we again use a cross validation as in Sect. 7.3.1. For SVM, we use linear and RBF
kernel with same cross validation strategy on the penalty parameter and the kernel
parameter (for RBF only) taking values from 107> to 10° in multiplicative steps of 10
respectively.

The results for Fast DLDA and DMMNB are presented in Tables 15 and 16.
The top parts of the tables are the results from the generative models, and the bottom
parts are the results from discriminative classification algorithms. For SVM, we report
the highest accuracy of linear and RBF kernels with different parameters. We use bold
for the best results among the generative models and use bold and italic for the best
results among all algorithms. Three parts of information could be read from the tables:

1. Overall, on text datasets, Fast DLDA does better than all other algorithms, includ-
ing SVM, on almost all datasets, which is a promising result although more rigor-
ous experiments may be needed to make a further investigation; on UCI datasets,
Fast DMMNB also achieves higher accuracy than all other algorithms on most of
datasets except SVM, which beats Fast DMMNB five out of nine times.

2. The better performance of Fast DMM models compared to LR on original data-
sets indicates that the low-dimensional representation from Fast DMM helps the
classification.

13 Different from Sect. 7.2.1, naive Bayes used in this subsection is the classifier.
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Table 13 Running time (seconds) of DLDA and Fast DLDA on text data

Nasa Classic3 Diff Sim Same
Dimension 604 5923 7666 10083 5932
DLDA 549.17£5.74 2176.67+£21.62 1752.78 +22.36 2344.64+£966.50 1981.46+289.2406
Fast DLDA  3.63+0.21 114.34+18.13 27.56+0.61 36.10 +2.98 40.18+5.83
Speedup times 151 19 64 65 49

Fast DLDA is computationally more efficient than DLDA

3. Interestingly, for Fast DMMNB, the accuracy increases monotonically with k from
t to t + 10 on most of the datasets. For Fast DLDA on text data, an increasing of
accuracy with a larger k is also observed, although the result goes up and down
without a clear trend. One possible reason for the increasing accuracy is as fol-
lows: When k is too small, we are performing a drastic dimension reduction to
represent each data point in a k-dimensional mixed-membership representation,
which may cause a huge loss of information, but the loss may decrease when k
increases.

Fast DMM models do dimensionality reduction and classification in one step via
a combination of Fast MM and logistic regression. In principle, we may also use
these two algorithms sequentially in two steps, i.e., first using Fast MM models to get
a low-dimensional representation, and then applying logistic regression on the low-
dimensional representation for classification. The results with different choices of k
are presented in Tables 17 and 18 for text and UCI data respectively. It is clear that
Fast DMM models outperform the Fast MM&LR strategy. Therefore, by combining
Fast MM and logistic regression together, Fast DMM achieves supervised dimension-
ality reduction to obtain a better low-dimensional representation than Fast MM, which
helps classification.

7.3.3 Topics from fast DLDA

As we have mentioned, DMM models generate interpretable results. We give an exam-
ple of several topic word lists on Nasa generated by Fast DLDA (k = t+30) in Table 19.
It is also an interesting result demonstrating the effect of allowing a larger number of
components than the number of classes (k > ¢), that is, Fast DLDA may discover top-
ics which are not explicitly specified in class labels, while maintaining the predefined
number of classes. The first three topics in Table 19 correspond to three classes in
Nasa respectively, but topic 4, which we call “passenger medical emergency”, could
be considered as a subcategory of the “passenger” class, and it is not specified in the
labels. Neither NBC nor SVM is able to generate this type of results.
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Table 17 Accuracy on text from A (Fast LDA and logistic regression in two steps) and B (Fast DLDA)
with different choices of k

Nasa Classic3 Diff Sim Same
k=t A 0.9194+0.0148 0.5609£0.0281 0.9513+£0.0268 0.8560+0.0196 0.77334+0.0339
B 0.9237+0.0163 0.6756+0.0234 0.9800£0.0102 0.8653 +0.0182 0.7900 & 0.0315
k=t+15 A 09118+0.0124 0.5611£0.0284 0.9756+0.0112 0.8550+0.0226 0.8173£0.0197
B 0.923240.0144 0.6858£0.0216 0.9747+0.0121 0.8713+0.0264 0.8458 +-0.0214
k=r+30 A 0.9080+0.0143 0.5611£0.0284 0.9760+0.0116 0.85304+0.0216 0.8183+0.0168
B 0.9301+0.0128 0.6838+£0.0234 0.9817 £0.0099 0.8707 £0.0228 0.8468 +0.0190
k=t+50 A 0.9085+0.0132 0.5596+£0.0284 0.9746+0.0123 0.8546+0.0248 0.8040+0.0201
B 0.9237+0.0138 0.6854+0.0211 0.9823+0.0083 0.8700+0.0230 0.8150+0.0184
k=t+100 A 0.8926%+0.0942 0.6537£0.0598 0.9423£0.0896 0.7726+£0.1715 0.6726+0.6726
B 0.9261+0.0102 0.6866+0.0245 0.9760 £0.0108 0.8718 +0.0182 0.8347 +0.0187

Fast DLDA achieves higher accuracy, indicating the advantage of supervised dimension reduction

8 Related work

In this section, we present a brief discussion on the existing literatures related to
mixed-membership models, including the unsupervised models and supervised mod-
els incorporating different types of supervision information.

Probabilistic latent semantic indexing (pLSI) (Hoffman 1999) is an extension of
latent semantic indexing (Deerwester et al. 1990). pLSI represents each document as
a mixing weights (discrete distribution) over a set of topics, i.e., each document has
a mixed-membership belonging to different topics with certain degrees. It also rep-
resents each topic as a distribution over all words in the dictionary. To generate each
word in the document, pLSI first picks a topic based on the mixed-membership of the
document, then generates the word from the distribution of that topic.

While pLSI defines a proper generative model for observed data, it does not have
a generative model for unseen data. In other words, there is only a finite set (the set
of the documents in the training set) of the mixed-memberships over the topics, but
no generative model for these mixed-memberships. Latent Dirichlet allocation (LDA)
(Blei et al. 2003) relaxes this restriction by introducing a Dirichlet prior on the topic
simplex such that the mixed-membership over topics could be generated from this
prior. As an application of LDA, Griffiths and Steyvers (2004) use a full Bayesian
model to analyze abstracts from Proceedings of the National Academy of Sciences
(PNAS) and gives the mixed-membership of the abstracts belonging to multiple top-
ics. In addition, correlated topic models (Blei and Lafferty 2005) and dynamic topic
models (Blei and Lafferty 2006) are able to incorporate the correlation between topics
and the evolution of popular topics over years respectively.

Erosheva et al. (2004) generalize LDA by allowing the mixed-membership to be
generated from various distributions other than Dirichlet. It could also be applied to
multiple types of data points, e.g., papers and citations. However, it is different from
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Table 19 Extracted Topics from Nasa dataset using Fast DLDA

Topic 1 Topic 2 Topic 3 Topic 4
runway maintenance passenger passenger
aircraft aircraft flight flight
approach flight attendant medical
tower minimum equipment list told attendant
cleared time captain emergency
landing check seat aircraft
airport engine asked doctor
turn mechanical back landing
taxi installed attendants attendants
traffic part aircraft captain
final inspection lavatory oxygen
controller work crew paramedics

MMNB in that it still assumes that all features are generated from the same component
distribution.

Blei and Jordan (2003) propose Gaussian-multinomial LDA (GM-LDA) which is
closely related to MMNB. It uses a Gaussian distribution for generating real valued
feature vectors of the images, and a discrete distribution for generating the words
in image annotation as LDA does. Therefore, GM-LDA is able to handle heteroge-
nous data with discrete tokens and real valued features, but MMNB is more general
than GM-LDA in the sense that it is applicable to arbitrary types of features using
exponential family distributions.

Recently, considerable amount of work has been done on mixed-membership of
relational data. Airoldi et al. (2008) propose mixed-membership stochastic blockmod-
els to deal with binary relationships between the objects. Shan and Banerjee (2008)
propose Bayesian co-clustering which infers mixed memberships from dyadic data
connecting two different entities. The application of the mixed-membership for rela-
tional data includes protein-protein interaction analysis (Airoldi et al. 2008), social
network analysis (Koutsourelakis and Eliassi-Rad 2008), etc..

One of the most recent progresses on mixed-membership models is Bayesian partial
membership model (BPM) (Heller et al. 2008). BPM uses an exponential family dis-
tribution for each component cluster, and each data point is modeled as the weighted
product over the component distributions, where the weights are the mixed member-
ship over the clusters. Unlike MMNB, BPM does not assume a factorization over the
features of a data point. The inference and learning in BPM is based on Markov chain
Monte Carlo methods.

Mixed membership models have been extended to supervised learning settings.
Supervised LDA (SLDA) (Blei and McAuliffe 2007) combines LDA with a real-
valued response variable. Flaherty et al. (2005) propose labeled latent Dirichlet allo-
cation to incorporate functional annotation of known genes to guide gene clustering.
Fei-Fei and Perona (2005) propose a Bayesian model for natural scene categorization.
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Lacoste-Julien et al. (2008) propose DiscLDA which determines document position
on topic simplex with guidance of labels. Mimno and McCallum (2008) propose a
Dirichlet-multinomial regression which accommodates different types of metadata,
including labels. Wang et al. (2008) propose a correlated labeling model for multi-
label classification. Wang et al. (2009) extend SLDA for image classification and
annotation.

Recent years have seen advances in accelerating inference for mixed membership
models, especially for LDA. Porteous et al. (2008) propose a fast algorithm for col-
lapsed Gibbs sampling by only checking a subset of topics before drawing a correct
sample. Newman et al. (2007) accelerate LDA by doing inference in a distributed
way. Our algorithm is different since it maintains one variational distribution per
document, which can possibly be used in conjuction with some of the other advances
in fast inference.

9 Conclusion

In this paper, we propose a family of mixed-membership naive Bayes (MMNB) mod-
els. Such models extend the popular naive Bayes (NB) models to work with sparse
observations, by marginalizing over all missing features. In addition, they take advan-
tage of the machinery of hierarchical Baysian modeling to allow NB models to generate
mixed-memberships for the data points. Blei et al. (2003) had suggested that such an
extension will be possible due to the modularity of latent Dirichlet allocation (LDA). In
this paper, we demonstrate how powerful such an extension can be in the context of NB
models, while advancing the state-of-the-art on NB as well as LDA. Moreover, the new
fast variational inference algorithms ensure the scalability of MMNB models. When
applied in the context of topic modeling, the same ideas lead to a substantially more
efficient algorithm for LDA. We also propose discriminative MMNB and LDA, which
are supervised mixed-membership classification algorithms by combining multi-class
logistic regression with MMNB and LDA respectively. Extensive experiments on a
variety of datasets demonstrate that MMNB has a better performance than NB in terms
of predictive perplexity and stability. Further, Fast mixed-membership (MM) models
exhibit a substantial improvement in computational efficiency compared to MM, with
no noticeable loss quantitatively and qualitatively. Finally, Fast DMM models achieve
competitive accuracy with the state-of-the-art classification algorithms.

When applying the model to real applications, for example, movie recommendation
systems, one important problem that still needs to be solved is prediction, i.e., predict-
ing user’s ratings on certain movies. A brute force way would be to try all possible
ratings and pick the one with the lowest perplexity. However, the cost of such compu-
tation would be exponential in the number of ratings to be predicted, since the ratings
are not independent according to the model. Such a problem motivates further study
on how to do prediction efficiently using such mixed-membership Bayesian models.
Besides, it will be important to investigate automatic model selection approaches for
MMNB models, such as choosing the number of latent clusters, and choosing appropri-
ate exponential family for each feature. In addition, for the inference algorithm, given
the algorithm and the results we have, an interesting and natural problem to investigate
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would be developing a fast variational inference algorithm while maintaining mixed
memberships. Finally, since MMNB is built on NB, it inherits NB’s property that the
features are conditionally independent, so we cannot capture the correlation among
the features. It would be interesting to develop mixed membership models which can
capture feature correlations.
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Appendix A : Variational inference and parameter estimation

In this Appendix, we give derivations for variational inference algorithms. In Appen-
dix A.1, we give the derivation for mixed-membership naive Bayes (MMNB) as a direct
generalization of the inference in latent Dirichlet allocation (LDA). In Appendices A.2
and A.3, we give the derivation for Fast MMNB and Fast LDA. The derivation for
discriminative mixed-membership (DMM) models are in Appendix A.4.

A.l MMNB

Given a data point X, since a direct computation of log p(x|e, ®) is intractable,
following Blei et al. (2003), we introduce for each data point a variational distribution
(Fig. 4a)

d

a1, zly. ¢) = qi(xly) [ a1z510)) (45)
j=1
3)(/'

as a surrogate for the posterior distribution p(m, z|c, ®, X), where y is a Dirichlet
parameter over 7w and ¢ = {¢;, [j ]‘11, dx;} are discrete parameters over the compo-
nent z for each of non-missing features. By applying Jensen’s inequality (Blei et al.
2003), we have:

log p(x|a, ©) —log/Zp(n’ z, x|a, @)dn

p(m,z,X|a, ®)
log/qun v, §) A

p(m, z,x|a, @)
> q1(m, zly, §)log ———dn
n/zz“ q1(r, zly, ¢)

= / D qi(,2ly, $)log pr, 2, xla, ©)dn
o z
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- / D ai(rzly, ¢)logqi(m. zly, $)d

= Eq llog p(7, 2, X|a, ©)] + H(q1 (7, 2|y, $)). (46)

Therefore (46) gives a lower bound to log p(x|«, ®). For each data point x;, denoting
the lower bound with L(y;, ¢;; o, @), we can expand it as

L(y;, ¢is o, ©) = Eg [log p(mila)] + E4 [log p(z;|7;)] + E4 [log p(x;10, z;)]
—Eq, [log q1(mi|yi)] — Eg [log q1(zi|¢:)]. 47

Each term in L(y;, ¢;; «, ®@) could be further expanded as follows:

k k
Eq,llog p(rile)] = log I (Z ac) — > log I'(ac)
c=1

c=1

k k
+> (e — 1) (W(mc) - (Z y,-z))
c=1 =1

d k k
Eq llog p(zilmi)] = D D" dije (wma —-w (Z m))
j=1c=1 I=1
R

d k
Eg,llog p(xi|zi, ©)] = D" ¢ijelog py, (xij10;c)
j=1c=1
3xij

k k
Eq,llog g1 (mily;)] = log F(Z )/ic) — > log I'(vic)

c=1 c=1

k k
+D e =1 (W(m) —-v (Z y,-l))

c=1 =1

d &
Egllogqi(zilg)] = D> $ijelog dije.
j=1c=1
R

where y;. is the cth component of the variational Dirichlet distribution for the ith
data point, ¢; is the cth component of the variational discrete distribution of the jth
feature in the ith data point, and ¥ is the digamma function, i.e., the first derivative
of the log Gamma function.

A.1.1 Variational inference

To obtain the variational parameters, we first maximize L(y;, ¢;; o, B) with respect
to ¢;jc. Since it is a constrained maximization under the constraint > o1 Gije = 1,
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we construct the Lagrangian by isolating the terms containing ¢;;- and adding the
Lagrange multipliers A;;, yielding

k
Ligijo1 = $ije (W(yic) - (Z m) — log ¢ijc + log py, (xij |9jc))
=1

k
+Aij (Z Dije — 1) .
c=1

Taking derivative with respect to ¢; ;. and setting it to zero, we have

k
Pije X eXp (wm) - (Z yu)) py; (xijl0je), 1T}, 171, [elf.
=1

Second, we maximize L(y;, ¢;; o, @) with respect to y;.. The terms containing y;.
are

d k k
Liy1 = @+ D ije — Vie) (wmc) 4 (Z yn)) —logI" (Z m)
j=1 =1 =1
Elx,-j

+log I" (Vic)-

Taking derivative with respect to y;. and setting it to zero, we get

d

Vie = oe+ D dije. lilf. [c]f.
j=1
R

A.1.2 Parameter estimation

In variational inference, we consider each single data point separately to get varia-
tional parameters for each of them. In this section, we consider all data points together
to obtain the estimate for the model parameters. The overall log-likelihood of the
whole dataset 2~ = {x;, [i]}} is the summation of log-likelihoods for all individual
data points, accordingly, the lower bound of log-likelihood of the whole dataset is the
summation of the lower bounds (47) for all data points, i.e.,zl'.': 1 Lyi, ¢is a, ©).

To maximize the lower bound of log-likelihood with respect to 6., the terms con-
taining 60 are given by:

n
Lig) = D dijeog py; (xijl0c).
e
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Following Banerjee et al. (2005c), any regular exponential family distribution in the
form of

py (x|0) = exp({x, 8) — ¥ (6)) po(x)

can be expressed in terms of its expectation parameter T as

p(x|t) = exp(—dy(x, )by (x),

where by = exp(f(x))po(x), ds(-,-) is the Bregman divergence determined by the
function f, which is the conjugate of the cumulant function i of the family, and

= E[X] = Vy(0) with 6 the natural parameter. From this perspective, let s;;
denote the sufficient statistics for x;;, then the estimation for the mean ;. of the jth
feature and the cth component is given by the weighted average of s;; as

n
2 i—1.3x;; PijeSij

-qd k
ch = n . ’ [J]la [C]l’
Zi:l,ﬂxl‘j ¢llc

and by conjugacy, we have
Ojc =V [i(Tjc).
In particular, for Gaussian distribution, we have

(xij — 1je)?
[Hjc”] Z¢l}c( M log 217.[01/ZC ’

A

Taking derivative with respect to u - and U,'zc’ and setting them to zero, we have

n
2.i=13x; PijeXij
Hje = 7
Zi:],ilx,-j ¢ijc
n 2
2 Zi:l,flx,-j ¢ij0(xij - M/C) .vd k
Ojc = , 719, [C]1~

n
Zi=1,§|x,‘j ¢ijc

For discrete distribution, we construct the Lagrangian as

Ly [pjc(r] = Zd)ljczﬂ(xlj = r)Ingjc(r) + Aje (ZPJL(V') - 1)

i=1 r=1 r=I1

@ Springer



Mixed-membership naive Bayes models

where A . is the Lagrange multiplier. Taking derivative with respect to p;.(r) and
setting it to zero, we have

pie(r) o D 1xij = Ndije, L1, [ely, 1Y
i=1

To maximize the lower bound with respect to «, the terms containing « are given
by:

n k k
Lo = Z (log r (Z ac) — Zlog I'(a;)
c=1

i=1 c=1

k k
+ > (e — 1) (W(m - (Z m))).
c=1 =1

Taking derivative with respect to « yields the gradient g(-) as

n k k
aL
o =2 (wmc) - (Z m)) +n (w (Z az) - W(ac)). (48)
¢ =1 I=1 =1

The derivation depends on {o., [¢/ ]k, ¢’ # c}, so there is no closed form solution.
Following Blei et al. (2003), we use Newton—Raphson algorithm to update o, itera-
tively, where,

L k
o = nw' (Z a,) — n¥'(ar) (49)

=1
oL

k
R = nW’(E oq) (c' # o), (50)

so the Hessian matrix H (-) has (49) on diagonal and (50) off diagonal.
Given g(-) and H(-), Newton—Raphson algorithm finds the optimal solution by
using the following updating equation:

o =a+ H() 'gla).

In particular, given g(-) and H(-) as in (48) and (49, 50) respectively, the update
equation for o is given by

/ 8c— U
c hc

, [k, (51)
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o) o) o+ (5)

he = —ny’ (ac)
_ Sias/h
w4 Z?:l hf]

k
w=nv¥' (Z Ol]).
I=1

The problem with the update equation (51) is that it ignores the fact that « has a
constraint of o, > 0. Iterating using (51) sometimes takes the updated value outside
the feasible range. Therefore, we are using an adaptive line search in the updating
direction. The update equation is given by

where

— [cly. (52)

Multiplying the second term by 1, we are performing a line search to prevent ¢, to
go out of the feasible range (¢, > 0). At each updating step, we first let  equal to 1,
in that case, (52) becomes (51). After each iteration, if o, is inside the feasible range,
we go on to the next iteration, otherwise, we decrease n by a factor of 0.5 until «,
becomes valid. The objective function is guaranteed to be improved since we are not
changing the update direction but only the scale.

A.2 Fast MMNB

In this section, we give the derivation for Fast MMNB by introducing a new variational
distribution for each data point, given by (Fig. 4b)

d

. 2ly. ¢) = galy) [ | 2210, (53)
j=1
H)Cj

where y is the parameter for variational Dirichlet distribution over m, and ¢ is
the parameter for variational discrete distribution over all latent components z for
all features. Again, by applying Jensen’s inequality, we obtain the lower bound for
log p(x|a, @) as

log p(X|a, @) Z qu [log p(nv Zv X|(X, @)] - qu [log QZ(”» Zlya ¢)]
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Denoting the lower bound for x; with L(y;, ¢i; , @), it could be expanded as

L(y;, ¢i; o, @) = Eg,[log p(mi|a)] + Egy[log p(zi|mi)] + Ey,[log p(x;]0, ;)]
—Eg[log g2 (milyi)] — Eg,[log g2(2i|¢;)] (54

where

k k
Eg,llog p(mjla)] = log I (Z ac) — > log I'(ae)
c=1 c=1

k k
+ > (e —1) (wm) —w (Z m)) (55)
=1

c=1
k k
Eg,llog p(zi|mi)] = m; Y ¢ic (wmc) 4 (Z m)) (56)
c=1 =1
d k
Egyllog p(xi|zi, ©)] = D> iclog py, (xij10;c) (57)
é:jl c=1
k k
Eg,[log g2 (milyi)] = log I (Z Vic) — > log I'(yic)
c=1 c=1
k k
+> (ie—1) (W(m 4 (Z )/iz)) (58)
c=1 =1
k
Eg,[log g2 (zi|$)] = m; ) pic10g Gic, (59)
c=1

where y;. and ¢;. are the variational Dirichlet distribution and discrete distribution
for the cth component of x; respectively, and m; is the number of non-missing entries
in each data point x;.

A.2.1 Variational inference

First, We maximize L(y;, ¢;; o, B) with respect to ¢;.. Similar with Appendix A.1, it

is a constrained maximization under the constraint Zle ¢ic = 1, we construct the
Lagrangian as:

k d
Lig,) = migic (‘I’(Vic) -V (Z Vil) — log ¢ic) + > diclog py; (xij16)c)
1=1

j=1
k
+Ai (Z bic — 1),
c=1

Elx,-j
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where A; is the Lagrange multiplier. Taking derivative with respect to ¢;. and setting
it to zero, we have

l/m,-
k d
@cdam(WO%%—W(EZW)) [1pv;Gijlose | U1, Lelf.
=1 j=1
Elx,-j

Second, we maximize L(y;, ¢;; o, @) with respect to y;.. The terms containing y;.

are:
k k
Liy,.) = (e + midic — Vic) (W(Vic) -V (Z )/il)) —log I’ (Z Viz)
1=1 1=1

+log I' (ic).
Taking derivative with respect to y;. and setting it to zero, we get
Vie = ac + midic, [il}, [el).
A.2.2 Parameter estimation
Similar as Appendix A.1.2, we consider the whole dataset 2" = ({x;,[i]}}

together for parameter estimation. The lower bound to the log-likelihood on 2" is
> L(yi, ¢i; oo, ©). To maximize with respect to 6., the terms containing 6 jc are

n
L[QJL] = z ¢iC log PI//] (-xij |916)
S

Again, from Bregmam divergence perspective, the estimation of expectation 7 is
given by

Yiciay, biesii
Tje = Zn » 15, [edys

i=1,3x;; bic

where s;; is the sufficient statistics.
In particular, for Gaussian, we have

(xij — je)?
M](J Zq&lc( u log 2na].zc .

Ax;j
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By taking derivative with respect to u j and crjzc and setting them to zero, we get

n
Zi:l,ax,-j GicXij
S > Er
i:l,EIx,-j i
2
) Z?=1,3x,-j Gic(Xij — Wje) o '
jS = ) []]]1 [C]]'

n
Zi:l,ilx,-j ¢ic

For discrete case, we construct the Lagrangian as
n }’j rj
Lip;con = Z¢ic Z(xij =r)logpjc(r) + Ajc (Z Dje(r) — 1),
i=1 r=I1 r=1

where A . is the Lagrange multiplier. Taking derivative with respect to p;.(r) and
setting it to zero, we have

ij(r) X Z(x,-j = r)¢ic» [‘]]‘117 [C]k, ["]?
i=1

The update equation for « is the same with (52).

A.3 Fast LDA

The variational distribution introduced for Fast LDA is the same as (53). Similarly,
by applying Jensen’s inequality, the lower bound L (¢;, y;; o, B) of the log-likelihood
for each document x; is given by

L(y;, ¢is o, ©) = Egyllog p(mila)] + Eg,llog p(z;|mi)] + Egyllog p(x;18, z;)]
—Eg,[log g2 (milyi)] — Egy[log g2(zi16i)], (60)

where the terms 1, 2, 4, 5 are the same with (55), (56), (58) and (59) respectively, and
the term 3 could be expanded as:

m; k

Vv
Eg,llog p(xilB,z)1 = D D" D" dicx}; log fey.

j=lc=1v=1
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A.3.1 Variational inference

To maximize with respect to ¢;., noticing Zl‘le Bev = 1, we construct the Lagrangian
as

k m; 'V
Ligie) = midic (‘I’(Vic) -V (Z J/il) — log ¢ic) + DD Gicx};log Bew
=1 j=1v=1
k
+Ai (Z bic — 1) 1,
c=1

where A; is the Lagrange multiplier. Taking derivative with respect to ¢;. and setting
it to zero, the update equation for ¢;. is given by

e ocexp (W) (z y,l) S S g ). 1 1
i j=lv=1
The solution for y;. is the same with Fast MMNRB, that is,
Vie = &c +midic, il [el}.
A.3.2 Parameter estimation
To maximize with respect to B.,, we construct the Lagrangian as
n mj
Ligoy = DD $icx};10g ey + e (Z Bev — )
i=1 j=I

Taking derivative with respect to B, yields

ﬁcv (0.8 Z¢ic le;)/v [C]kv [U]Y
=1 j=1

The update equation for « is the same with (52).

A.4 DLDA and DMMNB

In this section, we give the derivation for variational inference in Sect. 6.3. Given the
lower bound function as (40), the first five terms could easily obtained following LDA
or MMNB depending on which DMM model is used, so we only work on the last term
E4[log p(yilzi, m)].
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The class label y; is from a multi-class logistic regression LR(anZ, nsz, coonl?),
i.e., y; is from a discrete distribution [p1, p2,..., pi—1,1 — Z;,_:ll pir] with p, =
exp(n[i) 1—1 Theref
SRl [A]}"". Therefore,

t—1 t—1
p(ilzi, n) = exp (Z i in — 1og(1 + D exp(ny z»)).

h=1 h=1

Accordingly,

E4llog p(yilz;, n)]

t—1 t—1
= E, [Z nh ZiYin — log(l + > exp(ny, z»)}

h=1 h=1
t—1 k t—1
=2 e EqlZiclyin — Eq [log(l + > exp(nj zn)]. 1)
h=1 c=1 h=1

The second term of (61) could be expanded as follows:

t—1
—E, [log (1 + D exp(ny Zi)):|
h=1

o (1 N ]tg E, |:exp (é Uthic):|)

>
-1 k
> — log(l + Z Eq |:Z Zic exp(nhc):|) (62)
h=1 c=1
-1 k
=— log(l + Z Z Eqlzicl CXP(TIhc))
h=1 c=1
1 t—1 k 1
> —— ZZE‘I [Ziclexp(mac) + 1 — — —log(&),
oo §i

where the first inequality is from Jensen’s inequality, the second inequality is also
from Jensen’s inequality noticing that z; is actually a discrete distribution, and the
X

third inequality is from —log(x) > 1 — F = log(¢) (Minka 2003a) by introducing a
new variational parameter £ > (. Given (62),

k t—1
1 1
E4llog p(yilzi. )] = D EqlZic] (nhcy,-h & exp(nhc>) 11— g~ log),
/’l=1 1 L

c=1
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m;

where in DLDA E,[Z;c] = m% Z'jn':l ®ijc, in DMMNB, E,[z;] = % ijl,ng Pije
and in Fast DLDA/DMMNB, E,[7;] = ¢;.

Putting E,[log p(yilz;, n)] back to (40) gives us the complete expression for
L(yi, ¢i; a, A, ). By maximizing (40) with respect to the variational and model
parameters alternatively, we find the optimal value for model parameters («, A, n).
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