I
As seenin the previous chapter a limited amountof parallelismcan be extractedfrom
the standardpreconditionersuchasiLU and SSOR Fortunately a numberof alternatve
techniqguesanbe developedthatarespeci cally targetedat parallelenvironmentsThese
are preconditioningtechniqueghat would normally not be usedon a standardnachine,
but only for parallelcomputersThereareatleastthreesuchtypesof techniquesliscussed
in this chapter The simplestapproachis to usea Jacobior, even better a block Jacobi
approachln the simplestcase,a Jacobipreconditionemay consistof the diagonalor a
block-diagonalbf . To enhanceperformancethesepreconditionerganthemselesbe
acceleratethy polynomialiterations,.e.,a secondevel of preconditioningcalledpolyno-
mial preconditioning

A differentstratgyy altogetheiis to enhanceparallelismby usinggraphtheoryalgo-
rithms, suchasgraph-coloringechniquesTheseconsistof coloring nodessuchthattwo
adjacenhodeshave differentcolors.Thegist of thisapproachs thatall unknavnsassoci-
atedwith the samecolor canbe determinedsimultaneouslyn the forward and backward
sweepof thelLU preconditioningoperation.

Finally, a third stratgly usesgeneralizationsf “partitioning” techniqueswhich can



be put in the generalframeavork of “domain decomposition"approachesThesewill be
coveredin detailin the next chapter

Algorithms are emphasizedatherthan implementationsThere are essentiallytwo
typesof algorithms namely thosewhich canbetermedcoarse-gain andthosewhichcan
be termed ne-grain. In coarse-grairalgorithms,the paralleltasksarerelatively big and
may, for example jnvolvethesolutionof smalllinearsystemsin ne-grain parallelismthe
subtaskganbe elementaryoating-point operationor consistof a few suchoperations.
As always,thedividing line betweerthetwo classe®f algorithmsis somavhatblurred.

__
Overlappingblock-Jacobpreconditioningconsistsof a generablock-Jacobapproachas
describedn Chapter, in whichthesets overlap.Thus,we de ne theindex sets

with

where is the numberof blocks.Now usethe block-Jacobimethodwith this particular
partitioning,or employ the generaframeavork of additive projectionprocessesf Chapter
5, anduseanadditive projectionmethodontothe sequencef subspaces

Eachof theblockswill giveriseto acorrectionof theform

Oneproblemwith the above formulais relatedto the overlappingportionsof the  vari-
ablesTheoverlappingsectionswill recevetwo differentcorrectionsn generalAccording
to the de nition of “additive projectionprocessesseenin Chapters, the next iteratecan
bede nedas

where is theresidualvectorat the previousiteration. Thus,the corrections
for the overlappingregionssimply are addedtogetherlt is also possibleto weigh these
contritutionsbeforeaddingthemup. Thisis equivalentto rede ning (12.1)into

in which  is anonneyative diagonalmatrix of weights.lt is typical to weigha nonover
lappingcontrikution by oneandanoverlappingcontritution by where isthenumber



of timestheunknown is representeth the partitioning.

The block-Jacobi matrix with overlapping
blocks.

Theblock-Jacobiterationis oftenover- or underrelaxed,usingarelaxationparameter
. Theiterationcanbede nedin theform

Recallthattheresidualat step is thenrelatedto thatatstep by

The solutionof a sparsdinear systemis requiredat eachprojectionstep.Thesesystems
canbe solved by direct methodsif the subblocksare small enough.Otherwise jterative
methodsnaybeused.The outerloop acceleratoshouldthenbea e xible variant,suchas
FGMRES,which canaccommodatgariationsin the preconditioners.



__
In polynomialpreconditioninghematrix  is de ned by

where is apolynomial,typically of low degree.Thus,the original systemis replacedy
thepreconditioneadystem

whichis thensolved by a conjugategradient-typgechnique Note that and com-
muteand,asaresult,thepreconditionednatrixis thesameor right or left preconditioning.
In addition,the matrix or doesnot needto beformedexplicitly since

canbecomputedor ary vector from asequencef matrix-by-vectorproducts.

Initially, this approaclwasmotivatedby the goodperformancef matrix-vectoroper
ationsonvectorcomputergor long vectorse.g.,the Cyber205.However, theideaitself is
anold oneandhasbeensuggestedby Stiefel[204] for eigervaluecalculationsn the mid
1950s Next, someof thepopularchoicesfor thepolynomial aredescribed.

The simplestpolynomial which hasbeenusedis the polynomialof the Neumanrseries
expansion

in which

and is a scalingparameterThe above seriescomesfrom expandingthe inverseof
usingthesplitting

Thisapproacttanalsobe generalizedby usinga splitting of theform

where canbethediagonalof or, moreappropriatelyablock diagonalof . Then,

Thus,setting



resultsin theapproximate -termexpansion

Since notethat

Thematrix operationwith the preconditionednatrix canbedif cult numericallyfor large
. If the original matrixis SymmetricPositve De nite, then is not symmetric but
it is self-adjointwith respectothe -innerproduct;seeExercisel.

Thepolynomial canbeselectedo beoptimalin somesenseandthis leadsto the useof
Chebyshe polynomialsThecriterionthatis usedmalkesthe preconditioneanatrix
ascloseaspossibleto theidentity matrix in somesenseFor example the spectrunof the
preconditionednatrix canbe madeascloseaspossibleo thatof theidentity. Denotingby

thespectrumof |, andby  thespaceof polynomialsof degreenot exceeding ,
thefollowing maybesolved.

Find which minimizes:

Unfortunately this probleminvolvesall the eigervaluesof — andis harderto solve than
theoriginal problem.Usually, problem(12.4)is replacedy the problem

Find which minimizes:

whichis obtainedfrom replacingthe set by somecontinuousset thatenclosest.
Thus,aroughideaof the spectrunof thematrix  is neededConsiderrst the particular
casewhere is SymmetridPositive De nite, in whichcase canbetakentobeanintenal
containingthe eigervaluesof
A variationof Theoren®.4is thatfor ary realscalar suchwith , theminimum

is reachedor the shiftedandscaledChebyshe polynomialof the rst kind,



Of interestis thecasewhere which givesthe polynomial

— e with e
Denotethe centerandmid-width of theinterval , respectiely, by
Usingtheseparametermsteadof , theabove expressionshenbecome
— — with -

The three-ternrecurrencdor the Chebyshe polynomialsresultsin the following three-
termrecurrences:

with

and

with

De ne

Notethattheaboverecurrencesanbeputtogetheras

Obsenre thatformulas(12.7—12.8canbe startedat providedwe set and
, sothat .
The goalis to obtainaniterationthat producesa residualvectorof the form
where is the polynomialde ned by the above recurrenceThe difference
betweenwo successie residualvectorsis givenby

Theidentity andtherelations(12.8)yield



As aresult,

De ne

andnotethat f , then ,
and . Thereforethe relation (12.9) translatesnto the
recurrence,

Finally, thefollowing algorithmis obtained.

’ ’

For until corvergenceDo:

EndDo
1

Lines7 and4 canalsoberecastinto onesingleupdateof theform

It canbe showvn thatwhen and , theresultingpreconditionednatrix
minimizestheconditionnumberof thepreconditionednatricesof theform overall
polynomials of degree . However, whenusedin conjunctionwith the Conjugate

Gradientmethod,it is obsened that the polynomialwhich minimizesthe total number
of ConjugateGradientiterationsis far from beingthe onewhich minimizeghe condition
number If insteadof taking and , theintenal [ ] is chosento be
slightly insidetheinterval [ ], amuchfastercorvergencamightbeachiezed. Thetrue
optimal parametersi,e., thosethat minimize the numberof iterationsof the polynomial
preconditionedConjugateGradientmethod aredif cult to determindn practice.
Thereis a slight disadwantageto the approacheslescribedabove. The parameters
and , which approximatehesmallestandlargesteigervaluesof , areusuallynotavail-
ablebeforehandndmustbeobtainedn somedynamicway. Thismaybeaproblemmainly
becausa softwarecodebasedn Chebyshe acceleratiortould becomequite complex.



To remedythis, onemayaskwhetherthe valuesprovidedby anapplicationof Gersh-
gorin's theoremcan be usedfor and . Thus,in the symmetriccase,the parameter
, Which estimateghe smallesteigervalueof , may be nonpositve evenwhen is a
positive de nite matrix. However, when , the problemof minimizing (12.5)is not
well de ned, sinceit doesnot have a uniquesolutiondueto the non strict-corvexity of
theuniformnorm.An alternatve useshe -normon[ ] with respecto someweight

function . This“least-squarespolynomialsapproachs considereahext.

Considetheinnerproductonthespace

where is somenon-n@ative weight functionon (). Denoteby and call
-norm, the 2-norminducedby thisinnerproduct.
We seekthe polynomial which minimizes
overall polynomials of degree .Call theleast-squagsiteration polynomial
or simply the least-squaregolynomial,andreferto astheleast-
squaresgesidualpolynomial.A crucialobsenationis thatthe leastsquaregolynomialis
well de ned for arbitraryvaluesof and . Computingthe polynomial is nota

dif cult taskwhentheweightfunction is suitablychosen.

Computation of the least-squaespolynomials Therearethreewaysto computethe
least-squaregolynomial  de nedin theprevioussection.The rst approachs to usean
explicit formulafor , known asthekernelpolynomialsformula,

inwhichthe 'srepresen&sequencef polynomialsorthogonatvith respecto theweight

function . The secondapproachgenerates three-termrecurrencesatis ed by the
residualpolynomials . Thesepolynomialsareorthogonalith respecto theweight
function . Fromthisthree-ternrecurrenceywe canproceedxactly asfor theCheby-

shey iterationto obtainarecurrencdormulafor thesequencef approximatesolutions
Finally, athird approactsolvesthe Normal Equationsassociatedvith the minimizationof
(12.11),namely

where is ary basisof the space of polynomialsof degree
Thesethreeapproachesanall be usefulin differentsituations For example the rst

approacttanbe usefulfor computingleast-squaregolynomialsof low degreeexplicitly.
For high-deggreepolynomialsthelasttwo approachearepreferabldor theirbettemumer



ical behavior. Thesecondapproachs restrictedo the casewvhere , While thethird is
moregeneral.

Sincethedegreesof the polynomialpreconditionersreoftenlow, e.g.,notexceeding
5 or 10,we will give somedetailsonthe rst formulation.Let ,
be the orthonormalpolynomialswith respecto . It is known thatthe least-square
residualpolynomial of degree is determinedoy the kernelpolynomialsformula
(12.12).To obtain , simply noticethat

with

This allows to be computedasa linearcombinationof the polynomials . Thus,
we canobtainthedesiredeast-squargsolynomialsirom thesequencef orthogonapoly-
nomials which satisfyathree-ternrecurrencef theform:

Fromthis, thefollowing recurrencdor the 'scanbederived:

Theweightfunction is chosensothatthethree-ternrecurrenceof the orthogonal
polynomials isknownexplicitly and/oris easyto generateAn interestingclassof weight
functionsthatsatisfythis requirements considerechext.

Choice of the weight functions This sectionassumeshat and . Consider
theJacobiweights

where and -

For theseweight functions,the recurrenceelationsare known explicitly for the polyno-
mialsthatareorthogonalwith respecto , , or . This allows the useof
ary of thethreemethodsdescribedn the previoussectionfor computing . More-
over, it hasheenshavn[129] thatthepreconditionednatrix is SymmetridPositve
De nite when is SymmetricPositve De nite, providedthat -

The following explicit formulafor canbe derived easilyfrom the explicit ex-
pressiorof the Jacobipolynomialsandthefactthat is orthogonalwith respecto the
weight

Using(12.13),thepolynomial canbederivedeasily“by hand”
for smalldegreesseeExercise4.



As anillustration,welist theleast-squargsolynomials  for

, obtainedor the Jacobiweightswith - and -. Thepolynomialdlistedarefor
theintenal asthis leadsto integercoefcients. For agenerainterval , thebest
polynomialof degree is . Also, eachpolynomial isrescaledy to

simplify the expressionsHowever, this scalingfactoris unimportantf thesepolynomials
areusedfor preconditioning.

1
5 1
14 7 1
30 27 9 1
55 7 44 11 1
91 182 | 156 65 13 1
140 378 | 450 275 90 15 1
204 714 | 1122 935 | 442 119 | 17 1
285 1254 | 2508 2717 | 1729 665 | 152 19| 1

We selected - and - only becausehesechoicesleadto a very simplere-
currencefor the polynomials , which arethe Chebyshe polynomialsof the rst kind.

Theoretical considerations An interestingtheoreticalquestionis whetherthe least-
squaresesiduapolynomialbecomesmallin somesensesits degreeincreasesConsider

rst thecase . Sincetheresidualpolynomial ~ minimizesthenorm as-
sociatedwvith theweight , overall polynomials of degree  suchthat , the
polynomial with satis es
where isthe -normof thefunctionunity on theinterval . The norm of will
tendto zerogeometricallyas tendstoin nity , provided
Considemow the case , andthe Jacobiweight (12.15).For this choice

of theweightfunction, the least-squareesidualpolynomialis known to be
where isthe  degreelacobipolynomialassociatedvith theweightfunction

. It canbe shawvn thatthe 2-normof sucha residualpolynomialwith respecto
thisweightis givenby

in which is the Gammafunction.For thecase - and -, thisbecomes

Thereforethe -normof theleast-squaressidualpolynomialcornvergesto zerolike
asthedegree increasega muchslower ratethanwhen ). However, notethatthe
condition impliesthatthe polynomialmustbe largein someinterval aroundthe



origin.

Givenasetof approximatesigervaluesof anonsymmetrienatrix , asimpleregion can
be constructedn the complex plane,e.g.,a disk, anellipse,or a polygon,which encloses
thespectrunof thematrix . Thereareseveralchoicedor . The rst ideausesanellipse

thatenclosesnapproximateconvex hull of the spectrumConsideranellipsecentered
at , andwith focaldistance . Thenasseenin Chaptei6, theshiftedandscaledChebyshe
polynomialsde ned by

are nearly optimal. The useof thesepolynomialsleadsagainto an attractie three-term
recurrencendto analgorithmsimilarto Algorithm 12.1.In fact,therecurrences identi-
cal, exceptthatthe scalarsnvolvedcannow be complex to accommodateasesvherethe
ellipsehasfoci not necessarilyocatedon therealaxis. However, when is real,thenthe
symmetryof thefoci with respecto therealaxis canbe exploited. Thealgorithmcanstill
bewrittenin realarithmetic.

An alternatve to Chebyshe polynomialsover ellipsesemploys a polygon  that
contains . Polygonalregionsmay betterrepresenthe shapeof anarbitraryspectrum.
Thebestpolynomialfor thein nity normis notknown explicitly but it maybe computed
by analgorithmknown in approximatiortheoryasthe Remezlgorithm.It maybesimpler
tousean -norminsteadf thein nity norm,i.e.,tosolve(12.11)where issomeweight
functionde ned ontheboundaryof the polygon

Now hereis a sketchof analgorithmbasedon this approachWe usean  -normas-
sociatedvith Chebyshe weightsontheedgesof thepolygon.If thecontourof  consists
of edgesachwith center andhalf-length , thentheweighton eachedgeis de ned

by

Usingthepowerbasiso expresshebestpolynomialis notasafepracticelt is preferabldo
usethe Chebyshe polynomialsassociatedvith the ellipseof smallestareacontaining
With theaboveweightsor ary otherJacobweightsontheedgesthereis a nite procedure
which doesnot require numericalintegration to computethe bestpolynomial. To do this,
eachof the polynomialsof the basis(hamely the Chebyshe polynomialsassociateavith
the ellipse of smallestareacontaining ) mustbe expressedasa linear combinationof
the Chebyshe polynomialsassociatedavith the differentintenals . This
redundang allows exact expressiondor the integralsinvolved in computingthe least-
squaresolutionto (12.11).

Next, the mainlines of a preconditionedGMRESalgorithmare describedbasedon
least-squarepolynomials.Eigervalue estimatesare obtainedfrom a GMRES stepat the
beginning of the outerloop. This GMRES adaptve correctsthe currentsolutionandthe
eigervalue estimatesare usedto updatethe currentpolygon . Correctingthe solution
at this stageis particularlyimportantsinceit often resultsin a few ordersof magnitude



improvementThisis becaus¢hepolygon maybeinaccurateandtheresidualvectoris
dominatedoy component#n oneor two eigervectors.The GMRESstepwill immediately
annihilatethosedominatingcomponentdn addition theeigevaluesassociatewith these
componentsvill now beaccuratelyrepresentetly eigervaluesof the Hessenbermatrix.

1. Startor Restart:

2 Computecurrentresidualector

3. AdaptiveGMRESstep:

4.  Run  stepsof GMRESfor solving
5

6

7

8

Update by .
Geteigervalueestimatedrom the eigervaluesof the
Hessenbermatrix.
. Computenew polynomial:
9. Rene fromprevioushull andnew eigervalueestimates.

10. Getnew bestpolynomial

11. Polynomiallteration:

12. Computethecurrentresidualvector

13. Run  stepsof GMRESappliedto

14.  Update by

15. Testfor cornvergence.

16.  If solutioncorvergedthenStop;elseGoTo 1.

Table12.1shaws the resultsof applying GMRES(20)with polynomial
preconditioningo the rst four testproblemsdescribedn Section3.7.

Matrix | Iters | Kops | Residual| Error

F2DA 56 | 2774 | 0.22E-05| 0.51E-06
F3D 22| 7203 | 0.18E-05| 0.22E-05
ORS 78 | 4454 | 0.16E-05| 0.32E-08
F2DB | 100 | 4432 0.47E-05| 0.19E-05

A testrun of ILU(0)-GMRESacceleated with
polynomialpreconditioning

SeeExample6.1 for the meaningof the columnheadersn the table.In fact, the system
is preconditionedby ILU(0) beforepolynomialpreconditionings appliedto it. Degreel0
polynomials(maximum)are used.The tolerancefor stoppingis . Recallthat Iters
is the numberof matrix-by-vectorproductsratherthanthe numberof GMRESiterations.
Notice that, for mostcasesthe methoddoesnot comparewell with the simplerILU(0)

exampleseenin Chapterl0. Thenotableexceptionis exampleF2DB for whichthemethod
convergesfairly fastin contrastwith the simpleILU(0)-GMRES; seeExamplel10.2. An

attemptto usethe methodfor the fth matrix in the testset,namely the FIDAP matrix
FID, failedbecause¢he matrix haseigervalueson bothsidesof theimaginaryaxisandthe
codetesteddoesnot handlethis situation.



It is interestingo follow the progresf thealgorithmin the above examplesFor the
rst example thecoordinate®f theverticesof theupperpartof the rst polygon are

0.06492 0.00000
0.17641 0.02035
0.29340 0.03545
0.62858 0.04977
1.18052 0.00000

This hull is computedrom the 20 eigervaluesof the Hessenbey matrix result-
ing from the rst run of GMRES(20).In the ensuingGMRES loop, the outer iteration
convergesin threesteps,eachusinga polynomial of degreel0, i.e., thereis no further
adaptatiorrequired.For the secondproblem,the methodcorvergesin the 20 rst stepsof
GMRES,so polynomialaccelerationvasneverinvoked.For thethird example theinitial
convex hull foundis theinterval of therealline. The polynomialpre-
conditionedGMRESthencorvergencesn ve iterations.Finally, the initial convex hull
foundfor thelastexampleis

0.17131 0.00000
0.39337 0.10758
1.43826 0.00000

andtheouterloop corvergesagainwithoutanothemladaptatiorstep thistimein sevensteps.

I
The generalidea of multicoloring, or graphcoloring, hasbeenusedfor a long time by
numericalanalystslt wasexploited,in particular in the context of relaxationtechniques
both for understandingheir theoryandfor deriving ef cient algorithms.More recently

thesetechniqueswere found to be usefulin improving parallelismin iterative solution
techniquesThis discussiorbeginswith the 2-colorcase calledred-bladk ordering.

The problemaddressedby multicoloring is to determinea coloring of the nodesof the
adjaceng graphof a matrix suchthatary two adjacenthodeshave differentcolors.For
a 2-dimensionalnite differencegrid (5-point operator),this can be achiezed with two



colors,typically referredto as“red” and“black” This red-blackcoloringis illustratedin

Figurel2.2for a meshwheretheblacknodesarerepresentedly lled circles.
19 20 21 22 23 24
() ()
o OO0 (O—0 O
13 14 15 16 17 18
) () ()
O—@—(O—@—(—@
7 8 9 10 11 12
() () e
o OO0 (O—0 O
1 2 3 4 5 6
) () ()
O—@—(0O—@—0O—@
Red-bla& coloring of a grid. Natural la-
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Assumethattheunknovnsarelabeledby listing thered unknawns rst togetheyfol-
lowedby theblackones.The new labelingof theunknavnsis shovnin Figure12.3.

.22 <>10 23 O 11 24 <>12

(>7 .19 <>8 .20 <>9 .21

.16 <>4 .17 <>5 .18 <>6

Ol .13 OZ 14 <>3 .15
Red-bla& coloring of a grid. Red-blak

labelingof thenodes.

Sincethe red nodesare not coupledwith otherred nodesand, similarly, the black
nodesarenot coupledwith otherblacknodesthe systenthatresultsfrom this reordering
will havethestructure

inwhich and arediagonalmatricesThereorderednatrix associateavith this new
labelingis shavn in Figurel2.4.

Two issueswill be exploredregardingred-blackordering.The rst is how to exploit
this structurefor solvinglinearsystemsTheseconds how to generalizehis approacHor
systemavhosegraphsarenotnecessarily2-colorable.



Matrix associatedvith thered-blad reordering
of Figure 12.3.

The easiestvay to exploit the red-blackorderingis to usethe standardSSORor ILU(0)
preconditionerfor solvingtheblock system(12.18)whichis derivedfrom theoriginal sys-
tem. Theresultingpreconditioningoperationsare highly parallel.For example thelinear
systenthatarisesrom theforwardsolve in SSORwill havetheform

This systencanbe solvedby performingthefollowing sequencef operations:

1. Solve
2. Compute

3. Solve
This consistsof two diagonalscalings(operationsl and 3) anda sparsematrix-by-
vector product. Therefore the degreeof parallelism,is at least if anatomictaskis

consideredo be ary arithmeticoperation.The situationis identicalwith the ILU(0) pre-
conditioning.However, sincethe matrix hasbeenreorderedeforelLU(0) is appliedto it,
theresultingLU factorsarenotrelatedn arny simpleway to thoseassociatewith theorig-
inal matrix.In fact,asimplelook atthestructureof thelLU factorsrevealsthatmary more
elementaredroppedwith thered-blackorderingthanwith thenaturalordering. Theresult
is thatthe numberof iterationsto achieve corvergencecanbe muchhigherwith red-black
orderingthanwith the naturalordering.

A secondmethodthathasbeenusedin connectiorwith thered-blackorderingsolves
the reducedsystemwhich involves only the black unknavns. Eliminating the red un-
knownsfrom (12.18)resultsin thereducedsystem:



Note that this new systemis againa sparseinear systemwith abouthalf as mary un-
knowns. In addition,it hasbeenobsened that for “easy problems) the reducedsystem
canoftenbesolvedef ciently with only diagonalpreconditioningThe computatiorof the
reducedsystemis a highly parallelandinexpensve processNote thatit is not necessary
to form the reducedsystem.This strategy is moreoftenemployedwhen is not diag-
onal,suchasin domaindecompositioormethodshut it canalsohave someusesin other
situations.For example,applyingthe matrix to a givenvector canbe performedusing
nearest-neighba@ommunicationandthiscanbemoreef cient thanthestandardpproach
of multiplying thevectorby the Schurcomplemenmatrix . In addition,this
cansave storagewhich maybemorecritical in somecases.

Chapter3 discusse@ generafgreedyapproachor multicoloringa graph.Givena general
sparsamatrix , thisinexpensvetechniqueallowsusto reorderit into ablockform where
thediagonalblocksarediagonalmatrices.The numberof blocksis the numberof colors.
For example for six colors,a matrix would resultwith the structureshavn in Figure12.5
wherethe 'sarediagonaland , aregeneralsparseThis structureis obviously a
generalizatiorof thered-blackordering.

A six-colororderingof a generl sparsematrix.

Justasfor thered-blackordering,ILU(0), SOR,or SSORpreconditioningcanbeused
on this reorderedsystem.The parallelismof SOR/SSORs now of order where is
thenumberof colors.A lossin ef ciency mayoccursincethenumberof iterationss likely
toincrease.

A Gauss-Seidaweepwill essentiallyconsistof scalingsand matrix-by-vector
productswhere is thenumberof colors.Speci cally, assuméhatthematrix is storedin
thewell known Ellpack-Itpackformatandthatthe block structureof the permutedmatrix
isde nedby apointerarray . Theindex is theindex of the rst row in the -th
block. Thus,thepair representthesparsemnatrix consisting
of therows to intheEllpack-Itpackformat. The maindiagonalof is assumedo



be storedseparatelyn invertedform in a one-dimensionarray . Onesinglestepof
themulticolor SORiterationwill thentake thefollowing form.

1. Docol=1,ncol

2 nl=iptr(col)

3 n2=iptr(col+1)—1
4.  y(nl1:n2)=rhs(nl:n2)
5

6

7

8

Doj = 1, ndiag
Doi=n1,n2
y(i) = y(i) —a(i.j)*y(a(ij)
EndDo
9. EndDo
10. y(ni1:n2)=diag(nl:n2) y(n1:n2)
. 11. EndDo
In the above algorithm, is the numberof colors.Theintegers and  setin lines
2 and3 representhe beginningandthe endof block . In line 10, is mul-
tiplied by the diagonal which is keptin invertedform in the array . The outer

loop, i.e., theloop startingin line 1, is sequentialThe loop startingin line 6 is vectoriz-
able/parallelizableThereis additionalparallelismwhich canbe extractedin thecombina-
tion of thetwo loopsstartingin lines5 and6.

I
Thediscussionn this sectionbeginswith the Gaussiareliminationalgorithmfor ageneral
sparsdinear system Parallelismin sparseGaussiareliminationcanbe obtainedby nd-
ing unknavnsthatareindependenat a given stageof the elimination,i.e., unknovnsthat
do not dependon eachotheraccordingto the binary relationde ned by the graphof the
matrix. A setof unknovnsof alinearsystemwhich areindependenis calledanindepen-

dentset.Thus,independensetorderingscanbeviewedaspermutationgo puttheoriginal
matrixin theform

in which  is diagonalbut canbearbitrary This amountgo alessrestrictive form of
multicoloring,in which a setof verticesin theadjaceng graphis foundsothatno equation
in the setinvolvesunknonvnsfrom the sameset.A few algorithmsfor nding independent
setorderingsof agenerakparsegraphwerediscussedh Chapter3.

The rows associatedvith an independenset can be usedas pivots simultaneously
When suchrows are eliminated,a smallerlinear systemresults,which is againsparse.
Thenwe can nd anindependensetfor this reducedsystemand repeatthe processof



reduction.Theresultingsecondeducedsystenis calledthesecond-lgel reducedsystem.
Theprocesganberepeatedecursvely afew times.Asthelevel of thereductionincreases,
thereducedsystemgraduallylosetheir sparsity A directsolutionmethodwould continue
thereductionuntil thereducedsystenis smallenoughor denseenougtto switchto adense
Gaussiareliminationto solve it. This processs illustratedin Figure12.6.Thereexistsa
numberof sparsalirectsolutiontechniquedasedn thisapproach.

Illustration of two levelsof multi-eliminationfor
spaiselinear systems.

After abrief review of thedirectsolutionmethodbasednindependensetorderings,
wewill explain how to exploit this approacHor deriving incompleteL U factorizationdy
incorporatingdroptolerancestrateies.

We startby a discussiorof an exactreductionstep.Let  bethe matrix obtainedat the
-th stepof thereduction, with . Assumethatanindependenset
orderingis appliedto  andthatthe matrixis permutedaccordinglyasfollows:

where is adiagonalmatrix. Now eliminatethe unknavnsof theindependensetto get
thenext reducedmatrix,

Thisresultsimplicitly, in ablock LU factorization

with de ned above. Thus,in orderto solve a systemwith the matrix , botha
forwardanda backward substitutiomeedto be performedwith the block matriceson the
right-handsideof theabove systemThebackwardsolutioninvolvessolvinga systemwith
the matrix

Thisblock factorizatiorapproacktanbeusedrecursvely until asystenresultsthatis
smallenougtto besolvedwith astandaranethod Thetransformationsisedn theelimina-
tion processi.e.,thematrices andthematrices mustbesared.Thepermutation



matrices canalsobe saved. Alternatively, the matricesinvolvedin the factorizationat
eachnew reorderingstepcanbe permutedxplicitly.

Thesuccessiereductionstepsdescribedborewill giveriseto matriceshatbecomenore
andmoredensealueto the Il-ins introducedby the eliminationprocessin iterative meth-
ods,acommoncurefor thisis to ngglectsomeof the ll-ins introducedby usinga simple
droppingstratgy asthereducedsystemsareformed.For example,ary Il-in elementn-

troducedis droppedwheneer its sizeis lessthana giventoleranceimesthe 2-normof

theoriginal row. Thus,an“approximate”versionof the successie reductionstepscanbe
usedto provide anapproximatesolution to for ary given . Thiscanbeused
to preconditionthe original linear system.Conceptuallythe modi cation leadingto an
“incomplete”factorizatiorreplaceg12.21)by

in which  isthematrix of theelementghataredroppedn this reductionstep.Globally,
thealgorithmcanbeviewedasa form of incompleteblock LU with permutations.
Thus,thereis asuccessionf block ILU factorization®f theform

with de ned by (12.22).An independensetorderingfor the new matrix will
thenbe found andthis matrix is reducedagainin the samemannerlt is not necessaryo
save thesuccessie  matricesbut only the lastonethatis generatedWe needalsoto
save thesequencef sparsematrices

which containthe transformatiomeededat level  of the reduction.The successie per
mutationmatrices canbediscardedf they areappliedto the previous  matricesas
soonasthesepermutatiomatricesareknown. Thenonly theglobalpermutationis needed,
whichis the productof all thesesuccessie permutations.

An illustrationof the matricesobtainedafterthreereductionstepsis shovn in Figure
12.7.Theoriginal matrixis a 5-pointmatrixassociatedvith a grid andis therefore
of size . Here,thesuccessie matrices  (with permutationgpplied)areshavn
togethemwith thelast  matrixwhichoccupieghelocationof the blockin (12.23).



lllustration of the processednatricesobtained
fromthreestepsof independensetorderingandreductions.

We referto thisincompletefactorizationrasILUM (ILU with Multi-Elimination). The
preprocessinghaseconsistsof a successiorof applicationsof the following three
stepsy(1) nding theindependensetordering,(2) permutingthe matrix, and(3) reducing
it.

1. Set

2. For Do:

3.  Findanindependensetorderingpermutation for ;

4.  Apply to topermutat intotheform (12.20);

5. Apply to ;

6. Apply to ;

7. Computehematrices and de nedby (12.22)and(12.23).
8. EndDo

In the backward andforward solutionphasesthe lastreducedsystemmustbe solved but
not necessarilwith high accurag. For example,we cansolve it accordingo the level of
toleranceallowedin the droppingstratgy duringthe preprocessinghase Obsenre that
if the linear systemis solved inaccuratelyonly an acceleratoithat allows variationsin
the preconditioningshouldbe used.Suchalgorithmshave beendiscussedn Chapter9.
Alternatively, we canusea x ed numberof multicolor SOR or SSORstepsor a x ed
polynomialiteration. The implementatiorof the ILUM preconditioneicorrespondingo



this stratgy is rathercomplicatecandinvolvessereral parameters.
In orderto describethe forward andbackward solution,we introducesomenotation.
We startby applyingthe“global permutatiori, i.e.,the product

to theright-handside.We overwritetheresulton the currentsolutionvector an  -vector
called . Now partitionthis vectorinto

accordingo the partitioning(12.20).Theforwardstepconsistof transforminghesecond
componenbf theright-handsideas

Now is partitionedin thesamemanneras andthe forward eliminationis continued
thesameway. Thus,ateachstep,each is partitionedas

A forward elimination stepde nes the new using the old and for
while a backward stepde nes  usingtheold and , for
. Algorithm 12.5describeghe generalstructureof the forward andback-
ward solutionsweepsBecausédhe global permutatiorwas appliedat the beginning, the
successie permutationsieednot be applied.However, the nal resultobtainedmustbe
permutedbackinto the original ordering.

Apply globalpermutatiorto right-hand-side andcopy into
For Do: [Forwardsweep]

EndDo
Solwe with arelative tolerance :

For Do: [Backwardsweep]
EndDo

Permuteheresultingsolutionvectorbackto theoriginal
orderingto obtainthe solution .

ROOXONDDPOAWNR
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Computeimplementationsf ILUM canberathertedious.Theimplementatiorissues
aresimilarto thoseof paralleldirect-solutiormethodgor sparsdinearsystems.
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This sectiondescribegarallelvariantsof the block Successie Over-Relaxation(BSOR)
and ILU(0) preconditionerswhich are suitablefor distributed memory ervironments.
Chapterll brie y discussedlistributed spatse matrices. A distributed matrix is a ma-
trix whoseentriesarelocatedin the memoriesof differentprocessorén a multiprocessor
system.Thesetypesof datastructuresare very corvenientfor distributedmemorycom-
putersandit is usefulto discussmplementation®f preconditionershat are speci cally
developedor them.Referto Sectionl1.5.6for theterminologyusedhere.In particularthe
termsubdomairis usedn theverygenerakensef subgraphFor bothILU andSOR,mul-
ticoloring or level schedulingcanbe usedat the macrolevel, to extractparallelism Here,
macrolevel meanshe level of parallelismcorrespondingo the processorsor blocks,or
subdomains.

In thelLU(O) factorizationthe LU factorshave the samenonzeropatternsasthe original
matrix , sothatthe reference®f the entriesbelongingto the external subdomainsn
thelLU(0) factorizatiorareidenticalwith thoseof the matrix-by-vectorproductoperation
with the matrix . This is not the casefor the moreaccuratdLU( ) factorizationwith

. If anattemptis madeto implementawavefrontILU preconditioneonadistributed
memorycomputera dif culty arisesbecausehe naturalorderingfor the original sparse
problemmay put an unnecessariimit on the amountof parallelismavailable.Instead a
two-level orderingis used.First, de ne a“global” orderingwhichis awavefrontordering
for the subdomainsThis is basedon the graphwhich describeghe coupling between
the subdomainsTwo subdomainsre coupledif andonly if they containat leasta pair
of coupledunknowns,onefrom eachsubdomainThen,within eachsubdomaingde ne a
local ordering.

To describehepossibleparallelimplementationsf thesdLU(0) preconditionerst is
sufcient to consideralocalview of thedistributedsparsematrix,illustratedin Figure12.8.
Theproblemis partitionedinto  subdomain®r subgraphsisingsomegraphpartitioning
techniqueThisresultsin amappingof the matrixinto processorsvhereit is assumedhat
the -th equation(row) andthe -th unknowvn are mappedo the sameprocessaWe dis-
tinguishbetweerinterior pointsandinterfacepoints. Theinterior pointsarethosenodes
thatare not coupledwith nodesbelongingto otherprocessorsinterfacenodesarethose
local nodesthat are coupledwith at leastone nodewhich belongsto anotherprocessar
Thus,processonumberl0in the gure holdsa certainnumberof rowsthatarelocal rows.
Considetherows associateavith theinterior nodesThe unknovnsassociateavith these
nodesarenot coupledwith variablesfrom otherprocessorsAs a result,the rows associ-
atedwith thesenodescanbe eliminatedindependentlyn the ILU(O) processThe rows
associatedvith the nodeson the interfaceof the subdomairwill requiremore attention.
RecallthatanILU(0) factorizationis determinecentirely by the orderin which the rows
areprocessedTheinterior nodescanbe eliminated rst. Oncethisis done,the interface



rows canbe eliminatedin a certain order. Therearetwo naturalchoicesfor this order
The rst would be to imposea global orderbasedon the labelsof the processorsThus,
in theillustration,theinterfacerows belongingto Processorg, 4, and6 areprocessete-
fore thosein Processof0. The interfacerows in Processof0 mustin turn be processed
beforethoseof Processord3 and14. Thelocal order i.e., the orderin which we process
theinterfacerowsin the sameprocessofe.g.Processot0), maynotbeasimportant.This
globalorderbasedon PE-numbede nes a naturalpriority graphandparallelismcanbe
exploitedeasilyin a data-drvenimplementation.

Proc. 13

"~ Internal interface points

~ External interface points
A local view of thedistributedILU(0).

It is somavhatunnaturako basethe orderingjust on the processotabeling.Obsenre
thataproperordercanalsobede ned for performingthe eliminationby replacingthe PE-
numbes with any labels, providedthat any two neighboringprocessos havea different
label. Themostnaturalwayto dothisis by performingamulticoloringof thesubdomains,
and usingthe colorsin exactly the sameway as beforeto de ne an order of the tasks.
Thealgorithmswill bewrittenin this generaform, i.e., with alabelassociatedavith each
processarThus,the simplestvalid labelsarethe PEnumberswhich leadto the PE-label-
basedorder In thefollowing, we de ne asthelabelof Processonumber .

. In eachprocessor Do:
Performthe ILU(0) factorizatiorfor interiorlocal rows.
Receve thefactoredrows from theadjacenprocessors with

pivotsrecevedfrom the externalprocessorg step3.
PerformtheILU(0) factorizatiorfor the boundarynodeswith
pivotsfrom theinterior rows completedn step2.

1

2

3

4. .

5.  PerformthelLU(0) factorizatiorfor theinterfacerows with

6

7

8

9 Sendthe completednterfacerows to adjacenprocessors with



10.
. 11. EndDo

Step2 of theabove algorithmcanbe performedn parallelbecausdét doesnot depencdon
datafrom othersubdomainsOncethis distributedILU(0) factorizationis completedthe
preconditionerylov subspacealgorithmwill requirea forwardandbackward sweepat
eachstep.The distributed forward/backvard solution basedon this factorizationcan be
implementedasfollows.

1. Ineachprocessor Do:
2 Forwardsolve:
3. Performthe forwardsolve for the interior nodes.
4. Receve the updatedvaluesfrom the adjacenprocessors
5 with .
6 Performtheforwardsolve for the interfacenodes.
7 Sendthe updatedsaluesof boundarnodeso theadjacent
8. processors with
9. Backwardsole:
10. Receve the updatedvaluesfrom the adjacenprocessors
11. with .
12. Performthe backwardsolve for the boundarynodes.
13. Sendthe updated/aluesof boundarynodego theadjacent
14. processors, with .
15. Performthe backwardsolve for theinterior nodes.
16. EndDo

As in the ILU(0) factorization the interior nodesdo not dependon the nodesfrom the
externalprocessorandcanbecomputedn parallelin lines3 and15. In theforwardsolve,
the solutionof the interior nodesis followed by an exchangeof dataandthe solutionon
the interface. The backward solve works in reversein that the boundarynodesare rst
computedthenthey aresentto adjacenprocessord=inally, interior nodesareupdated.

.
This sectiongivesa brief accountof otherparallelpreconditioningechniquesvhich are

sometimesised.Thenext chaptealsoexaminesanotheimportantclassof methodswhich
werebrie y mentionedefore,namely the classof DomainDecompositiormethods.



Anotherclassof preconditionershat requireonly matrix-by-vectorproducts,s the class
of approximateinversepreconditionersDiscussedn Chapterl0, thesecan be usedin
mary differentways.Besidesheingsimpleto implement,boththeir preprocessinghase
anditeration phaseallow a large degreeof parallelism.Their disadwantageis similar to
polynomialpreconditionerspjamely thenumberof stepsrequiredfor corvergencemaybe
large, possiblysubstantiallytargerthanwith the standardechniquesOnthe positive side,
they arefairly robusttechniquesvhich canwork well wherestandardnethodsnayfail.

A someavhatspecializedsetof techniquess the classof Element-By-ElementEBE) pre-
conditionerswhich are gearedtoward nite elementproblemsand are motivatedby the
desireto avoid assemblingnite elementmatrices.Marny nite elementcodeskeepthe
datarelatedto the linear systemin unassembledbrm. The elementmatricesassociated
with eachelementarestoredandnever addediogether This is corvenientwhenusingdi-
rect methodssincethereare techniqguesknown asfrontal methodsthat allow Gaussian
eliminationto be performedby usinga few elementatatime.

It wasseenin Chapter2 thatthe global stiffnessmatrix  is the sumof matrices
associateavith eachelementj.e.,

Here,the matrix isan matrixde ned as
in which is theelementmatrixand is a Booleanconnectvity matrix which maps
thecoordinate®f thesmall matrix into thoseof thefull matrix . Chapter2 shoved

how matrix-by-vectorproductscan be performedin unassembleéorm. To performthis
productin parallel,notethatthe only potentialobstaclgo performingthe matrix-by-vector
productin parallel,i.e.,acrossall elementsis in thelastphasei.e.,whenthe contritutions
are summedto the resultingvector . In orderto addthe contritutions in paral-
lel, groupelementghat do not have nodesin common.Referringto Equation(2.35),the
contritutions

canall be computedn parallelanddo not dependon oneanotherThe operations

canbeprocesseth parallelfor any groupof elementghatdo not shareary vertices.This
groupingcanbe found by performinga multicoloring of the elementsAny two elements
whichhave anodein commonreceve adifferentcolor. Usingthisidea,goodperformance
canbeachiezedon vectorcomputers.



EBE preconditionerarebasedn similar principlesandmary differentvariantshave
beendeveloped.They arede ned by rst normalizingeachof theelementmatricesIn the
sequelassumeahat is a SymmetricPositve De nite matrix. Typically, a diagonal,or
blockdiagonalscalingis rst appliedto to obtainascaledmatrix

Thisresultsin eachmatrix andelementmatrix beingtransformedsimilarly:

The secondstepin de ning an EBE preconditioneiis to regularize eachof thesetrans-
formedmatrices.Indeed,eachof the matrices is of rank  atmost,where isthe
size of the elementmatrix , i.e., the numberof nodeswhich constitutethe -th ele-
ment. In the so-calledWinget regularization the diagonalof each is forcedto bethe
identity matrix. In otherwords,theregularizedmatrixis de ned as

Thesematricesarepositive de nite; seeExercise8.

Thethirdand nal stepin de ning anEBE preconditioneis to chooseahefactorization
itself. In the EBE Cholesly factorization,the Cholesly (or Crout) factorizationof each
regularizedmatrix is performed,

Thepreconditionefrom it is de ned as

Notethatto ensuresymmetrythelastproductis in reverseorderof the rst one.Thefac-
torization(12.26)consistof a factorizationof thesmall matrix . Performing
thepreconditioningpperationswill thereforeconsistof a sequencef small back-
wardor forwardsolves.The gatherandscattermatrices  de nedin Chapter2 mustalso
beappliedfor eachelementThesesolvesareappliedto theright-handsidein sequencdn
addition,the samemulticoloringideaasfor the matrix-by-vectorproductcanbe exploited
to performthesesweepsn parallel.

Oneof thedrawbacksof the EBE Cholesly preconditioneis thatanadditionalsetof
elementmatricesmustbe stored.Thatis becaus¢hefactorizationg12.26)mustbe stored
for eachelementin EBE/SSORthisis avoided.Insteadof factoringeach  , theusual
splitting of each is exploited. Assumingthe Wingetregularizationwe have

in which is the strict-lover part of . By analogywith the SSORpreconditioner



the EBE-SSORpreconditioners de ned by

Oneof the attractionsf row-projectionmethodsseenin Chaptei8 is their high degreeof
parallelism.In Cimmino's method,the scalars aswell asthe new residualvectorcan
becomputedn parallel.In the Gauss-Seidel-NEespectiely Gauss-Seidel-NR}t is also
possibleto grouptheunknavnsin suchaway thatary pair of rows (respectiely columns)
have disjointednonzeropatternsUpdatesof componentsn the samegroupcanthenbe
performedn parallel. This approactessentiallyequiresnding a multicolor orderingfor
thematrix (respectiely ).
It is necessaryo rst identify a partitionof the set intosubsets ,

suchthatthe rows (respectiely columns)whoseindicesbelongto thesameset  are
structuially orthogonalto eachother i.e., have no nonzeroelementsn the samecolumn
locations. Whenimplementinga block SOR schemewherethe blockingis identicalwith
that de ned by the partition, all of the unknonvns belongingto the sameset  canbe
updatedn parallel. To be morespeci ¢, the rows arereorderecby scanningthosein
followedbythosein | etc..Denoteby  thematrix consistingof therows belongingto
the -th block. We assumehatall rows of the samesetare orthogonalto eachotherand
thatthey have beennormalizedso thattheir 2-normis unity. Thena block Gauss-Seidel
sweepwhich generalizeg\gorithm 8.1, follows.

Selectaninitial
For Do:

O WNR

. EndDo

Here, and aresubvectorscorrespondingo the blockingand is avectorof length
thesizeof theblock, whichreplaceghescalar of Algorithm 8.1. Thereis parallelismin
eachof the steps3 and4.

The questionthat arisesis how to nd good partitions . In simple casessuchas
block-tridiagonamatricesthis caneasilybe done;seeExercise7. For generakparseana-
trices, a multicoloring algorithm on the graphof (respectiely ) canbe em-
ployed.However, thesematricesare never storedexplicitly. Their rows canbe generated,
usedandthendiscarded.
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1. Let beaSymmetricPositive De nite matrixandconsider where isablock
diagonalof
Shav that is aSymmetricPositive De nite matrix. Denoteby theassociatethner
product.

Shav that s self-adjointwith respecto to
Shavthat s self-adjointwith respecto to for ary integer .

Shav thatthe Neumannseriesexpansionpreconditioneide ned by the right-handside of
(12.3)leadsto a preconditionednatrix thatis self-adjointwith respecto the -innerprod-
uct.

Describeanimplementatiorof the preconditionedCG algorithmusingthis preconditioner

2. Thedevelopmenbf theChebyshe iterationalgorithmseenin Section12.3.2canbeexploitedto
derive yetanothefformulationof the conjugatealgorithmfrom the Lanczosalgorithm.Obsere
thattherecurrenceelation(12.8)is notrestrictedo scaledChebyshe polynomials.

The scaledLanczospolynomials,i.e., the polynomials , in which is the
polynomialsuchthat in the Lanczosalgorithm, satisfya relationof the
form (12.8).Whatarethecoefcients and in thiscase?

Proceedn thesamemannemsin Sectionl2.3.2to derive aversionof theConjugateGradient
algorithm.

3. Shavthat asde nedby (12.7)hasalimit . Whatis thislimit? AssumethatAlgorithm 12.1
is to be executedwith the 'sall replacedby thislimit . Will the methodconverge?Whatis
theasymptoticrateof convergenceof this modi ed method?

4. Derivetheleast-squargsolynomialsor - - fortheintenal for
Checkthattheseresultsagreewith thoseof thetableshavn attheendof Section12.3.3.

5. Considethemeshshavn belon. Assumethatthe objective is to solve the Poissorequatiorwith
Dirichlet boundaryconditions.

Considettheresultingmatrix obtained beforeboundaryconditionsareapplied)from order
ing the nodesfrom bottomup, andleft to right (thus,the bottomleft vertex is labeledl and
thetop right vertex is labeled13). Whatis the bandwidthof the linear systemow mary
memorylocationswould be neededo storethe matrixin Skyline format?(Assumethatthe
matrix is nonsymmetrisobothupperandlower triangularpartsmustbe stored).



Is it possibleto nd a 2-color orderingof the meshpoints?If so, shav the ordering,or
otherwiseprove thatit is not possible.

Find anindependensetof size5. Shav the patternof the matrix associatedvith this inde-
pendensetordering.

Find a multicolor orderingof the meshby usingthe greedymulticolor algorithm.Canyou
nd abettercoloring(i.e.,acoloringwith fewer colors)?f so,shav thecoloring[useletters
to represeneachcolor].

6. A linearsystem where is a5-pointmatrix, is reorderedisingred-blackorderingas

Write the block Gauss-Seidédterationassociateavith the above partitionedsystem(where
theblockingin block Gauss-Seidét the sameasthe above blocking).

Expresshe iteratesjndependentiyof the iteratesj.e., nd aniterationwhich involves
only -iteratesWhattype of iterationis theresultingscheme?

7. Considera tridiagonalmatrix . Find a groupingof the rows suchthat
rowsin eachgrouparestructuilly orthogonalj.e.,orthogonaregardlesof thevaluesof theen-
try. Find asetof threegroupsat most.How canthis begeneralizedo block tridiagonalmatrices
suchasthosearisingfrom 2-D and3-D centeredlifferencematrices?

8. Why are the Winget regularizedmatrices de ned by (12.25) positive de nite whenthe
matrix is obtainedrom by adiagonalscalingfrom ?

NOTES AND REFERENCES. As vectorprocessingppearedn the middle to late 1970s,a number
of efforts weremadeto changealgorithms,or implementation®f standardnethodsto exploit the
new architecturesOne of the rst ideasin this context wasto perform matrix-by-vector products
by diagonalg133]. Matrix-by-vector productsusingthis format canyield excellentperformance.
Hence,camethe idea of using polynomial preconditioning.Polynomial preconditioningwas ex-
ploited independentlyf supercomputingasearly as1952in a paperby Lanczos[141], andlater
for eigevalueproblemshby Stiefelwho emplg/edleast-squaregolynomials[204], andRutishauser
[171] whocombinedheQD algorithmwith Chebyshe accelerationDuboisetal.[75] suggesteds-
ing polynomialpreconditioningspeci cally, the Neumanrseriesexpansionfor solving Symmetric
Positive De nite linearsystemsn vectorcomputersJohnsoretal. [129] laterextendedtheideaby
exploiting Chebyshe polynomials,andotherorthogonalpolynomials It wasobseredin [129] that
least-squaregolynomialstendto performbetterthanthosebasedn the uniform norm,in thatthey
leadto abetteroverall clusteringof thespectrumMoreover, aswasalreadyobsered by Rutishauser
[171], in thesymmetriccasethereis no needfor accurateeigervalueestimatestt sufces to usethe
simpleboundghatareprovidedby Gershgorirs theoremln [175] it wasalsoobseredthatin some
caseshe least-squarepolynomial approachwhich requireslessinformation thanthe Chebyshe
approachtendsto performbetter

Theuseof least-squargsolynomialsoverpolygonswas rst adwocatedoy SmolarskandSaylor
[20Q] andlaterby Saad176]. Theapplicationto theinde nite casewasexaminedin detailin [174].
Still in the context of usingpolygonsinsteadof ellipses,yet anotherattractve possibility proposed
by FischerandReichel[91] avoidsthe problemof bestapproximatioraltogetherThe polygoncan
be conformallytransformednto a circle andthetheoryof Faberpolynomialsyieldsa simpleway of
deriving goodpolynomialsfrom exploiting speci ¢ pointsonthecircle.

Although only approachesasedon the formulation(12.5)and (12.11) have beendiscussed,
thereare otherlesserknowvn possibilitieshasedon minimizing . Therehasheen



very little work on polynomialpreconditioningor Krylov subspacenethodgor highly non-normal
matrices;see,however, the recentanalysisin [207]. Anotherimportantpoint is that polynomial
preconditioningcanbe combinedwith a subsidiaryrelaxation-typepreconditioningsuchas SSOR
[2, 153. Finally, polynomialpreconditioningganbe usefulin somespecialsituationssuchasthat
of compl« linearsystemarisingfrom the Helmholtzequation93].

Multicoloring hasbeenknown for along time in thenumericalanalysiditeratureandwasused
in particularfor understandinghe theoryof relaxationtechnique$232, 213 aswell asfor deriving
efcient alternatve formulationsof somerelaxationalgorithmg[213, 110. Morerecently it became
anessentiaingredientn parallelizingiterative algorithms seefor example[4, 2, 82, 155 154, 164.
It is alsocommonlyusedin a slightly differentform — coloring elementsaasopposedo nodes—
in nite elementsechniqueqd23, 217. In [182] and[69], it was obsered that -stepSOR pre-
conditioningwas very competitve relative to the standardiLU preconditionersCombinedwith
multicolor ordering, multiple-stepSOR can perform quite well on supercomputerdviulticoloring
is especiallyusefulin Element-By-Elementechniquesvhenforming theresidual,i.e., whenmulti-
plying an unassembledhatrix by a vector[123, 88, 194. The contritutionsof the elementwof the
samecolor canall beevaluatedandappliedsimultaneouslyo theresultingvector In additionto the
parallelizatioraspectsieducedsystemsansometimede muchbetterconditionedthanthe original
systemseeg[83].

Independensetorderingshave beenusedmainly in the contet of paralleldirectsolutiontech-
niquesfor sparsematrices[66, 144, 145 andmultifrontal techniqueg77] canbe viewed asa par
ticular case The gist of all thesetechniquess thatit is possibleto reorderthe systemin groupsof
equationsvhich canbe solved simultaneouslyA paralleldirectsolutionsparsesolver basedn per
forming severalsuccessik levelsof independensetorderingsandreductionwassuggesteéh [144]
andin amoregeneraformin [65]. |
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Domaindecompositiormethodseferto a collectionof techniquesvhich revolve around
theprincipleof divide-and-conqueSuchmethodshave beenprimarily developedor solv-
ing Partial DifferentialEquation®verregionsin two or threedimensionsHowever, similar
principleshave beenexploitedin othercontets of scienceandengineeringln fact,oneof
the earliestpracticalusesfor domaindecompositiorapproachesvasin structuralengi-
neering,a disciplinewhich is not dominatedby Partial Differential Equations Although
this chapterconsiderghesetechniquedrom a purely linear algebraview-point, the ba-
sic conceptsaswell asthe terminology areintroducedfrom a modelPartial Differential
Equation.



An L-shapeddomainsubdividednto threesub-
domains.

Considerthe problemof solving the LaplaceEquationon an L-shapeddomain parti-
tionedasshowvn in Figure13.1.Domaindecompositioror substructuringnethodsattempt
to solve the problemon the entiredomain

from problemsolutionson the subdomains . Thereareseveralreasonsvhy suchtech-

niquescanbeadvantageoudn thecaseof theabove picture,onecbviousreasoris thatthe

subproblemsre much simplerbecausef their rectangulaigeometry For example,fast

solverscanbe usedon eachsubdomairin this case A secondreasons thatthe physical

problemcan sometimede split naturally into a small numberof subregjionswherethe

modelingequationsaredifferent(e.g.,Euler's equationn oneregion andNavier-Stokes

in another) Substructuringanalsobe usedto develop“out-of-core” solutiontechniques.
As alreadymentionedsuchtechniquesvere often usedin the pastto analyzevery large

mechanicaktructuresThe original structureis partitionedinto  pieces,eachof which

is small enoughto t into memory Thena form of block-Gaussiamliminationis used
to solve the globallinear systemfrom a sequencef solutionsusing subsystemsaVore

recentinterestin domaindecompositiortechniqgueshasbeenmotivatedby parallel pro-

cessing.

In orderto review theissuesandtechnique$n useandto introducesomenotation,assume
thatthefollowing problemis to be solved:

in



on

Domain decompositiormethodsare all implicitly or explicitly basedon differentways
of handlingtheunknawn attheinterfaces Fromthe PDE point of view, if thevalueof the
solutionis known attheinterfacesbetweerthedifferentregions thesevaluescouldbeused
in Dirichlet-typeboundaryconditionsandwe will obtain uncoupledPoissorequations.
We canthensolve theseequationgo obtainthe valueof the solutionat theinterior points.
If thewholedomainis discretizedoy either nite element®or nite differencetechniques,
thenthisis easilytranslatednto theresultinglinearsystem.

Now someterminologyandnotationwill beintroducedor usethroughouthischapter
Assumethatthe problemassociatedvith domainshovn in Figure13.1is discretizedwith
centeredlifferencesWe canlabelthe nodesby subdomairasshavn in Figure13.3.Note
thattheinterfacenodesarelabeledast.As aresult,thematrixassociateith this problem
will havethestructureshavn in Figure13.4.For agenerabpartitioninginto subdomains,
thelinearsystemassociateavith the problemhasthefollowing structure:

whereeach representthe subvectorof unknovnsthatareinteriorto subdomain  and
representshevectorof all interfaceunknowns. |t is usefulto expressthe above system
in the simplerform,

with

Thus, representthe subdomairto interfacecouplingseenfrom the subdomainsyhile
representtheinterfaceto subdomaircouplingseenfrom theinterfacenodes.

When partitioninga problem,it is commonto usegraphrepresentationsSincethe sub-
problemsobtainedfrom a given partitioningwill eventuallybe mappednto distinct pro-
cessorstherearesomerestrictiongegardingthetypeof partitioningneededFor example,
in Element-By-Elementite elementechniquesit maybedesirabldéo mapelementsnto

processormsteadof verticesIn this casetherestrictionmeansio elemenshouldbesplit
betweertwo subdomainsi,e., all informationrelatedto a givenelements mappedo the
sameprocessarThesepartitioningsare termedelement-basedd someavhat lessrestric-
tive classof partitioningsarethe edge-basegartitioningswhich do notallow edgedo be
split betweentwo subdomainsThesemay be usefulfor nite volumetechniqueswhere
computationsare expressedn termsof ux esacrossedgesin two dimensionsFinally,

vertex-basedpartitioningswork by dividing the origin vertex setinto subsetof vertices
and have no restrictionson the edgesij.e., they allow edgesor elementgo straddlebe-
tweensubdomainsSeeFigure13.2,(a), (b), and(c).
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(a) \ertex-based, (b) edge-based, and (c)
element-basepartitioningof a meshinto two subiegions.

Theinterfacevaluescanbe obtainedby employing a form of block-Gaussiarlimination
which may be too expensve for large problems.n somesimplecasesusingFFT's, it is
possibleto explicitly obtainthesolutionof theproblemon theinterfacesnexpensvely.
Othermethodsalternatebetweerthe subdomainssolving a new problemeachtime,
with boundaryconditionsupdatedrom the mostrecentsubdomairsolutions Thesemeth-
odsarecalled Schwarz Alternating Procedues after the Swissmathematicianwvho used
theideato provetheexistencefor a solutionof the Dirichlet problemonirregularregions.
Thesubdomainsnaybeallowedto overlap This meanghatthe 'saresuchthat

For adiscretizedpbroblem,it is typicalto quantifythe extentof overlappingby thenumber
of mesh-lineghat are commonto the two subdomainsin the particularcaseof Figure
13.3,theoverlapis of orderone.
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Matrix associatedvith the nite differencemesh
of Figure 13.3.

Thevariousdomaindecompositiotechniquesredistinguishedy four features:

Typeof Partitioning. For example,shouldpartitioningoccuralongedgespr along



vertices,or by elements?s the union of the subdomaingqualto the original do-
mainor asupersebf it ( ctitious domainmethods)?

Overlap.Shouldsub-domainsverlapor not,andby how much?

Processingof interfacevalues.For example,is the Schurcomplementpproach
used?Shouldtherebe successie updatego theinterfacevalues?

Subdomairsolution.Shouldthe subdomairproblemsbe solved exactly or approx-
imatelyby aniterative method?

Themethodgo bediscussedh this chaptewill beclassi edin four distinctgroups First,

directmethodsandthesubstructuringpproactareusefulfor introducingsomede nitions

andfor providing practicalinsight. Secondamongthe simplestandoldesttechniquesre
the Schwarz Alternating ProceduresThen, thereare methodsbasedon preconditioning
the Schurcomplemensystem Thelastcategyory groupsall the methodsasedn solving

the linear systemwith the matrix , by usinga preconditioningderived from Domain
Decompositiorconcepts.

__
Oneof the rst divide-and-conquddeasusedn structuralanalysisexploitedthepartition-

ing (13.1)in adirectsolutionframeawvork. This approachwhichis coveredin this section,
introduceghe Schurcomplementndexplainssomeof its properties.

Considetthelinearsystemwrittenin theform (13.2),in which  is assumedo benonsin-
gular Fromthe rst equatiorntheunknovn canbeexpresse@s

Uponsubstitutinghis into the secondequationthe following reducedsystenis obtained:

Thematrix

is calledthe Schur complemeninatrix associateavith the variable.If this matrix canbe
formedandthelinearsystem(13.4)canbesolved,all theinterfacevariables will become
available.Oncethesevariablesareknown, the remainingunknovnscanbe computedyia
(13.3).Becauseof the particularstructureof , obsere thatary linear systemsolution
with it decouplesn separatesystemsThe parallelismin this situationarisesfrom this
naturaldecoupling.

A solutionmethodbasedn this approachnvolvesfour steps:



Obtaintheright-handsideof thereducedsystem(13.4).
Formthe Schurcomplementnatrix (13.5).
Solvethereducedsystem(13.4).
Back-substituteising(13.3)to obtainthe otherunknowns.

Onelinearsystensolutionwith thematrix  canbesaredby reformulatingthealgorithm
in amoreelegantform. De ne

and

Thematrix  andthevector areneededn stepg1) and(2). Thenrewrite step(4) as

which givesthefollowing algorithm.

Solve ,and for —and |, respectrely
Compute

Compute

Solve

Compute

R WONR

In a practicalimplementationall the  matricesare factoredandthenthe systems

and aresolved.In generalmary columnsin  will bezero.These

zero columnscorrespondo interfacesthat are not adjacentto subdomain . Therefore,

ary efcient codebasedon the above algorithmshouldstartby identifying the nonzero
columns.

Now the connectiondetweerthe Schurcomplementind standardsaussiarelimination
will be exploredanda few simplepropertieswill be establishedStartwith the block-LU
factorizatiorof

which is readily veri ed. The Schurcomplementanthereforebe regardedasthe (2,2)
blockin the partof theblock-LU factorizationof . Fromtheabove relation,notethat
if isnonsingularthensois . Takingtheinverseof with thehelpof theabove equality
yields



Obsene that is the (2,2) blockin theblock-inverseof . In particularif theoriginal
matrix is SymmetricPositive De nite, thensois .Asaresult, isalsoSymmetric
Positive De nite in this case.

Although simpleto prove, the above propertiesare nonethelesgmportant. They are
summarizedn thefollowing proposition.

Let beanonsingulamatrix partitionedasin (13.2)andsuch
thatthesubmatrix is nonsingulaandlet  betherestrictionoperatomontotheinterface
variablesj.e, thelinearoperatorde ned by

Thenthefollowing propertiesaretrue.

The Schurcomplementatrix  is nonsingular
If is SPD,thensois
Forary

The rst propertyindicatesthat a methodthat usesthe above block Gaussiarelimi-
nationalgorithmis feasiblesince is nonsingularA consequencef the secondoroperty
is thatwhen is positive de nite, analgorithmsuchasthe ConjugateGradientalgorithm
canbe usedto solve the reducedsystem(13.4). Finally, the third propertyestablishes
relationwhichmayallow preconditionergor to bede ned basedn solutiontechniques
with thematrix

Thepartitioningusedin Figure13.3is edge-basedneaninghata givenedgein thegraph
doesnotstraddlgwo subdomaindf two verticesarecoupledthenthey mustbelongto the
samesubdomainFromthe graphtheorypoint of view, thisis perhapdesscommonthan
vertex-basedpartitioningsin which a vertex is not sharedby two partitions(exceptwhen
domainsoverlap).A vertex-basedpartitioningis illustratedin Figure13.5.

We will callinterfaceedgesall edgeghatlink verticesthatdo notbelongto thesame
subdomainlin the caseof overlapping,this needsclari cation. An overlappingedgeor
vertex belongsto the samesubdomaininterfaceedgesare only thosethatlink a vertex
to anothewvertex whichis notin the samesubdomairalready whetherin the overlapping
portion or elsavhere.Interfaceverticesare thoseverticesin a given subdomairthat are
adjacento aninterfaceedge For the exampleof the gure, theinterfaceverticesfor sub-
domainone (bottom,left subsquareqrethe verticeslabeled10 to 16. The matrix shovn
at the bottomof Figure 13.5differs from the oneof Figure 13.4,becauséherethe inter-
facenodesare not relabeledthe lastin the global labelingaswas donein Figure 13.3.
Instead the interfacenodesarelabeledasthe lastnodesin eachsubdomainThe number
of interfacenodeds abouttwice thatof the edge-basegartitioning.



Discretizationof problemshownin Figure 13.1

andassociateanatrix.

Considerthe Schurcomplementsystemobtainedwith this new labeling. It canbe
written similar to the edge-basedaseusinga reorderingin which all interfacevariables

arelistedlast. Thematrixassociate#ith thedomainpartitioningof thevariableswill have



anatural -blockstructurewhere isthenumberof subdomaing-or example when
(asis the casein the above illustration), the matrix hasthe block structurede ned by the
solidlinesin the gure, i.e.,

In eachsubdomainthevariablesareof theform

where denotesnteriornodeswhile  denotegheinterfacenodesassociatedvith sub-
domain . Eachmatrix  will becalledthelocal matrix. Thestructureof is asfollows:

in which, asbefore, representshe matrix associateavith the internalnodesof subdo-
main and and representhecouplingsto/fromexternalnodesThematrix isthe
local partof theinterfacematrix ~ de ned before,andrepresentshe couplingbetween
local interfacepoints. A carefullook at the matrix in Figure 13.5 revealsan additional
structurefor the blocks . Eachof theseblockscontainsa zerosub-blockin the
partthatactsonthevariable . Thisis expectedsince and arenotcoupled.There-
fore,

In addition,mostof the ~ matricesarezerosinceonly thoseindices of thesubdomains
thathave couplingswith subdomain will yield anonzero
Now write the partof thelinearsystemthatis localto subdomain, as

Theterm is thecontritutionto theequatiorfrom theneighboringsubdomaimumber
,and isthesetof subdomainshatareadjacento subdomain. Assumingthat is

nonsingularthevariable canbe eliminatedfrom this systemby extractingfrom the rst

equation whichyields,uponsubstitutiorin the seconcequation,

in which isthe*local” Schurcomplement

Whenwrittenfor all subdomains, theequationg13.12)yield asystenof equationsvhich
involvesonly theinterfacepoints andwhichhasanaturablockstructure



associateavith thesevectorvariables

Thediagonalblocksin this systemnamely the matrices , aredensan general put the
offdiagonalblocks  aresparseandmostof themarezero.Speci cally, only if
subdomains and have atleastoneequatiorthatcoupleshem.

A structureof the global Schurcomplement hasbeenunrareledwhich hasthefol-
lowing importantimplication: For vertex-basedpartitionings,the Schur complemenina-
trix canbe assembledromlocal Sthur complemeninatrices(the 's) andinterface-to-
interfaceinformation(the  's). The term “assembled'wasusedon purposebecause
similarideawill beexploitedfor nite elemenfartitionings.

In nite-elementpartitioningsthe original discreteset is subdvidedinto subsets ,
eachconsistingof a distinctsetof elementsGivena nite elementdiscretizationof the
domain , a nite dimensionalspace of functionsover is de ned, e.g.,functions
thatare piecavise linearand continuouson , andthatvanishon the boundary of
Considemow theDirichlet problemon  andrecallthatits weakformulationonthe nite
elementiscretizatiorcanbe statedasfollows (seeSection2.3):

Find suchthat

wherethebilinearform is de ned by

It isinterestingo obserethatsincethesetof theelement®f thedifferent  'saredisjoint,
canbedecomposeds

where

In fact,thisis ageneralizatiorof thetechniqueusedto assembl¢he stiffnessmatrix from
elemenmatriceswhichcorrespondso theextremecasevhereeach  consistof exactly
oneelement.

If theunknonvnsareorderedagainby subdomainsndthe interfacenodesareplaced



lastaswasdonein Section13.1,immediatelythe systemshavs the samestructure,

whereeach representthecouplingbetweerinteriornodesand and representhe
couplingbetweertheinterfacenodesandthe nodesinteriorto . Notethateachof these
matriceshasbeenassembledrom elementmatricesand canthereforebe obtainedfrom
contritutionsover all subdomain thatcontainary nodeof

In particular assumehattheassemblys considereanly with respecto . Thenthe
assembledhatrixwill have thestructure

where  containsonly contributionsfrom local elementsj.e., elementghat arein
Clearly isthesumofthe 's,

The Schurcomplemenassociateavith theinterfacevariabless suchthat

Thereforejf  denoteghelocal Schurcomplement

thentheabove provesthat,

shaving againthatthe Schurcomplementanbe obtainedeasilyfrom smallerSchurcom-
plementmatrices.

Anotherimportantobsenationis that the stiffnessmatrix , de ned above by re-
strictingtheassemblyo , solvesaNeumann-Dirichleproblemon . Indeedconsider
theproblem



Theelement®f thesubmatrix — aretheterms where arethebasisfunc-
tionsassociateavith nodesbelongingto theinterface . As wasstatedabove, the matrix

is the sum of thesesubmatricesConsiderthe problemof solving the Poissonequa-
tionon  with boundaryconditionsde ned asfollows: On , the partof theboundary
which belongsto , usethe original boundaryconditions;on the interfaces with
othersubdomaingisea Neumanrboundarycondition.Accordingto Equation(2.36)seen
in Section2.3,the -th equationwill be of theform,

This givesriseto a systemof theform (13.17)in whichthe  partof the right-handside
incorporateghe Neumanndatarelatedto the secondintegral on the right-handside of
(13.18).

It isinterestingo notethatif aproblemwereto besolvedwith all-Dirichletconditions,
i.e.,if theNeumanrconditionsattheinterfaceswerereplacedy Dirichlet conditions the
resultingmatrix problemwould be of theform,

where representpreciselythe Dirichlet data.Indeed,accordingto what was seenin
Section2.3,Dirichlet conditionsarehandledsimply by replacingequationgssociatevith
boundarypointsby identity equations.

I
Theoriginal alternatingoroceduredescribedy Schwarzin 1870consistedf threeparts:
alternatingbetweentwo overlappingdomains,solving the Dirichlet problemon one do-
main at eachiteration,andtaking boundaryconditionsbasedon the mostrecentsolution
obtainedfrom the otherdomain.This procedurés calledthe Multiplicative Schwarz pro-
cedureln matrix terms,this is very reminiscenbf the block Gauss-Seiddterationwith

overlapde ned with the help of projectors,as seenin Chapter5. The analogueof the
block-Jacobproceduras known asthe Additive Schwarzprocedure.

In thefollowing, assumehateachpair of neighboringsubdomainfasa norvoid overlap-
pingregion. Theboundaryof subdomain thatis includedin subdomain is denotedby



AnL-shapedlomainsubdividednto threeover-
lappingsubdomains.

This s illustratedin Figure 13.6for the L-shapeddomainexample.Eachsubdomairex-
tendsbeyondits initial boundaryinto neighboringsubdomainsCall  theboundaryof
consistingof its original boundary(which is denotedby ) andthe  's,anddenote
by therestrictionof thesolution totheboundary . ThentheSchwarzAlternating
Procedureanbedescribedsfollows.

Chooseaninitial guess to the solution
Until corvergenceDo:
For Do:
Solve in  with in
Update valueson
EndDo
EndDo

NOGOAWNR

The algorithmsweepghroughthe subdomainsndsolvesthe original equationin each
of themby usingboundaryconditionsthat are updatedfrom the mostrecentvaluesof
Sinceeachof the subproblemss lik ely to besolvedby someiterative methodwe cantake
adwantagef agoodinitial guessilt is naturalto take asinitial guesgor agivensubproblem
themostrecentapproximationGoingbackto theexpressior(13.11)of thelocal problems,
obsenethateachof thesolutionsin line 4 of thealgorithmwill betranslatednto anupdate
of theform



wherethecorrection solvesthesystem

Here, isthelocal partof the mostrecentglobalresidualvector , andthe above
systenrepresentshe systemassociatedvith the problemin line 4 of thealgorithmwhen
a nonzeroinitial guesss usedin someiterative procedureThe matrix ~ hasthe block
structureg(13.9).Writing

thecorrectionto the currentsolutionstepin thealgorithmleadsto

After this stepis taken,normally a residualvector would have to be computedagainto
getthe componentsassociatedvith domain andto proceedwith a similar stepfor
the next subdomainHowever, only thoseresidualcomponentshat have beenaffectedby
the changeof the solutionneedto be updated Speci cally, emplgying the samenotation
usedin equation(13.11),we cansimply updatetheresidual  for eachsubdomain for
which as

This amountamplicitly to performingStep5 of the above algorithm.Note thatsincethe
matrix patternis assumedo be symmetricthenthesetof all indices suchthat ,
ie., , Isidenticalto . Now theloop startingin line 3 of Algorithm
13.2andcalleddomainsweepcanberestatedasfollows.

For Do:
Solve
Compute , , andset
Foreach Compute

EndDo

ok wONR

Consideringpnly the iteratestheaboveiterationwould resembleaform of Gauss-Seidel
procedurentheSchurcomplemeninatrix (13.14).In fact,it is mathematicallgquialent,
provideda consistentnitial guesds taken. Thisis statedin the next resultestablishedy
ChanandGoovaertg48]:

Lettheguess for the Schvarz proceduren eachsubdomain
bechosersuchthat

Thenthe iterateoroducedy theAlgorithm 13.3areidenticalto thoseof a Gauss-Seidel
sweepappliedto the Schurcomplemensystem(13.12).



We startby shaving thatwith thechoice(13.21),the componentsf theinitial
residualgproducedy thealgorithmareidenticalto thoseof the Schurcomplemensystem
(13.12).Referto Section13.2.3and the relation (13.10)which de nesthe  's from
the block structure(13.8) of the global matrix. Obsenre that and note
from (13.11)thatfor theglobalsystenthe componentsf theinitial residualvectorsare

This is preciselythe expressiorof the residualvectorassociatedvith the Schurcomple-
mentsystem(13.12)with theinitial guess

Now obsenrethattheinitial guesshasbeenselectedsothat forall .Because
onlythe componentsftheresidualectoraremodi ed, accordingo line 4 of Algorithm
13.3,thispropertyremainsvalid throughoutheiterative processBy theupdatingequation
(13.20)andtherelation(13.7),we have

which is preciselya Gauss-Seidedtepassociateavith the system(13.14).Note thatthe
updateof the residualvectorin the algorithmresultsin the sameupdatefor the compo-
nentsasin the Gauss-Seideterationfor (13.14). ]

It is interestingto interpretAlgorithm 13.2,or ratherits discreteversion,in termsof
projectorsFor thiswe follow the modelof the overlappingolock-Jacobtechniqueseenin
thepreviouschapterLet beanindex set

wherethe indices  arethoseassociatedvith the  meshpoints of the interior of the
discretesubdomain . Notethatasbefore,the 'sform a collectionof index setssuch
that

andthe 'sarenotnecessarildisjoint.Let  bearestrictionopemtor from to
By de nition, belongsto  andkeepsonly thosecomponent®f anarbitraryvector
thatarein . It is representedby an matrix of zerosand ones.The matrices
associateavith the partitioningof Figure13.4arerepresenteth thethreediagramsof
Figurel3.7,whereeachsquaraepresentanonzercelemeni{equalto one)andeveryother
elementis a zero. Thesematricesdependon the orderingchosenfor the local problem.
Here ,boundarynodesarelabeledast,for simplicity. Obsenethateachrow of each  has
exactly onenonzercelementequalto one).Boundarypointssuchasthe nodes36 and37
arerepresentedeveraltimesin the matrices ,and  becausef the overlapping
of theboundarypoints.Thus,node is representeth matrices and , while s
representedh all threematrices.



Patterns of the three matrices associated
with the patrtitioning of Figure 13.4.

Fromthelinearalgebrapointof view, therestrictionoperator isan matrixformed
by thetransposesf columns  of the identity matrix,where belongso theindex
set . Thetranspose of this matrixis a prolongationoperator which takesa variable
from andextendst to theequialentvariablein . Thematrix

of dimension de nesarestrictionof to . Now aproblemassociatedvith
canbesolvedwhich would updatetheunknavnsin thedomain . With this notation,the
multiplicative Schwarz procedurecanbe describedasfollows:

1. For Do
2.
3. EndDo

We changenotationandrewrite step2 as

If the errors areconsideredvhere is the exactsolution,thennoticethat
and, at eachiterationthe following equationrelatesthe new error
andthepreviouserror



Startingfrom agiven  whoseerrorvectoris , eachsub-iteratiorproduces
anerrorvectorwhich satis estherelation

for . As aresult,
in which
Obsere thatthe operator is aprojectorsince

Thus,onesweepproducesanerrorwhich satis estherelation

In the following, we usethenotation

Becauseof the equivalenceof the multiplicative Schwarz procedureanda block Gauss-
Seideliteration,it is possibleto recastone Multiplicative Schwarz sweepin the form of a

global x ed-pointiterationof the form . Recallthatthisis a x ed-point
iterationfor solvingthe preconditionedsystem wherethe precondition-
ing matrix andthematrix arerelatedby . Tointerpretthe operation
associatevith , it is helpfulto identify theresultof theerrorvectorproduceddy this

iterationwith thatof (13.24) whichis . Thiscomparisoryields,

andtherefore,

Hence the preconditionednatrixis . Thisresultis restatecasfollows.

The multiplicative Schvarz procedurds equialentto a x ed-
pointiterationfor the “preconditioned’problem

in which



The transformedight-handsidein the propositionis not known explicitly sinceit is ex-
pressedn termsof the exact solution. However, a procedurecan be found to compute
it. In otherwords, it is possibleto operatewith without invoking . Note that

. As the next lemmaindicates, , aswell as , canbe
computedecursvely.

De ne thematrices

for . Then , , andthematrices and  satisfythe
recurrenceelations
and
It is clearby thede nitions (13.28)and(13.29)that andthat
, . Forthecases , by de nition of  and

whichgivestherelation(13.31).Multiplying (13.33)to theright by yields,

Rewriting theterm as aboveyieldsthedesiredformula(13.32). [ ]

Notethat(13.31)yieldsimmediatelytheimportantrelation

If therelation(13.32)is multipliedto theright by a vector andif the vector is
denotedby , thenthefollowing recurrenceesults.

Since , theendresultis that canbecomputedor an
arbitraryvector , by thefollowing procedure.

1. Input: ; Output:
2.
3. For Do:



4.
5. EndDo

By a similar agument,a procedurecan be found to computevectorsof the form
. In this casethefollowing algorithmresults:

Input: , Output:

For Do

a0 R

EndDo

In summarythe Multiplicative Schwarz procedurds equivalentto solvingthe “pre-
conditionedsystem”

wherethe operation canbecomputedrom Algorithm 13.5and

canbe computedrom Algorithm 13.4.Now the above procedureganbe usedwithin an

acceleratosuchas GMRES. First, to obtainthe right-handside of the preconditioned
system(13.35), Algorithm 13.4 mustbe appliedto the original right-handside . Then

GMRES can be appliedto (13.35)in which the preconditionecperations are

performedby Algorithm 13.5.

Anotherimportantaspecbf the Multiplicative Schwarz proceduras thatmulticolor
ing canbeexploitedin thesameway asit is donetraditionallyfor block SOR.Finally, note
thatsymmetryis lostin thepreconditionedystenbut it canberecoseredby following the
sweepl, 2, by asweepin theotherdirection,namely . Thisyields
aform of theblock SSORalgorithm.

The additive Schwarz procedurds similar to a block-Jacobiterationand consistsof up-

datingall the new (block) componentgrom the sameresidual. Thus, it differs from the

multiplicative procedureonly becausehe componentin eachsubdomairarenotupdated
until a whole cycle of updatesthroughall domainsare completed.The basic Additive

Schwarziterationwould thereforebe asfollows:

1. For Do
2. Compute

3. EndDo

4.

Thenew approximatior{(obtainedafteracycleof the substep# theabosealgorithm



areapplied)is

Eachinstanceof the loop rede nesdifferentcomponent®f the new approximationand
thereis no datadependengbetweerthe subprobleménvolvedin theloop.

The preconditioningnatrix is rathersimpleto obtainfor the additive Schwarz proce-
dure.Usingthe matrix notationde ned in the previoussection noticethatthe new iterate
satis estherelation

Thus,usingthe sameanalogyasin the previous section,this iterationcorrespondso a
X ed-pointiteration with

With therelation , between andthepreconditioningnatrix , theresult
is that

and

Now the procedurdor applyingthe preconditionedperator becomeslear

Input: ; Output:

For Do:
Compute

EndDo

Compute

kN R

Notethatthe do loop canbe performedin parallel. Step5 sumsup thevectors in each
domainto obtaina global vector . In the nonoverlappingcase this stepis paralleland
consistsof just forming thesedifferentcomponentssince the additionis trivial. In the
presenceof overlap,the situationis similar exceptthat the overlappingcomponentsare
addedup from thedifferentresultsobtainedn eachsubdomain.

The procedurdor computing is identicalto the oneabove exceptthat  in
line 3is replacedyy



Throughouthissectionjtisassumethat is SymmetridPositve De nite. Theprojectors

de nedby (13.23)playanimportantrole in the convergenceheoryof bothadditve and
multiplicative Schwarz. A crucialobsenation hereis thattheseprojectorsareorthogonal
with respecto the -innerproduct.Indeed,it is sufcient to shav that is self-adjoint
with respectothe -innerproduct,

Considetthe operatoy

Sinceeach s self-adjointwith respecto the -innerproduct,.e., -self-adjointtheir
sum isalso -self-adjoint.Thereforejt will haverealeigervalues An immediatecon-
sequencef thefactthatthe 'sareprojectorss statedn thefollowing theorem.

Thelargesteigervalueof  is suchthat

where is thenumberof subdomains.

For any matrix norm, . In particular if the -normis used,
we have

Eachof the -normsof s equalto onesince is an -orthogonalprojector This
provesthedesiredresult. [ ]

This resultcanbeimproved substantiallyby observingthatthe projectorscanbe grouped
in setsthathave disjointrangesGraphcoloringtechniqueseenin Chapter3 canbeused
to obtainsuchcoloringsof the subdomainsAssumethat setsof indices

aresuchthat all the subdomains  for have no intersectionwith one another
Then,

is againanorthogonalprojector
This shaws thatthe resultof the previoustheoremcanbe improvedtrivially into the
following.

Supposeéhatthe subdomainganbe coloredin sucha way thattwo
subdomainsvith the samecolor have no commonnodes.Then, the largesteigervalue of
is suchthat



where is thenumberof colors.

In orderto estimatethe lowesteigervalue of the preconditionednatrix, an assumption
mustbe maderegardingthedecompositiorf anarbitraryvector into componentsf

Assumption1. Thereexistsaconstant suchthattheinequality

is satis edby therepresentatioof asthesum

Thefollowing theoremhasbeenprovedby severalauthorsin slightly differentformsand
contexts.

If Assumptionl holds,then

Unlessotherwisestated all summationsn this proofarefrom to . Startwith
anarbitrary decomposeds andwrite

The lastequalityis dueto thefactthat isan -orthogonalprojectoronto  andit is
thereforeself-adjoint.Now, usingCauchy-Schwarzinequality we get

By Assumptionl, thisleadsto

which, aftersquaringyields

Finally, obsenethatsinceeach isan -orthogonabprojectorwe have

Thereforefor ary , theinequality

holds,whichyieldsthe desiredupperboundby the min-maxtheorem. [ ]



Notethattheproofuseshefollowing form of the Cauchy-Scharzinequality:

SeeExercisel for aproofof this variation.
We now turn to the analysisof the Multiplicative Schwarz procedure We start by
recallingthatthe erroraftereachouteriteration(sweep)s givenby

We wishto nd anupperboundfor . Firstnotethat(13.31)in Lemmal3.1results
in

from whichwe get,usingthe -orthogonalityof

The above equalityis valid for , provided . Summingtheseequalitiesfrom
to givestheresult,

Thisindicateghatthe -normof theerrorwill notincreaset eachsubstemf thesweep.
Now a secondassumptioimmustbe madeto prove the next lemma.

Assumption 2. For ary subset of and , the following in-
equalityholds:

If Assumptiondl and?2 aresatis ed,thenthefollowing is true,

Begin with therelationwhich follows from thefactthat isan -orthogonal
projector

whichyields,with the helpof (13.34),



For the rst termof theright-handside,usethe Cauchy-Scharzinequalityto obtain

For the secondermof theright-handsideof (13.41),usetheassumptior{13.39)to get

Addingthesewo inequalitiessquaringheresult,andusing(13.41)leadsto theinequality
(13.40). [ |

From(13.38),it canbededucedhatif Assumption2 holds,then,

Assumptionl cannow be exploitedto derive a lower boundon . This will
yield thefollowing theorem.

AssumethatAssumptionsl and2 hold. Then,

Usingthenotationof Section13.3.3 therelation yields

Accordingto Theorem13.4, —, whichimplies
Thus,

whichuponsubstitutioninto (13.42)givestheinequality

Theresultfollows by takingthe maximumover all vectors . [ ]

This result providesinformation on the speedof convergenceof the multiplicative
Schwarzprocedurdry makingtwo key assumptionsTheseassumptiongrenot veri able
from linear algebraargumentsalone.In otherwords,givena linear systemiit is unlikely
thatonecanestablishthattheseassumptionsresatis ed. However, they aresatis ed for
equation®riginatingfrom nite elemendiscretizatiorof elliptic Partial DifferentialEqua-
tions.For details,referto DryaandWidlund [72, 73, 74] andXu [230].



__
Schurcomplementmethodsarebasedon solvingthe reducedsystem(13.4) by somepre-
conditionedKrylov subspacenethod.Proceduresf this typeinvolve threesteps.

1. Gettheright-handside .
2. Solwethereducedystem via aniterative method.
3. Back-substitute,e.,compute via (13.3).

The differentmethodsrelateto the way in which step?2 is performed First obsene
thatthe matrix neednot be formedexplicitly in orderto solve the reducedsystemby
aniteratve method.For example,if a Krylov subspacenethodwithout preconditioning
is used thenthe only operationghatarerequiredwith thematrix arematrix-by-vector

operations . Suchoperationsanbe performedasfollows.
1. Compute ,
2. Solvwe
3. Compute .

The above procedureinvolves only matrix-by-vector multiplications and one lin-
ear systemsolutionwith . Recallthat a linear systeminvolving  translatesnto -
independenlinear systemsAlso notethatthe linearsystemsvith  mustbe solved ex-
actly, eitherby a directsolutiontechniqueor by aniterative techniquewith a high level of
accurag.

While matrix-by-vectormultiplicationswith ~ causdittle dif culty, it is muchharder
to preconditionthe matrix , sincethis full matrix is oftennot availableexplicitly. There
have beena numberof methodsderivedmostlyusingargumentdrom Partial Differential
Equationgo preconditiorthe SchurcomplementHere,we consideronly thoseprecondi-
tionersthatarederivedfrom alinearalgebraviewpoint.

Oneof the easiestwaysto derive an approximationto is to exploit Proposition13.1

andthe intimaterelationbetweerthe Schurcomplementind Gaussiarelimination. This

propositiontells us that a preconditioningoperator to canbe de ned from the (ap-

proximate)solutionobtainedwith . To preconditiona givenvector , i.e.,to compute
,Where isthedesiredoreconditioneto , rst solvethesystem

thentake . Useary approximatesolutiontechniqueto solve the above system Let
be ary preconditionefor . Usingthe notationde ned earlier, let representhe
restrictionoperatoron the interface variables,as de ned in Proposition13.1. Thenthe



preconditioningoperatiorfor  whichis inducedfrom is de ned by

Obsere thatwhen is anexactpreconditioneri.e.,when , thenaccordingo
Proposition13.1, is alsoanexactpreconditioneri.e., . Thisinducedprecon-
ditionercanbeexpresseds

It maybearguedthatthis usesa preconditionerelatedto the original problemto be solved
in the rst place.However, eventhoughthe preconditioningppn maybede ned from a
preconditioningpf |, thelinear systemis beingsolvedfor theinterfacevariablesThatis
typically muchsmallerthanthe original linearsystem For example GMREScanbe used
with amuchlargerdimensionof the Krylov subspacsincethe Arnoldi vectorsto keepin
memoryaremuchsmaller Also notethatfrom a Partial DifferentialEquationsviewpoint,
systemsof the form (13.44)correspondo the Laplaceequation the solutionsof which
are“Harmonic” functions.Therearefasttechniquesvhich provide the solution of such
equationsnexpensvely.
In the casewhere is anlILU factorizationof canbe expressedn an ex-

plicit form in termsof the entriesof the factorsof . This de nes a preconditionetto

thatis inducedcanonicallyfrom anincompleteLU factorizationof . Assumethatthe
preconditioner isin afactoredform , Wwhere

Then,theinverseof will have thefollowing structure:

wherea stardenotesa matrix whoseactualexpressions unimportantRecallthatby de -
nition,

wherethis partitioningconformsto theabove ones.This meanghat
and, thereforeaccordingto (13.45), . This resultis statedin the following

proposition.

Let be anILU preconditioneifor . Thenthe
preconditioner  for inducedby , asde nedby (13.45),is givenby

with



In words, the propositionstatesthat the L and U factorsfor arethe blocks
of theL andU factorsof the ILU factorizationof . An importantconsequencef the
above ideais thatthe parallel Gaussiareliminationcanbe exploited for deriving an ILU
preconditionefor by usinga generalpurposelLU factorizationIn fact,the and
factorsof have thefollowing structure:

with
Each pair is an incompleteLU factorizationof the local matrix. TheselLU
factorizationsanbe computedndependentlySimilarly, the matrices and

canalsobe computedndependentlyncethe LU factorsare obtained.Theneachof the
matrices

whicharetheapproximatdocal Schurcomplementss obtainedNotethatsinceanincom-
pleteLU factorizationis beingperformedsomedropstratgy is appliedto the elementsn
.Let bethematrix obtainedafterthisis done,

Thena nal stagewould beto computethelLU factorizationof the matrix (13.14)where
each isreplacedy

To derive preconditionerdor the Schurcomplementanothergeneralpurposetechnique
exploits ideasusedin approximatingsparselacobiansvhensolving nonlinearequations.
In general, is adensematrix. However, it canbe obsened,andtherearephysicaljusti-

cations for modelproblemsthatits entriesdecayaway from the maindiagonal Assume
that isnearlytridiagonal,.e., ngglectall diagonalsapartfrom themaindiagonalandthe

two codiagonalsandwrite the correspondingridiagonalapproximatiorto  as



Then,it is easytorecover by applyingit to threewell-chosenvectors Consideithethree
vectors

Thenwe have

This shavsthatall the coefcients of thematrix areindeedall representeth theabove
threevectors.The rst vectorcontainsthe nonzeroelementof the columns , , ,
, ,in successionvritten asa long vector Similarly, containsthe columns
,and containghecolumns . We caneasilycompute
andobtaina resultingapproximation which canbe usedasa preconditioneto . The
ideacanbe extendedto computeary bandedapproximatiorto . For detailsandanalysis
seg[49].

We now discusssomeissuesrelatedto the preconditioningof a linear systemwith the
matrixcoefcient of (13.14)associatedith avertex-basedgartitioning.As wasmentioned
before,this structureis helpful in the direct solutioncontect becauset allows the Schur
complemento beformedby local pieces SinceincompletelU factorizationswill utilize
thesamestructurethis canbe exploitedaswell.

Note that multicolor SOR or SSORcan also be exploited and that graph coloring
canbe usedto color theinterfacevalues in suchaway thatno two adjacentnterface
variableswill have the samecolor. In fact,this canbe achiezed by coloringthe domains.
In the courseof amulticolor block-SORiteration,alinear systenmustbe solvedwith the
diagonalblocks . For this purposeijt is helpful to interpretthe SchurcomplementCall

the canonicalinjection matrix from the local interface pointsto the local nodes.If
pointsarelocal andif is thenumberof thelocalinterfacepoints,then isan

matrix whosecolumnsarethelast  columnsof the identity matrix. Thenit is
easyto seethat

If is theLU factorizatiorof thenit canbeveri ed that
whichindicateghatin orderto operatewith , thelast principalsubmatrix
of mustbeused.The sameis truefor which requiresonly a back-sohe with

thelast principalsubmatrixof . Thereforepnly thelLLU factorizatiorof is



neededo solve a systemwith thematrix . Interestingly approximatesolutionmethods
associatewvith incompletefactorizationof canbeexploited.

__
We call ary techniquehatiteratesontheoriginal system(13.2)afull matrixmethodIn the
sameway thatpreconditionersverederivedfrom the LU factorizationof  for the Schur
complementpreconditioner§or canbederivedfrom approximatingnterfacevalues.

Beforestartingwith preconditioningechniquesye establisha few simplerelations
betweeriterationsinvolving and .

Let

andassumehataKrylov subspacenethods appliedto theoriginal system(13.1)with left
preconditioning  andright preconditioning , andwith aninitial guesf theform

Thenthis preconditionedrylov iterationwill produceteratesof theform

in whichthesequence istheresultof thesameKrylov subspacenethodappliedwithout
preconditioningo thereducedinearsystem with startingwith
thevector

Theproofis aconsequencef thefactorization

Applying aniteratve method(e.g., GMRES)on the original system preconditionedrom
theleftby  andfromtherightby ,isequvalentto applyingthisiteratve methodto

Theinitial residualfor the preconditionedystems



As aresult,the Krylov vectorsobtainedfrom the preconditionedinear systemassociated
with thematrix  havetheform

andthe associatedpproximatesolutionwill beof theform

Finally, the scalars that expressthe approximatesolutionin the Krylov basisare ob-
tainedimplicitly via innerproductsof vectorsamongthe vectorsequencg13.53).These

innerproductsareidenticalto thoseof thesequence . Thereforethese
coefcients will achievethesameresultasthesameKrylov methodappliedto thereduced
system , if theinitial guesgyivestheresidualguess . [ ]

A versionof thispropositionshouldallow tobepreconditionedThefollowing result
is animmediateextensionthatachievesthis goal.

Let be anapproximateactorizationof and
de ne

Assumethat a Krylov subspacenethodis appliedto the original system(13.1)with left
preconditioning  andright preconditioning , andwith aninitial guesof theform

Thenthis preconditionedrylov iterationwill produceteratesof theform

Moreover, thesequence is theresultof thesameKrylov subspacenethodappliedto the
reducedinearsystem , left preconditioneavith  , right preconditioned
with , andstartingwith the vector

The proof startswith theequality

Therestof the proofis similarto thatof the previousresultandis omitted. [ ]



Also therearetwo otherversionsin which is allowed to be preconditionedrom
theleft or from theright. Thus,if is a certainpreconditionefor , usethe following
factorizations

toderivetheappropriatdeft or right preconditionersObserethatwhenthepreconditioner
to isexact,i.e.,when , thentheblock preconditioner to induced
from is alsoexact.

Althoughthe previousresultsindicatethata PreconditionedschurComplementter-
ation is mathematicallyequivalentto a certainpreconditionedull matrix method,there
aresomepracticalbene tsin iteratingwith the nonreducedystem.The mainbene t in-
volvesthe requirementn the SchurComplementechniquego compute  exactly at
eachKrylov subspacéteration.Indeed,the matrix  representshe coefcient matrix of
the linear system,andinaccuraciesn the matrix-by-vectoroperationmay resultin loss
of corvergence.ln the full matrix techniquesthe operation  is never neededexplic-
itly. In addition,this opensup the possibility of preconditioninghe original matrix with
approximatesolveswith thematrix  in thepreconditioningoperation  and

__
Thevery rst taskthataprogrammefacesvhensolvingaproblemonaparallelcomputey
beit adenseor asparsdinearsystemjs to decidenow to mapthe datainto theprocessors.
For sharedmemoryand SIMD computersdirectvesare often provided to help the user
input a desiredmapping,amonga small setof choices.Distributed memorycomputers
aremoregenerakincethey allow mappingthe datain anarbitraryfashion.However, this
added e xibility putsthe burdenon the userto nd goodmappingsin particular when
implementingDomain Decompositiondeason a parallelcomputey ef cient techniques

mustbe availablefor partitioninganarbitrarygraph.This sectiongivesanoverview of the
issuesandcoversafew techniques.

Considera generakparsdinear systemwhoseadjaceng graphis . Thereare
two issuegelatedto the distribution of mappinga generakparsdinearsystemon a num-
berof processorskirst, a goodpartitioningmustbe foundfor the original problem.This
translatesnto partitioningthe graph  into subgraphsndcanbe viewedindependently
from the underlyingarchitectureor topology The secondssue,which is architecturede-
pendentijsto nd agoodmappingof thesubdomain®r subgraphso the processorsafter



thepartitioninghasbeenfound.Clearly, the partitioningalgorithmcantake advantageof a
measuref quality of agivenpartitioningby determiningdifferentweightfunctionsfor the
verticesfor vertex-basedpartitionings Also, agoodmappingcouldbe foundto minimize
communicatiorcosts givensomeknowledgeon thearchitecture.

Graphpartitioningalgorithmsaddressnly the rst issue Theirgoalisto subdvidethe
graphinto smallersubgraphén orderto achieve agoodloadbalancingof thework among
the processorsindensurethat the ratio of communicatiorover computatiornis small for
thegiventask.We begin with ageneralde nition.
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Mappingofasimple meshto 4 processacs.
We callamapof , ary set , of subset®f thevertex

set , whoseunionis equalto

Whenallthe subsetaredisjoint,themapis calledaproperpartition;otherwiseverefer
to it asanoverlappingpartition.

The mostgeneralway to describea node-to-processanappingis by settingup a
list for eachprocessarcontainingall the nodesthat are mappedto that processarThree
distinctclasse®f algorithmshave beendevelopedfor partitioninggraphsAn overview of
eachof thesethreeapproachess givennext.

The geometricapproachworks on the physicalmeshandrequiresthe coordinateof the
meshpointsto nd adequategartitionings.In the simplestcase for a 2-dimensionatec-
tangulargrid, stripesin the horizontalandvertical directioncanbe de ned to getsquare
subrgionswhich have roughly the samenumberof points. Othertechniquesitilize no-
tions of momentof inertiato divide the region recursvely into two roughly equal-sized
subrgjions.

Next is a very brief descriptionof a techniquebasedon work by Miller, Teng, Thur-
ston,andVavasis[150]. Thistechniquends goodseparatorfor ameshusingprojections



into a higherspaceGivenameshin |, the methodstartsby projectingthe meshpoints
into a unit spherecenteredht the origin in . Stereographiprojectionis used:A line
is drawn from a givenpoint in the planeto the North Pole andthe stereo-
graphicprojectionof is thepointwherethis line intersectghe sphereln thenext step,a
centerpointof the projectedpointsis found. A centerpoint of adiscreteset is de ned
asa pointwhereevery hyperplangassinghrough will divide approximatelyevenly.
Oncethe centerpoints found,the pointsof the spherearerotatedsothatthe centerpoints
alignedwith theNorth Pole,i.e.,sothatcoordinate®f aretransformednto
Thepointsarefurthertransformedy d|Iat|ngthemsothatthecenterp0|nbecome$heor|-
gin. Throughall thesetransformationghepoint remainsacenterpointThereforejf ary
hyperplands takenthatpasseshroughthe centerpointvhich is now the origin, it should
cut the sphereinto two roughly equal-sizedsubsetsAny hyperplanegpassinghroughthe
origin will intersectthe spherealonga largecircle . Transformingthis circle backinto
theoriginal spacewill give adesiredseparataNoticethatthereis anin nity of circlesto
choosdrom. Oneof the mainingredientsn the above algorithmis a heuristicfor nding
centerpointsn space(actually in the algorithm).The heuristicthatis usedre-
peatedlyreplacesandomlychosersetsof pointshy theircenterpointwhichareeasy
to nd in thiscase.

Therearea numberof interestingresultsthatanalyzethe quality of geometricgraph
partitioningsbasedon separatorsWith someminimal assumption®n the meshesit is
possibleto shav thatthereexist “good” separatorsin addition,the algorithmdiscussed
above constructsuchseparatorsiVe startwith two de nitions.

A -ply neighborhoodystemin isasetof closeddisks
in suchthatno pointin is (strictly) interiorto morethan disks.

Let andlet bea -ply neighborhoodsystem
in . The -overlapgraphfor the neighborhoodystemis the graphwith vertex set
andedgeset,the subsebf de ned by

and

A meshin is associatewvith anoverlapgraphby assigninghe coordinateof thecenter
of disk to eachnode of the graph.Overlapgraphsmodelcomputationameshesn
dimensionsindeed,every meshwith boundedaspectratio elementdratio of largestto
smallestedgelengthof eachelement)is containedn an overlapgraph.In addition,ary
planargraphis anoverlapgraph.Themainresultregardingseparatorsf overlapgraphss
thefollowing theoren{150].

Let bean -vertex overlapgraphin dimensionsThenthe
verticesof  canbepatrtitionedinto threesets ,and suchthat:

No edgegoins and .
and eachhave atmost vertices.
hasonly vertices.

Thus, for , the theoremstatesthat it is possibleto partition the graphinto two



subgraphs and , with aseparator , suchthatthe numberof nodesfor eachof and
doesnotexceed- verticesin theworstcaseandsuchthatthe separatohasa number
of nodesof theorder

Spectal bisectiorrefersto atechniquevhich exploits someknown propertieof theeigen-
vectorsof the Laplaceanof a graph Givenanadjaceng graph , We associate
toit aLaplacianmatrix whichis asparsematrixhaving thesameadjaceng graph and
de ned asfollows:

Thereare someinterestingfundamentapropertiesof suchmatrices Assumingthe graph
is undirectedthe matrix is symmetric.lt caneasilybe seenthatit is alsonegative semi
de nite (seeExercise9). Zerois an eigervalueandit is the smallestone.An eigervector
associatedavith this eigervalueis ary constantvector andthis eigervectorbeardittle in-
terest.However, the seconcdsmallesteigervector, calledthe Fiedler vector, hasthe useful
propertythatthe signsof its componentslivide thedomaininto roughlytwo equalsubdo-
mains.To bemoreaccuratethe Recursie SpectraBisection(RSB)algorithmconsistof
sortingthe componentsf theeigervectorandassigninghe rst half of thesortedvertices
to the rst subdomairandthe secondhalf to the secondsubdomainThetwo subdomains
arethenpartitionedin two recursvely, until adesirablenumberof domainss reached.

1. Computethe Fiedlervector of thegraph .

2. Sortthecomponentsf , e.g.,increasingly

3. Assign rst nodeso , andtherestto

4. Apply RSBrecursvelyto , , until thedesirechumberof partitions
5 is reached.

The main theoreticalpropertythatis exploited hereis that the differenceshetween
the component®f the Fiedlervectorrepresensomesort of distancebetweerthe corre-
spondingnodes.Thus,if thesecomponentsresortedthey would be groupingeffectively
theassociatetodeby preservingnearnesdn addition,anotheiinterestingfactis thatthe
algorithmwill alsotendto minimizethenumber of cut-edgs i.e.,thenumberof edges

suchthat and .Let beapartition vectorwhosecomponentare

or inequalnumbersothat where .Assumehat and

areof equalsizeandthatthecomponentsef aresetto  for thosein and  for
thosein . Thennoticethat

Ideally, the objectve function shouldbe minimizedsubjectto the constraintthat



. Note that here is a vector of signs.If, instead,the objective function
wereminimizedwith respecto the constraint for real,theso-
lution would betheFiedlervector since is theeigervectorassociatewith theeigervalue
zero.The Fiedlervectoris an eigervectorassociatedvith the secondsmallesteigervalue
of . Thiseigervectorcanbecomputedy the Lanczosalgorithmor arny othermethodef-
cient for largesparsamatricesRecursie SpecrtaBisectiongivesexcellentpartitionings.
Ontheotherhandi,it is ratherexpensve becaus®f the requiremento computeeigervec-
tors.

Thereexist a numberof othertechniquesvhich, like spectraltechniquesare alsobased
ontheadjacenyg graphonly. The simplestideais onethatis borrovedfrom thetechnique
of nesteddissectionin the context of direct sparsesolutionmethodsReferto Chapter3
wherelevel setorderingsaredescribedAn initial nodeis givenwhich constituteshelevel
zero.Then,themethodrecursvely traverseghe -th level ( ), which consistof the
neighborf all the elementghatconstitutdevel . A simpleideafor partitioningthe
graphin two traversesnoughevelsto visit abouthalf of all the nodesThevisitednodes
will be assignedo onesubdomairandthe otherswill constitutethe secondsubdomain.
Theprocessanthenberepeatedecursvely on eachof thesubdomainsA key ingredient
for this techniqueto be successfuis to determinea goodinitial nodefrom which to start
thetraversal.Often,a heuristicis usedfor this purposeRecallthat is thedistance
betweernvertices and inthegraph,i.e.,thelengthof theshortespathbetween and .
If thediameterof a graphis de ned as

then,ideally, one of two nodesin a pair thatachiezesthe diametercanbe usedas
a startingnode. Theseperipherl nodes are expensve to determineInstead,a pseudo-
peripherl node,asde ned throughthefollowing procedureis oftenemplogyed.

Selectaninitial node . Set
Do alevel settraversalfrom
Selectanode in thelastlevel set,with minimumdegree
If then
Set and
GoTo 2
ElseStop: is apseudo-peripheralode.
Endif

PN A WNR

Thedistance in line 5isthenumberof levelsin thelevel settraversalneededn Step
2. Thealgorithmtraverseghegraphfrom a nodeof thelastlevel in the previoustraversal,
until the numberof levels stabilizeslt is easyto seethatthe algorithmdoesindeedstop
aftera nite numberof stepstypically small.



Theabove algorithmplaysakey role in sparsematrix computationslt is very helpful
in the context of graphpartitioningaswell. A rst heuristicapproachbasedon level set
traversalds therecursve dissectiorprocedurenentionedabore anddescribedhext.

1. Set , ,

2. While Do:

3 Selectin  thesubgraph with largestsize.

4 Find a pseudo-peripheralode in  and

5. Do alevel settraversalfrom . Let numberof levels.
6 Let thesubgraplof  consistingof the rst

7 levels,and  thesubgraplcontainingthe restof

8 Remare  from andadd and toit

9.
0.

. 10. EndWhile
The costof this algorithmis rathersmall. Eachtraversalof a graph costs
around ,where isthenumberof edgegassuminghat ). Sincethere

are traversalsof graphswvhosesizedecreaseby 2 ateachstep,it is clearthatthe costis
, theorderof edgesn theoriginal graph.

As canbe expectedthe resultsof suchanalgorithmarenot alwaysgood. Typically,
two qualitiesthataremeasuredrethe sizesof the domainsaswell asthe numberof cut-
edgesldeally, the domainsshouldbe equal.In addition,sincethe valuesat the interface
pointsshouldbe exchangedwith thoseof neighboringprocessorstheir total number as
determinedy the numberof cut-edgesshouldbe assmallaspossible The rst measure
canbeeasilycontrolledin arecursve GraphBisectionAlgorithm — for example by using
variantsin which the numberof nodesis forcedto be exactly half thatof the original sub-
domain.Thesecondneasurés moredif cult to control. Thus,thetop partof Figure13.9
shaws the resultof the RGB algorithmon a sample nite-elementmesh.This is a vertex-
basedartitioning.The dashedinesarethe cut-edgeshatlink two differentdomains.

An approachthatis competitvewith theonedescribedboveis thatof doublestriping.
This methodusestwo parameters ,  suchthat . The original graphis rst
partitionednto largepartitionsusingone-way partitioning,theneachof thesepartitions
is subdividedinto  partitionssimilarly. One-way partitioninginto  subgraphgonsists
of performingalevel settraversalfrom a pseudo-peripheralodeandassigningeachsetof
roughly consecutie nodesin the traversalto a differentsubgraphTheresultof this
approachwith is shavn in Figure13.9on the samegraphasbefore.As can
be obsered,the subrgjionsobtainedby both methodshave elongatecandtwistedshapes.
This hasthe effect of giving alargernumberof cut-edges.
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Thereare a numberof heuristicwaysto remedythis. One stratgy is basedon the
factthatalevel settraversalfrom nodescanbede ned insteadof only onenode.These
nodesarecalledthe centes or sites Eachsubdomairwill expandfrom oneof these
centersaandthe expansionwill stopwhenit is nolongerpossibleto acquireanothermoint

thatis not alreadyassignedThe boundarie®f eachdomainthatareformedthis way will
tendto bemore“circular” To smooththeboundarie®f aninitial partition, nd somecenter
pointof eachdomainandperformalevel setexpansiorfrom thesetof points.Theprocess
canberepeatedh few times.

1. Finda partition

2. For Do:

3.  For Do:

4. Findacenter of . Set

5. EndDo

6. Do alevel settraversalfrom . Labeleachchild
7. in thetraversalwith the sameabelasits parent.

8. For set :=subgraplof all nodeshaving label
9. EndDo

Multinode expansionstarting with the parti-
tion obtainedin Figure 13.9.



For this method a total numberof cut-edge®qualto 548 anda rathersmall standard
deviationof 0.5 areobtainedor the exampleseerearlier

Still to be decidedis how to selectthe centernodesmentionedin line 4 of the al-
gorithm. Once more, the pseudo-peripheradlgorithm will be helpful. Find a pseudo-
peripheralnode,thendo a traversalfrom it until aboutone-halfof the nodeshave been
traversed.Then,traversethe latestlevel set(typically aline or avery narrov graph),and
take themiddle pointasthecenter

A typical numberof outersteps,nouter, to be usedin line 2, is lessthan ve. This
heuristicworkswell in spiteof its simplicity. For example,if this is appliedto the graph
obtainedfrom the RGB algorithm,with , the partitionshown in Figure13.10
is obtained.With this technique the resultingtotal numberof cut-edgesds equalto 441
andthe standardeviationis 7.04.As is somavhatexpectedthe numberof cut-edgedas
decreasedramaticallywhile the standardleviation of thevarioussizeshasincreased.

|
1. In the proof of Theoreml3.4,thefollowing form of the Cauchy-Scharzinequalitywasused:
(a) Provethatthisresultis aconsequencef thestandardCauchy-Scharzinequality (b) Extend

theresulttothe -innerproduct.(c) Assumehatthe 'sand 'sarethecolumnsof two
matrix and . Rewrite theresultin termsof thesematrices.

2. UsingLemmal3.1,write explicitly thevector for the Multiplicative Schwarz procedure,
in termsof thematrix andthe 's,when andthenwhen
3. () Shaw thatin themultiplicative Schwarzproceduretheresidualvectors obtained

ateachstepsatisfytherecurrence,

for . (b) Considetthe operator .Shav that s aprojector (c)
Is  anorthogonabprojectorwith respecto the -innerproductWith respecto whichinner
productis it orthogonal?

4, The analysisof the Additive Schwarz procedureassumeshat is “exact] i.e., thatlinear
systems aresolvedexactly, eachtime is applied Assumethat is replacechy
someapproximation . (a)ls still aprojectorAb) Shaw thatif  is SymmetricPositve
De nite, thensois . (¢) Now make the assumptiorthat . Whatbecomef
theresultof Theoreml3.2?

5. In Element-By-ElementEBE) methodsthe extremecase®f the Additive or the Multiplicative
Schwarzprocedureareconsideredh whichthesubdomairpartitioncorrespondto taking  to
beanelementTheadwantagehereis thatthematricesdo nothave to beassemblednsteadthey
arekeptin unassembletbrm (seeChapter2). AssumethatPoissons equationis beingsolved.



(a) What are the matrices ? (b) Are they SPD?(c) Write down the EBE preconditioning
correspondingo the multiplicative Schwarz procedureits multicolor version,andthe additive
Schwarzprocedure.

6. Theoreml3.1wasstatedonly for the multiplicative versionof the Schwarz procedureThereis
asimilarresultfor theadditve Schwarz procedureStatethis resultandprove it.

7. Shaw thatthematrixde nedby (13.37)is indeeda projector s it possibleto formulateSchwarz
procedure termsof projectionprocesseasseenn Chapters?

8. It wasstatedattheendof the proof of Theoreml3.4thatif

for any nonzero , then —. (&) Prove this resultwithout invoking the min-max
theory (b) Prove aversionof themin-maxtheoremwith the -innerproduct;.e., prove thatthe
min-maxtheoremis valid for ary innerproductfor which s self-adjoint.

9. Considetthe Laplacearof agraphasde nedin Sectionl3.6.Shaw that

10. Considera rectangularnite differencemesh,with meshsize in the -directionand
closesto the -direction.
To eachmeshpoint , associatehe closeddisk of radius centeredat
Whatis thesmallest suchthatthefamily isa -ply system?

Answerthesameguestiorfor thecasewheretheradiusisreducedo . Whatistheoverlap
graph(andassociatednesh)for ary  suchthat

Whataboutwhen ?
11. Determinethe costof alevel setexpansiomalgorithmstartingfrom  distinctcenters.

12. Write aFORTRAN subroutingor C function)whichimplementghe Recursie GraphPartition-
ing algorithm.

13. Write recursve versionsof the Recursie GraphPartitioning algorithmandRecursie Spectral
Bisectionalgorithm.[Hint: Recallthata recursve programunit is a subprogranor function,
sayfoo, which callsitself, sofoo is allowed to make a subroutinecall to foo within its body
Recursiity is notallowedin FORTRAN but is possiblein C or C++.] (a) Give a pseudo-code
for the RGB algorithmwhich processethe subgraphsn ary order (b) Give a pseudo-codéor
the RGB algorithmcasewhenthe larger subgraptis to be processedeforethe smalleronein
ary dissectionls this secondversionequvalentto Algorithm 13.9?

NOTES AND REFERENCES. To startwith, theoriginal paperby Schvarzis thereferencg193], but
anearliernoteappearedh 1870.In recentyears researclon DomainDecompositioriechniquefias
beenvery active andproductve. This rebirth of an old techniquehasbeenin large part motivated
by parallelprocessingHowever, the rst practicaluseof DomainDecompositiorideashasbeenin
applicationgo very largestructuressee[166, 29], andelasticityproblemssee e.g.,[169, 205 198
51, 28] for references.



Two recentmonographshat describethe useof Domain Decompositiorapproache# struc-
tural mechanicsare[143] and[87]. Recentsuney papersncludethoseby KeyesandGropp[135]
and anotherby Chanand Matthev [50]. The recentvolume [136] discusseghe various usesof
“domain-basedparallelismin computationasciencegndengineering.

Thebulk of recentwork on DomainDecompositiormethodshasbeengearedoward a Partial
Differential Equationsviewpoint. Often, thereappeargo be a dichotomybetweenthis viewpoint
andthatof “applied DomainDecompositiori, in thatthe good methodsrom a theoreticalpoint of
view arehardto implementin practice.The Schwarz multiplicative procedurewith multicoloring,
representacompromisdetweergoodintrinsic propertiesandeaseof implementationFor example,
Venkatakrishnagoncludesn [215 thatalthoughthe useof global coarsemesheanay accelerate
convergenceof local, domain-based|.U preconditionersit doesnot necessarilyeducethe overall
timeto solve apracticalaerodynamicgroblem.

Muchis known aboutthe corvergenceof the Schwarz procedurereferto thework by Widlund
andco-authorq30, 72, 73, 74, 46]. The convergenceresultsof Section13.3.4have beenadapted
from Xu [230] aswell asHackhusch[116]. The resulton the equivalencebetweenSchwarz and
Schurcomplementterationsstatedn Theoreml13.1seemgo have beenoriginally proved by Chan
andGoovaerts[48]. Theresultsontheequivalencebetweerthefull matrixtechniquesndthe Schur
matrix techniqueseenin Section13.5have beenadaptedrom resultsby S. E. Eisenstatreported
in [135). Theseconnectionsareratherinterestingand usefulin practicesincethey provide some
exibility on waysto implementa method.A numberof preconditionerdave also beenderived
usingtheseconnectionsn the PDE framevork [32, 31, 33, 34,35].

Researclongraphpartitioningis currentlyvery active. Sofar, variationsof the Recursie Spec-
tral Bisectionalgorithm[165 seemto give the bestresultsin termsof overall quality of the sub-
graphsHowever, the algorithmis ratherexpensie, andlesscostly multilevel variationshave been
developed[119]. Alternativesof the sameclassasthosepresentedn Section13.6.4may be quite
attractve for anumberof reasonsincluding cost,easeof implementationand e xibility; see[107].
Thereis aparallelbetweerthetechniquedasedn level setexpansionandtheideashehindVoronoi
diagram&known in computationafjeometryThedescriptiorof thegeometrigartitioningtechniques
in Section13.6.2is basedntherecentpaperd105] and[150]. Earlierapproachebhave beendevel-
opedin [55, 56, 57]. |
















































A
additive projectionprocedure136
ADI, 116

Peaceman-Rachfoedgorithm,117
adjaceng graph,71

of PDEmatrices,71
adjointof amatrix, 7
algebraiamultiplicity, 15
AlternatingDirectionImplicit, seeADI
anglebetweera vectoranda subspacel 30
anisotropianedium 47
approximatenversepreconditioners297

column-oriented300

globaliteration,298

for improving a preconditioner308
approximatenversetechniques375
Arnoldi's method,146-157

basicalgorithm,146

breakdevn of, 148

with Householder orthogonalization,

149

for linearsystems151

lucky breakdan, 148

with Modi ed Gram-Schmidt148

practicalimplementation148
Arrow-Hurwicz's Algorithm, 241
assemblednhatrix, 60
assemblyrocess59

B
bandednatricesb
bandwidth
of abus,327
of amatrix,5
basisof asubspacel0
BCG,209-213
algorithm,210
transpose-freeariants,213—-226
BICGSTAB, 216
BiconjugateGradient seeBCG

439

bidiagonalmatrices5
bilinearform, 56
biorthogonabases35
biorthogonalectors 35,205
biorthogonalization204
bipartitegraph,82,112
block Arnoldi
algorithm,196
Ruhesvariant,197
block diagonalmatrices5
block FOM, 199
block Gaussiarelimination,385—-388
algorithm,388
block GMRES,199-200
multiple right-handsides,199
block Gram-Schmidt197
block Jacobi, 102
asapreconditioner353
block Krylov subspacemethods,144, 196—
200
block preconditioners309
blockrelaxation98
blocktridiagonalmatrices5, 309
preconditioning309
boundaryconditions 45,46
Dirichlet, 46
mixed,46
Neumann46

C
cachememory 327
canonicaform, 15

Jordan]16

Schur 17
Cauchy-Schartzinequality 6, 8
Cayley-Hamiltontheorem 144
cell-centereschemef4
cell-vertex schemeb4
centeredifferenceapproximation48
centeredifferenceformula,48



centerpoint415
CG algorithm,seeConjugateGradientalgo-
rithm
CGfor normalequations236,237
CGNE,237
algorithm,238
optimality, 238
CGNR,236
algorithm,236
optimality, 236
CGS,214-216
algorithm,216
characteristipolynomial,3
Chebyshe
acceleration358
Chebyshe polynomials, 186-192,194,356—
364
comple, 188,203
andellipses, 188
optimality, 189-191
for preconditioning356
real,187
Cimmino's method 233
circuit switching,328
coarse-grain353
coefcient matrix, 95
coloringvertices 81
columnreordering,74
CompressedSparse Column storage, see
CSC
Compresse&parseRow storageseeCSR
ConcusGolub,andWidlund algorithm,260
conditionnumber 40
for normalequationsystems230
conditionnumbersandCG, 180
ConjugateGradientalgorithm,174-181
algorithm,178
alternatve formulations 178
corvergence 191,192
derivation, 174,177
eigewvalueestimates180
for thenormalequations236
preconditioned244
ConjugateGradientSquaredseeCGS
ConjugateResiduaklgorithm,181
consistenmatrixnorms,8
consistenbrderings,112-116
controlvolume,63
corvection-difusionequation47
convergence
factor 105

general 105
speci ¢, 105
of GMRES,193
of theMinimal Residuaimethod, 135
rate,105
of relaxationmethods;1 04
of Schwarz procedures402
COOstoragescheme84
coordinatestorageformat,seeCOO
Courantcharacterizatior26
Craig's method 238
CRAY T3D, 329
CSCstoragdormat,85
matwecsin, 335
CSRstoragdormat, 85,272
matwecsin, 335
cut-edges416
Cuthill-McKeeordering,77

D
datacoherence327
data-parallel326
defectve eigevalue,15
derogatoryl15
determinant3
DIA storageformat, 85,338
matwecsin, 338
diagonal
compensatior285
dominancel108,109
form of matrices16
matricesp
diagonalstoragformat,seeDIA
diagonalizablenatrix, 16
diagonallydominantmatrix, 109
diagonallystructuredmatrices 85
diameterof agraph,417
diameterof atriangle,58
DIOM, 154-157175
algorithm,156
directlOM, seeDIOM
directsumof subspaced,0, 33
directedgraph,71
Dirichlet boundaryconditions 45, 46
distributed
computing 325
ILU, 372
memory 328
sparsamatrices 341,373
divegenceof avector 46
divergenceoperator46



domaindecomposition
cornvergence402
anddirectsolution,387
full matrixmethods411
inducedpreconditioners407
Schurcomplementpproaches}06
Schwarzalternatingprocedure394
domainsweep 396
doubleorthogonalization]48
double-striping418
DQGMRES,168-172258
algorithm,169

E
EBE preconditioner376
EBE regularization 377
edgein agraph,71
eigenspacel 0
eigewvalues,3
de nition, 3
from CGiteration,180
index, 16,17
of anorthogonaprojector 37
eigemvector 3
left, 4
right, 4
Eisenstas implementation248,263
Eisenstas trick, seeEisenstas implementa-
tion
Element-By-Element preconditioner see
EBE preconditioner
ELL storaggormat,86
matwecsin, 339
Ell storageformat,339
elliptic operators44
Ellpack-Itpackstorageformat, seeELL stor
ageformat
enegy norm, 32,236,238
errorprojectionmethods;129
Euclideannnerproduct,6
Euclideamorm,7

F

FaberManteufel theorem184
factoredapproximatenverse 306
fastsolvers, 47,383
FGMRES,255-258

algorithm,256

ctitious domainmethods387
Fiedlervector 416

eld of values 23

ll-in elements275
ne-grain algorithms 353
nite differencescheme47
for 1-D problems50
for 2-D problems54
for theLaplacean49
upwindschemes;1
nite elementmethod44,55
nite volumemethod 63
e xible GMRES,seeFGMRES
e xible iteration,255
ux vector 63
FOM, 151
algorithm,152
with restarting,153
Frobeniusnorm,8
frontalmethodsg60, 376
full matrixmethods411-413
Full OrthogonalizatioMethod,seeFOM

G
Galerkinconditions, 124
Gastinels method, 139
gatheroperation 336
Gauss-Seideateration,95

backwvard,97

for normalequations231

in parallel,378

symmetric97

Gaussiarelimination,60,176,269-273278,
282,283,285-287 368,369,383

block, 385

frontalmethods376

IKJ variant,271

in IOM andDIOM, 156

in Lanczosprocess176

parallel,409

parallelismin, 71

reorderingn, 75

in skyline format,295

sparsey0
GCR,182-184
GeneralizedConjugateResidualseeGCR
geometriamultiplicity, 15
Gershgorirdiscs,110
Gershgorirs theorem,109
globaliteration,298—300305
globalreductionoperations332
GMRES,157-172]184,193-196

algorithm,158

block algorithm,199



breakdwn, 163,164
corvergence, 193

e xible variant,250,255-258
Householdeversion,158
lucky breakdan, 164
parallelimplementation331

with polynomialpreconditioning363

practicalimplementation160
relationwith FOM, 164,166
with restarting 167
stagnation167
truncated168
gradeof avector 144
Gram-Schmidglgorithm,11-12,314
block,197
cancellationsn, 148
modi ed, 11
standardl1
graph,71
bipartite,82
coloring,81,403
directed,71
edgesy1
Laplacearof a,416
partitioning,382,413
geometric414
graphtheorytechniques417
spectratechniques416
type,384
undirectedy/1
vertices,71

H
Hankel matrix, 208
harmonicfunctions 46
Harwell-Boeingcollection,89, 90
Hausdorf's corvex hull theorem23
heap-sortin ILUT, 291
Hermitianinnerproduct,6
Hermitianmatrices4, 24
HermitianPositive De nite, 31
Hessenbgrmatricess
Holdernorms,7
Householdealgorithm,12
Householdeorthogonalization

in Arnoldi's method 149
Householdere ectors, 12
HPD, seeHermitianPositve De nite
hypercube329

idempotent]10, 33
if andonly if, 3
iff, seeif andonly if
ILQ
factorization315
preconditioning314
ILU, 268-297
distributed,372
factorization268
instabilityin, 293,297
generaklgorithm,270
IKJ version,272
ILUS, 294-297
algorithm,296
modi ed, 285-286
preconditioner268
for Schurcomplement409
staticpattern273
with thresholdseelLUT andILUTP
with multi-elimination,seelLUM
zeropattern270
ILU(0), 265,268,274-276
algorithm,275
distributedfactorization 374
for distributedsparsematrices 373
for red-blackordering,366
ILU(1), 278
ILUM, 370
ILUT, 286-293
algorithm,287
analysis 288
implementation290
with pivoting, seelLUTP
ILUTP, 293
for normalequations312
incomplete
orthogonalization
algorithm,154
incompletefactorization 265,268
Gram-Schmidt315
ILQ, 314,315
QR,315
incompleteGram-Schmidt316
IncompletelQ, seelLQ
IncompleteLU, seelLU
Incomplete OrthogonalizationMethod, see
IOM
inde nite innerproduct,207
independensetorderings,79
independensets,79, 368
maximal,80



index of aneigemvalue,16,17
indirectaddressing69
inducednorm,8
inducedpreconditioners407
inhomogeneousmedium, 47
innerproducts5

inde nite, 207
invariantsubspacel 0,130
inverseLU factors,306
IOM, 154

algorithm,154

directversion,154
irreducibility, 83
irreducible 27
isometry 7
iterationmatrix, 102,104

J
j-diagonal, 340
Jacobiteration,95

for thenormalequations233
JAD storagdormat,340

de nition, 340

in level scheduling348

matwecsin, 341
jaggeddiagonalformat,seeJAD storagefor-

mat

jaggeddiagonals340
Jordarblock, 17
Jordarbox, 17
Jordancanonicaform, 16
Jordanmnsubmatrix,17
Joulowski mapping,188

K

kernel,9, 10

Krylov subspacel44
dimensiorof a, 144
invariant,145
methods;143

Krylov subspacenethods204

L
Lanczosalgorithm,172,173
algorithm,173,205
biorthogonalization204
breakdan, 206
incurable 207
lucky, 207
serious207
for linearsystems208

look-aheadrersion,207
lossof orthogonality 173
modi ed Gram-Schmidversion,173
nonsymmetric204
andorthogonapolynomials 173
partialreorthogonalizatior, 73
practicalimplementations207
selectve reorthogonalization] 73
symmetriccase 172
LaplaceanseelLaplacearoperator
Laplacearoperator46,55
of agraph,416
least-squaregolynomials 359
least-squaregroblem,229
left eigevector 4
left versusright preconditioning255
level of ll-in, 278
level scheduling345—-348
for 5-pointmatrices 345
for generamatrices 346
level setorderings,76,417
line relaxation99
linearmappings2
linearspan9
linearsystem 38,95
existenceof a solution,38
right-handsideof a, 38
singular 38
unknawvn of a, 38
linkedlists, 88
local Schurcomplement393
Look-ahead.anczosalgorithm,207
lowertriangularmatrices 5
LQ factorization314
algorithm,315
lucky breakdavns, 148

M

mask,320

matrix, 1
addition,2
adjointof a,7
banded5
bidiagonal 5

canonicaforms, 15
characteristipolynomial,3
diagonal 5
diagonaldominant, 108
diagonalform, 16
diagonalizablel6
Hermitian,4, 21,24



Hessenbey, 5
irreducible, 83
Jordancanonicaform, 16
multiplication,2
nonn@gative, 4, 26
nonsingular3
normof a, 8
normal,4, 21
orthogonals
outerproduct,5
positive de nite, 30—32
powversof a, 19
reduction,]15
Schurform, 17
self-adjoint,7, 403
singular 3
skew-Hermitian,4
skew-symmetric 4
spectrakadius,4
spectrum3
square3
symmetric4
SymmetricPositive De nite, 31,112
trace 4
transpose?
transposeonjugate?
triangular 5
tridiagonal 5
unitary 4
matrix-by-\ectorproduct,334
densematrices 334
for distributedmatrices 344
in DIA format,338
in Ellpackformat,339
in triadform, 339
meshgenerationg1
meshsize,58
messag@assing328
MILU, 285-286
minimal degreeordering,88
Minimal Residualteration,133
algorithm,134
corvergence 135
min-maxtheorem24
mixedboundaryconditions 45, 46
-matrix, 26,269,310
modi ed Gram-Schmidt148
Modi ed ILU, seeMILU
Modi ed SparseRow storageseeMSR
molecule 48
momenimatrix, 208

in Lanczosprocedure208
MR iteration,seeMinimal Residuaiteration
MSR storageormat, 85
multi-elimination,368,369
multicolororderings 81
multicoloring,364—368

for generakparsenatrices 367
multifrontal methods 381
multinodeexpansionalgorithm,420
multiple eigevalue,15
multiple vectorpipelines, 325
multiplicative projectionprocess138
multiplicative Schwarz preconditioning399
multiprocessing325

N
naturalordering,54
nearsingularity 40
nested-dissectioordering,88
Neumanrboundaryconditions 45, 46
Neumanrpolynomials 355
nonn@ative matrix, 4, 26
nonsingulamatrix, 3
norm

Euclidean

Holder,7

induced 8

of matrices8

-norm,8

of vectors 5
normaldervative, 56
normalequations229
normalmatrix, 4, 21
null space9, 10

of aprojector 33

0]
ObjectOrientedProgramming334
obliqueprojectionmethods204
obliqueprojector 35
operator

elliptic, 44

Laplacean46
optimality of projectionmethods126
orderrelationfor matrices 26
ORTHODIR, 182-184
orthogonal

complement10

matrix, 5

projector 10, 35

vectors,10



orthogonality 10

betweenvectors,10

of avectorto asubspacel0
ORTHOMIN, 182-184
orthonormal10
outerproductmatricesb
overdeterminedystems229
overlappingdomains 385
over-relaxation97

P
p-norm,8
paclet switching,328
parallelarchitectures326
parallelsparsdechniquesy?2
parallelism324
formsof, 324
partialdifferentialequations44
partial Schurdecomposition18
partition,100
partitionvector 416
partitioning,384
PDE,seepartialdifferentialequations
PE,seeProcessindelement
Peaceman-Rachfoedgorithm,117
peripherahode 417
permutatiormatricesp, 73
permutationsy2
Perron-Frobeniutheorem27
perturbatioranalysis 39
Petrav-Galerkinconditions,122—124
physicalmeshversusgraph,72
pipelining,324
polynomialapproximation144
polynomialpreconditioning352,354-364
positive de nite matrix, 6, 25, 30-32
positive matrix, 26
positive realmatrix, seepositive de nite ma-
trix
positive semide nite,25
preconditioned
CG,244
ef cient implementations248
left, 246
for thenormalequations259
parallelimplementation330
split, 247
symmetryin, 245
x ed-pointiteration,103
GMRES,250
comparison253

e xible variant,255,256
left preconditioning250

right preconditioning252
split preconditioning253
preconditiongrl03
preconditioning102,244
EBE, 376
incompletelLU, 268
induced 407
Jacobi265
normalequationsfonormal equations,
311

polynomial,354—-364
with Chebyshe polynomials 356
with least-squaregolynomials 359
with Neumanrpolynomials 355
andrelaxationscheme103
SOR,265
SSOR_265
probing,409
ProcessindelementPE), 325
prole, 79
projection
operatoy seeprojector
orthogonato, 33
parallelto, 33
projectionmethods;122
additve, 136
approximateroblem,123
de nitions, 122
errorbounds;129
general 123
matrix representatiori,24
multiplicative, 138
oblique, 122,204
one-dimensionall 31
optimality, 126
orthogonal 122,124
prototype 124
residual 127
theory 126
projector 10,32-38,101
existence 34
matrix representatior35
oblique,35
orthogonal 35
eigewvalues,37
properties37
prolongatioroperator101,398
propertyA, 112
pseudo-peripheralode, 417



Q
QMR, 209-213
algorithm,212
approximation212
QRdecompositionl1
Quasi-GMRES168
algorithm,168
Quasi-MinimalResidualseeQMR
quasi-Schuform, 18
quick-split,in ILUT, 291
quotientgraph,72

R
range2,9,10
of aprojector 33
rank,10
full, 10
Rayleighquotient,23, 24
realSchurform, 18
recursve graphbisection 418
red-blackordering,364
reducedsystem 318,387
reducible 27
reductionof matrices15
reductionoperations332
re ectors, 12
regularsplitting, 107
regularization241
relaxationmethods
block, 98
corvergence, 104
reordering,74
reorderingrows, columns,72
reorthogonalizatiorn] 1
residualnormsteepestiescent135
residualprojectionmethods127
restartedOM, 153
restrictionoperator101,397
reversecommunication333
right versudeft preconditioning255
right-handside,38,95
multiple, 199
row projectionmethods231,378
parallel,378
row reordering,74
row sum,285

S

saddle-poinproblems238

SAXPY, 131,301,332
parallel,332

sparse301
scatterandgatheroperations336-337
Schurcomplement387
approaches}06
anddirectsolution,387
for nite-elementpartitionings 392
local, 391
methods407
properties 388
for vertex partitionings,389
Schurform, 17
example,18
nonuniguenes4,9
partial, 18
quasi,18
real,18
Schwarzalternatingprocedure38s,394
additive, 401
algorithm,395
multiplicative, 394
searchsubspacel 22
sectionof anoperatoy145
self preconditioning301
corvergencebehaior, 303
self-adjoint,7, 403
semisimplel5
separators414
setdecomposition100
sharednemorycomputers326
similarity transformation15
simpleeigervalue,15
singularmatrix, 3
singularvalues 9
sites(in graphpatrtitioning),420
skew-Hermitian
matrices4, 21,186
part,31
skew-symmetricmatrices 4
skyline solvers,79
SOR,97
convergence 112
iteration,95
multicolor sweep 368
for SPDmatrices 112
spanof vectors9
sparses9
sparseGaussiarelimination,70, 88
sparseamatrices
adjaceng graph,70,71
basicoperations86
directmethods38



graphrepresentatioryy0

matrix-by-\vectoroperation 87

permutatiorandreordering,72

storage83-86
sparsamatrix-by-vectorproduct,87
sparseskyline storageformat,seeSSK
sparseriangularsystemsolution,87
sparse-sparsaodecomputations300
sparse-sparsaodecomputations300
sparsity68
SFARSKIT, 89-91
SPD,seeSymmetricPositive De nite
spectrabisection416
spectrakadius,4
spectrunof amatrix, 3
splitting, 97
squarematrices 3
SSKstorageformat, 295
SSOR97
steepestiescent131
stencil,48
stereographiprojection 415
Stieljesalgorithm,174
stiffnessmatrix, 59, 61
Stokesproblem,240
storagdormat

C00,84

CSC,85

CSR,85,272

ELL, 86

MSR, 85

SSK,295
storageof sparsematrices83-86
structuredsparsematrix, 69
subdomain373
subspaced

directsum,10

of approximants]122

of constraints122

orthogonal 10

sum,10
Successke Over-RelaxationseeSOR
symbolicfactorization 88
symmetricGaussSeidel,97
symmetricmatrices4
SymmetricPositive De nite, 31,112
SymmetricSOR,seeSSOR
symmetricsquaring 315
symmetryin preconditionedG, 245

T

testproblems88
TFQMR,219
algorithm,224
topologicalsorting,346
trace 4
Transpose-Fre@MR, seeTFQMR
triad operation339
triangularsystems344
distributed,375
level scheduling346
sparse344
tridiagonalmatrices5

U

unassemblethatrix, 60
underdetermined230
undirectedgraph,71
unitarymatrices4
unstructuredparsematrix, 69
uppertriangularmatrices 5
upwindschemes;1

Uzawa's algorithm,239

\%
variablepreconditiongr255
vector
computers325
operations331
orthogonality 10
processors325

of unknavns, 95
updates131,332
parallel,332
vertex (in agraph),71

w

wavefronts,346

weakformulation,56
weaklydiagonallydominantmatrix, 109
Wingetregularization377

Z
Zarantonellss lemma,189



