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As seenin the previous chapter, a limited amountof parallelismcanbe extractedfrom
thestandardpreconditionerssuchasILU andSSOR.Fortunately, a numberof alternative
techniquescanbedevelopedthatarespeci�cally targetedat parallelenvironments.These
arepreconditioningtechniquesthat would normally not be usedon a standardmachine,
but only for parallelcomputers.Thereareat leastthreesuchtypesof techniquesdiscussed
in this chapter. The simplestapproachis to usea Jacobior, even better, a block Jacobi
approach.In the simplestcase,a Jacobipreconditionermay consistof the diagonalor a
block-diagonalof ˜ . To enhanceperformance,thesepreconditionerscanthemselvesbe
acceleratedby polynomialiterations,i.e.,a secondlevel of preconditioningcalledpolyno-
mial preconditioning.

A differentstrategy altogetheris to enhanceparallelismby usinggraphtheoryalgo-
rithms,suchasgraph-coloringtechniques.Theseconsistof coloringnodessuchthat two
adjacentnodeshavedifferentcolors.Thegistof thisapproachis thatall unknownsassoci-
atedwith thesamecolor canbedeterminedsimultaneouslyin the forwardandbackward
sweepsof theILU preconditioningoperation.

Finally, a third strategy usesgeneralizationsof “partitioning” techniques,which can
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be put in the generalframework of “domain decomposition”approaches.Thesewill be
coveredin detailin thenext chapter.

Algorithms are emphasizedratherthan implementations.Thereare essentiallytwo
typesof algorithms,namely, thosewhichcanbetermedcoarse-grain andthosewhichcan
be termed�ne-grain. In coarse-grainalgorithms,the paralleltasksarerelatively big and
may, for example,involvethesolutionof smalllinearsystems.In �ne-grain parallelism,the
subtaskscanbeelementary�oating-point operationsor consistof a few suchoperations.
As always,thedividing line betweenthetwo classesof algorithmsis somewhatblurred.

���ƒ• “���� �"!>“g•#�v‹�$]Ž&%M“g•hŒU‘b‹S• ‹N•hŒ'%,Ž)(
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Overlappingblock-Jacobipreconditioningconsistsof a generalblock-Jacobiapproachas
describedin Chapter4, in whichthesets*�+ overlap.Thus,wede�ne theindex sets

*
+-,/.1032546+8790:7<;5+>=

with

4@?�,BA

; CD,FE

;
+8G

4
+IH

?KJLA�7NM)7PORQSA

whereO is the numberof blocks.Now usethe block-Jacobimethodwith this particular
partitioning,or employ thegeneralframework of additiveprojectionprocessesof Chapter
5, anduseanadditiveprojectionmethodontothesequenceof subspaces

T
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Eachof theblockswill give riseto acorrectionof theform
n�oqp

H
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^Dw

+yx{z

Q ˜�|

osp
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j•~�€QY�~In

Oneproblemwith theabove formula is relatedto theoverlappingportionsof the | vari-
ables.Theoverlappingsectionswill receivetwodifferentcorrectionsin general.According
to thede�nition of “additive projectionprocesses”seenin Chapter5, thenext iteratecan
bede�ned as

|

p

H
?

,•|

p

t

C

‚

+sƒ
?

^Z+X˜�v

?

+

^Dw

+

;

p

where;

p

,

z

Q�˜�|

p is theresidualvectorat thepreviousiteration.Thus,thecorrections
for the overlappingregionssimply areaddedtogether. It is alsopossibleto weigh these
contributionsbeforeaddingthemup.This is equivalentto rede�ning (12.1)into

n
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n
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^…w

+
x{z
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in which
„

+ is a nonnegativediagonalmatrix of weights.It is typical to weigha nonover-
lappingcontributionby oneandanoverlappingcontributionby A‡†‰ˆ wherê is thenumber
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of timestheunknown is representedin thepartitioning.
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The block-Jacobi matrix with overlapping
blocks.

Theblock-Jacobiiterationis oftenover- or under-relaxed,usingarelaxationparameter
� . Theiterationcanbede�ned in theform

|

p

H
? ,•|
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Recallthattheresidualatstep ˆ

t

A is thenrelatedto thatatstep ˆ by

;

p
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?
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p

h

Thesolutionof a sparselinearsystemis requiredat eachprojectionstep.Thesesystems
canbe solved by direct methodsif the subblocksaresmall enough.Otherwise,iterative
methodsmaybeused.Theouterloopacceleratorshouldthenbea �e xible variant,suchas
FGMRES,whichcanaccommodatevariationsin thepreconditioners.
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In polynomialpreconditioningthematrix � is de�ned by

�

v

?

,�


x

˜

}

where 
 is a polynomial,typically of low degree.Thus,theoriginal systemis replacedby
thepreconditionedsystem




x

˜

}

˜�| ,�


x

˜

}

z

j•~�€QY €Kn

which is thensolvedby a conjugategradient-typetechnique.Notethat 


x

˜

} and ˜ com-
muteand,asaresult,thepreconditionedmatrixis thesamefor rightor left preconditioning.
In addition,thematrix 


x

˜

} or ˜�


x

˜

} doesnotneedto beformedexplicitly sincẽ�


x

˜

}��

canbecomputedfor any vector � from asequenceof matrix-by-vectorproducts.
Initially, thisapproachwasmotivatedby thegoodperformanceof matrix-vectoroper-

ationsonvectorcomputersfor longvectors,e.g.,theCyber205.However, theideaitself is
anold oneandhasbeensuggestedby Stiefel [204] for eigenvaluecalculationsin themid
1950s.Next, someof thepopularchoicesfor thepolynomial 
 aredescribed.
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Thesimplestpolynomial 
 which hasbeenusedis thepolynomialof theNeumannseries
expansion

�

t43 t53

�

t7686�6Kt43:9

in which

3

,

�

Q

�

˜

and � is a scalingparameter. Theabove seriescomesfrom expandingthe inverseof �

˜

usingthesplitting
�

˜V,

�

Q

x

�

Q

�

˜

}

h

Thisapproachcanalsobegeneralizedby usinga splittingof theform
�

˜V,

„

Q

x

„

Q
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˜

}

where
„

canbethediagonalof ˜ or, moreappropriately, a blockdiagonalof ˜ . Then,
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Thus,setting
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resultsin theapproximate
 -termexpansion
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Thematrixoperationwith thepreconditionedmatrixcanbedif�cult numericallyfor large

 . If theoriginalmatrix is SymmetricPositive De�nite, then �

v

?

˜ is not symmetric,but
it is self-adjointwith respectto the

„

-innerproduct;seeExercise1.
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Thepolynomial 
 canbeselectedto beoptimalin somesense,andthis leadsto theuseof
Chebyshev polynomials.Thecriterionthatis usedmakesthepreconditionedmatrix 


x

˜

}

˜

ascloseaspossibleto theidentitymatrix in somesense.For example,thespectrumof the
preconditionedmatrixcanbemadeascloseaspossibleto thatof theidentity. Denotingby

�

x

˜

} thespectrumof ˜ , andby �

p thespaceof polynomialsof degreenot exceedinĝ ,
thefollowing maybesolved.

Find 
����

p whichminimizes:
�

Y��

�����

o��

r

2 A�Q�� 


x

�

}

2 h

j•~�€QY �Kn

Unfortunately, this probleminvolvesall theeigenvaluesof ˜ andis harderto solve than
theoriginalproblem.Usually, problem(12.4)is replacedby theproblem

Find 
����

p whichminimizes:
�

Y��

� ��!

2fA�Q�� 


x

�

}

2fJ

j•~�€QY ")n

which is obtainedfrom replacingtheset �

x

˜

} by somecontinuousset # thatenclosesit.
Thus,a roughideaof thespectrumof thematrix ˜ is needed.Consider�rst theparticular
casewherẽ is SymmetricPositiveDe�nite, in whichcase# canbetakentobeaninterval

` $)J&%
l containingtheeigenvaluesof ˜ .
A variationof Theorem6.4is thatfor any realscalar' suchwith '#7($ , theminimum

�*)
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2

is reachedfor theshiftedandscaledChebyshev polynomialof the�rst kind,
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Of interestis thecasewhere' ,�� whichgivesthepolynomial

�
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} �
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% Q $ �
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Denotethecenterandmid-widthof theinterval ` $ J %�l , respectively, by

�

�

%

t

$

@

J
	

�

% Q $

@
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Usingtheseparametersinsteadof $ J % , theaboveexpressionsthenbecome
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The three-termrecurrencefor the Chebyshev polynomialsresultsin the following three-
termrecurrences:
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Notethattheaboverecurrencescanbeput togetheras
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Observe that formulas(12.7–12.8)canbestartedat ˆ#,�� providedwe set
�

v

?

�

� and
�

v

?

�

� , sothat
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} .
Thegoal is to obtainan iterationthatproducesa residualvectorof the form ;

p

H
? ,

�

p

H
?

x

˜

}

;

� where
�

p is the polynomialde�ned by the above recurrence.The difference
betweentwo successive residualvectorsis givenby

;

p

H
? Q9;

p

,

x

�

p

H
?

x

˜

}

Q

�

p

x

˜

}e}

;

�

h

Theidentity A ,

x

@

�

?�Q

�

p

v

?

}

�

p andtherelations(12.8)yield
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As aresult,
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� . Thereforethe relation (12.9) translatesinto the
recurrence,
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Finally, thefollowing algorithmis obtained.
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8. EndDo

Lines7 and4 canalsoberecastinto onesingleupdateof theform
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It canbeshown thatwhen $S, ��? and %<, ��/ , theresultingpreconditionedmatrix
minimizestheconditionnumberof thepreconditionedmatricesof theform ˜�


x

˜

} overall
polynomials
 of degree 7•ˆ'QSA . However, whenusedin conjunctionwith theConjugate
Gradientmethod,it is observed that the polynomialwhich minimizesthe total number
of ConjugateGradientiterationsis far frombeingtheonewhich minimizesthecondition
number. If insteadof taking $ , �

? and % , �
/ , the interval [ $)J&% ] is chosento be

slightly insidetheinterval [ �
?

J �
/ ], amuchfasterconvergencemightbeachieved.Thetrue

optimal parameters,i.e., thosethat minimize the numberof iterationsof the polynomial
preconditionedConjugateGradientmethod,aredif�cult to determinein practice.

Thereis a slight disadvantageto the approachesdescribedabove. Theparameters$

and % , whichapproximatethesmallestandlargesteigenvaluesof ˜ , areusuallynotavail-
ablebeforehandandmustbeobtainedin somedynamicway. Thismaybeaproblemmainly
becausea softwarecodebasedonChebyshev accelerationcouldbecomequitecomplex.
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To remedythis,onemayaskwhetherthevaluesprovidedby anapplicationof Gersh-
gorin's theoremcan be usedfor $ and % . Thus, in the symmetriccase,the parameter

$ , which estimatesthe smallesteigenvalueof ˜ , may be nonpositive even when ˜ is a
positive de�nite matrix. However, when $ 7�� , the problemof minimizing (12.5)is not
well de�ned, sinceit doesnot have a uniquesolutiondueto the non strict-convexity of
theuniformnorm.An alternativeusesthe � � -normon [ $)J&% ] with respectto someweight
function �

x

�

} . This “least-squares”polynomialsapproachis considerednext.
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Considertheinnerproducton thespace�
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where �

x

�

} is somenon-negative weight function on ( $ J % ). Denoteby �•O���� and call
� -norm,the2-norminducedby this innerproduct.

We seekthepolynomial 
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overall polynomials
 of degree7 ˆ�Q A . Call 


p

v

? theleast-squaresiterationpolynomial,
or simply theleast-squarespolynomial,andreferto �

p

x
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}
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} astheleast-
squaresresidualpolynomial.A crucialobservationis that the leastsquarespolynomialis
well de�ned for arbitraryvaluesof $ and % . Computingthepolynomial 


p

v
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x
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} is not a
dif�cult taskwhentheweightfunction � is suitablychosen.

Computation of the least-squarespolynomials Therearethreeways to computethe
least-squarespolynomial 


p de�ned in theprevioussection.The�rst approachis to usean
explicit formulafor �

p , known asthekernelpolynomialsformula,

�

p

x

�

}
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�
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�
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in whichthe �
+ 'srepresentasequenceof polynomialsorthogonalwith respectto theweight

function �

x

�

} . The secondapproachgeneratesa three-termrecurrencesatis�ed by the
residualpolynomials�

p

x

�

} . Thesepolynomialsareorthogonalwith respectto theweight
function ���

x

�

} . Fromthisthree-termrecurrence,wecanproceedexactlyasfor theCheby-
shev iterationto obtainarecurrenceformulafor thesequenceof approximatesolutions|

p .
Finally, a third approachsolvestheNormalEquationsassociatedwith theminimizationof
(12.11),namely,

�

A�Q � 


p

v

?

x

�

}

J0�����

x

�

}

� , � J 0…,��ZJiA J

@

J�hih�h�Jjˆ Q<A

where ���\Jm0 , A Jihih�h Jjˆ#QaA is any basisof the space 

p

v

? of polynomialsof degree
7Sˆ Q<A .

Thesethreeapproachescanall beusefulin differentsituations.For example,the�rst
approachcanbeusefulfor computingleast-squarespolynomialsof low degreeexplicitly.
For high-degreepolynomials,thelasttwo approachesarepreferablefor theirbetternumer-



™7���

���]� �t% �a•

���

���z•"�M|Q| �a| �ƒ•���� p����z{ %M{ p����a•a~

ical behavior. Thesecondapproachis restrictedto thecasewhere$ � � , while thethird is
moregeneral.

Sincethedegreesof thepolynomialpreconditionersareoftenlow, e.g.,notexceeding
5 or 10,we will give somedetailson the�rst formulation.Let � +

x

�

}

JeM�, � J�A\Jih�hih�JeE8Jihih�h ,
be the orthonormalpolynomialswith respectto �

x

�

} . It is known that the least-squares
residualpolynomial �

p

x

�

} of degree ˆ is determinedby thekernelpolynomialsformula
(12.12).To obtain 


p

v

?

x

�

} , simplynoticethat
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p
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�
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This allows 


p

v

? to becomputedasa linearcombinationof thepolynomials
:

+

x

�

} . Thus,
wecanobtainthedesiredleast-squarespolynomialsfrom thesequenceof orthogonalpoly-
nomials��+ whichsatisfya three-termrecurrenceof theform:

%�+sH
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��+IH
?

x
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}

,

x

� Q $�+

}

�i+

x
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}

Q %�+ �i+
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x
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}

JXM , A J

@

Jihih�h h

Fromthis, thefollowing recurrencefor the
:

+ 's canbederived:

%
+sH
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+
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�
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JeM�,BA\J
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Theweight function � is chosenso that the three-termrecurrenceof theorthogonal
polynomials�

+ is knownexplicitly and/oris easytogenerate.An interestingclassof weight
functionsthatsatisfythis requirementis considerednext.

Choiceof the weight functions This sectionassumesthat $ , � and %<, A . Consider
theJacobiweights

�

x

�

}

, ���

v

?

x

A�Q �

}��

J where�
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� and � �VQ

A
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h
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For theseweight functions,the recurrencerelationsareknown explicitly for the polyno-
mialsthatareorthogonalwith respectto �

x

�

} , ���

x

�

} , or �

�

�

x

�

} . This allows theuseof
any of thethreemethodsdescribedin theprevioussectionfor computing


p

v

?

x

�

} . More-
over, it hasbeenshown [129] thatthepreconditionedmatrix ˜�


p

x

˜

} is SymmetricPositive
De�nite when ˜ is SymmetricPositiveDe�nite, providedthat � Q<A ��� �VQ

?

�

.
The following explicit formulafor �

p

x

�

} canbederivedeasilyfrom theexplicit ex-
pressionof theJacobipolynomialsandthefactthat .��

p

= is orthogonalwith respectto the
weight ���

x

�

} :
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�
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Using(12.13),thepolynomial 


p

v

?

x

�

}

,

x

A Q �

p

x

�

}e}

† � canbederivedeasily“by hand”
for smalldegrees;seeExercise4.
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Asanillustration,welist theleast-squarespolynomials


p for ˆR, A , h�hih ,



, obtainedfor theJacobiweightswith � ,

?

�

and �3,BQ

?

�

. Thepolynomialslistedarefor
theinterval ` � J��‰l asthis leadsto integercoef�cients. For a generalinterval ` �ZJ&%�l , thebest
polynomialof degreê is 


p

x

���]† %

} . Also,eachpolynomial 


p is rescaledby
x�


t @

ˆ

}

†�� to
simplify theexpressions.However, this scalingfactoris unimportantif thesepolynomials
areusedfor preconditioning.

1 � ��� ��� ��� ��� ��� ��� ���

��� 5 � 1
�

�

14 � 7 1
�

�

30 � 27 9 � 1
�

�

55 � 77 44 � 11 1
�

�

91 � 182 156 � 65 13 � 1
�

�

140 � 378 450 � 275 90 � 15 1
�

�

204 � 714 1122 � 935 442 � 119 17 � 1
�

�

285 � 1254 2508 � 2717 1729 � 665 152 � 19 1

We selected�a,

?

�

and �F, Q

?

�

only becausethesechoiceslead to a very simplere-
currencefor the polynomials�

+ , which arethe Chebyshev polynomialsof the �rst kind.

Theoretical considerations An interestingtheoreticalquestionis whetherthe least-
squaresresidualpolynomialbecomessmallin somesenseasits degreeincreases.Consider
�rst thecase��� $��(% . Sincetheresidualpolynomial �

p minimizesthenorm � � �

� as-
sociatedwith theweight � , overall polynomials� of degree 7 ˆ suchthat �

x

�

}

,BA , the
polynomial
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where 	 is the � -norm of the functionunity on the interval ` $ J %�l . The normof �

p will
tendto zerogeometricallyas ˆ tendsto in�nity , provided $

G
� .

Considernow thecase$F, � , % , A andtheJacobiweight(12.15).For this choice
of theweightfunction,theleast-squaresresidualpolynomialis known to be O

p

x

�

}

†1O

p

x

�

}

whereO

p is the ˆ

3%$

degreeJacobipolynomialassociatedwith theweightfunction �'&

x

�

}

,

�

�

x

A Q �

}

� . It canbeshown thatthe2-normof sucha residualpolynomialwith respectto
thisweightis givenby
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in which
*

is theGammafunction.For thecase�#,
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Therefore,the �
& -normof theleast-squaresresidualpolynomialconvergesto zerolike AK†\ˆ

asthedegree ˆ increases(a muchslower ratethanwhen $
G

� ). However, notethat the
conditionO

x

�

}

, A impliesthatthepolynomialmustbelargein someinterval aroundthe



™7�a›

���]� �t% �a•

���

���z•"�M|Q| �a| �ƒ•���� p����z{ %M{ p����a•a~

origin.

����� ����� � ���	� ' �,1 *+! ! ��� 	 . � �(# 1 �

Givenasetof approximateeigenvaluesof anonsymmetricmatrix ˜ , asimpleregion # can
beconstructedin thecomplex plane,e.g.,a disk,anellipse,or a polygon,which encloses
thespectrumof thematrix ˜ . Thereareseveralchoicesfor # . The�rst ideausesanellipse

# thatenclosesanapproximateconvex hull of thespectrum.Consideranellipsecentered
at

�

, andwith focaldistance	 . Thenasseenin Chapter6, theshiftedandscaledChebyshev
polynomialsde�ned by

�

p

x

�

}

,

=

p

�

(

v

�

.

 

=

p

�

(

.

 

arenearlyoptimal.The useof thesepolynomialsleadsagainto an attractive three-term
recurrenceandto analgorithmsimilar to Algorithm 12.1.In fact,therecurrenceis identi-
cal,exceptthatthescalarsinvolvedcannow becomplex to accommodatecaseswherethe
ellipsehasfoci not necessarilylocatedon therealaxis.However, when ˜ is real,thenthe
symmetryof thefoci with respectto therealaxiscanbeexploited.Thealgorithmcanstill
bewritten in realarithmetic.

An alternative to Chebyshev polynomialsover ellipsesemploys a polygon � that
contains�

x

˜

} . Polygonalregionsmaybetterrepresenttheshapeof anarbitraryspectrum.
Thebestpolynomialfor thein�nity normis not known explicitly but it maybecomputed
by analgorithmknown in approximationtheoryastheRemezalgorithm.It maybesimpler
tousean �

� -norminsteadof thein�nity norm,i.e.,tosolve(12.11)where� issomeweight
functionde�ned on theboundaryof thepolygon � .

Now hereis a sketchof analgorithmbasedon this approach.We usean �
� -normas-

sociatedwith Chebyshev weightsontheedgesof thepolygon.If thecontourof � consists
of ˆ edgeseachwith center

�

+ andhalf-length	
+ , thentheweighton eachedgeis de�ned

by

�
+

x

�

}

,

@

+

2 	
+

Q

x

� Q

�

+

}
�

2

v

?��
�

J M�,BA\J�hihihiJjˆ]h
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Usingthepowerbasistoexpressthebestpolynomialisnotasafepractice.It is preferableto
usetheChebyshev polynomialsassociatedwith theellipseof smallestareacontaining� .
With theaboveweightsor any otherJacobiweightsontheedges,thereis a�nite procedure
which doesnot require numericalintegration to computethebestpolynomial.To do this,
eachof thepolynomialsof thebasis(namely, theChebyshev polynomialsassociatedwith
the ellipseof smallestareacontaining � ) mustbe expressedasa linear combinationof
theChebyshev polynomialsassociatedwith thedifferentintervals `

�

+�Q 	�+XJ

�

+

t

	�+6l . This
redundancy allows exact expressionsfor the integrals involved in computingthe least-
squaressolutionto (12.11).

Next, the main lines of a preconditionedGMRESalgorithmaredescribedbasedon
least-squarespolynomials.Eigenvalueestimatesareobtainedfrom a GMRESstepat the
beginningof the outerloop. This GMRESadaptive correctsthe currentsolutionandthe
eigenvalueestimatesareusedto updatethe currentpolygon � . Correctingthe solution
at this stageis particularlyimportantsinceit often resultsin a few ordersof magnitude
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improvement.This is becausethepolygon � maybeinaccurateandtheresidualvectoris
dominatedby componentsin oneor two eigenvectors.TheGMRESstepwill immediately
annihilatethosedominatingcomponents.In addition,theeigenvaluesassociatedwith these
componentswill now beaccuratelyrepresentedby eigenvaluesof theHessenberg matrix.

���!� �U� 
r�v�
�

�

› �;›

�

$ $'� � &�$�� " � � $ � ����$ &��'"  #"%$ &������ � Ž %�(

1. Startor Restart:
2. Computecurrentresidualvector ;

�

,

z

Q ˜�| .
3. AdaptiveGMRESstep:
4. Run � ? stepsof GMRESfor solving ˜

�

, ; .
5. Update| by |

�

, |

t

�

.
6. Geteigenvalueestimatesfrom theeigenvaluesof the
7. Hessenberg matrix.
8. Computenew polynomial:
9. Re�ne � from previoushull � andnew eigenvalueestimates.

10. Getnew bestpolynomial 


p .
11. PolynomialIteration:
12. Computethecurrentresidualvector ;�,

z

Q•˜ | .
13. Run �

� stepsof GMRESappliedto 


p

x

˜

}

˜

�

,�


p

x

˜

}

; .
14. Update| by |

�

, |

t

�

.
15. Testfor convergence.
16. If solutionconvergedthenStop;elseGoTo 1.

���������	�
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Table12.1shows the resultsof applyingGMRES(20)with polynomial
preconditioningto the�rst four testproblemsdescribedin Section3.7.

Matrix Iters K�ops Residual Error
F2DA 56 2774 0.22E-05 0.51E-06
F3D 22 7203 0.18E-05 0.22E-05
ORS 78 4454 0.16E-05 0.32E-08
F2DB 100 4432 0.47E-05 0.19E-05

� ���	�

� �

› �

�

A test run of ILU(0)-GMRESaccelerated with
polynomialpreconditioning.

SeeExample6.1 for themeaningof thecolumnheadersin the table.In fact, the system
is preconditionedby ILU(0) beforepolynomialpreconditioningis appliedto it. Degree10
polynomials(maximum)areused.The tolerancefor stoppingis A �

v

� . Recall that Iters
is thenumberof matrix-by-vectorproductsratherthanthenumberof GMRESiterations.
Notice that, for mostcases,the methoddoesnot comparewell with the simplerILU(0)
exampleseenin Chapter10.Thenotableexceptionis exampleF2DBfor whichthemethod
convergesfairly fast in contrastwith the simpleILU(0)-GMRES;seeExample10.2.An
attemptto usethe methodfor the �fth matrix in the testset,namely, the FIDAP matrix
FID, failedbecausethematrixhaseigenvaluesonbothsidesof theimaginaryaxisandthe
codetesteddoesnothandlethissituation.
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It is interestingto follow theprogressof thealgorithmin theaboveexamples.For the
�rst example,thecoordinatesof theverticesof theupperpartof the�rst polygon � are

�

b

x

!

+

} �

�

x

!

+

}

0.06492 0.00000
0.17641 0.02035
0.29340 0.03545
0.62858 0.04977
1.18052 0.00000

This hull is computedfrom the20 eigenvaluesof the
@

���

@

� Hessenberg matrix result-
ing from the �rst run of GMRES(20).In the ensuingGMRESloop, the outer iteration
convergesin threesteps,eachusinga polynomialof degree10, i.e., thereis no further
adaptationrequired.For thesecondproblem,themethodconvergesin the20 �rst stepsof
GMRES,sopolynomialaccelerationwasnever invoked.For thethird example,theinitial
convex hull foundis theinterval ` � h ���




A�� JiA h �	�

@

�




l of thereal line. Thepolynomialpre-
conditionedGMRESthenconvergencesin � ve iterations.Finally, the initial convex hull
foundfor thelastexampleis

�

b

x

!

+

} �

�

x

!

+

}

0.17131 0.00000
0.39337 0.10758
1.43826 0.00000

andtheouterloopconvergesagainwithoutanotheradaptationstep,thistimein sevensteps.
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The generalideaof multicoloring,or graphcoloring,hasbeenusedfor a long time by
numericalanalysts.It wasexploited,in particular, in thecontext of relaxationtechniques
both for understandingtheir theoryandfor deriving ef�cient algorithms.More recently,
thesetechniqueswere found to be useful in improving parallelismin iterative solution
techniques.Thisdiscussionbeginswith the2-colorcase,calledred-black ordering.

����� �,� � 	��
� � 
,) #	���5' 	��0� 	 . ���

The problemaddressedby multicoloring is to determinea coloring of the nodesof the
adjacency graphof a matrix suchthat any two adjacentnodeshave differentcolors.For
a 2-dimensional�nite differencegrid (5-point operator),this canbe achieved with two
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colors,typically referredto as“red” and“black.” This red-blackcoloringis illustratedin
Figure12.2for a � ��� meshwheretheblacknodesarerepresentedby �lled circles.

1 3 5

8 10 12

13 15 17

20 22 24

2 4 6

7 9 11

14 16 18

19 21 23


�� �����!� �

› �;›

Red-black coloring of a � � � grid. Natural la-
belingof thenodes.

Assumethattheunknownsarelabeledby listing theredunknowns�rst together, fol-
lowedby theblackones.Thenew labelingof theunknownsis shown in Figure12.3.

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

19 20 21

22 23 24


�� �����!� �

› �;™

Red-black coloring of a � �#� grid. Red-black
labelingof thenodes.

Sincethe red nodesare not coupledwith other red nodesand,similarly, the black
nodesarenot coupledwith otherblacknodes,thesystemthatresultsfrom this reordering
will have thestructure

�

„

? �

#

„

�

�

�

|]?

|
�

�

,

�

z

?

z

�

�

J

j•~�€PY�~ �Kn

in which
„

? and
„

� arediagonalmatrices.Thereorderedmatrixassociatedwith thisnew
labelingis shown in Figure12.4.

Two issueswill beexploredregardingred-blackordering.The �rst is how to exploit
thisstructurefor solvinglinearsystems.Thesecondis how to generalizethisapproachfor
systemswhosegraphsarenotnecessarily2-colorable.
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Matrix associatedwith thered-black reordering
of Figure12.3.

����� �,��� 1�'�) � ��. ' � '�� 	��
� �0
,) # � �51 * 1���� ! 1

Theeasiestway to exploit the red-blackorderingis to usethestandardSSORor ILU(0)
preconditionersfor solvingtheblocksystem(12.18)whichis derivedfromtheoriginalsys-
tem.Theresultingpreconditioningoperationsarehighly parallel.For example,thelinear
systemthatarisesfrom theforwardsolve in SSORwill havetheform

�

„

? �

#

„

�

�

�

|
?

|��

�

,

�

z

?

z

�

�

h

Thissystemcanbesolvedby performingthefollowing sequenceof operations:

1. Solve
„

?1|�?�,

z

? .
2. Compute

<

z

�

�

,

z

��Q #�|
? .

3. Solve
„

� |��&,

<

z

� .
This consistsof two diagonalscalings(operations1 and3) anda sparsematrix-by-

vectorproduct.Therefore,the degreeof parallelism,is at least E-†

@

if an atomictask is
consideredto beany arithmeticoperation.Thesituationis identicalwith the ILU(0) pre-
conditioning.However, sincethematrixhasbeenreorderedbeforeILU(0) is appliedto it,
theresultingLU factorsarenotrelatedin any simplewayto thoseassociatedwith theorig-
inal matrix.In fact,asimplelook at thestructureof theILU factorsrevealsthatmany more
elementsaredroppedwith thered-blackorderingthanwith thenaturalordering.Theresult
is thatthenumberof iterationsto achieveconvergencecanbemuchhigherwith red-black
orderingthanwith thenaturalordering.

A secondmethodthathasbeenusedin connectionwith thered-blackorderingsolves
the reducedsystemwhich involves only the black unknowns. Eliminating the red un-
knownsfrom (12.18)resultsin thereducedsystem:

x

„

� Q #

„

v

?

?

�

}

|�� ,

z

� Q #

„

v

?

?

z

?
h
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Note that this new systemis againa sparselinear systemwith abouthalf as many un-
knowns. In addition,it hasbeenobserved that for “easyproblems,” the reducedsystem
canoftenbesolvedef�ciently with only diagonalpreconditioning.Thecomputationof the
reducedsystemis a highly parallelandinexpensive process.Note that it is not necessary
to form the reducedsystem.This strategy is moreoftenemployedwhen

„

? is not diag-
onal,suchasin domaindecompositionmethods,but it canalsohave someusesin other
situations.For example,applyingthe matrix to a givenvector | canbe performedusing
nearest-neighborcommunication,andthiscanbemoreef�cient thanthestandardapproach
of multiplying thevectorby theSchurcomplementmatrix

„

��Q #

„

v

?

?

� . In addition,this
cansave storage,whichmaybemorecritical in somecases.

����� �,��� !/� )
�+. � '�) ' 	 . ��� � ' 	 �"� ��� 	 #0) 1 % #
	 1 �:! # ��	 . � � 1

Chapter3 discusseda generalgreedyapproachfor multicoloringa graph.Givena general
sparsematrix ˜ , this inexpensivetechniqueallowsusto reorderit into ablockform where
thediagonalblocksarediagonalmatrices.Thenumberof blocksis thenumberof colors.
For example,for six colors,a matrix would resultwith thestructureshown in Figure12.5
wherethe

„

+ 's arediagonaland # , � aregeneralsparse.This structureis obviously a
generalizationof thered-blackordering.
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A six-colororderingof a general sparsematrix.

Justasfor thered-blackordering,ILU(0), SOR,or SSORpreconditioningcanbeused
on this reorderedsystem.Theparallelismof SOR/SSORis now of order E-†�O whereO is
thenumberof colors.A lossin ef�ciency mayoccursincethenumberof iterationsis likely
to increase.

A Gauss-Seidelsweepwill essentiallyconsistof O scalingsandO�Q A matrix-by-vector
products,whereO is thenumberof colors.Speci�cally, assumethatthematrix is storedin
thewell known Ellpack-Itpackformatandthattheblock structureof thepermutedmatrix
is de�ned by apointerarray MqO

:

; . Theindex MqO

:

;

x

0

} is theindex of the�rst row in the 0 -th
block.Thus,thepair ˜

x

E8A

�

E

@

J

�

}

J

�

˜

x

E8A

�

E

@

J

�

} representsthesparsematrixconsisting
of therows E8A to E

@

in theEllpack-Itpackformat.Themaindiagonalof ˜ is assumedto
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bestoredseparatelyin invertedform in a one-dimensionalarray
�

M "�� . Onesinglestepof
themulticolorSORiterationwill thentake thefollowing form.

�����	�U��
N�v�
�

�

› �;™

�

��� �  #" ��$'� $ �&('•”Ž/(�������� " &  ��� % � ��������	�
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1. Do col = 1, ncol
2. n1= iptr(col)
3. n2= iptr(col+1)– 1
4. y(n1:n2)= rhs(n1:n2)
5. Do j = 1, ndiag
6. Do i = n1,n2
7. y(i) = y(i) – a(i,j)*y(ja(i,j))
8. EndDo
9. EndDo

10. y(n1:n2)= diag(n1:n2)* y(n1:n2)
11. EndDo

In theabove algorithm, E

!
�

4 is thenumberof colors.The integers E8A and E

@

setin lines
2 and3 representthebeginningandtheendof block !
�

4 . In line 10, �

x

E8A

�

E

@

} is mul-
tiplied by the diagonal

„

v

? which is kept in invertedform in the array
�

M "�� . The outer
loop, i.e., the loop startingin line 1, is sequential.The loop startingin line 6 is vectoriz-
able/parallelizable.Thereis additionalparallelismwhichcanbeextractedin thecombina-
tion of thetwo loopsstartingin lines5 and6.

� ’…�K••‹��K% �u‹�� ‹EŒ !M••‹r•hŒ ‹@�u’
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Thediscussionin thissectionbeginswith theGaussianeliminationalgorithmfor ageneral
sparselinearsystem.Parallelismin sparseGaussianeliminationcanbeobtainedby �nd-
ing unknownsthatareindependentat a givenstageof theelimination,i.e.,unknownsthat
do not dependon eachotheraccordingto thebinary relationde�ned by thegraphof the
matrix.A setof unknownsof a linearsystemwhich areindependentis calledanindepen-
dentset.Thus,independentsetorderingscanbeviewedaspermutationsto put theoriginal
matrix in theform

�

„

#

�

=

�

j•~1€PY�~ �)n

in which
„

is diagonal,but
=

canbearbitrary. This amountsto a lessrestrictive form of
multicoloring,in whichasetof verticesin theadjacency graphis foundsothatnoequation
in thesetinvolvesunknownsfrom thesameset.A few algorithmsfor �nding independent
setorderingsof a generalsparsegraphwerediscussedin Chapter3.

The rows associatedwith an independentsetcanbe usedaspivots simultaneously.
Whensuchrows are eliminated,a smallerlinear systemresults,which is againsparse.
Thenwe can �nd an independentset for this reducedsystemandrepeatthe processof
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reduction.Theresultingsecondreducedsystemis calledthesecond-level reducedsystem.
Theprocesscanberepeatedrecursivelyafew times.As thelevelof thereductionincreases,
thereducedsystemsgraduallylosetheirsparsity. A directsolutionmethodwouldcontinue
thereductionuntil thereducedsystemis smallenoughor denseenoughto switchtoadense
Gaussianeliminationto solve it. This processis illustratedin Figure12.6.Thereexistsa
numberof sparsedirectsolutiontechniquesbasedon thisapproach.


�� �����!� �
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Illustrationof twolevelsof multi-eliminationfor
sparselinear systems.

After abrief review of thedirectsolutionmethodbasedon independentsetorderings,
wewill explainhow to exploit thisapproachfor deriving incompleteLU factorizationsby
incorporatingdroptolerancestrategies.

�������,� � !/� )
�+. � � ) . !/. � # �+.�' �

We startby a discussionof anexact reductionstep.Let ˜
� be thematrix obtainedat the

0 -th stepof thereduction,0:, � J�hihihiJXE
4@b

� with ˜

�

, ˜ . Assumethatanindependentset
orderingis appliedto ˜

� andthatthematrix is permutedaccordinglyasfollows:

 �6˜ �  
w

�

,

�

„

� � �

# �

=

�

�

j•~�€PY € �Kn

where
„

� is a diagonalmatrix.Now eliminatetheunknownsof theindependentsetto get
thenext reducedmatrix,

˜ �
H

? ,

=

��Q # �

„

v

?

�

� � h

j•~�€PY €‰~In

This results,implicitly, in ablockLU factorization

 
�

˜
�

 
w

�

,

�

„

�
�

�

#
�

=

�

�

,

�

�

�

#
�

„

v

?

�

�

�

�

�

„

�
�

�

�
˜

�
H

?

�

with ˜
�

H
? de�ned above. Thus, in order to solve a systemwith the matrix ˜

� , both a
forwardanda backwardsubstitutionneedto beperformedwith theblock matriceson the
right-handsideof theabovesystem.Thebackwardsolutioninvolvessolvingasystemwith
thematrix ˜

�
H

? .
Thisblockfactorizationapproachcanbeusedrecursively until asystemresultsthatis

smallenoughtobesolvedwith astandardmethod.Thetransformationsusedin theelimina-
tion process,i.e.,thematrices# �

„

v

?

�

andthematrices� � mustbesaved.Thepermutation
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matrices � canalsobesaved.Alternatively, thematricesinvolvedin the factorizationat
eachnew reorderingstepcanbepermutedexplicitly.

�������,��� . ) �"!

Thesuccessivereductionstepsdescribedabovewill giveriseto matricesthatbecomemore
andmoredensedueto the�ll-ins introducedby theeliminationprocess.In iterativemeth-
ods,a commoncurefor this is to neglectsomeof the�ll-ins introducedby usinga simple
droppingstrategy asthereducedsystemsareformed.For example,any �ll-in elementin-
troducedis dropped,whenever its sizeis lessthana given tolerancetimesthe2-normof
theoriginal row. Thus,an“approximate”versionof thesuccessive reductionstepscanbe
usedto provideanapproximatesolution �

v

?

� to ˜

v

?

� for any given � . Thiscanbeused
to preconditionthe original linear system.Conceptually, the modi�cation leadingto an
“incomplete”factorizationreplaces(12.21)by

˜ �
H

?�,

x

=

��Q # �

„

v

?

�

� �

}

Q � �

j•~1€PY €5€)n

in which �
� is thematrixof theelementsthataredroppedin this reductionstep.Globally,
thealgorithmcanbeviewedasa form of incompleteblockLU with permutations.

Thus,thereis asuccessionof block ILU factorizationsof theform

 �K˜ �  �w

�

,

�

„

�
�

�

# �

=

�

�

,

�

�

�

# �

„

v

?

�

�

�

�

�

„

� � �

�
˜ �

H
?

�

t

�

� �

�
� �

�

with ˜ �
H

? de�ned by (12.22).An independentsetorderingfor thenew matrix ˜��
H

? will
thenbefoundandthis matrix is reducedagainin thesamemanner. It is not necessaryto
save thesuccessive ˜
� matrices,but only the last onethat is generated.We needalsoto
save thesequenceof sparsematrices

�

�
H

?
,

�

„

�
�

�

#
�

„

v

?

�

�

�

j•~1€PY € �)n

which containthe transformationneededat level 0 of the reduction.The successive per-
mutationmatrices 

� canbediscardedif they areappliedto theprevious
�

+ matricesas
soonasthesepermutationmatricesareknown.Thenonly theglobalpermutationis needed,
which is theproductof all thesesuccessivepermutations.

An illustrationof thematricesobtainedafterthreereductionstepsis shown in Figure
12.7.Theoriginalmatrixis a5-pointmatrixassociatedwith a A�� �:A�� grid andis therefore
of size

3

,

@ @

� . Here,thesuccessivematrices
�

+ (with permutationsapplied)areshown
togetherwith thelast ˜
� matrixwhichoccupiesthelocationof the

�
block in (12.23).
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Illustration of the processedmatricesobtained
fromthreestepsof independentsetorderingandreductions.

We referto this incompletefactorizationasILUM (ILU with Multi-Elimination).The
preprocessingphaseconsistsof a successionof E
4{b

� applicationsof the following three
steps:(1) �nding theindependentsetordering,(2) permutingthematrix,and(3) reducing
it.

���!� �U� 
r�v�
�

�

› � �

�
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1. Set ˜

�

, ˜ .
2. For 0', �ZJiA\J�hih�h JXE
4{b

�

QSA Do:
3. Findanindependentsetorderingpermutation � for ˜ � ;
4. Apply  � to ˜ � to permuteit into theform (12.20);
5. Apply  

� to
�

?
J�hihihiJ

�

� ;
6. Apply  

� to  

�

J�hihih�J  
�

v

? ;
7. Computethematrices̃ �

H
? and

�

�
H

? de�ned by (12.22)and(12.23).
8. EndDo

In thebackwardandforwardsolutionphases,thelast reducedsystemmustbesolvedbut
not necessarilywith high accuracy. For example,we cansolve it accordingto thelevel of
toleranceallowed in the droppingstrategy during the preprocessingphase.Observe that
if the linear systemis solved inaccurately, only an acceleratorthat allows variationsin
the preconditioningshouldbe used.Suchalgorithmshave beendiscussedin Chapter9.
Alternatively, we can usea �x ed numberof multicolor SOR or SSORstepsor a �x ed
polynomialiteration.The implementationof the ILUM preconditionercorrespondingto
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thisstrategy is rathercomplicatedandinvolvesseveralparameters.
In orderto describetheforwardandbackwardsolution,we introducesomenotation.

We startby applyingthe“global permutation,” i.e., theproduct

 �� c����

v

?\J  �� c����

v

� h�hihiJ
 

�

to theright-handside.We overwritetheresulton thecurrentsolutionvector, an
3

-vector
called |

� . Now partitionthisvectorinto

|

�

,

�

�

�

|]?

�

accordingto thepartitioning(12.20).Theforwardstepconsistsof transformingthesecond
componentof theright-handsideas

|�?

�

,•|]?�Q #

�

„

v

?

�

�

�

h

Now |�? is partitionedin thesamemanneras |

� andtheforwardeliminationis continued
thesameway. Thus,ateachstep,each|�� is partitionedas

|
�

,

�

� �

|
�

H
?

�

h

A forward elimination stepde�nes the new |��
H

? using the old |��
H

? and � � for 0 ,

� J�hihihiJXE
4@b

�

QaA while a backward stepde�nes �
� using the old �

� and |
�

H
? , for 0 ,

E
4@b

�

Q•A\Jih�hih J � . Algorithm 12.5describesthegeneralstructureof theforwardandback-
ward solutionsweeps.Becausethe globalpermutationwasappliedat the beginning,the
successive permutationsneednot be applied.However, the �nal resultobtainedmustbe
permutedbackinto theoriginalordering.
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1. Apply globalpermutationto right-hand-side
z

andcopy into |

� .
2. For 0 , �ZJiA Jihih�h JXE
4{b

�

Q<A Do: [Forwardsweep]
3. |��

H
?

�

,F|��
H

?�Q # �

„

v

?

�

� �

4. EndDo
5. Solvewith a relative tolerance� :
6. ˜

�
c����‡|

�
c����

�

,F|
�

c���� .
7. For 0 , E
4{b

�

Q<A Jih�hih J�A\J � Do: [Backwardsweep]
8. � �

�

,

„

v

?

�

x

� ��Q � �i|��
H

?

} .
9. EndDo

10. Permutetheresultingsolutionvectorbackto theoriginal
11. orderingto obtainthesolution | .

Computerimplementationsof ILUM canberathertedious.Theimplementationissues
aresimilar to thoseof paralleldirect-solutionmethodsfor sparselinearsystems.
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This sectiondescribesparallelvariantsof theblock Successive Over-Relaxation(BSOR)
and ILU(0) preconditionerswhich are suitable for distributed memory environments.
Chapter11 brie�y discusseddistributedsparsematrices.. A distributedmatrix is a ma-
trix whoseentriesarelocatedin thememoriesof differentprocessorsin a multiprocessor
system.Thesetypesof datastructuresarevery convenientfor distributedmemorycom-
putersandit is usefulto discussimplementationsof preconditionersthat arespeci�cally
developedfor them.RefertoSection11.5.6for theterminologyusedhere.In particular, the
termsubdomainis usedin theverygeneralsenseof subgraph.For bothILU andSOR,mul-
ticoloring or level schedulingcanbeusedat themacrolevel, to extractparallelism.Here,
macrolevel meansthe level of parallelismcorrespondingto theprocessors,or blocks,or
subdomains.

��������� � ��. 1���	 .�
,� �+�
� 1 % #
	 1 �:! # ��	 . � � 1

In theILU(0) factorization,theLU factorshave thesamenonzeropatternsastheoriginal
matrix ˜ , so that the referencesof the entriesbelongingto the externalsubdomainsin
theILU(0) factorizationareidenticalwith thoseof thematrix-by-vectorproductoperation
with the matrix ˜ . This is not the casefor the moreaccurateILU( O ) factorization,with

O
G

� . If anattemptis madeto implementawavefrontILU preconditioneronadistributed
memorycomputer, a dif�culty arisesbecausethenaturalorderingfor theoriginal sparse
problemmayput anunnecessarylimit on the amountof parallelismavailable.Instead,a
two-level orderingis used.First,de�ne a “global” orderingwhich is a wavefrontordering
for the subdomains.This is basedon the graphwhich describesthe coupling between
the subdomains:Two subdomainsarecoupledif andonly if they containat leasta pair
of coupledunknowns,onefrom eachsubdomain.Then,within eachsubdomain,de�ne a
localordering.

To describethepossibleparallelimplementationsof theseILU(0) preconditioners,it is
suf�cient toconsideralocalview of thedistributedsparsematrix,illustratedin Figure12.8.
Theproblemis partitionedinto O subdomainsor subgraphsusingsomegraphpartitioning
technique.This resultsin amappingof thematrix into processorswhereit is assumedthat
the M -th equation(row) andthe M -th unknown aremappedto thesameprocessor. We dis-
tinguishbetweeninterior pointsandinterfacepoints.The interior pointsarethosenodes
that arenot coupledwith nodesbelongingto otherprocessors.Interfacenodesarethose
local nodesthat arecoupledwith at leastonenodewhich belongsto anotherprocessor.
Thus,processornumber10in the�gure holdsacertainnumberof rowsthatarelocalrows.
Considertherowsassociatedwith theinteriornodes.Theunknownsassociatedwith these
nodesarenot coupledwith variablesfrom otherprocessors.As a result,therows associ-
atedwith thesenodescanbe eliminatedindependentlyin the ILU(0) process.The rows
associatedwith the nodeson the interfaceof the subdomainwill requiremoreattention.
Recallthatan ILU(0) factorizationis determinedentirelyby theorderin which therows
areprocessed.The interior nodescanbeeliminated�rst. Oncethis is done,the interface
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rows canbe eliminatedin a certain order. Therearetwo naturalchoicesfor this order.
The �rst would be to imposea globalorderbasedon the labelsof the processors.Thus,
in theillustration,theinterfacerowsbelongingto Processors2, 4, and6 areprocessedbe-
fore thosein Processor10. The interfacerows in Processor10 mustin turn beprocessed
beforethoseof Processors13 and14.Thelocal order, i.e., theorderin which we process
theinterfacerowsin thesameprocessor(e.g.Processor10),maynotbeasimportant.This
globalorderbasedon PE-numberde�nes a naturalpriority graphandparallelismcanbe
exploitedeasilyin a data-drivenimplementation.

Internal interface points 

External interface points 

Proc. 2 
Proc. 4

Proc.  6

Proc. 14 

Proc.  13 

Proc. 10 
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A local view of thedistributedILU(0).

It is somewhatunnaturalto basetheorderingjust on theprocessorlabeling.Observe
thataproperordercanalsobede�ned for performingtheeliminationby replacingthePE-
numbers with any labels,providedthat any two neighboringprocessors havea different
label. Themostnaturalwayto dothis is by performingamulticoloringof thesubdomains,
andusing the colors in exactly the sameway asbeforeto de�ne an orderof the tasks.
Thealgorithmswill bewritten in this generalform, i.e.,with a labelassociatedwith each
processor. Thus,thesimplestvalid labelsarethePEnumbers,which leadto thePE-label-
basedorder. In thefollowing,wede�ne � "

z

� asthelabelof Processornumber0 .
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1. In eachprocessor +
J
M8, A\J�hih�hiJ@O Do:

2. PerformtheILU(0) factorizationfor interior local rows.
3. Receive thefactoredrowsfrom theadjacentprocessors0 with
4. � "

z

�
� � "

z

+ .
5. PerformtheILU(0) factorizationfor theinterfacerowswith
6. pivotsreceivedfrom theexternalprocessorsin step3.
7. PerformtheILU(0) factorizationfor theboundarynodes,with
8. pivotsfrom theinterior rowscompletedin step2.
9. Sendthecompletedinterfacerowsto adjacentprocessors0 with
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10. � "

z

� G � "

z

+ .
11. EndDo

Step2 of theabove algorithmcanbeperformedin parallelbecauseit doesnot dependon
datafrom othersubdomains.Oncethis distributedILU(0) factorizationis completed,the
preconditionedKrylov subspacealgorithmwill requirea forwardandbackwardsweepat
eachstep.The distributedforward/backwardsolutionbasedon this factorizationcanbe
implementedasfollows.
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1. In eachprocessor + J�M�,/A\J�hihihiJ@O Do:
2. Forwardsolve:
3. Performtheforwardsolve for theinteriornodes.
4. Receive theupdatedvaluesfrom theadjacentprocessors0
5. with � "

z

�
� � "

z

+ .
6. Performtheforwardsolve for theinterfacenodes.
7. Sendtheupdatedvaluesof boundarynodesto theadjacent
8. processors0 with � "

z

�
G

� "

z

+ .
9. Backwardsolve:

10. Receive theupdatedvaluesfrom theadjacentprocessors0
11. with � "

z

�
G

� "

z

+ .
12. Performthebackwardsolve for theboundarynodes.
13. Sendtheupdatedvaluesof boundarynodesto theadjacent
14. processors,0 with � "

z

� � � "

z

+ .
15. Performthebackwardsolve for theinteriornodes.
16. EndDo

As in the ILU(0) factorization,the interior nodesdo not dependon the nodesfrom the
externalprocessorsandcanbecomputedin parallelin lines3 and15.In theforwardsolve,
thesolutionof the interior nodesis followedby anexchangeof dataandthesolutionon
the interface.The backward solve works in reversein that the boundarynodesare �rst
computed,thenthey aresentto adjacentprocessors.Finally, interiornodesareupdated.

•b•��'%mŽ • %M“��\Œw‹��”’D%�(
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This sectiongivesa brief accountof otherparallelpreconditioningtechniqueswhich are
sometimesused.Thenext chapteralsoexaminesanotherimportantclassof methods,which
werebrie�y mentionedbefore,namely, theclassof DomainDecompositionmethods.
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Anotherclassof preconditionersthat requireonly matrix-by-vectorproducts,is theclass
of approximateinversepreconditioners.Discussedin Chapter10, thesecan be usedin
many differentways.Besidesbeingsimpleto implement,both their preprocessingphase
and iterationphaseallow a large degreeof parallelism.Their disadvantageis similar to
polynomialpreconditioners,namely, thenumberof stepsrequiredfor convergencemaybe
large,possiblysubstantiallylargerthanwith thestandardtechniques.On thepositiveside,
they arefairly robusttechniqueswhichcanwork well wherestandardmethodsmayfail.

��������� � � ) � ! � �����0
 *�� � ) � ! � ��� �+��� ��� . ���"� 1

A somewhatspecializedsetof techniquesis theclassof Element-By-Element(EBE) pre-
conditionerswhich aregearedtoward �nite elementproblemsandaremotivatedby the
desireto avoid assembling�nite elementmatrices.Many �nite elementcodeskeepthe
datarelatedto the linear systemin unassembledform. The elementmatricesassociated
with eachelementarestoredandnever addedtogether. This is convenientwhenusingdi-
rect methodssincetherearetechniques,known asfrontal methods,that allow Gaussian
eliminationto beperformedby usinga few elementsata time.

It wasseenin Chapter2 thattheglobalstiffnessmatrix ˜ is thesumof matrices̃
4

�

9

associatedwith eachelement,i.e.,

˜ ,

/
�•c

‚

�•ƒ
?

˜

4

�

9

h

Here,thematrix ˜

4

�

9

is an E � E matrixde�ned as

˜

4

�

9

,  �2˜����  �w

�

in which ˜��	� is theelementmatrix and  � is a Booleanconnectivity matrix which maps
thecoordinatesof thesmall ˜

�
� matrix into thoseof thefull matrix ˜ . Chapter2 showed

how matrix-by-vectorproductscanbe performedin unassembledform. To performthis
productin parallel,notethattheonly potentialobstacleto performingthematrix-by-vector
productin parallel,i.e.,acrossall elements,is in thelastphase,i.e.,whenthecontributions
aresummedto the resultingvector � . In order to add the contributions ˜

4

�

9

| in paral-
lel, groupelementsthatdo not have nodesin common.Referringto Equation(2.35),the
contributions

�
�

, ˜
�

�

x

 
w

�

|

}

canall becomputedin parallelanddonotdependononeanother. Theoperations

�

�

, �

t

 � � �

canbeprocessedin parallelfor any groupof elementsthatdo not shareany vertices.This
groupingcanbefoundby performinga multicoloringof theelements.Any two elements
whichhaveanodein commonreceiveadifferentcolor. Usingthis idea,goodperformance
canbeachievedonvectorcomputers.
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EBEpreconditionersarebasedon similarprinciplesandmany differentvariantshave
beendeveloped.They arede�nedby �rst normalizingeachof theelementmatrices.In the
sequel,assumethat ˜ is a SymmetricPositive De�nite matrix. Typically, a diagonal,or
blockdiagonal,scalingis �rst appliedto ˜ to obtaina scaledmatrix �˜ ,

�˜ ,
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v
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˜
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v
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h
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This resultsin eachmatrix ˜

4

�

9

andelementmatrix ˜ �	� beingtransformedsimilarly:
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The secondstepin de�ning an EBE preconditioneris to regularizeeachof thesetrans-
formedmatrices.Indeed,eachof thematrices̃

4

�

9

is of rank O
� at most,whereO

� is the
sizeof the elementmatrix ˜

�
� , i.e., the numberof nodeswhich constitutethe b -th ele-

ment. In theso-calledWinget regularization, thediagonalof each̃
4

�

9

is forcedto bethe
identitymatrix.In otherwords,theregularizedmatrix is de�ned as
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˜
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Thesematricesarepositivede�nite; seeExercise8.
Thethirdand�nal stepin de�ning anEBEpreconditioneris tochoosethefactorization

itself. In the EBE Cholesky factorization,the Cholesky (or Crout) factorizationof each
regularizedmatrix

�

˜

4

�

9

is performed,
�

˜
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Thepreconditionerfrom it is de�ned as
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� c
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Notethatto ensuresymmetry, thelastproductis in reverseorderof the�rst one.Thefac-
torization(12.26)consistsof a factorizationof thesmall O

�
�3O

� matrix
�

˜
�

� . Performing
thepreconditioningoperationswill thereforeconsistof a sequenceof small O

�
�'O

� back-
wardor forwardsolves.Thegatherandscattermatrices 

� de�ned in Chapter2 mustalso
beappliedfor eachelement.Thesesolvesareappliedto theright-handsidein sequence.In
addition,thesamemulticoloringideaasfor thematrix-by-vectorproductcanbeexploited
to performthesesweepsin parallel.

Oneof thedrawbacksof theEBE Cholesky preconditioneris thatanadditionalsetof
elementmatricesmustbestored.Thatis becausethefactorizations(12.26)mustbestored
for eachelement.In EBE/SSOR,this is avoided.Insteadof factoringeach

�

˜

4

�

9

, theusual
splittingof each

�

˜

4

�

9

is exploited.AssumingtheWingetregularization,wehave
�

˜

4

�

9

,

�

Q #
�

Q #…w

�
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in which Q�#
� is thestrict-lower partof

�

˜

4

�

9

. By analogywith theSSORpreconditioner,
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theEBE-SSORpreconditioneris de�ned by
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Oneof theattractionsof row-projectionmethodsseenin Chapter8 is their highdegreeof
parallelism.In Cimmino's method,the scalars	 + aswell asthe new residualvectorcan
becomputedin parallel.In theGauss-Seidel-NE(respectively Gauss-Seidel-NR),it is also
possibleto grouptheunknownsin suchawaythatany pairof rows(respectivelycolumns)
have disjointednonzeropatterns.Updatesof componentsin the samegroupcanthenbe
performedin parallel.This approachessentiallyrequires�nding a multicolororderingfor
thematrix

�

, ˜]˜

w

(respectively
�

, ˜

w

˜ ).
It is necessaryto �rst identify a partitionof theset .�A\J

@

Jih�hih�J

3

= into subsets*
? , hih�h ,

*

p suchthattherows (respectively columns)whoseindicesbelongto thesameset * + are
structurally orthogonalto eachother, i.e., have no nonzeroelementsin thesamecolumn
locations.Whenimplementinga block SORschemewheretheblockingis identicalwith
that de�ned by the partition, all of the unknowns belongingto the sameset * � canbe
updatedin parallel.To be morespeci�c, the rows arereorderedby scanningthosein *)?

followedby thosein *
� , etc..Denoteby ˜

+ thematrixconsistingof therowsbelongingto
the M -th block. We assumethatall rows of thesamesetareorthogonalto eachotherand
that they have beennormalizedso that their 2-normis unity. Thena block Gauss-Seidel
sweep,whichgeneralizesAlgorithm 8.1,follows.

�����	�U��
N�v�
�

�

› � �

�


�$ � �
��� �/��� $ ��	�Œ %
� � � ��� � ��('��" � ���-(��������

1. Selectaninitial |

� .
2. For M�,/A J

@

Jihih�h Jjˆ Do:
3.

�

+�,

z

+�Q ˜ +{|

4. |

�

,F|

t

˜

w

+

�

+

5. EndDo

Here, | + and
z

+ aresubvectorscorrespondingto theblockingand
�

+ is a vectorof length
thesizeof theblock,whichreplacesthescalar	K+ of Algorithm 8.1.Thereis parallelismin
eachof thesteps3 and4.

The questionthat arisesis how to �nd goodpartitions *8+ . In simplecases,suchas
block-tridiagonalmatrices,thiscaneasilybedone;seeExercise7. For generalsparsema-
trices,a multicoloring algorithmon the graphof ˜Z˜

w

(respectively ˜

w

˜ ) canbe em-
ployed.However, thesematricesarenever storedexplicitly. Their rows canbegenerated,
used,andthendiscarded.
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1 Let � beaSymmetricPositiveDe�nite matrixandconsider���	�)��

�

�

� where
 is ablock
diagonalof � .

��� Show that 
 is aSymmetricPositiveDe�nite matrix.Denoteby ������� ��� theassociatedinner
product.

�

� Show that � is self-adjointwith respectto to ������� ��� .
��� Show that �
� is self-adjointwith respectto to ������� � � for any integer ! .
"

� Show that the Neumannseriesexpansionpreconditionerde�ned by the right-handsideof
(12.3)leadsto a preconditionedmatrix thatis self-adjointwith respectto the 
 -innerprod-
uct.

#�� Describeanimplementationof thepreconditionedCGalgorithmusingthispreconditioner.

2 Thedevelopmentof theChebyshev iterationalgorithmseenin Section12.3.2canbeexploitedto
derive yetanotherformulationof theconjugatealgorithmfrom theLanczosalgorithm.Observe
thattherecurrencerelation(12.8)is not restrictedto scaledChebyshev polynomials.

��� The scaledLanczospolynomials,i.e., the polynomials$

�

�&%'�'(�$

�

�*)+� , in which $

�

�&%'� is the
polynomialsuchthat ,

�.-

�

�/$

�

�*�0�1,

� in the Lanczosalgorithm,satisfya relationof the
form (12.8).Whatarethecoef�cients 2

�

and 3 in thiscase?
�

� Proceedin thesamemannerasin Section12.3.2toderiveaversionof theConjugateGradient
algorithm.

3 Show that 2

�

asde�ned by (12.7)hasa limit 2 . Whatis this limit? AssumethatAlgorithm 12.1
is to beexecutedwith the 2

�

's all replacedby this limit 2 . Will themethodconverge?What is
theasymptoticrateof convergenceof thismodi�ed method?

4 Derivetheleast-squarespolynomialsfor 45� �

�

�

��67�

�

�

for theinterval 8 )9��:<; for !=�>:?��@���A��'B .
Checkthattheseresultsagreewith thoseof thetableshown at theendof Section12.3.3.

5 Considerthemeshshown below. Assumethattheobjective is to solve thePoissonequationwith
Dirichlet boundaryconditions.

��� Considertheresultingmatrixobtained(beforeboundaryconditionsareapplied)from order-
ing thenodesfrom bottomup,andleft to right (thus,thebottomleft vertex is labeled1 and
the top right vertex is labeled13). What is thebandwidthof the linearsystem?How many
memorylocationswould beneededto storethematrix in Skyline format?(Assumethatthe
matrix is nonsymmetricsobothupperandlower triangularpartsmustbestored).
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�

� Is it possibleto �nd a 2-color orderingof the meshpoints?If so, show the ordering,or
otherwiseprove thatit is notpossible.

��� Find anindependentsetof size5. Show thepatternof thematrix associatedwith this inde-
pendentsetordering.

"

� Find a multicolor orderingof themeshby usingthegreedymulticolor algorithm.Canyou
�nd abettercoloring(i.e.,acoloringwith fewercolors)?If so,show thecoloring[useletters
to representeachcolor].

6 A linearsystem��� �

�

where � is a5-pointmatrix, is reorderedusingred-blackorderingas
�




� �

�




�

�

�

� �

�

�

���

�

�

�

� � Write theblock Gauss-Seideliterationassociatedwith theabove partitionedsystem(where
theblockingin blockGauss-Seidelis thesameastheabove blocking).

�

� Expressthe
�

iterates,independentlyof the � iterates,i.e., �nd an iterationwhich involves
only

�

-iterates.Whattypeof iterationis theresultingscheme?

7 Considera tridiagonalmatrix 	 ��

�����������
�����1�

�

�'����� � . Find a groupingof the rows suchthat
rowsin eachgrouparestructurally orthogonal,i.e.,orthogonalregardlessof thevaluesof theen-
try. Findasetof threegroupsatmost.How canthisbegeneralizedto block tridiagonalmatrices
suchasthosearisingfrom 2-D and3-D centereddifferencematrices?

8 Why are the Winget regularizedmatrices ����  "! de�ned by (12.25)positive de�nite when the
matrix #� is obtainedfrom � by adiagonalscalingfrom � ?

NOTES AND REFERENCES. As vectorprocessingappearedin themiddle to late1970s,a number
of efforts weremadeto changealgorithms,or implementationsof standardmethods,to exploit the
new architectures.Oneof the �rst ideasin this context wasto performmatrix-by-vectorproducts
by diagonals[133]. Matrix-by-vectorproductsusingthis format canyield excellentperformance.
Hence,camethe idea of using polynomial preconditioning.Polynomialpreconditioningwas ex-
ploited independentlyof supercomputing,asearly as1952in a paperby Lanczos[141], andlater
for eigenvalueproblemsby Stiefelwhoemployedleast-squarespolynomials[204], andRutishauser
[171] whocombinedtheQDalgorithmwith Chebyshev acceleration.Duboisetal. [75] suggestedus-
ing polynomialpreconditioning,speci�cally, theNeumannseriesexpansion,for solvingSymmetric
PositiveDe�nite linearsystemson vectorcomputers.Johnsonetal. [129] laterextendedtheideaby
exploiting Chebyshev polynomials,andotherorthogonalpolynomials.It wasobserved in [129] that
least-squarespolynomialstendto performbetterthanthosebasedon theuniform norm,in thatthey
leadto abetteroverallclusteringof thespectrum.Moreover, aswasalreadyobservedby Rutishauser
[171], in thesymmetriccasethereis no needfor accurateeigenvalueestimates:It suf�ces to usethe
simpleboundsthatareprovidedby Gershgorin's theorem.In [175] it wasalsoobservedthatin some
casesthe least-squarespolynomialapproachwhich requireslessinformation than the Chebyshev
approachtendsto performbetter.

Theuseof least-squarespolynomialsoverpolygonswas�rst advocatedby SmolarskiandSaylor
[200] andlaterby Saad[176]. Theapplicationto theinde�nite casewasexaminedin detailin [174].
Still in thecontext of usingpolygonsinsteadof ellipses,yet anotherattractive possibilityproposed
by FischerandReichel[91] avoidstheproblemof bestapproximationaltogether. Thepolygoncan
beconformallytransformedinto acircleandthetheoryof Faberpolynomialsyieldsasimplewayof
deriving goodpolynomialsfrom exploiting speci�c pointson thecircle.

Although only approachesbasedon the formulation(12.5)and(12.11)have beendiscussed,
thereare other lesserknown possibilitiesbasedon minimizing $ : ( � �

�

�%� ��$&% . Therehasbeen
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very little work on polynomialpreconditioningor Krylov subspacemethodsfor highly non-normal
matrices;see,however, the recentanalysisin [207]. Another importantpoint is that polynomial
preconditioningcanbe combinedwith a subsidiaryrelaxation-typepreconditioningsuchasSSOR
[2, 153]. Finally, polynomialpreconditioningscanbeusefulin somespecialsituationssuchasthat
of complex linearsystemsarisingfrom theHelmholtzequation[93].

Multicoloring hasbeenknown for a long time in thenumericalanalysisliteratureandwasused
in particularfor understandingthetheoryof relaxationtechniques[232, 213] aswell asfor deriving
ef�cient alternative formulationsof somerelaxationalgorithms[213, 110]. Morerecently, it became
anessentialingredientin parallelizingiterativealgorithms,seefor example[4, 2, 82, 155, 154, 164].
It is alsocommonlyusedin a slightly differentform — coloringelementsasopposedto nodes—
in �nite elementstechniques[23, 217]. In [182] and [69], it was observed that ! -stepSOR pre-
conditioningwas very competitive relative to the standardILU preconditioners.Combinedwith
multicolor ordering,multiple-stepSORcanperformquite well on supercomputers.Multicoloring
is especiallyusefulin Element-By-Elementtechniqueswhenforming theresidual,i.e.,whenmulti-
plying an unassembledmatrix by a vector[123, 88, 194]. Thecontributionsof theelementsof the
samecolorcanall beevaluatedandappliedsimultaneouslyto theresultingvector. In additionto the
parallelizationaspects,reducedsystemscansometimesbemuchbetterconditionedthantheoriginal
system,see[83].

Independentsetorderingshave beenusedmainly in thecontext of paralleldirectsolutiontech-
niquesfor sparsematrices[66, 144, 145] andmultifrontal techniques[77] canbe viewedasa par-
ticular case.Thegist of all thesetechniquesis that it is possibleto reorderthesystemin groupsof
equationswhichcanbesolvedsimultaneously. A paralleldirectsolutionsparsesolver basedonper-
formingseveralsuccessive levelsof independentsetorderingsandreductionwassuggestedin [144]
andin amoregeneralform in [65].
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Domaindecompositionmethodsrefer to a collectionof techniqueswhich revolve around
theprincipleof divide-and-conquer.Suchmethodshavebeenprimarilydevelopedfor solv-
ingPartialDifferentialEquationsoverregionsin twoor threedimensions.However,similar
principleshavebeenexploitedin othercontextsof scienceandengineering.In fact,oneof
the earliestpracticalusesfor domaindecompositionapproacheswas in structuralengi-
neering,a disciplinewhich is not dominatedby Partial DifferentialEquations.Although
this chapterconsidersthesetechniquesfrom a purely linear algebraview-point, the ba-
sic concepts,aswell asthe terminology, areintroducedfrom a modelPartial Differential
Equation.
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An L-shapeddomainsubdividedinto threesub-
domains.

Considerthe problemof solving the LaplaceEquationon an L-shapeddomain
�

parti-
tionedasshown in Figure13.1.Domaindecompositionor substructuringmethodsattempt
to solve theproblemon theentiredomain

�

,

9

�

+sƒ
?

�

+
J

from problemsolutionson thesubdomains
�

+ . Thereareseveral reasonswhy suchtech-
niquescanbeadvantageous.In thecaseof theabovepicture,oneobviousreasonis thatthe
subproblemsaremuchsimplerbecauseof their rectangulargeometry. For example,fast
solverscanbeusedon eachsubdomainin this case.A secondreasonis that thephysical
problemcansometimesbe split naturally into a small numberof subregionswherethe
modelingequationsaredifferent(e.g.,Euler's equationson oneregionandNavier-Stokes
in another).Substructuringcanalsobeusedto develop“out-of-core”solutiontechniques.
As alreadymentioned,suchtechniqueswereoftenusedin the pastto analyzevery large
mechanicalstructures.The original structureis partitionedinto 
 pieces,eachof which
is small enoughto �t into memory. Thena form of block-Gaussianelimination is used
to solve theglobal linearsystemfrom a sequenceof solutionsusing 
 subsystems.More
recentinterestin domaindecompositiontechniqueshasbeenmotivatedby parallelpro-
cessing.

����� �(��� � ' � # ��. ' �

In orderto review theissuesandtechniquesin useandto introducesomenotation,assume
thatthefollowing problemis to besolved:

���

,�� in
�
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Domaindecompositionmethodsareall implicitly or explicitly basedon differentways
of handlingtheunknown at theinterfaces.FromthePDEpointof view, if thevalueof the
solutionis knownattheinterfacesbetweenthedifferentregions,thesevaluescouldbeused
in Dirichlet-typeboundaryconditionsandwe will obtain 
 uncoupledPoissonequations.
We canthensolve theseequationsto obtainthevalueof thesolutionat theinteriorpoints.
If thewholedomainis discretizedby either�nite elementsor �nite differencetechniques,
thenthis is easilytranslatedinto theresultinglinearsystem.

Now someterminologyandnotationwill beintroducedfor usethroughoutthischapter.
Assumethattheproblemassociatedwith domainshown in Figure13.1is discretizedwith
centereddifferences.We canlabelthenodesby subdomainasshown in Figure13.3.Note
thattheinterfacenodesarelabeledlast.As aresult,thematrixassociatedwith thisproblem
will havethestructureshown in Figure13.4.For ageneralpartitioninginto 
 subdomains,
thelinearsystemassociatedwith theproblemhasthefollowing structure:
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whereeach| + representsthesubvectorof unknownsthatareinterior to subdomain
�

+ and
� representsthevectorof all interfaceunknowns.It is usefulto expresstheabove system
in thesimplerform,

˜

�

|

�

�

,

�

�

�

�

with ˜ ,

�

�

#

�

=

�

h

j•~ �QY €)n

Thus, # representsthesubdomainto interfacecouplingseenfrom thesubdomains,while
� representstheinterfaceto subdomaincouplingseenfrom theinterfacenodes.
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Whenpartitioninga problem,it is commonto usegraphrepresentations.Sincethe sub-
problemsobtainedfrom a givenpartitioningwill eventuallybemappedinto distinctpro-
cessors,therearesomerestrictionsregardingthetypeof partitioningneeded.For example,
in Element-By-Element�nite elementtechniques,it maybedesirableto mapelementsinto
processorsinsteadof vertices.In thiscase,therestrictionmeansnoelementshouldbesplit
betweentwo subdomains,i.e.,all informationrelatedto a givenelementis mappedto the
sameprocessor. Thesepartitioningsaretermedelement-based.A somewhat lessrestric-
tiveclassof partitioningsaretheedge-basedpartitionings,whichdonotallow edgesto be
split betweentwo subdomains.Thesemay be useful for �nite volumetechniqueswhere
computationsareexpressedin termsof �ux esacrossedgesin two dimensions.Finally,
vertex-basedpartitioningswork by dividing the origin vertex setinto subsetsof vertices
andhave no restrictionson the edges,i.e., they allow edgesor elementsto straddlebe-
tweensubdomains.SeeFigure13.2,(a), (b), and(c).
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(a) Vertex-based, (b) edge-based, and (c)
element-basedpartitioningof a � �




meshinto twosubregions.
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Theinterfacevaluescanbeobtainedby employing a form of block-Gaussianelimination
which maybetoo expensive for largeproblems.In somesimplecases,usingFFT's, it is
possibleto explicitly obtainthesolutionof theproblemon theinterfacesinexpensively.

Othermethodsalternatebetweenthesubdomains,solvinga new problemeachtime,
with boundaryconditionsupdatedfrom themostrecentsubdomainsolutions.Thesemeth-
odsarecalledSchwarzAlternatingProcedures, after theSwissmathematicianwho used
theideato provetheexistencefor asolutionof theDirichlet problemon irregularregions.

Thesubdomainsmaybeallowedto overlap. Thismeansthatthe
�

+ 'saresuchthat
�

,

�

+Iƒ
?

/

9

�

+eJ

�

+��

�

���
,��-h

For adiscretizedproblem,it is typical to quantifytheextentof overlappingby thenumber
of mesh-linesthat arecommonto the two subdomains.In the particularcaseof Figure
13.3,theoverlapis of orderone.
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Discretizationof problemshownin Figure13.1.
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Matrix associatedwith the�nite differencemesh
of Figure13.3.

Thevariousdomaindecompositiontechniquesaredistinguishedby four features:
���

Typeof Partitioning. For example,shouldpartitioningoccuralongedges,or along
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vertices,or by elements?Is theunionof thesubdomainsequalto theoriginal do-
mainor a supersetof it (�ctitious domainmethods)?

� �

Overlap.Shouldsub-domainsoverlapor not,andby how much?
� �

Processingof interfacevalues.For example,is the Schurcomplementapproach
used?Shouldtherebesuccessiveupdatesto theinterfacevalues?

� �

Subdomainsolution.Shouldthesubdomainproblemsbesolvedexactlyor approx-
imatelyby aniterativemethod?

Themethodsto bediscussedin thischapterwill beclassi�edin four distinctgroups.First,
directmethodsandthesubstructuringapproachareusefulfor introducingsomede�nitions
andfor providing practicalinsight.Second,amongthesimplestandoldesttechniquesare
the Schwarz AlternatingProcedures.Then,therearemethodsbasedon preconditioning
theSchurcomplementsystem.Thelastcategorygroupsall themethodsbasedon solving
the linear systemwith the matrix ˜ , by using a preconditioningderived from Domain
Decompositionconcepts.

‘b‹WŽ %z“m• ('•#�u’g• ‹N•hŒ !wŒU‘ •��'%F(M“��\’\Ž “<•:� $&�-%"� %mŒ`•
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Oneof the�rst divide-and-conquerideasusedin structuralanalysisexploitedthepartition-
ing (13.1)in a directsolutionframework. This approach,which is coveredin this section,
introducestheSchurcomplementandexplainssomeof its properties.

����� ��� � 
,) '�� � � #"� 1 1 . #���� ) . ! .�� # ��. ' �

Considerthelinearsystemwritten in theform (13.2),in which
�

is assumedto benonsin-
gular. Fromthe�rst equationtheunknown | canbeexpressedas

| ,

�

v

?

x

� Q # �

}

h

j•~ �QY �Kn

Uponsubstitutingthis into thesecondequation,thefollowing reducedsystemis obtained:

x

=

Q �

�

v

?

#

}

�R, � Q �

�

v

?

� h

j•~ �QY � n

Thematrix
�

,

=

Q �

�

v

?

#

j•~ �QY "Kn

is calledtheSchur complementmatrixassociatedwith the � variable.If thismatrixcanbe
formedandthelinearsystem(13.4)canbesolved,all theinterfacevariables� will become
available.Oncethesevariablesareknown, theremainingunknownscanbecomputed,via
(13.3).Becauseof the particularstructureof

�

, observe that any linear systemsolution
with it decouplesin 
 separatesystems.Theparallelismin this situationarisesfrom this
naturaldecoupling.

A solutionmethodbasedonthisapproachinvolvesfour steps:
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���

Obtaintheright-handsideof thereducedsystem(13.4).
� �

FormtheSchurcomplementmatrix (13.5).
� �

Solve thereducedsystem(13.4).
� �

Back-substituteusing(13.3)to obtaintheotherunknowns.

Onelinearsystemsolutionwith thematrix
�

canbesavedby reformulatingthealgorithm
in a moreelegantform. De�ne

#

&

,

�

v

?

# and �

&

,

�

v

?

� h

Thematrix # & andthevector � & areneededin steps(1) and(2). Thenrewrite step(4) as

| ,

�

v

?

� Q

�

v

?

# �',��

&

Q #

&

� J

whichgivesthefollowing algorithm.

�����	�U��
N�v�
�

�

™ �

���

��� $ ��	‰� � � ��� � " � &<% � " � " &��� #" $'&

1. Solve
�

#
&

,

�

, and
�

�
&

, � for #
& and �

& , respectively
2. Compute�	&�, �…Q � � &

3. Compute
�

,

=

Q � # &

4. Solve
�

�', �	&

5. Compute| , �)& Q # & � .

In a practicalimplementation,all the
�

+ matricesarefactoredandthenthe systems
�

+
# &

+

, #
+ and

�

+
� &

+

, �
+ aresolved.In general,many columnsin #

+ will bezero.These
zero columnscorrespondto interfacesthat arenot adjacentto subdomainM . Therefore,
any ef�cient codebasedon the above algorithmshouldstartby identifying the nonzero
columns.

����� ��� � %�	 ' % � 	 ��. � 1 ' � � ��� 1�� �"� 	 � ' ! % ) � ! � ���

Now the connectionsbetweenthe SchurcomplementandstandardGaussianelimination
will beexploredanda few simplepropertieswill beestablished.Startwith theblock-LU
factorizationof ˜ ,

�

�

#

�

=

�

,

�

�

�

�

�

v

?

�

�

�

�

#

�

�

�

j•~ �QY �)n

which is readily veri�ed. The Schurcomplementcanthereforebe regardedas the (2,2)
block in the � partof theblock-LU factorizationof ˜ . Fromtheabove relation,notethat
if ˜ is nonsingular, thensois

�

. Takingtheinverseof ˜ with thehelpof theaboveequality
yields

�

�

#

�

=

�

v

?

,

�

�

v

?

Q

�

v

?

#

�

v

?

�

�

v

?

�

�

�

�

Q �

�

v

?

�

�

,

�

�

v

?

t

�

v

?

#

�

v

?

�

�

v

?

Q

�

v

?

#

�

v

?

Q

�

v

?

�

�

v

?

�

v

?

�

h

j•~ �QY �)n
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Observe that
�

v

? is the(2,2)block in theblock-inverseof ˜ . In particular, if theoriginal
matrix ˜ is SymmetricPositive De�nite, thensois ˜

v

? . As a result,
�

is alsoSymmetric
PositiveDe�nite in thiscase.

Althoughsimpleto prove, the above propertiesarenonethelessimportant.They are
summarizedin thefollowing proposition.

�H� �U� ��� 
N�

 ���

�

™ �

�

Let ˜ bea nonsingularmatrix partitionedasin (13.2)andsuch
thatthesubmatrix

�

is nonsingularandlet ��� betherestrictionoperatorontotheinterface
variables,i.e, thelinearoperatorde�ned by

� �

�

|

�

�

, �]h

Thenthefollowing propertiesaretrue.
� �

TheSchurcomplementmatrix
�

is nonsingular.
� �

If ˜ is SPD,thensois
�

.
� �

For any � ,
�

v

?

�3, ��� ˜

v

?

>

�

�

A .

The �rst propertyindicatesthat a methodthat usestheabove block Gaussianelimi-
nationalgorithmis feasiblesince

�

is nonsingular. A consequenceof thesecondproperty
is thatwhen ˜ is positive de�nite, analgorithmsuchastheConjugateGradientalgorithm
canbe usedto solve the reducedsystem(13.4).Finally, the third propertyestablishesa
relationwhichmayallow preconditionersfor

�

to bede�ned basedonsolutiontechniques
with thematrix ˜ .

��������� � 1��	�"� 	 � '-!/% ) � ! � ��� � ' 	 
+� 	 �+� ���0
 # 1 �
�

% #
	 ��. ��. ' �".�����1

Thepartitioningusedin Figure13.3is edge-based,meaningthatagivenedgein thegraph
doesnotstraddletwo subdomains.If two verticesarecoupled,thenthey mustbelongto the
samesubdomain.Fromthegraphtheorypoint of view, this is perhapslesscommonthan
vertex-basedpartitioningsin which a vertex is not sharedby two partitions(exceptwhen
domainsoverlap).A vertex-basedpartitioningis illustratedin Figure13.5.

We will call interfaceedgesall edgesthatlink verticesthatdo notbelongto thesame
subdomain.In the caseof overlapping,this needsclari�cation. An overlappingedgeor
vertex belongsto the samesubdomain.Interfaceedgesareonly thosethat link a vertex
to anothervertex which is not in thesamesubdomainalready, whetherin theoverlapping
portion or elsewhere.Interfaceverticesarethoseverticesin a given subdomainthat are
adjacentto aninterfaceedge.For theexampleof the�gure, theinterfaceverticesfor sub-
domainone(bottom,left subsquare)aretheverticeslabeled10 to 16. Thematrix shown
at the bottomof Figure13.5differs from the oneof Figure13.4,becauseherethe inter-
facenodesarenot relabeledthe last in the global labelingas wasdonein Figure13.3.
Instead,the interfacenodesarelabeledasthe lastnodesin eachsubdomain.Thenumber
of interfacenodesis abouttwice thatof theedge-basedpartitioning.
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Discretizationof problemshownin Figure 13.1
andassociatedmatrix.

Considerthe Schurcomplementsystemobtainedwith this new labeling. It can be
written similar to theedge-basedcaseusinga reorderingin which all interfacevariables
arelistedlast.Thematrixassociatedwith thedomainpartitioningof thevariableswill have
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anatural
 -blockstructurewhere
 is thenumberof subdomains.For example,when 
&,




(asis thecasein theabove illustration),thematrix hastheblock structurede�ned by the
solid linesin the�gure, i.e.,

˜V,

�

�

˜ ? ˜ ? � ˜ ? �

˜	� ? ˜	� ˜	� �

˜ ��? ˜ � � ˜ �

�

	

h

j•~ �QY �Kn

In eachsubdomain,thevariablesareof theform

�

+ ,

�

| +

� +

�

J

where| + denotesinterior nodeswhile � + denotestheinterfacenodesassociatedwith sub-
domainM . Eachmatrix ˜ + will becalledthelocalmatrix.Thestructureof ˜ + is asfollows:

˜ +�,

�

�

+ #�+

��+

=

+

�

j•~ �QY �Kn

in which,asbefore,
�

+ representsthematrix associatedwith theinternalnodesof subdo-
main M and # + and ��+ representthecouplingsto/fromexternalnodes.Thematrix

=

+ is the
local part of the interfacematrix

=

de�ned before,andrepresentsthe couplingbetween
local interfacepoints.A careful look at the matrix in Figure13.5 revealsan additional
structurefor theblocks ˜

+
� 0

�
, M . Eachof theseblockscontainsa zerosub-blockin the

part thatactson thevariable|�� . This is expectedsince |
+ and |�� arenot coupled.There-

fore,

˜&+
�

,

�

�

#
+

� �

h

j•~ �PY�~��Kn

In addition,mostof the #
+

� matricesarezerosinceonly thoseindices0 of thesubdomains
thathavecouplingswith subdomainM will yield anonzero#

+
� .

Now write thepartof thelinearsystemthatis local to subdomainM , as
�

+
|

+

t

#
+

�
+

, �
+

�
+

|
+

t

=

+
�

+

t

�

�

�

/-d

#
+

� � � , �
+

h

j•~ �PY�~�~In

Theterm # +
�

�
� is thecontributionto theequationfrom theneighboringsubdomainnumber

0 , and
3

+ is thesetof subdomainsthatareadjacentto subdomainM . Assumingthat
�

+ is
nonsingular, thevariable|]+ canbeeliminatedfrom thissystemby extractingfrom the�rst
equation| +-,

�

v

?

+

x

�‡+�Q #�+ � +

} whichyields,uponsubstitutionin thesecondequation,
�

+ �\+

t

‚

�

�

/�d

#�+
�

�
�

, �\+�Q �-+

�

v

?

+

�‡+XJ M�,BA\Jih�hih J 


j•~ �PY�~1€Kn

in which
�

+ is the“local” Schurcomplement
�

+-,

=

+
Q ��+

�

v

?

+

#�+Xh

j•~ �PY�~0�Kn

Whenwrittenfor all subdomainsM , theequations(13.12)yield asystemof equationswhich
involvesonly theinterfacepoints� � , 0 ,BA\J

@

J�hihih�J 
 andwhichhasanaturalblockstructure
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associatedwith thesevectorvariables

�

,

�

�

�

�

�

�

�

�

? #&? � #&? �

6�686

#&?

9

# � ?

�

� # � �

6�686

# �

9...
...

...
...

...
...

#

9

? #

9

� #

9

�

6�686

�

9

�

�

�

�

�

�

	

h

j•~0�PY�~0�Kn

Thediagonalblocksin this system,namely, thematrices
�

+ , aredensein general,but the
offdiagonalblocks # + � aresparseandmostof themarezero.Speci�cally, # + � �, � only if
subdomainsM and0 haveat leastoneequationthatcouplesthem.

A structureof theglobalSchurcomplement
�

hasbeenunraveledwhich hasthefol-
lowing importantimplication:For vertex-basedpartitionings,theSchur complementma-
trix canbeassembledfrom local Schur complementmatrices(the

�

+ ' s) and interface-to-
interfaceinformation(the #&+

� ' s). The term “assembled”wasusedon purposebecausea
similar ideawill beexploitedfor �nite elementpartitionings.

��������� � 1,�	�"� 	 � ' ! % ) � ! � ��� � ' 	 ��. �". ��� � � ) � ! � ���

% #
	 ��. ��. ' �".�����1

In �nite-elementpartitionings,theoriginal discreteset
�

is subdividedinto 
 subsets
�

+ ,
eachconsistingof a distinct setof elements.Given a �nite elementdiscretizationof the
domain

�

, a �nite dimensionalspacê $ of functionsover
�

is de�ned, e.g.,functions
that arepiecewise linear andcontinuouson

�

, andthat vanishon the boundary
*

of
�

.
Considernow theDirichlet problemon

�

andrecallthatits weakformulationonthe�nite
elementdiscretizationcanbestatedasfollows(seeSection2.3):

Find
�

�#^

$ suchthat "

x

�

J

��}

,

x

� J

��}

J

�

�

� ^

$

J

wherethebilinearform "

x

hIJ�h

} is de�ned by

"

x

�

J

��}

,

�

�

�

�

h

�

�

�

| ,

�

�

�

� �

�

|
?

�

�

�

|
?

t

� �

�

|��

� �

�

|�� �

�

|
h

It is interestingto observethatsincethesetof theelementsof thedifferent
�

+ 'saredisjoint,
"

x

hsJih

} canbedecomposedas

"

x

�

J

�"}

,

9

‚

+sƒ
?

"�+

x

�

J

��}

J

where

"
+

x

�

J

�"}

,

�

�

d

�

�

h

�

�

�

|-h

In fact,this is a generalizationof thetechniqueusedto assemblethestiffnessmatrix from
elementmatrices,whichcorrespondsto theextremecasewhereeach

�

+ consistsof exactly
oneelement.

If theunknownsareorderedagainby subdomainsandtheinterfacenodesareplaced
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lastaswasdonein Section13.1,immediatelythesystemshowsthesamestructure,
��

�

�

�

�

�

? # ?

�

� #��

...
...

�

9

#

9

� ? � �

68686
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� �
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�

�
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j•~ �PY�~0"Kn

whereeach
�

+ representsthecouplingbetweeninteriornodesand #�+ and �-+ representthe
couplingbetweentheinterfacenodesandthenodesinterior to

�

+ . Notethateachof these
matriceshasbeenassembledfrom elementmatricesandcanthereforebe obtainedfrom
contributionsoverall subdomain

�

� thatcontainany nodeof
�

+ .
In particular, assumethattheassemblyis consideredonly with respectto

�

+ . Thenthe
assembledmatrixwill havethestructure

˜
+

,

�

�

+ #�+

�
+

=

+

�

J

where
=

+ containsonly contributionsfrom local elements,i.e., elementsthat are in
�

+ .
Clearly,

=

is thesumof the
=

+ 's,

=

,

9

‚

+Iƒ
?

=

+
h

TheSchurcomplementassociatedwith theinterfacevariablesis suchthat
�

,

=

Q �

�

v

?

#

,

=

Q

9

‚

+sƒ
?

�-+

�

v

?

+

# +

,

9

‚

+sƒ
?

=

+
Q

9

‚

+sƒ
?

�
+

�

v

?

+

#
+

,

9

‚

+sƒ
?

;

=

+
Q �

+

�

v

?

+

#
+

=

h

Therefore,if
�

+ denotesthelocal Schurcomplement
�

+
,

=

+
Q �

+

�

v

?

+

#
+

J

thentheaboveprovesthat,

�

,

9

‚

+Iƒ
?

�

+
J

j•~ �PY�~ �Kn

showing againthattheSchurcomplementcanbeobtainedeasilyfrom smallerSchurcom-
plementmatrices.

Another importantobservation is that the stiffnessmatrix ˜

p , de�ned above by re-
strictingtheassemblyto

�

p , solvesaNeumann-Dirichletproblemon
�

p . Indeed,consider
theproblem

�

�

p

#

p

�

p

=

p

�

�

|

p

�

p

�

,

�

z

p

�

p

�

h

j•~ �PY�~ �Kn
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Theelementsof thesubmatrix
=

p aretheterms"

p

x

� + J ���

} where� + J ��� arethebasisfunc-
tionsassociatedwith nodesbelongingto theinterface

*

p . As wasstatedabove,thematrix
=

is the sum of thesesubmatrices.Considerthe problemof solving the Poissonequa-
tion on

�

p with boundaryconditionsde�ned asfollows:On
*

p

� , thepartof theboundary
which belongsto

*

p , usethe original boundaryconditions;on the interfaces
*

p

� with
othersubdomains,useaNeumannboundarycondition.Accordingto Equation(2.36)seen
in Section2.3,the 0 -th equationwill beof theform,

�

� -

�

�

h

�

���

�

| ,

�

� -

� ���

�

|

t

�

�

-

���

� �

���

E

�


 h
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This givesriseto a systemof theform (13.17)in which the �

p partof theright-handside
incorporatesthe Neumanndatarelatedto the secondintegral on the right-handside of
(13.18).

It is interestingtonotethatif aproblemweretobesolvedwith all-Dirichletconditions,
i.e., if theNeumannconditionsat theinterfaceswerereplacedby Dirichlet conditions,the
resultingmatrixproblemwouldbeof theform,

�

�

p

#

p

�

�

�

�

|

p

�

p

�

,

�

z

p

�

p

�

j•~0�PY�~ �)n

where �

p representspreciselythe Dirichlet data.Indeed,accordingto what wasseenin
Section2.3,Dirichletconditionsarehandledsimplyby replacingequationsassociatedwith
boundarypointsby identityequations.
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Theoriginal alternatingproceduredescribedby Schwarzin 1870consistedof threeparts:
alternatingbetweentwo overlappingdomains,solving the Dirichlet problemon onedo-
mainat eachiteration,andtakingboundaryconditionsbasedon themostrecentsolution
obtainedfrom theotherdomain.This procedureis calledtheMultiplicative Schwarzpro-
cedure.In matrix terms,this is very reminiscentof theblock Gauss-Seideliterationwith
overlapde�ned with the help of projectors,as seenin Chapter5. The analogueof the
block-Jacobiprocedureis known astheAdditiveSchwarzprocedure.

����������� !/� )
�+. % ) . �(# ��. 
+� 1�� � �/#
	��5%�	('�� �
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In thefollowing,assumethateachpairof neighboringsubdomainshasanonvoid overlap-
pingregion.Theboundaryof subdomain

�

+ thatis includedin subdomain0 is denotedby
*

+

/

� .
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AnL-shapeddomainsubdividedinto threeover-
lappingsubdomains.

This is illustratedin Figure13.6for the L-shapeddomainexample.Eachsubdomainex-
tendsbeyondits initial boundaryinto neighboringsubdomains.Call

*

+ theboundaryof
�

+

consistingof its original boundary(which is denotedby
*

+

/

� ) andthe
*

+

/

� 's, anddenote
by

�

�
+ therestrictionof thesolution

�

to theboundary
*

�
+ . ThentheSchwarzAlternating

Procedurecanbedescribedasfollows.
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1. Chooseaninitial guess
�

to thesolution
2. Until convergenceDo:
3. For M�,BA\J

68686

J 
 Do:
4. Solve

� �

, � in
�

+ with
�

,

�

+
� in

*

+
�

5. Update
�

valueson
*

�
+

J

�

0

6. EndDo
7. EndDo

Thealgorithmsweepsthroughthe 
 subdomainsandsolvestheoriginal equationin each
of themby usingboundaryconditionsthatareupdatedfrom themostrecentvaluesof

�

.
Sinceeachof thesubproblemsis likely to besolvedby someiterativemethod,wecantake
advantageof agoodinitial guess.It is naturalto takeasinitial guessfor agivensubproblem
themostrecentapproximation.Goingbackto theexpression(13.11)of thelocalproblems,
observethateachof thesolutionsin line 4 of thealgorithmwill betranslatedinto anupdate
of theform

�

+

�

,

�

+

t

	
+

J
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wherethecorrection	 + solvesthesystem

˜ + 	 + ,•; + h

Here, ; + is the local partof themostrecentglobal residualvector
z

Q�˜�| , andtheabove
systemrepresentsthesystemassociatedwith theproblemin line 4 of thealgorithmwhen
a nonzeroinitial guessis usedin someiterative procedure.The matrix ˜D+ hasthe block
structure(13.9).Writing

�

+ ,

�

| +

� +

�

J 	 + ,

�

	��

/

+

	 �

/

+

�

J ; + ,

�

;��

/

+

; �

/

+

�

J

thecorrectionto thecurrentsolutionstepin thealgorithmleadsto
�

|�+

� +

�

�

,

�

| +

� +

�

t

�

�

+ # +

� +

=

+

�

v

?

�

; �

/

+

; �

/

+

�

h
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After this stepis taken,normallya residualvector ; would have to becomputedagainto
get the componentsassociatedwith domain M

t

A andto proceedwith a similar stepfor
thenext subdomain.However, only thoseresidualcomponentsthathave beenaffectedby
thechangeof thesolutionneedto beupdated.Speci�cally, employing thesamenotation
usedin equation(13.11),we cansimplyupdatetheresidual;

�

/

� for eachsubdomain0 for
which M �

3

� as

;
�

/

�

�

,F;
�

/

��Q # �
+

	
�

/

+
h

This amountsimplicitly to performingStep5 of theabove algorithm.Note thatsincethe
matrixpatternis assumedto besymmetric,thenthesetof all indices0 suchthat M��

3

� ,
i.e.,

3

�

+

, .10 2 M �

3

+>= , is identicalto
3

+ . Now the loop startingin line 3 of Algorithm
13.2andcalleddomainsweepcanberestatedasfollows.
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1. For M�,/A J
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J 
 Do:
2. Solve ˜&+ 	�+-,F;�+

3. Compute| +

�

,F|�+

t

	
�

/

+ , � +

�

, �\+

t

	 �

/

+ , andset ;5+

�

, �

4. For each0 �

3

+ Compute; �

/

�

�

, ; �

/

�
Q #

�
+�	 �

/

+

5. EndDo

Consideringonly the � iterates,theaboveiterationwouldresembleaform of Gauss-Seidel
procedureontheSchurcomplementmatrix(13.14).In fact,it is mathematicallyequivalent,
provideda consistentinitial guessis taken.This is statedin thenext resultestablishedby
ChanandGoovaerts[48]:
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Let theguess
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for theSchwarzprocedurein eachsubdomain

bechosensuchthat

|

o

�

r

+

,

�

v

?

+

` �
+

Q #
+

�

o

�

r

+
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Thenthe � iteratesproducedby theAlgorithm 13.3areidenticalto thoseof aGauss-Seidel
sweepappliedto theSchurcomplementsystem(13.12).
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We startby showing thatwith thechoice(13.21),the � componentsof theinitial
residualsproducedby thealgorithmareidenticalto thoseof theSchurcomplementsystem
(13.12).Refer to Section13.2.3and the relation (13.10)which de�nes the # + � 's from
the block structure(13.8) of the global matrix. Observe that ˜ + �

�

�N, # + � � � and note
from (13.11)thatfor theglobalsystemthe � componentsof theinitial residualvectorsare

;

o

�

r

�

/

+

, � + Q � + |

o

�

r

+

Q
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This is preciselytheexpressionof the residualvectorassociatedwith theSchurcomple-
mentsystem(13.12)with theinitial guess�

o

�

r

+

.
Now observethattheinitial guesshasbeenselectedsothat ;

o

�

r

�

/

+

,�� for all M . Because
only the � componentsof theresidualvectoraremodi�ed, accordingto line 4 of Algorithm
13.3,thispropertyremainsvalid throughouttheiterativeprocess.By theupdatingequation
(13.20)andtherelation(13.7),wehave

� +

�

, �\+

t

�

v

?

+

; �

/

+eJ

which is preciselya Gauss-Seidelstepassociatedwith the system(13.14).Note that the
updateof theresidualvectorin thealgorithmresultsin thesameupdatefor the � compo-
nentsasin theGauss-Seideliterationfor (13.14).

It is interestingto interpretAlgorithm 13.2,or ratherits discreteversion,in termsof
projectors.For thiswefollow themodelof theoverlappingblock-Jacobitechniqueseenin
thepreviouschapter. Let *

+ beanindex set

*
+

, .10‡?KJ 0
�

Jih�hihiJ 0 �‰d1= J

wherethe indices 0

p arethoseassociatedwith the E
+ meshpointsof the interior of the

discretesubdomain
�

+ . Note thatasbefore,the *
+ 's form a collectionof index setssuch

that
�

+sƒ
?

/������ /

9

*
+�, .�A\Jih�hih JeE�= J

andthe *-+ 's arenot necessarilydisjoint. Let ��+ be a restrictionoperator from
�

to
�

+ .
By de�nition, ��+@| belongsto

�

+ andkeepsonly thosecomponentsof anarbitraryvector
| that are in

�

+ . It is representedby an E
+ �PE matrix of zerosandones.The matrices
�

+ associatedwith thepartitioningof Figure13.4arerepresentedin thethreediagramsof
Figure13.7,whereeachsquarerepresentsanonzeroelement(equalto one)andeveryother
elementis a zero.Thesematricesdependon the orderingchosenfor the local problem.
Here,boundarynodesarelabeledlast,for simplicity. Observethateachrow of each�

+ has
exactlyonenonzeroelement(equalto one).Boundarypointssuchasthenodes36 and37
arerepresentedseveral timesin thematrices�…?‡J �

� , and � � becauseof theoverlapping
of theboundarypoints.Thus,node




� is representedin matrices�'? and �
� , while




� is
representedin all threematrices.
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Patterns of the three matrices �
+ associated

with thepartitioningof Figure13.4.

Fromthelinearalgebrapointof view, therestrictionoperator�
+ is an E

+
��E matrixformed

by thetransposesof columnsb
� of the E � E identitymatrix,where0 belongsto theindex

set *
+ . Thetranspose�

w

+

of this matrix is a prolongationoperator which takesa variable
from

�

+ andextendsit to theequivalentvariablein
�

. Thematrix

˜ +-, �&+X˜ ��w

+

of dimensionE
+

� E
+ de�nesa restrictionof ˜ to

�

+ . Now a problemassociatedwith ˜
+

canbesolvedwhichwouldupdatetheunknownsin thedomain
�

+ . With thisnotation,the
multiplicativeSchwarzprocedurecanbedescribedasfollows:

1. For M�,/A Jih�hih J 
 Do
2. |

�

,F|

t

�

w

+

˜�v

?

+

�
+

xmz

Q ˜ |

}

3. EndDo
We changenotationandrewrite step2 as

| �
�

�

,F|

t

��w

+

˜
v

?

+

�
+

xmz

Q•˜ |

}

h
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If the errors
�

, |

�

QS| areconsideredwhere |

� is the exact solution,thennoticethat
z

Q�˜�|<,�˜

x

|

�

QN|

} and,at eachiterationthe following equationrelatesthenew error
�

�
�

� andthepreviouserror
�

,
�

�
�

�

,

�

Q ��w

+

˜
v

?

+

� + ˜

�

h
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Startingfrom a given |

� whoseerrorvectoris
�

�

,B|

�

Q | , eachsub-iterationproduces
anerrorvectorwhichsatis�estherelation

�

+ ,

�

+

v

?�Q ��w

+

˜ v

?

+

� + ˜

�

+

v

?‰J

for M�, A Jih�hih J 
 . As aresult,
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+-,

x

�

Q  �+

}

�

+

v

?

in which

 -+�, ��w

+

˜Dv

?

+

�&+X˜Dh
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Observethattheoperator +

�

�

w

+

˜ v

?

+

� + ˜ is a projectorsince

x

� w

+

˜�v

?

+

� + ˜

}

�

, � w

+

˜�v

?

+

x

� + ˜ � w

+

}

˜�v

?

+

� + ˜V, � w

+

˜Dv

?

+

� + ˜Dh

Thus,onesweepproducesanerrorwhichsatis�estherelation
�

9

,

x

�

Q  

9

}

x

�

Q  

9

v

?

}

h�hih

x

�

Q  �?

}
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In thefollowing,weusethenotation
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9
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x
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Q  

9

}
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�

Q  

9

v
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hihih

x
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}
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Becauseof the equivalenceof the multiplicative Schwarz procedureanda block Gauss-
Seideliteration,it is possibleto recastoneMultiplicative Schwarzsweepin theform of a
global �x ed-pointiterationof the form |

�
�

�

,���|

t

� . Recallthat this is a �x ed-point
iterationfor solvingthepreconditionedsystem�

v

?

˜�| ,��

v

?

z

wheretheprecondition-
ing matrix � andthematrix � arerelatedby �/,

�

Q �

v

?

˜ . To interprettheoperation
associatedwith �

v

? , it is helpful to identify theresultof theerrorvectorproducedby this
iterationwith thatof (13.24),which is | �

�

�

Q9|

�

, �

9

x

|RQP|

�

} . Thiscomparisonyields,

| �
�

�

, �

9

|

t

x

�

Q �

9

}

|

�

J

andtherefore,

�B, �

9

� ,

x

�

Q �

9

}

|

�

h

Hence,thepreconditionedmatrix is �

v

?

˜ ,

�

Q �

9

. This resultis restatedasfollows.
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Themultiplicative Schwarzprocedureis equivalentto a �x ed-
point iterationfor the“preconditioned”problem

�
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The transformedright-handsidein thepropositionis not known explicitly sinceit is ex-
pressedin termsof the exact solution.However, a procedurecan be found to compute
it. In otherwords, it is possibleto operatewith �

v

? without invoking ˜

v

? . Note that
�

v

?

,

x

�

Q �

9

}

˜

v

? . As the next lemmaindicates,�

v

? , aswell as �

v

?

˜ , canbe
computedrecursively.
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De�ne thematrices
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for M ,aA\Jih�hih J 
 . Then �

v

?

, �

9

, �

v

?

˜ ,

�

9

, andthematrices
�

+ and � + satisfythe
recurrencerelations
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}
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Jih�hih J 
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It is clearby thede�nitions (13.28)and(13.29)that �

9

, �

v

? andthat �
?

,

�

? ,
�

?
,  

? . For thecasesM
G

A , by de�nition of �…+ and ��+

v

?

�

+
,

�

Q

x

�

Q  
+

}

x

�

Q

�

+

v

?

}

,  
+

t

�

+

v

?)Q  
+

�

+

v

?‰J

j•~0�PY � �)n

whichgivestherelation(13.31).Multiplying (13.33)to theright by ˜

v

? yields,

�
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�

+

t

�
+

v

?�Q  
+

�
+

v

?‡h

Rewriting theterm  
+ as

�

+
˜ aboveyieldsthedesiredformula(13.32).

Notethat(13.31)yieldsimmediatelytheimportantrelation
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If therelation(13.32)is multiplied to theright by a vector � andif thevector � +X˜

v

?

� is
denotedby �

+ , thenthefollowing recurrenceresults.
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Q �
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�

,��

v

?

� , theendresultis that �

v

?

� canbecomputedfor an
arbitraryvector � , by thefollowing procedure.
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1. Input: � ; Output: �

,7�

v

?

� .
2. �

�

,

�

?

�

3. For M�,

@

Jih�hih J 
 Do:
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4. �

�

,

�

t

�

+

x

�

Q•˜

�

}

5. EndDo

By a similar argument,a procedurecan be found to computevectorsof the form
�

,7�

v

?

˜

� . In thiscase,thefollowing algorithmresults:
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1. Input: � , Output: �
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� .
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,  8?
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3. For M�,

@

Jihih�h J 
 Do
4. �

�

,

�

t

 +

x

�

Q

�

}

5. EndDo

In summary, theMultiplicative Schwarzprocedureis equivalentto solving the “pre-
conditionedsystem”
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wheretheoperation�

,

x

�

Q �

9

}�� canbecomputedfrom Algorithm 13.5and �',��

v

?

z

canbecomputedfrom Algorithm 13.4.Now theabove procedurescanbeusedwithin an
acceleratorsuchasGMRES.First, to obtainthe right-handside � of the preconditioned
system(13.35),Algorithm 13.4 mustbe appliedto the original right-handside

z

. Then
GMREScan be appliedto (13.35) in which the preconditionedoperations

�

Q �

9

are
performedby Algorithm 13.5.

Anotherimportantaspectof theMultiplicative Schwarzprocedureis thatmulticolor-
ing canbeexploitedin thesamewayasit is donetraditionallyfor blockSOR.Finally, note
thatsymmetryis lost in thepreconditionedsystembut it canberecoveredby following the
sweep1,2, h�hih�J 
 by asweepin theotherdirection,namely, 
�QPA\J 
�Q

@

Jihih�hXJ�A . Thisyields
a form of theblockSSORalgorithm.
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Theadditive Schwarzprocedureis similar to a block-Jacobiiterationandconsistsof up-
datingall the new (block) componentsfrom the sameresidual.Thus,it differs from the
multiplicativeprocedureonly becausethecomponentsin eachsubdomainarenotupdated
until a whole cycle of updatesthroughall domainsare completed.The basicAdditive
Schwarziterationwould thereforebeasfollows:

1. For M�,/A Jihih�h J 
 Do
2. Compute	

+
, �

w
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˜�v

?

+
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xmz

Q•˜ |

}

3. EndDo
4. | �

�

�

,F|

t
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+sƒ
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Thenew approximation(obtainedafteracycleof the 
 substepsin theabovealgorithm
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areapplied)is
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Eachinstanceof the loop rede�nesdifferentcomponentsof the new approximationand
thereis nodatadependency betweenthesubproblemsinvolvedin theloop.

Thepreconditioningmatrix is rathersimpleto obtainfor theadditiveSchwarzproce-
dure.Usingthematrix notationde�ned in theprevioussection,noticethatthenew iterate
satis�estherelation
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Thus,usingthe sameanalogyas in the previous section,this iterationcorrespondsto a
�x ed-pointiteration | �

�

�

, ��|

t

� with

�/,

�

Q

9

‚

+Iƒ
?

 
+

J � ,

9

‚

+Iƒ
?

�

+

z

h

With therelation� ,
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˜ , between� andthepreconditioningmatrix � , theresult
is that
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Now theprocedurefor applyingthepreconditionedoperator�

v

? becomesclear.
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1. Input: � ; Output: �

,7�

v

?

� .
2. For M�,/A Jih�hih J 
 Do:
3. Compute�

+

�

,

�

+

�

4. EndDo
5. Compute�

�

,

�

?

t

�

�
hih�h

t

�

9

.

Notethat thedo loop canbeperformedin parallel.Step5 sumsup thevectors�

+ in each
domainto obtaina global vector � . In the nonoverlappingcase,this stepis paralleland
consistsof just forming thesedifferent componentssincethe addition is trivial. In the
presenceof overlap,the situationis similar except that the overlappingcomponentsare
addedupfrom thedifferentresultsobtainedin eachsubdomain.

Theprocedurefor computing�

v

?

˜

� is identicalto theoneabove exceptthat
�

+ in
line 3 is replacedby  �+ .
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Throughoutthissection,it is assumedthat ˜ is SymmetricPositiveDe�nite. Theprojectors
 + de�nedby (13.23)playanimportantrole in theconvergencetheoryof bothadditiveand
multiplicative Schwarz.A crucialobservationhereis that theseprojectorsareorthogonal
with respectto the ˜ -innerproduct.Indeed,it is suf�cient to show that  + is self-adjoint
with respectto the ˜ -innerproduct,
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� + ˜ |
J �
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˜�|
J
� w

+
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|
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 + �

}
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Considertheoperator,
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Sinceeach � is self-adjointwith respectto the ˜ -innerproduct,i.e., ˜ -self-adjoint,their
sum ˜

� is also ˜ -self-adjoint.Therefore,it will haverealeigenvalues.An immediatecon-
sequenceof thefactthatthe  

+ 's areprojectorsis statedin thefollowing theorem.
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Thelargesteigenvalueof ˜
� is suchthat
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where
 is thenumberof subdomains.
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For any matrix norm, �
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7��I˜�� � . In particular, if the ˜ -normis used,
wehave
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Eachof the ˜ -normsof  �+ is equalto onesince  �+ is an ˜ -orthogonalprojector. This
provesthedesiredresult.

This resultcanbeimprovedsubstantiallyby observingthattheprojectorscanbegrouped
in setsthathave disjoint ranges.Graphcoloringtechniquesseenin Chapter3 canbeused
to obtainsuchcoloringsof thesubdomains.Assumethat ! setsof indices

�

+
JeM8,BA\J�hihihiJ

!

aresuchthat all the subdomains
�

� for 0 �

�

+ have no intersectionwith oneanother.
Then,

 	�
d8,
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is againanorthogonalprojector.
This shows that the resultof theprevioustheoremcanbe improvedtrivially into the

following.
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Supposethat thesubdomainscanbecoloredin sucha way that two
subdomainswith thesamecolor have no commonnodes.Then,the largesteigenvalueof

˜�� is suchthat
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where! is thenumberof colors.

In order to estimatethe lowesteigenvalueof the preconditionedmatrix, an assumption
mustbemaderegardingthedecompositionof anarbitraryvector | into componentsof

�

+ .

Assumption1. Thereexistsa constant
T

� suchthattheinequality
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is satis�edby therepresentationof
�

�

�

asthesum

�

,
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Thefollowing theoremhasbeenprovedby severalauthorsin slightly differentformsand
contexts.
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If Assumption1 holds,then
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Unlessotherwisestated,all summationsin this proof arefrom A to 
 . Startwith
anarbitrary

�

decomposedas
�

,

�

�
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The lastequalityis dueto the fact that  8+ is an ˜ -orthogonalprojectoronto
�

+ andit is
thereforeself-adjoint.Now, usingCauchy-Schwarzinequality, weget
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By Assumption1, this leadsto
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which,aftersquaring,yields
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Finally, observethatsinceeach 8+ is an ˜ -orthogonalprojector, wehave
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Therefore,for any
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, theinequality
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holds,whichyieldsthedesiredupperboundby themin-maxtheorem.
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Notethattheproofusesthefollowing form of theCauchy-Schwarzinequality:
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SeeExercise1 for a proofof thisvariation.
We now turn to the analysisof the Multiplicative Schwarz procedure.We start by

recallingthattheerroraftereachouteriteration(sweep)is givenby
�

, �
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We wish to �nd anupperboundfor � �

9

�

� . First notethat(13.31)in Lemma13.1results
in
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from whichweget,usingthe ˜ -orthogonalityof  
+ ,

� �
+

�

�

�

�

, � �
+

v

?

�

�

�

�

Q �  
+

�
+

v

?

�

�

�

�

h

Theabove equalityis valid for M&, A , provided �

�

�

�

. Summingtheseequalitiesfrom
M�,/A to 
 givestheresult,
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This indicatesthatthe ˜ -normof theerrorwill not increaseateachsubstepof thesweep.
Now a secondassumptionmustbemadeto provethenext lemma.

Assumption 2. For any subset
�

of .�A\J
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Jih�hih�J 
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+XJ
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, the following in-
equalityholds:
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If Assumptions1 and2 aresatis�ed,thenthefollowing is true,
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Begin with the relationwhich follows from the fact that  + is an ˜ -orthogonal
projector,

x

 -+

�

J
 -+

�"}

�

,

x

 -+

�

J
 -+ ��+

v

?

��}

�

t

x

 �+

�

J

x

�

Q ��+

v

?

}��"}

�

J

whichyields,with thehelpof (13.34),
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For the�rst termof theright-handside,usetheCauchy-Schwarzinequalityto obtain
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For thesecondtermof theright-handsideof (13.41),usetheassumption(13.39)to get
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Addingthesetwo inequalities,squaringtheresult,andusing(13.41)leadsto theinequality
(13.40).

From(13.38),it canbededucedthatif Assumption2 holds,then,
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Assumption1 cannow beexploitedto derive a lower boundon
�
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. This will
yield thefollowing theorem.
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AssumethatAssumptions1 and2 hold.Then,
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whichuponsubstitutioninto (13.42)givestheinequality
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Theresultfollowsby takingthemaximumoverall vectors� .

This result provides informationon the speedof convergenceof the multiplicative
Schwarzprocedureby makingtwo key assumptions.Theseassumptionsarenot veri�able
from linearalgebraargumentsalone.In otherwords,givena linearsystem,it is unlikely
thatonecanestablishthat theseassumptionsaresatis�ed.However, they aresatis�ed for
equationsoriginatingfrom�nite elementdiscretizationof elliptic PartialDifferentialEqua-
tions.For details,referto DryaandWidlund [72, 73, 74] andXu [230].
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Schurcomplementmethodsarebasedon solvingthereducedsystem(13.4)by somepre-
conditionedKrylov subspacemethod.Proceduresof this typeinvolvethreesteps.

1. Gettheright-handside �	&�, �…Q �

�

v

?

� .
2. Solvethereducedsystem

�

�3, �	& via aniterativemethod.
3. Back-substitute,i.e.,compute| via (13.3).
The differentmethodsrelateto the way in which step2 is performed.First observe

that the matrix
�

neednot be formedexplicitly in order to solve the reducedsystemby
an iterative method.For example,if a Krylov subspacemethodwithout preconditioning
is used,thentheonly operationsthatarerequiredwith thematrix

�

arematrix-by-vector
operations� ,

�

� . Suchoperationscanbeperformedasfollows.

1. Compute�

&�, #

� ,
2. Solve

�

�

,

�

&

3. Compute� ,

=

�

Q �

� .
The above procedureinvolves only matrix-by-vector multiplications and one lin-

ear systemsolution with
�

. Recall that a linear systeminvolving
�

translatesinto 
 -
independentlinearsystems.Also notethat the linearsystemswith

�

mustbesolvedex-
actly, eitherby a directsolutiontechniqueor by aniterative techniquewith a high level of
accuracy.

While matrix-by-vectormultiplicationswith
�

causelittle dif�culty , it is muchharder
to preconditionthematrix

�

, sincethis full matrix is oftennot availableexplicitly. There
havebeena numberof methods,derivedmostlyusingargumentsfrom PartialDifferential
Equationsto preconditiontheSchurcomplement.Here,we consideronly thoseprecondi-
tionersthatarederivedfrom a linearalgebraviewpoint.

�������,��� . � ��� � �
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Oneof the easiestways to derive an approximationto
�

is to exploit Proposition13.1
andthe intimaterelationbetweenthe SchurcomplementandGaussianelimination.This
propositiontells us that a preconditioningoperator� to

�

canbede�ned from the (ap-
proximate)solutionobtainedwith ˜ . To preconditiona given vector � , i.e., to compute

�F,��
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� , where � is thedesiredpreconditionerto
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, �rst solve thesystem
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thentake � , � . Useany approximatesolutiontechniqueto solve theabove system.Let
�

� beany preconditionerfor ˜ . Usingthenotationde�ned earlier, let �
� representthe

restrictionoperatoron the interfacevariables,as de�ned in Proposition13.1. Then the
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preconditioningoperationfor
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which is inducedfrom �

� is de�ned by
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Observe thatwhen �

� is anexactpreconditioner, i.e.,when �

�

, ˜ , thenaccordingto
Proposition13.1, �

� is alsoanexactpreconditioner, i.e., �
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,
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. This inducedprecon-
ditionercanbeexpressedas
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It maybearguedthatthisusesapreconditionerrelatedto theoriginalproblemto besolved
in the �rst place.However, eventhoughthepreconditioningon

�

maybede�ned from a
preconditioningof ˜ , the linearsystemis beingsolvedfor theinterfacevariables.That is
typically muchsmallerthantheoriginal linearsystem.For example,GMREScanbeused
with a muchlargerdimensionof theKrylov subspacesincetheArnoldi vectorsto keepin
memoryaremuchsmaller. Also notethatfrom a PartialDifferentialEquationsviewpoint,
systemsof the form (13.44)correspondto the Laplaceequation,the solutionsof which
are“Harmonic” functions.Therearefast techniqueswhich provide the solutionof such
equationsinexpensively.

In the casewhere �

� is an ILU factorizationof ˜ , �

� canbeexpressedin an ex-
plicit form in termsof the entriesof the factorsof �

� . This de�nes a preconditionerto
�

that is inducedcanonicallyfrom anincompleteLU factorizationof ˜ . Assumethat the
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� is in a factoredform �
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Then,theinverseof �

� will have thefollowing structure:

� v

?

�

, � v

?

�

��v

?

�

,

��� �

� �
v

?

�

�

���

�

�

�
v

?

�

�

,

�
� �

�

�
v

?

�

�
v

?

�

�

wherea stardenotesa matrix whoseactualexpressionis unimportant.Recallthatby de�-
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proposition.
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Let �
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In words, the propositionstatesthat the L and U factorsfor �
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of the L andU factorsof the ILU factorizationof ˜ . An importantconsequenceof the
above ideais that theparallelGaussianeliminationcanbeexploitedfor deriving an ILU
preconditionerfor

�

by usinga generalpurposeILU factorization.In fact, the � and �

factorsof �

� havethefollowing structure:
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Each �)+>J � + pair is an incompleteLU factorizationof the local
�

+ matrix. TheseILU
factorizationscanbecomputedindependently. Similarly, thematrices��v
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+

#�+ and ��+ � v
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canalsobe computedindependentlyoncethe LU factorsareobtained.Theneachof the
matrices
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whicharetheapproximatelocalSchurcomplements,is obtained.Notethatsinceanincom-
pleteLU factorizationis beingperformed,somedropstrategy is appliedto theelementsin
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+ . Let
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+ bethematrixobtainedafterthis is done,
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Thena �nal stagewould beto computetheILU factorizationof thematrix (13.14)where
each
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+ is replacedby
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+ .
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To derive preconditionersfor the Schurcomplement,anothergeneralpurposetechnique
exploits ideasusedin approximatingsparseJacobianswhensolvingnonlinearequations.
In general,

�

is a densematrix.However, it canbeobserved,andtherearephysicaljusti-
�cations for modelproblems,thatits entriesdecayaway from themaindiagonal.Assume
that

�

is nearlytridiagonal,i.e.,neglectall diagonalsapartfrom themaindiagonalandthe
two codiagonals,andwrite thecorrespondingtridiagonalapproximationto
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as
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Then,it is easyto recover
�

by applyingit to threewell-chosenvectors.Considerthethree
vectors

� ?�,

x

A\J � J � JiA J �ZJ � J�A\J � J �ZJih�hihXJ

}

w J

� � ,

x

� J�A\J � J �ZJiA J � J � J�A\J �ZJih�hihXJ
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w J
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w h

Thenwehave
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Thisshows thatall thecoef�cients of thematrix
�

areindeedall representedin theabove
threevectors.The �rst vectorcontainsthe nonzeroelementsof the columns A , � , � , hih�h ,
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A , hih�h , in successionwritten asa long vector. Similarly,
�

�
� containsthe columns

@

J �"J




Jih�hih , and
�

� � containsthecolumns



J �ZJ � J�hih�h . Wecaneasilycompute
�

�
+

JeM�,BA\J




andobtaina resultingapproximation
�

which canbeusedasa preconditionerto
�

. The
ideacanbeextendedto computeany bandedapproximationto

�

. For detailsandanalysis
see[49].
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We now discusssomeissuesrelatedto the preconditioningof a linear systemwith the
matrixcoef�cient of (13.14)associatedwith avertex-basedpartitioning.Aswasmentioned
before,this structureis helpful in the directsolutioncontext becauseit allows the Schur
complementto beformedby local pieces.SinceincompleteLU factorizationswill utilize
thesamestructure,thiscanbeexploitedaswell.

Note that multicolor SOR or SSORcan also be exploited and that graphcoloring
canbe usedto color the interfacevalues�

+ in sucha way that no two adjacentinterface
variableswill have thesamecolor. In fact,this canbeachievedby coloringthedomains.
In thecourseof a multicolorblock-SORiteration,a linearsystemmustbesolvedwith the
diagonalblocks

�

+ . For this purpose,it is helpful to interprettheSchurcomplement.Call
 the canonicalinjection matrix from the local interfacepointsto the local nodes.If E

+

pointsarelocalandif � + is thenumberof thelocal interfacepoints,then  is an E�+�� � +

matrix whosecolumnsarethe last �#+ columnsof the E
+ �yE
+ identity matrix. Thenit is
easyto seethat
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If ˜
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, � � is theLU factorizationof ˜
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whichindicatesthatin ordertooperatewith  

w

�

v

?

 , thelast �
+

� �
+ principalsubmatrix

of � mustbeused.Thesameis truefor  

w

�

v
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 which requiresonly a back-solve with
thelast �

+
� �

+ principalsubmatrixof � . Therefore,only theLU factorizationof ˜
c����
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+ is
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neededto solve a systemwith thematrix
�

+ . Interestingly, approximatesolutionmethods
associatedwith incompletefactorizationsof ˜ c�� �

/

+ canbeexploited.
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Wecall any techniquethatiteratesontheoriginalsystem(13.2)afull matrixmethod. In the
sameway thatpreconditionerswerederivedfrom theLU factorizationof ˜ for theSchur
complement,preconditionersfor ˜ canbederivedfrom approximatinginterfacevalues.

Beforestartingwith preconditioningtechniques,we establisha few simplerelations
betweeniterationsinvolving ˜ and

�

.
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andassumethataKrylov subspacemethodis appliedto theoriginalsystem(13.1)with left
preconditioning�

� andright preconditioning�

� , andwith aninitial guessof theform
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ThenthispreconditionedKrylov iterationwill produceiteratesof theform
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in whichthesequence� � is theresultof thesameKrylov subspacemethodappliedwithout
preconditioningto thereducedlinearsystem
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Theproof is a consequenceof thefactorization
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Applying aniterative method(e.g.,GMRES)on theoriginal system,preconditionedfrom
theleft by �

� andfrom theright by �

� , is equivalentto applyingthis iterativemethodto
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Theinitial residualfor thepreconditionedsystemis
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As a result,theKrylov vectorsobtainedfrom thepreconditionedlinearsystemassociated
with thematrix ˜ & have theform
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andtheassociatedapproximatesolutionwill beof theform
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Finally, the scalars$
+ that expressthe approximatesolutionin the Krylov basisareob-

tainedimplicitly via innerproductsof vectorsamongthevectorsequence(13.53).These
innerproductsareidenticalto thoseof thesequence;
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;
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;

� . Therefore,these
coef�cients will achievethesameresultasthesameKrylov methodappliedto thereduced
system

�

�3,��
& , if theinitial guessgivestheresidualguess;

� .

A versionof thispropositionshouldallow
�

tobepreconditioned.Thefollowingresult
is animmediateextensionthatachievesthisgoal.
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Assumethat a Krylov subspacemethodis appliedto the original system(13.1)with left
preconditioning�

� andright preconditioning�

� , andwith aninitial guessof theform
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ThenthispreconditionedKrylov iterationwill produceiteratesof theform
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Moreover, thesequence�
� is theresultof thesameKrylov subspacemethodappliedto the

reducedlinearsystem
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� , left preconditionedwith �
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Therestof theproof is similar to thatof thepreviousresultandis omitted.
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Also thereare two otherversionsin which
�

is allowed to be preconditionedfrom
theleft or from theright. Thus,if �

� is a certainpreconditionerfor
�

, usethefollowing
factorizations
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toderivetheappropriateleft or rightpreconditioners.Observethatwhenthepreconditioner
�

� to
�

is exact,i.e.,when �u,

�

, thentheblock preconditioner�

� , �

� to ˜ induced
from �

� is alsoexact.
Althoughthepreviousresultsindicatethata PreconditionedSchurComplementiter-

ation is mathematicallyequivalentto a certainpreconditionedfull matrix method,there
aresomepracticalbene�ts in iteratingwith thenonreducedsystem.Themainbene�t in-
volves the requirementin the SchurComplementtechniquesto compute

�

| exactly at
eachKrylov subspaceiteration.Indeed,thematrix

�

representsthe coef�cient matrix of
the linear system,and inaccuraciesin the matrix-by-vectoroperationmay result in loss
of convergence.In the full matrix techniques,the operation

�

| is never neededexplic-
itly. In addition,this opensup thepossibilityof preconditioningthe original matrix with
approximatesolveswith thematrix

�

in thepreconditioningoperation�

� and �

� .
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Thevery�rst taskthataprogrammerfaceswhensolvingaproblemonaparallelcomputer,
beit adenseor asparselinearsystem,is to decidehow to mapthedatainto theprocessors.
For sharedmemoryandSIMD computers,directivesareoften provided to help the user
input a desiredmapping,amonga small setof choices.Distributedmemorycomputers
aremoregeneralsincethey allow mappingthedatain anarbitraryfashion.However, this
added�e xibility putsthe burdenon the userto �nd goodmappings.In particular, when
implementingDomainDecompositionideason a parallelcomputer, ef�cient techniques
mustbeavailablefor partitioninganarbitrarygraph.Thissectiongivesanoverview of the
issuesandcoversa few techniques.

����� ����� 
 # 1 . � �0� ��. � . ��. ' �,1

Considera generalsparselinearsystemwhoseadjacency graphis � ,

x

^ J #

} . Thereare
two issuesrelatedto thedistributionof mappinga generalsparselinearsystemon a num-
berof processors.First, a goodpartitioningmustbe foundfor theoriginal problem.This
translatesinto partitioningthegraph � into subgraphsandcanbe viewed independently
from theunderlyingarchitectureor topology. Thesecondissue,which is architecturede-
pendent,is to �nd agoodmappingof thesubdomainsor subgraphsto theprocessors,after
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thepartitioninghasbeenfound.Clearly, thepartitioningalgorithmcantakeadvantageof a
measureof qualityof agivenpartitioningby determiningdifferentweightfunctionsfor the
vertices,for vertex-basedpartitionings.Also, agoodmappingcouldbefoundto minimize
communicationcosts,givensomeknowledgeon thearchitecture.

Graphpartitioningalgorithmsaddressonly the�rst issue.Theirgoalis tosubdividethe
graphinto smallersubgraphsin orderto achieveagoodloadbalancingof thework among
the processorsandensurethat the ratio of communicationover computationis small for
thegiventask.We begin with ageneralde�nition.

1 2 3 4

5 6 7 8

9 10 11 12

 8?

 �

 �
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Mappingof a simple� �




meshto 4 processors.
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Wecall amapof ^ , any set ^�?KJ1^
�

Jih�hih�Jj^

9

, of subsetsof thevertex
set ^ , whoseunionis equalto ^ :

^�+��S^ J

�

+sƒ
?

/

9

^Z+-, ^ h

Whenall the ^ + subsetsaredisjoint,themapis calledaproperpartition;otherwisewerefer
to it asanoverlappingpartition.

The most generalway to describea node-to-processormappingis by settingup a
list for eachprocessor, containingall the nodesthat aremappedto that processor. Three
distinctclassesof algorithmshavebeendevelopedfor partitioninggraphs.An overview of
eachof thesethreeapproachesis givennext.

����� ��� � �"��'-! ����	 . �:#0% %�	(' # � �

Thegeometricapproachworks on the physicalmeshandrequiresthecoordinatesof the
meshpointsto �nd adequatepartitionings.In thesimplestcase,for a 2-dimensionalrec-
tangulargrid, stripesin thehorizontalandverticaldirectioncanbede�ned to getsquare
subregionswhich have roughly the samenumberof points.Othertechniquesutilize no-
tions of momentof inertia to divide the region recursively into two roughly equal-sized
subregions.

Next is a very brief descriptionof a techniquebasedon work by Miller, Teng,Thur-
ston,andVavasis[150]. This technique�nds goodseparatorsfor ameshusingprojections
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into a higherspace.Givena meshin �

�

, themethodstartsby projectingthemeshpoints
into a unit spherecenteredat theorigin in �

�

H ?

. Stereographicprojectionis used:A line
is drawn from a givenpoint O in theplaneto theNorth Pole

x

�ZJih�hih J � JiA

} andthestereo-
graphicprojectionof O is thepointwherethis line intersectsthesphere.In thenext step,a
centerpointof theprojectedpointsis found.A centerpoint! of a discreteset

�

is de�ned
asa point whereevery hyperplanepassingthrough ! will divide

�

approximatelyevenly.
Oncethecenterpointis found,thepointsof thespherearerotatedsothatthecenterpointis
alignedwith theNorthPole,i.e.,sothatcoordinatesof ! aretransformedinto

x

�ZJih�hih J � JX;

} .
Thepointsarefurthertransformedby dilatingthemsothatthecenterpointbecomestheori-
gin.Throughall thesetransformations,thepoint ! remainsacenterpoint.Therefore,if any
hyperplaneis takenthatpassesthroughthecenterpointwhich is now theorigin, it should
cut thesphereinto two roughlyequal-sizedsubsets.Any hyperplanepassingthroughthe
origin will intersectthespherealonga largecircle

=

. Transformingthis circle backinto
theoriginal spacewill givea desiredseparator. Noticethatthereis anin�nity of circlesto
choosefrom. Oneof themainingredientsin theabovealgorithmis a heuristicfor �nding
centerpointsin �

�

space(actually, �

�

H
?

in thealgorithm).Theheuristicthat is usedre-
peatedlyreplacesrandomlychosensetsof

�

t @

pointsby theircenterpoint,whichareeasy
to �nd in thiscase.

Therearea numberof interestingresultsthatanalyzethequality of geometricgraph
partitioningsbasedon separators.With someminimal assumptionson the meshes,it is
possibleto show that thereexist “good” separators.In addition,the algorithmdiscussed
aboveconstructssuchseparators.We startwith two de�nitions.
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A ˆ -ply neighborhoodsystemin �

�

is a setof E closeddisks
„

+ ,
M�,/A Jih�hih JeE in �

�

suchthatnopoint in �

�

is (strictly) interior to morethan ˆ disks.
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Let $ � A and let
„

?KJ�hihih�J

„

� be a ˆ -ply neighborhoodsystem
in �

�

. The
x

$)Jjˆ

} -overlapgraphfor theneighborhoodsystemis thegraphwith vertex set
^ ,/. A J

@

Jihih�h�JXE�= andedgeset,thesubsetof ^ � ^ de�ned by

.

x

M1Jm0

}

�

x

„

+ �

x

$ h

„

�

}

�
, �

} and
x

„

�
�

x

$)h

„

+

}

�
, �

}

= h

A meshin �

�

is associatedwith anoverlapgraphby assigningthecoordinateof thecenter
!

+ of disk M to eachnode M of the graph.Overlapgraphsmodelcomputationalmeshesin
�

dimensions.Indeed,every meshwith boundedaspectratio elements(ratio of largestto
smallestedgelengthof eachelement)is containedin an overlapgraph.In addition,any
planargraphis anoverlapgraph.Themainresultregardingseparatorsof overlapgraphsis
thefollowing theorem[150].
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Let � bean E -vertex
x

$)Jjˆ

} overlapgraphin
�

dimensions.Thenthe
verticesof � canbepartitionedinto threesets̃DJ

�

, and
=

suchthat:
� �

No edgejoins ˜ and
�

.
� �

˜ and
�

eachhaveatmost E

x

�

t

A

}

†

x

�

t�@

} vertices.
� �

=

hasonly �

x

$#ˆ

? �

�

E

o

�

v

?Xr �

�

} vertices.

Thus, for
�

,

@

, the theoremstatesthat it is possibleto partition the graphinto two
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subgraphs̃ and
�

, with a separator
=

, suchthatthenumberof nodesfor eachof ˜ and
�

doesnot exceed �




E verticesin theworstcaseandsuchthattheseparatorhasa number
of nodesof theorder �

x

$#ˆ

? � �

E

? � �

} .
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Spectral bisectionrefersto atechniquewhichexploitssomeknownpropertiesof theeigen-
vectorsof theLaplaceanof a graph. Givenanadjacency graph � ,

x

^ J #

} , we associate
to it aLaplacianmatrix � whichis asparsematrixhaving thesameadjacency graph� and
de�ned asfollows:

46+
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� �
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+ J
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}

� # Y‰[
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M �,N0
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x

)

}
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M�,<0
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Therearesomeinterestingfundamentalpropertiesof suchmatrices.Assumingthegraph
is undirected,the matrix is symmetric.It caneasilybe seenthat it is alsonegativesemi
de�nite (seeExercise9). Zero is aneigenvalueandit is thesmallestone.An eigenvector
associatedwith this eigenvalueis any constantvector, andthis eigenvectorbearslittle in-
terest.However, thesecondsmallesteigenvector, calledtheFiedler vector, hastheuseful
propertythatthesignsof its componentsdivide thedomaininto roughlytwo equalsubdo-
mains.To bemoreaccurate,theRecursiveSpectralBisection(RSB)algorithmconsistsof
sortingthecomponentsof theeigenvectorandassigningthe�rst half of thesortedvertices
to the�rst subdomainandthesecondhalf to thesecondsubdomain.Thetwo subdomains
arethenpartitionedin two recursively, until adesirablenumberof domainsis reached.
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1. ComputetheFiedlervector � of thegraph� .
2. Sortthecomponentsof � , e.g.,increasingly.
3. Assign�rst �gE-†

@��

nodesto ^
? , andtherestto ^�� .

4. Apply RSBrecursively to ^
? , ^�� , until thedesirednumberof partitions

5. is reached.

The main theoreticalpropertythat is exploited hereis that the differencesbetween
the componentsof the Fiedlervectorrepresentsomesort of distancebetweenthe corre-
spondingnodes.Thus,if thesecomponentsaresortedthey would begroupingeffectively
theassociatednodeby preservingnearness.In addition,anotherinterestingfactis thatthe
algorithmwill alsotendto minimizethenumberE

� of cut-edges, i.e.,thenumberof edges
x

�

+
J

�

�

} suchthat �

+
� ^]? and �

� � ^
� . Let O bea partition vectorwhosecomponentsare

t

A or Q�A in equalnumber, sothat b

w

O , � whereb�,

x

A\JiA Jih�hih�JiA

}

w

. Assumethat ^�? and
^

� areof equalsizeandthatthecomponentsof O aresetto
t

A for thosein ^
? and Q�A for
thosein ^

� . Thennoticethat

x

�
O
J{O

}

, �\E
�

J

x

O
Jjb

}

,��Zh

Ideally, theobjective function
x

�
O-J@O

} shouldbeminimizedsubjectto theconstraintthat
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�

x

O
Jjb

}

, � . Note that here O is a vector of signs. If, instead,the objective function
x

� |-JX|

}

†

x

|
Je|

} wereminimizedwith respectto theconstraint
x

|-Jeb

}

, � for | real,theso-
lution wouldbetheFiedlervector, sinceb is theeigenvectorassociatedwith theeigenvalue
zero.TheFiedlervectoris aneigenvectorassociatedwith thesecondsmallesteigenvalue
of � . Thiseigenvectorcanbecomputedby theLanczosalgorithmor any othermethodef-
�cient for largesparsematrices.RecursiveSpecrtalBisectiongivesexcellentpartitionings.
On theotherhand,it is ratherexpensivebecauseof therequirementto computeeigenvec-
tors.

����� ��� � � 	 #0% � � ����' 	 * �+��� �"�". ��� � 1

Thereexist a numberof othertechniqueswhich, like spectraltechniques,arealsobased
on theadjacency graphonly. Thesimplestideais onethatis borrowedfrom thetechnique
of nesteddissectionin the context of direct sparsesolutionmethods.Referto Chapter3
wherelevel setorderingsaredescribed.An initial nodeis givenwhichconstitutesthelevel
zero.Then,themethodrecursively traversesthe ˆ -th level ( ˆ � A ), which consistsof the
neighborsof all theelementsthatconstitutelevel ˆ Q<A . A simpleideafor partitioningthe
graphin two traversesenoughlevelsto visit abouthalf of all thenodes.Thevisitednodes
will be assignedto onesubdomainandthe otherswill constitutethe secondsubdomain.
Theprocesscanthenberepeatedrecursively oneachof thesubdomains.A key ingredient
for this techniqueto besuccessfulis to determinea goodinitial nodefrom which to start
thetraversal.Often,a heuristicis usedfor this purpose.Recallthat

�

x

|
J �

} is thedistance
betweenvertices| and � in thegraph,i.e.,thelengthof theshortestpathbetween| and � .
If thediameterof a graphis de�ned as

	

x

�

}

,

�

Y�� .

�

x

|-J �

}

2i| � ^ J � � ^3=

then,ideally, oneof two nodesin a pair
x

|-J �

} that achievesthediametercanbeusedas
a startingnode.Theseperipheral nodes, areexpensive to determine.Instead,a pseudo-
peripheral node,asde�ned throughthefollowing procedure,is oftenemployed.

���!� �U� 
r�v�
�

�

™ � �

�

$ � � ��� $��‡$ ���,"�� ������� �HŒ�$ � �

1. Selectaninitial node| . Set 	�,�� .
2. Do a level settraversalfrom |

3. Selecta node� in thelastlevel set,with minimumdegree
4. If

�

x

|-J �

}

G
	 then

5. Set |

�

, � and 	

�

,

�

x

|-J �

}

6. GoTo 2
7. ElseStop: | is apseudo-peripheralnode.
8. EndIf

Thedistance
�

x

|
J �

} in line5 is thenumberof levelsin thelevel settraversalneededin Step
2. Thealgorithmtraversesthegraphfrom a nodeof thelastlevel in theprevioustraversal,
until thenumberof levelsstabilizes.It is easyto seethat thealgorithmdoesindeedstop
aftera �nite numberof steps,typically small.
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Theabovealgorithmplaysa key role in sparsematrixcomputations.It is veryhelpful
in the context of graphpartitioningaswell. A �rst heuristicapproachbasedon level set
traversalsis therecursivedissectionprocedurementionedaboveanddescribednext.

�����	�U��
N�v�
�

�

™ � �

�

Ž ����� � � " ��� �
��� � �S� "%� ���� #" $'&

1. Set �

�

�

, � ,
� �

, . �'= , E

�

� �

�

,BA

2. While E

�

� � � 
 Do:
3. Selectin

�

thesubgraph�

� with largestsize.
4. Finda pseudo-peripheralnodeO in �

� and
5. Do a level settraversalfrom O . Let 4@b

�

�

, numberof levels.
6. Let � ? thesubgraphof �

� consistingof the�rst 4{b

�

†

@

7. levels,and � � thesubgraphcontainingtherestof �

� .
8. Remove �

� from
�

andadd � ? and � � to it
9. E

�

�
�

�

,FE

�

�
�

t

A

10. EndWhile

The costof this algorithm is rathersmall. Eachtraversalof a graph � ,

x

^ J #

} costs
around 2 # 2 , where 2 # 2 is thenumberof edges(assumingthat 2 ^ 2Z,

�

x

2 # 2

} ). Sincethere
are 
 traversalsof graphswhosesizedecreasesby 2 ateachstep,it is clearthatthecostis

�

x

2 # 2

} , theorderof edgesin theoriginalgraph.
As canbeexpected,theresultsof suchanalgorithmarenot alwaysgood.Typically,

two qualitiesthataremeasuredarethesizesof thedomainsaswell asthenumberof cut-
edges.Ideally, thedomainsshouldbeequal.In addition,sincethevaluesat the interface
pointsshouldbe exchangedwith thoseof neighboringprocessors,their total number, as
determinedby thenumberof cut-edges,shouldbeassmallaspossible.The�rst measure
canbeeasilycontrolledin arecursiveGraphBisectionAlgorithm— for example,by using
variantsin which thenumberof nodesis forcedto beexactlyhalf thatof theoriginal sub-
domain.Thesecondmeasureis moredif�cult to control.Thus,thetoppartof Figure13.9
shows theresultof theRGB algorithmon a sample�nite-elementmesh.This is a vertex-
basedpartitioning.Thedashedlinesarethecut-edgesthatlink two differentdomains.

An approachthatis competitivewith theonedescribedaboveis thatof doublestriping.
This methodusestwo parametersO
? , O

� suchthat O�? O
�

, 
 . The original graphis �rst
partitionedinto O
? largepartitions,usingone-waypartitioning,theneachof thesepartitions
is subdivided into O

� partitionssimilarly. One-way partitioninginto O subgraphsconsists
of performinga level settraversalfrom apseudo-peripheralnodeandassigningeachsetof
roughly E-†1O consecutive nodesin the traversalto a differentsubgraph.Theresultof this
approachwith O
?�, O

�
, � is shown in Figure13.9on thesamegraphasbefore.As can

beobserved,thesubregionsobtainedby bothmethodshaveelongatedandtwistedshapes.
Thishastheeffectof giving a largernumberof cut-edges.
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The RGB algorithm (top) and the double-
striping algorithm (bottom) for partitioning a graph into 16
subgraphs.
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Therearea numberof heuristicways to remedythis. Onestrategy is basedon the
factthata level settraversalfrom ˆ nodescanbede�ned insteadof only onenode.These

ˆ nodesarecalledthecenters or sites. Eachsubdomainwill expandfrom oneof thesê
centersandtheexpansionwill stopwhenit is no longerpossibleto acquireanotherpoint
that is not alreadyassigned.Theboundariesof eachdomainthatareformedthis way will
tendtobemore“circular.” Tosmooththeboundariesof aninitial partition,�nd somecenter
pointof eachdomainandperformalevel setexpansionfrom thesetof points.Theprocess
canberepeateda few times.

�����	�U��
N�v�
�

�

™ �

�

�

�
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1. Finda partition
�

,/. � ? J � �\Jihih�hiJ �

9

= .
2. For M

:

b5;�, A\J�hih�hiJXE

�

�

:

b5; Do:
3. For ˆR, A Jih�hih J 
 Do:
4. Finda center!

p of �

p . Set 4%"

z

bK4

x

!

p

}

, ˆ .
5. EndDo
6. Do a level settraversalfrom .

!

?KJ

!

�
J�hihih�J

!

9

= . Labeleachchild
7. in thetraversalwith thesamelabelasits parent.
8. For ˆR, A Jih�hih J 
 set �

p := subgraphof all nodeshaving label ˆ

9. EndDo


�� ���������

™��

�

�

Multinode expansionstarting with the parti-
tion obtainedin Figure13.9.
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For this method,a totalnumberof cut-edgesequalto 548anda rathersmallstandard
deviationof 0.5areobtainedfor theexampleseenearlier.

Still to be decidedis how to selectthe centernodesmentionedin line 4 of the al-
gorithm. Once more, the pseudo-peripheralalgorithm will be helpful. Find a pseudo-
peripheralnode,thendo a traversalfrom it until aboutone-halfof the nodeshave been
traversed.Then,traversethe latestlevel set(typically a line or a very narrow graph),and
take themiddlepointasthecenter.

A typical numberof outersteps,nouter, to be usedin line 2, is lessthan� ve. This
heuristicworkswell in spiteof its simplicity. For example,if this is appliedto thegraph
obtainedfrom theRGB algorithm,with E

�

�

:

b5;3,




, thepartitionshown in Figure13.10
is obtained.With this technique,the resultingtotal numberof cut-edgesis equalto 441
andthestandarddeviation is 7.04.As is somewhatexpected,thenumberof cut-edgeshas
decreaseddramatically, while thestandarddeviationof thevarioussizeshasincreased.

%��R%mŽg“>‹I(�%�(

1 In theproofof Theorem13.4,thefollowing form of theCauchy-Schwarzinequalitywasused:

�

‚

���

�

��� ���

�

� �

�

�

�

‚

���

�

��� �1��� �*�

�

���

�

�

�

‚

���

�

�

�

�'�

�

� �

�

���

�

�

(a)Provethatthisresultis aconsequenceof thestandardCauchy-Schwarzinequality. (b) Extend
theresultto the � -innerproduct.(c) Assumethatthe �

� 'sand
�

� 'sarethecolumnsof two �	�0$

matrix 
 and � . Rewrite theresultin termsof thesematrices.

2 UsingLemma13.1,write explicitly thevector �
�

�

�

for theMultiplicativeSchwarzprocedure,
in termsof thematrix � andthe 
 � 's,when �

� @�� andthenwhen �

� A .

3 (a)Show thatin themultiplicativeSchwarzprocedure,theresidualvectors�
�

�

�

� � �
� obtained

ateachstepsatisfytherecurrence,

�&� ���&�

�

�

� ��
��

�

�

�

�

�


 ���&�

�

�

for � � : �������.�

� . (b) Considertheoperator�
���

��


�

�

�
�

�

�



� . Show that �

� is aprojector. (c)
Is ��� anorthogonalprojectorwith respectto the � -innerproduct?With respectto which inner
productis it orthogonal?

4 The analysisof the Additive Schwarz procedureassumesthat � �

�

�

is “exact,” i.e., that linear
systems� ��� �

�

aresolvedexactly, eachtime �
�

�

�

is applied.Assumethat �
�

�

�

is replacedby
someapproximation�

�

�

�

. (a) Is �
� still a projector?(b) Show thatif �

� is SymmetricPositive
De�nite, thenso is �

� . (c) Now make theassumptionthat ������� ���
�

�

�! �"

. Whatbecomesof
theresultof Theorem13.2?

5 In Element-By-Element(EBE)methods,theextremecasesof theAdditiveor theMultiplicative
Schwarzproceduresareconsideredin whichthesubdomainpartitioncorrespondsto taking # � to
beanelement.Theadvantagehereis thatthematricesdonothaveto beassembled.Instead,they
arekept in unassembledform (seeChapter2). AssumethatPoisson's equationis beingsolved.
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(a) What are the matrices � � ? (b) Are they SPD?(c) Write down the EBE preconditioning
correspondingto themultiplicative Schwarzprocedure,its multicolor version,andtheadditive
Schwarzprocedure.

6 Theorem13.1wasstatedonly for themultiplicativeversionof theSchwarzprocedure.Thereis
asimilar resultfor theadditive Schwarzprocedure.Statethis resultandprove it.

7 Show thatthematrixde�nedby (13.37)is indeedaprojector. Is it possibleto formulateSchwarz
proceduresin termsof projectionprocessesasseenin Chapter5?

8 It wasstatedat theendof theproofof Theorem13.4thatif

�*����� ��� ���

� :

�

�	� ��� �

�

for any nonzero� , then � � ��
 �*��� �

�

�

� . (a) Prove this resultwithout invoking the min-max
theory. (b) Proveaversionof themin-maxtheoremwith the � -innerproduct,i.e.,prove thatthe
min-maxtheoremis valid for any innerproductfor which � is self-adjoint.

9 ConsidertheLaplaceanof agraphasde�ned in Section13.6.Show that

��
 � ��� � �

‚

�

�	� �������

��� � � ���?�

�

�

10 Considera rectangular�nite differencemesh,with meshsize � � ��� in the � -directionand
�

�

��� closestto the
�

-direction.
� � To eachmeshpoint $5� ��� ���

�

� � , associatethecloseddisk 
 � � of radius � centeredat $ � .
Whatis thesmallest! suchthatthefamily � 
 � ��� is a ! -ply system?

�

� Answerthesamequestionfor thecasewheretheradiusis reducedto � (?@ . Whatis theoverlap
graph(andassociatedmesh)for any 4 suchthat

:

@ �

4

�

!

@

@

"

Whataboutwhen 4 � @ ?

11 Determinethecostof a level setexpansionalgorithmstartingfrom $ distinctcenters.

12 Write aFORTRAN subroutine(or C function)whichimplementstheRecursiveGraphPartition-
ing algorithm.

13 Write recursive versionsof theRecursive GraphPartitioningalgorithmandRecursive Spectral
Bisectionalgorithm.[Hint: Recall that a recursive programunit is a subprogramor function,
sayfoo, which calls itself, so foo is allowed to make a subroutinecall to foo within its body.
Recursivity is not allowed in FORTRAN but is possiblein C or C++.] (a) Give a pseudo-code
for theRGB algorithmwhich processesthesubgraphsin any order. (b) Give a pseudo-codefor
theRGB algorithmcasewhenthe largersubgraphis to beprocessedbeforethesmalleronein
any dissection.Is thissecondversionequivalentto Algorithm 13.9?

NOTES AND REFERENCES. To startwith, theoriginalpaperby Schwarzis thereference[193], but
anearliernoteappearedin 1870.In recentyears,researchonDomainDecompositiontechniqueshas
beenvery active andproductive. This rebirthof an old techniquehasbeenin large part motivated
by parallelprocessing.However, the �rst practicaluseof DomainDecompositionideashasbeenin
applicationsto very largestructures;see[166, 29], andelasticityproblems;see,e.g.,[169, 205, 198,
51,28] for references.
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Two recentmonographsthat describethe useof DomainDecompositionapproachesin struc-
tural mechanicsare[143] and[87]. Recentsurvey papersincludethoseby KeyesandGropp[135]
and anotherby Chanand Matthew [50]. The recentvolume [136] discussesthe varioususesof
“domain-based”parallelismin computationalsciencesandengineering.

Thebulk of recentwork on DomainDecompositionmethodshasbeengearedtowarda Partial
DifferentialEquationsviewpoint. Often, thereappearsto be a dichotomybetweenthis viewpoint
andthatof “appliedDomainDecomposition,” in that thegoodmethodsfrom a theoreticalpoint of
view arehardto implementin practice.TheSchwarzmultiplicative procedure,with multicoloring,
representsacompromisebetweengoodintrinsicpropertiesandeaseof implementation.Forexample,
Venkatakrishnanconcludesin [215] that althoughthe useof global coarsemeshesmay accelerate
convergenceof local,domain-based,ILU preconditioners,it doesnot necessarilyreducetheoverall
timeto solveapracticalaerodynamicsproblem.

Much is known abouttheconvergenceof theSchwarzprocedure;referto thework by Widlund
andco-authors[30, 72, 73, 74, 46]. The convergenceresultsof Section13.3.4have beenadapted
from Xu [230] as well as Hackbusch[116]. The result on the equivalencebetweenSchwarz and
Schurcomplementiterationsstatedin Theorem13.1seemsto have beenoriginally provedby Chan
andGoovaerts[48]. Theresultson theequivalencebetweenthefull matrix techniquesandtheSchur
matrix techniquesseenin Section13.5have beenadaptedfrom resultsby S. E. Eisenstat,reported
in [135]. Theseconnectionsare ratherinterestinganduseful in practicesincethey provide some
�e xibility on ways to implementa method.A numberof preconditionershave alsobeenderived
usingtheseconnectionsin thePDEframework [32, 31, 33, 34,35].

Researchongraphpartitioningis currentlyveryactive.Sofar, variationsof theRecursiveSpec-
tral Bisectionalgorithm[165] seemto give the bestresultsin termsof overall quality of the sub-
graphs.However, thealgorithmis ratherexpensive, andlesscostlymultilevel variationshave been
developed[119]. Alternativesof the sameclassasthosepresentedin Section13.6.4may be quite
attractive for anumberof reasons,includingcost,easeof implementation,and�e xibility; see[107].
Thereis aparallelbetweenthetechniquesbasedonlevel setexpansionsandtheideasbehindVoronoi
diagramsknown in computationalgeometry. Thedescriptionof thegeometricpartitioningtechniques
in Section13.6.2is basedon therecentpapers[105] and[150]. Earlierapproacheshave beendevel-
opedin [55, 56, 57].
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ADI, 116

Peaceman-Rachfordalgorithm,117
adjacency graph,71

of PDEmatrices,71
adjointof amatrix,7
algebraicmultiplicity, 15
AlternatingDirectionImplicit, seeADI
anglebetweenavectorandasubspace,130
anisotropicmedium,47
approximateinversepreconditioners,297

column-oriented,300
globaliteration,298
for improving apreconditioner,308

approximateinversetechniques,375
Arnoldi'smethod,146–157

basicalgorithm,146
breakdown of, 148
with Householder orthogonalization,

149
for linearsystems,151
lucky breakdown, 148
with Modi�ed Gram-Schmidt,148
practicalimplementation,148

Arrow-Hurwicz'sAlgorithm, 241
assembledmatrix,60
assemblyprocess,59

B
bandedmatrices,5
bandwidth

of abus,327
of amatrix,5

basisof asubspace,10
BCG,209–213

algorithm,210
transpose-freevariants,213–226

BICGSTAB, 216
BiconjugateGradient,seeBCG

bidiagonalmatrices,5
bilinearform, 56
biorthogonalbases,35
biorthogonalvectors,35,205
biorthogonalization,204
bipartitegraph,82,112
blockArnoldi

algorithm,196
Ruhe's variant,197

blockdiagonalmatrices,5
blockFOM, 199
blockGaussianelimination,385–388

algorithm,388
blockGMRES,199–200

multiple right-handsides,199
blockGram-Schmidt,197
blockJacobi,102

asapreconditioner, 353
block Krylov subspacemethods,144, 196–

200
blockpreconditioners,309
block relaxation,98
block tridiagonalmatrices,5, 309

preconditioning,309
boundaryconditions,45,46

Dirichlet, 46
mixed,46
Neumann,46

C
cachememory, 327
canonicalform, 15

Jordan,16
Schur, 17

Cauchy-Schwartzinequality, 6, 8
Cayley-Hamiltontheorem,144
cell-centeredscheme,64
cell-vertex scheme,64
centereddifferenceapproximation,48
centereddifferenceformula,48

439
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centerpoint,415
CG algorithm,seeConjugateGradientalgo-

rithm
CGfor normalequations,236,237
CGNE,237

algorithm,238
optimality, 238

CGNR,236
algorithm,236
optimality, 236

CGS,214–216
algorithm,216

characteristicpolynomial,3
Chebyshev

acceleration,358
Chebyshev polynomials,186–192,194,356–

364
complex, 188,203
andellipses,188
optimality, 189–191
for preconditioning,356
real,187

Cimmino's method,233
circuit switching,328
coarse-grain,353
coef�cient matrix,95
coloringvertices,81
columnreordering,74
CompressedSparse Column storage, see

CSC
CompressedSparseRow storage,seeCSR
Concus,Golub,andWidlundalgorithm,260
conditionnumber, 40

for normalequationsystems,230
conditionnumbersandCG,180
ConjugateGradientalgorithm,174–181

algorithm,178
alternative formulations,178
convergence,191,192
derivation,174,177
eigenvalueestimates,180
for thenormalequations,236
preconditioned,244

ConjugateGradientSquared,seeCGS
ConjugateResidualalgorithm,181
consistentmatrixnorms,8
consistentorderings,112–116
controlvolume,63
convection-diffusionequation,47
convergence

factor, 105

general,105
speci�c, 105

of GMRES,193
of theMinimal Residualmethod,135
rate,105
of relaxationmethods,104
of Schwarzprocedures,402

COOstoragescheme,84
coordinatestorageformat,seeCOO
Courantcharacterization,26
Craig's method,238
CRAY T3D, 329
CSCstorageformat,85

matvecsin, 335
CSRstorageformat,85,272

matvecsin, 335
cut-edges,416
Cuthill-McKeeordering,77

D
datacoherence,327
data-parallel,326
defective eigenvalue,15
derogatory, 15
determinant,3
DIA storageformat,85,338

matvecsin, 338
diagonal

compensation,285
dominance,108,109
form of matrices,16
matrices,5

diagonalstorageformat,seeDIA
diagonalizablematrix,16
diagonallydominantmatrix,109
diagonallystructuredmatrices,85
diameterof agraph,417
diameterof a triangle,58
DIOM, 154–157,175

algorithm,156
directIOM, seeDIOM
directsumof subspaces,10,33
directedgraph,71
Dirichlet boundaryconditions,45,46
distributed

computing,325
ILU, 372
memory, 328
sparsematrices,341,373

divergenceof avector, 46
divergenceoperator, 46
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domaindecomposition
convergence,402
anddirectsolution,387
full matrixmethods,411
inducedpreconditioners,407
Schurcomplementapproaches,406
Schwarzalternatingprocedure,394

domainsweep,396
doubleorthogonalization,148
double-striping,418
DQGMRES,168–172,258

algorithm,169

E
EBEpreconditioner, 376
EBEregularization,377
edgein agraph,71
eigenspace,10
eigenvalues,3

de�nition, 3
from CGiteration,180
index, 16,17
of anorthogonalprojector, 37

eigenvector, 3
left, 4
right, 4

Eisenstat's implementation,248,263
Eisenstat's trick, seeEisenstat's implementa-

tion
Element-By-Element preconditioner, see

EBEpreconditioner
ELL storageformat,86

matvecsin, 339
Ell storageformat,339
elliptic operators,44
Ellpack-Itpackstorageformat,seeELL stor-

ageformat
energy norm,32,236,238
errorprojectionmethods,129
Euclideaninnerproduct,6
Euclideannorm,7

F
Faber-Manteuffel theorem,184
factoredapproximateinverse,306
fastsolvers,47,383
FGMRES,255–258

algorithm,256
�ctitious domainmethods,387
Fiedlervector, 416
�eld of values,23

�ll-in elements,275
�ne-grain algorithms,353
�nite differencescheme,47

for 1-D problems,50
for 2-D problems,54
for theLaplacean,49
upwindschemes,51

�nite elementmethod,44,55
�nite volumemethod,63
�e xible GMRES,seeFGMRES
�e xible iteration,255
�ux vector, 63
FOM, 151

algorithm,152
with restarting,153

Frobeniusnorm,8
frontalmethods,60,376
full matrixmethods,411–413
Full OrthogonalizationMethod,seeFOM

G
Galerkinconditions,124
Gastinel's method,139
gatheroperation,336
Gauss-Seideliteration,95

backward,97
for normalequations,231

in parallel,378
symmetric,97

Gaussianelimination,60,176,269–273,278,
282,283,285–287,368,369,383

block,385
frontalmethods,376
IKJ variant,271
in IOM andDIOM, 156
in Lanczosprocess,176
parallel,409
parallelismin, 71
reorderingin, 75
in skyline format,295
sparse,70

GCR,182–184
GeneralizedConjugateResidual,seeGCR
geometricmultiplicity, 15
Gershgorindiscs,110
Gershgorin's theorem,109
globaliteration,298–300,305
globalreductionoperations,332
GMRES,157–172,184,193–196

algorithm,158
blockalgorithm,199
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breakdown, 163,164
convergence,193
�e xible variant,250,255–258
Householderversion,158
lucky breakdown, 164
parallelimplementation,331
with polynomialpreconditioning,363
practicalimplementation,160
relationwith FOM, 164,166
with restarting,167
stagnation,167
truncated,168

gradeof avector, 144
Gram-Schmidtalgorithm,11–12,314

block,197
cancellationsin, 148
modi�ed, 11
standard,11

graph,71
bipartite,82
coloring,81,403
directed,71
edges,71
Laplaceanof a,416
partitioning,382,413

geometric,414
graphtheorytechniques,417
spectraltechniques,416
type,384

undirected,71
vertices,71

H
Hankel matrix,208
harmonicfunctions,46
Harwell-Boeingcollection,89,90
Hausdorff 's convex hull theorem,23
heap-sort,in ILUT, 291
Hermitianinnerproduct,6
Hermitianmatrices,4, 24
HermitianPositiveDe�nite, 31
Hessenberg matrices,5
Höldernorms,7
Householderalgorithm,12
Householderorthogonalization

in Arnoldi's method,149
Householderre�ectors,12
HPD,seeHermitianPositiveDe�nite
hypercube,329

I

idempotent,10,33
if andonly if, 3
iff, seeif andonly if
ILQ

factorization,315
preconditioning,314

ILU, 268–297
distributed,372
factorization,268

instability in, 293,297
generalalgorithm,270
IKJ version,272
ILUS, 294–297

algorithm,296
modi�ed, 285–286
preconditioner, 268

for Schurcomplement,409
staticpattern,273
with threshold,seeILUT andILUTP
with multi-elimination,seeILUM
zeropattern,270

ILU(0), 265,268,274–276
algorithm,275
distributedfactorization,374
for distributedsparsematrices,373
for red-blackordering,366

ILU(1), 278
ILUM, 370
ILUT, 286–293

algorithm,287
analysis,288
implementation,290
with pivoting,seeILUTP

ILUTP, 293
for normalequations,312

incomplete
orthogonalization

algorithm,154
incompletefactorization,265,268

Gram-Schmidt,315
ILQ, 314,315
QR,315

incompleteGram-Schmidt,316
IncompleteLQ, seeILQ
IncompleteLU, seeILU
IncompleteOrthogonalizationMethod, see

IOM
inde�nite innerproduct,207
independentsetorderings,79
independentsets,79,368

maximal,80
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index of aneigenvalue,16,17
indirectaddressing,69
inducednorm,8
inducedpreconditioners,407
inhomogeneousmedium,47
innerproducts,5

inde�nite, 207
invariantsubspace,10,130
inverseLU factors,306
IOM, 154

algorithm,154
directversion,154

irreducibility, 83
irreducible,27
isometry, 7
iterationmatrix,102,104

J
j-diagonal,340
Jacobiiteration,95

for thenormalequations,233
JAD storageformat,340

de�nition, 340
in level scheduling,348
matvecsin, 341

jaggeddiagonalformat,seeJAD storagefor-
mat

jaggeddiagonals,340
Jordanblock,17
Jordanbox,17
Jordancanonicalform, 16
Jordansubmatrix,17
Joukowski mapping,188

K
kernel,9, 10
Krylov subspace,144

dimensionof a,144
invariant,145
methods,143

Krylov subspacemethods,204

L
Lanczosalgorithm,172,173

algorithm,173,205
biorthogonalization,204
breakdown, 206

incurable,207
lucky, 207
serious,207

for linearsystems,208

look-aheadversion,207
lossof orthogonality, 173
modi�ed Gram-Schmidtversion,173
nonsymmetric,204
andorthogonalpolynomials,173
partialreorthogonalization,173
practicalimplementations,207
selective reorthogonalization,173
symmetriccase,172

Laplacean,seeLaplaceanoperator
Laplaceanoperator, 46,55

of agraph,416
least-squarespolynomials,359
least-squaresproblem,229
left eigenvector, 4
left versusright preconditioning,255
level of �ll-in, 278
level scheduling,345–348

for 5-pointmatrices,345
for generalmatrices,346

level setorderings,76,417
line relaxation,99
linearmappings,2
linearspan,9
linearsystem,38,95

existenceof asolution,38
right-handsideof a,38
singular, 38
unknown of a,38

linkedlists,88
localSchurcomplement,393
Look-aheadLanczosalgorithm,207
lower triangularmatrices,5
LQ factorization,314

algorithm,315
lucky breakdowns,148

M
mask,320
matrix,1

addition,2
adjointof a,7
banded,5
bidiagonal,5
canonicalforms,15
characteristicpolynomial,3
diagonal,5
diagonaldominant,108
diagonalform, 16
diagonalizable,16
Hermitian,4, 21,24
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Hessenberg, 5
irreducible,83
Jordancanonicalform, 16
multiplication,2
nonnegative,4, 26
nonsingular, 3
normof a,8
normal,4, 21
orthogonal,5
outerproduct,5
positivede�nite, 30–32
powersof a,19
reduction,15
Schurform, 17
self-adjoint,7, 403
singular, 3
skew-Hermitian,4
skew-symmetric,4
spectralradius,4
spectrum,3
square,3
symmetric,4
SymmetricPositiveDe�nite, 31,112
trace,4
transpose,2
transposeconjugate,2
triangular, 5
tridiagonal,5
unitary, 4

matrix-by-vectorproduct,334
densematrices,334
for distributedmatrices,344
in DIA format,338
in Ellpackformat,339
in triad form, 339

meshgeneration,61
meshsize,58
messagepassing,328
MILU, 285–286
minimaldegreeordering,88
Minimal Residualiteration,133

algorithm,134
convergence,135

min-maxtheorem,24
mixedboundaryconditions,45,46

� -matrix,26,269,310
modi�ed Gram-Schmidt,148
Modi�ed ILU, seeMILU
Modi�ed SparseRow storage,seeMSR
molecule,48
momentmatrix,208

in Lanczosprocedure,208
MR iteration,seeMinimal Residualiteration
MSRstorageformat,85
multi-elimination,368,369
multicolororderings,81
multicoloring,364–368

for generalsparsematrices,367
multifrontalmethods,381
multinodeexpansionalgorithm,420
multipleeigenvalue,15
multiplevectorpipelines,325
multiplicativeprojectionprocess,138
multiplicativeSchwarzpreconditioning,399
multiprocessing,325

N
naturalordering,54
nearsingularity, 40
nested-dissectionordering,88
Neumannboundaryconditions,45,46
Neumannpolynomials,355
nonnegative matrix,4, 26
nonsingularmatrix,3
norm

Euclidean,7
Hölder,7
induced,8
of matrices,8

$ -norm,8
of vectors,5

normalderivative,56
normalequations,229
normalmatrix,4, 21
null space,9, 10

of aprojector, 33

O
ObjectOrientedProgramming,334
obliqueprojectionmethods,204
obliqueprojector, 35
operator

elliptic, 44
Laplacean,46

optimalityof projectionmethods,126
orderrelationfor matrices,26
ORTHODIR,182–184
orthogonal

complement,10
matrix,5
projector, 10,35
vectors,10
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orthogonality, 10
betweenvectors,10
of avectorto asubspace,10

ORTHOMIN, 182–184
orthonormal,10
outerproductmatrices,5
overdeterminedsystems,229
overlappingdomains,385
over-relaxation,97

P
p-norm,8
packet switching,328
parallelarchitectures,326
parallelsparsetechniques,72
parallelism,324

formsof, 324
partialdifferentialequations,44
partialSchurdecomposition,18
partition,100
partitionvector, 416
partitioning,384
PDE,seepartialdifferentialequations
PE,seeProcessingElement
Peaceman-Rachfordalgorithm,117
peripheralnode,417
permutationmatrices,5, 73
permutations,72
Perron-Frobeniustheorem,27
perturbationanalysis,39
Petrov-Galerkinconditions,122–124
physicalmeshversusgraph,72
pipelining,324
polynomialapproximation,144
polynomialpreconditioning,352,354–364
positivede�nite matrix,6, 25,30–32
positivematrix,26
positive realmatrix,seepositive de�nite ma-

trix
positivesemide�nite,25
preconditioned

CG,244
ef�cient implementations,248
left, 246
for thenormalequations,259
parallelimplementation,330
split, 247
symmetryin, 245

�x ed-pointiteration,103
GMRES,250

comparison,253

�e xible variant,255,256
left preconditioning,250
right preconditioning,252
split preconditioning,253

preconditioner, 103
preconditioning,102,244

EBE,376
incompleteLU, 268
induced,407
Jacobi,265
normalequationsfornormal equations,

311
polynomial,354–364

with Chebyshev polynomials,356
with least-squarespolynomials,359
with Neumannpolynomials,355

andrelaxationscheme,103
SOR,265
SSOR,265

probing,409
ProcessingElement(PE),325
pro�le, 79
projection

operator, seeprojector
orthogonalto, 33
parallelto, 33

projectionmethods,122
additive,136
approximateproblem,123
de�nitions, 122
errorbounds,129
general,123
matrix representation,124
multiplicative,138
oblique,122,204
one-dimensional,131
optimality, 126
orthogonal,122,124
prototype,124
residual,127
theory, 126

projector, 10,32–38,101
existence,34
matrix representation,35
oblique,35
orthogonal,35

eigenvalues,37
properties,37

prolongationoperator, 101,398
propertyA, 112
pseudo-peripheralnode,417
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Q
QMR, 209–213

algorithm,212
approximation,212

QRdecomposition,11
Quasi-GMRES,168

algorithm,168
Quasi-MinimalResidual,seeQMR
quasi-Schurform, 18
quick-split,in ILUT, 291
quotientgraph,72

R
range,2, 9, 10

of aprojector, 33
rank,10

full, 10
Rayleighquotient,23,24
realSchurform, 18
recursivegraphbisection,418
red-blackordering,364
reducedsystem,318,387
reducible,27
reductionof matrices,15
reductionoperations,332
re�ectors,12
regularsplitting,107
regularization,241
relaxationmethods

block,98
convergence,104

reordering,74
reorderingrows,columns,72
reorthogonalization,11
residualnormsteepestdescent,135
residualprojectionmethods,127
restartedFOM, 153
restrictionoperator, 101,397
reversecommunication,333
right versusleft preconditioning,255
right-handside,38,95

multiple,199
row projectionmethods,231,378

parallel,378
row reordering,74
row sum,285

S
saddle-pointproblems,238
SAXPY, 131,301,332

parallel,332

sparse,301
scatterandgatheroperations,336–337
Schurcomplement,387

approaches,406
anddirectsolution,387
for �nite-elementpartitionings,392
local,391
methods,407
properties,388
for vertex partitionings,389

Schurform, 17
example,18
nonuniqueness,19
partial,18
quasi,18
real,18

Schwarzalternatingprocedure,385,394
additive,401
algorithm,395
multiplicative,394

searchsubspace,122
sectionof anoperator, 145
self preconditioning,301

convergencebehavior, 303
self-adjoint,7, 403
semisimple,15
separators,414
setdecomposition,100
sharedmemorycomputers,326
similarity transformation,15
simpleeigenvalue,15
singularmatrix,3
singularvalues,9
sites(in graphpartitioning),420
skew-Hermitian

matrices,4, 21,186
part,31

skew-symmetricmatrices,4
skyline solvers,79
SOR,97

convergence,112
iteration,95
multicolorsweep,368
for SPDmatrices,112

spanof � vectors,9
sparse,59
sparseGaussianelimination,70,88
sparsematrices

adjacency graph,70,71
basicoperations,86
directmethods,88
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graphrepresentation,70
matrix-by-vectoroperation,87
permutationandreordering,72
storage,83–86

sparsematrix-by-vectorproduct,87
sparseskyline storageformat,seeSSK
sparsetriangularsystemsolution,87
sparse-sparsemodecomputations,300
sparse-sparsemodecomputations,300
sparsity, 68
SPARSKIT, 89–91
SPD,seeSymmetricPositiveDe�nite
spectralbisection,416
spectralradius,4
spectrumof amatrix,3
splitting,97
squarematrices,3
SSKstorageformat,295
SSOR,97
steepestdescent,131
stencil,48
stereographicprojection,415
Stieljesalgorithm,174
stiffnessmatrix,59,61
Stokesproblem,240
storageformat

COO,84
CSC,85
CSR,85,272
ELL, 86
MSR,85
SSK,295

storageof sparsematrices,83–86
structuredsparsematrix,69
subdomain,373
subspace,9

directsum,10
of approximants,122
of constraints,122
orthogonal,10
sum,10

SuccessiveOver-Relaxation,seeSOR
symbolicfactorization,88
symmetricGaussSeidel,97
symmetricmatrices,4
SymmetricPositiveDe�nite, 31,112
SymmetricSOR,seeSSOR
symmetricsquaring,315
symmetryin preconditionedCG,245

T

testproblems,88
TFQMR,219

algorithm,224
topologicalsorting,346
trace,4
Transpose-FreeQMR, seeTFQMR
triadoperation,339
triangularsystems,344

distributed,375
level scheduling,346
sparse,344

tridiagonalmatrices,5

U
unassembledmatrix,60
under-determined,230
undirectedgraph,71
unitarymatrices,4
unstructuredsparsematrix,69
uppertriangularmatrices,5
upwindschemes,51
Uzawa's algorithm,239

V
variablepreconditioner, 255
vector

computers,325
operations,331
orthogonality, 10
processors,325
of unknowns,95
updates,131,332

parallel,332
vertex (in agraph),71

W
wavefronts,346
weakformulation,56
weaklydiagonallydominantmatrix,109
Wingetregularization,377

Z
Zarantonello's lemma,189


