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Abstract

This paper presents a preconditioner based on solving approximate Schur complement
systemswith overlapping restricted additiv e Schwarz methods (RAS). The construction of the
preconditoner, called SchurRAS, is as simple as in the standard RAS. The communication
requirements for each application of the preconditioning operation are similar with those of
the standard RAS approach. In the particular casewhen the degree of overlap is one, then
SchurRAS and RAS involve exactly the same communication volume per step. In addition,
SchurRAS has the same degree of parallelism as RAS. In some numerical experiments with
a model problem, the convergence rate of the method was found to be similar to that of
the Multiplicativ e Schwarz (MS) method. The Schur based RAS usually outperforms the
standard RAS both in terms of iteration count and CPU time. For a few two dimensional
scaled problems, SchurRAS was about twice as fast as the stardard RAS on 64 processors.

1 In tro duction

In the past few decades,incomplete LU (ILU) preconditioners, combined with Krylo v subspace
acceleration, have yielded techniques which o®era good compromisebetween robustnessand ef-
¯ciency when solving general large sparse linear systems of equations, see,e.g., [12, 17]. The
extension of these techniques to parallel computing environments has been done in two distinct
ways. The ¯rst is to extract parallelism via a reordering of the unknowns. The secondis to resort
to domain decomposition ideas. Multicoloring is a standard way of uncovering parallel tasks in
an algorithm such as Gaussianelimination. For example,parallel ILU-t ype preconditioners based
on graph partitioning and multicoloring were recently presented [8, 6, 11]. Constructing a par-
allel ILU preconditioner with multicoloring starts with a coloring of the interface variables. The
elimination proceedswith the interior nodes ¯rst, and this phaseis perfectly parallel. Then the
interface variables are eliminated in certain order which is basedon the colors of the interfaces.
This basic idea was already exploited for a parallel implementation of ILU(0), in 1994 [10] (see
also the 1996edition of [12]).

Concerning the secondclassof methods mentioned above, Domain Decomposition Methods
(DDM) have given rise to a general-purposestrategy for constructing global preconditioners for
sparse linear systems [12, 17]. These methods were initially developed for solving Partial Dif-
ferential Equations (PDEs), but there is an increasing interest in DDM-lik e preconditioners for
general sparse linear systems, obtained from a purely algebraic viewpoint, see,e.g., [5, 2]. In
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domain decomoposition methods, the initial problem domain is partitioned into a number of sub-
domains, possibly with overlapping interfaces. Such extensionslead to Distributed sparse systems
[12], whereby the equationsand associated unknowns are assignedto processorwith the help of a
graph partitioning approach. Using this viewpoint, many of the domain decomposition methods
can be retro¯tted to the solution of distributed sparse linear systems. The method then is to
compute an approximate solution from solutions in the subdomains { exploiting knowledgeabout
the operator, discretization, and other properties of the problem, when possible. In the simplest
caseof the Additiv e Schwarz Methods (ASM), the iterativ e processconsistsof simply solving in-
dependent problems and updating residuals in each domain after each iteration. Variants of ASM
are obtained by varying the amount of overlap and the subdomain solvers. If the subdomains do
not overlap the procedureresults in a method that essentially amounts to a Block Jacobi precon-
ditioner. At this point it is important to note that Schwarz-type proceduresare straightforward
to extend to general sparselinear systems,at least from an algorithmic point of view. Though
the body of theory that is available in DDM for PDEs does not easily extend without additional
information, domain decomposition givesrise to fairly e±cient methods for sparselinear systems,
which have the advantage of being easyto implement [2].

In [3] Cai and Sarkis intro duced an e®ective variant of the Schwarz procedure, called the
Restricted Additiv eSchwarz (RAS) method for the casewheresubdomainsareoverlappedand each
subdomain problem is approximately solved with incomplete factorization. The initial motivation
that lead to the discovery of for RAS was to reducecommunication costs{ by omitting half of the
communication in the standard overlapping AS method. However, it turns out that this is only
incidental to the e±ciency of the method becausethis omition has the unexpected e®ectof also
reducing the number of iterations.

In practice, ASM-type preconditionersare preferableto multicoloring ILU preconditioners in
that they yield a better performancein most cases[4, 1]. ASM usually outperformsnon-overlapping
Block Jacobi preconditioners both in terms of iteration counts and execution times becausethe
block Jacobi preconditioner ignores all inter-domain couplings. To improve the performance for
non-overlapping domain decomposition, Schur complement-based preconditioners were advocated
as alternativ es to the simple block Jacobi techniques [13, 9]. Though Schur complement precon-
ditioners take fewer iterations to converge, they lead to higher execution times to converge in
somecasesbecauseof the additional costsincurred by the inner iterations when solving the Schur
complement systems.

This paper presents a technique (SchurRAS) which in e®ect,brings together the best of ASM
on the one hand and Schur complement methods on the other. As in RAS, the new algorithm
combinesoverlapping and non-overlapping iterations. However, theseiterations now involve Schur
complements, i.e., they work on interface variables.

The rest of the paper is organizedas follows. Section2 intro ducesdistributed sparsesystems
and Schwarz procedures,aswell asSchur complements. Section3 presents the restricted versionof
the Schur complement preconditioner, Section 4 givessomedetails on the parallel implementation
of SchurRAS. Numerical experiments are shown in Section 5 and someconclusionsare drawn in
Section 6.

2 Distributed systems and distributed preconditioners

When solving a linear systemAx = b on a distributed memory computer it is common to start by
partitioning the adjacencygraph of the coe±cient matrix A by a graph partitioner [7]. Recall that
the adjacency graph of A is a graph G = (V; E), where V is the set of all vertices, representing
the unknowns of the system, and E is the set of all edgesrepresenting the binary relation \ aij

is a nonzero entry" between vertices i and j [12]. Assuming that the matrix A has a symmetric
nonzeropattern, the adjacencygraph G is undirected. The partitioning of G will result in p non-
overlapping subgraphsV1; ¢¢¢; Vp. Typically, the group of equationsassociated with the set Vi will

2



be assignedto processori , along with the corresponding unknwons. Thus, each processorholds a
setof equations(rowsof the linear system)and vector components associated with theserows. Note
that we assumea 'vertex-based'partitioning. This meansthat vertices are assignedto processors
(instead of edgesor elements in a ¯nite element problem). In this situation, unknowns can be
categorizedinto three classes:(1) Interior variables which are coupledonly with local variables by
the equations;(2) Local interfacevariableswhich are coupledwith non-local (external) variablesas
well as local variables;and (3) External interface variableswhich are unknowns in other processors
are coupled with local variables. Figure 1 shows an illustration.

When putting together the equationsassignedto a given processor,onecan observe that the
coe±cient matrix consistsof two pieces: the ¯rst called A i , acts on local variables and the other,
called X i acts on remote variables. Thus, the global linear systemAx = b can be rewritten in each
processoras

A i x i + X i x i;ext = bi ; (1)

where x i are the vector of local unknowns, x i;ext are the external interface variables, bi is the
corresponding local part of the right hand side vector. The above system is referred to as the
\lo cal system".

Internal points

External interface
points

 Local interface points

Figure 1: A local view of a distributed sparsematrix.

For convenience,a local reordering of the data is often exploited by splitting the local vector
x i into two parts: the subvector ui of interior nodesfollowed by the subvector vi of local interface
nodes. The local right hand side vector bi is conformally split into the subvectors f i and gi , so
that:

x i =
µ

ui

vi

¶
; bi =

µ
f i

gi

¶
: (2)

With this reordering, equation (1) takesthe form:
µ

B i E i

Fi Ci

¶

| {z }
A i

µ
ui

vi

¶
+

µ
0P

j 2 N i
E ij vj

¶

| {z }
X i x i;ext

=
µ

f i

gi

¶
: (3)
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Here, N i is the set of indicesfor subdomainsthat are adjacent to the subdomain i . The term E ij vj

is the contribution to the local equation from neighboring subdomain j . The zero block in the
secondterm of the left-hand side of (3) is due to the fact that local internal nodesare not coupled
with external nodes.

2.1 Schwarz pro cedures for distributed systems

Let the global domain ­ be decomposedinto p non-overlapping subdomains ­ i , obtained from a
partitioning of V into p non-overlapping subgraphsV 0

i . Here the superscript 0 is addedto indicate
that the domainsdo not overlap. Each subdomain ­ i can then be extendedto a larger subdomain
­ 1

i to form one-level overlapped subdomain by including all immediate neighboring nodes of V 0
i .

We may similarly de¯ne ±-level overlapped subdomain ­ ±
i with the set of nodes V ±

i . Associated
with each subdomain ­ ±

i , we can de¯ne the restriction operator

Ri;± : ­ ¡ ! ­ ±
i

z ¡ ! zi;±

where zi;± = Ri;± z is the vector of ­ ±
i which consistsonly of components of z belonging to ­ ±

i . It
is common to usethe transposeRT

i;± as the corresponding extension operator

RT
i;± : ­ ±

i ¡ ! ­

zi;± ¡ ! z

wherez = RT
i;± zi;± is the zero-extensionof a vector zi;± on ­ ±

i to ­. The local matrix A i;± associated
with the subdomain ­ ±

i can be expressedasA i;± = RT
i;± AR i;± . The additiv e Schwarz preconditioner

can be written as [16]

B [±;±] =
pX

i =1

RT
i;± A ¡ 1

i;± Ri;± : (4)

In the casewhen there is no overlap, i.e., when ± = 0, we obtain the special caseof the block-Jacobi
preconditioner:

B [0;0] =
pX

i =1

RT
i; 0A ¡ 1

i; 0 Ri; 0: (5)

Finally, using the samenotation, the restricted additiv e Schwarz proposedby Cai and Sarkis [3]
can be written as

B [0;±] =
pX

i =1

RT
i; 0A ¡ 1

i;± Ri;± : (6)

The solve with the matrix A i is rarely performed exactly. Instead, one can obtain an Incomplete
LU factorization and solve the systemswith an preconditioned Krylo v method. Examining the
incomplete factorization carefully will also yield an approach basedon Schur complements.

2.2 Schur Complemen t { based preconditioners

Eliminating ui from the top part of (3) leadsto the relation

ui = B ¡ 1
i [f i ¡ E i vi ] (7)
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which upon substitution into the bottom part, results in the following equation for vi ,

Si vi +
X

j 2 N i

E ij vj = gi ¡ Fi B ¡ 1
i E i ´ g0

i ; i = 1; ¢¢¢; p (8)

where Si is the \lo cal" Schur complement matrix:

Si = Ci ¡ Fi B
¡ 1
i E i : (9)

Note that this elimination of the ui 's is local, in that it can be carried out on each processor
in parallel since interior unknowns of each subdomain are not coupled with variables of other
subdomains.

Equations (8) for all subdomains constitute the global Schur complement system which in-
volves only all interface variables vi ; i = 1; ¢¢¢; p. The global Schur complement matrix has a
natural block structure:

0

B
B
B
B
B
B
@

S1 E12 E13 ¢¢¢ E1p

E21 S2 E23 ¢¢¢ E2p
...

. . .
...

...
. . .

...
Ep1 Ep2 Ep3 ¢¢¢ Sp

1

C
C
C
C
C
C
A

0

B
B
B
B
B
B
@

v1

v2
...
...

vp

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

g0
1

g0
2
...
...

g0
p

1

C
C
C
C
C
C
A

: (10)

The above system can be written as

Sv = g0;

where v consistsof all interface variables v1; v2; : : : ; vp stacked into a long vector The matrix S is
the global Schur complement matrix.

If the global schur complement system(10) is solved exactly, the u variablescan be obtained
from (7), and the exact solution of the whole system will then be obtained. Preconditioning
techniques can be obtained by solving the Schur complement system approximately.

3 RAS versions of Schur complemen t preconditioners

From the local linear system (3), interior variables ui can be expressedas

ui = B ¡ 1(f i ¡ E i vi ) : (11)

Once interface variables vi are available, all interior variables ui can be computed via (11). This
processcan be carried out in parallel. If we simply drop the term E ij in (10), vi can be computed
via S¡ 1

i g0
i without any communication among processors.This amounts to a block Jacobi precon-

ditioner. In passing,we note that the block Jacobi preconditioner for the original linear system
can be induced by the block Jacobi preconditioner for the global Schur complement system[12, 13].
Due the local nature of the block Jacobi preconditioner, the resulting iteration will usually converge
slowly, since one may expect that changesin a given domain will take quite a few steps before
propagating to all domains.

One way to cure this is to attack the global Schur complement systemdirectly, using Krylo v
subspacemethods with block Jacobi or distributed ILU(0) as preconditioners[13, 9]. Solving the
global Schur complement system more accurately, will result in a preconditioner that is usually
superior to the standard block-Jacobi preconditioner for the original system. Part of this superiorit y
comesfrom the fact that Schur complement-based preconditioners tend to require fewer iterations
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than ASM to converge. However, note that becausethe inner steps for solving the global Schur
complement systemsare more expensive, the overall performancemay be poorer in somecases[9].

Part of the problem with the Schur-complement basedmethods developed in [9, 13] lies in
the ine®ectivenessof the block Jacobi preconditioner which is usedto solve the global Schur com-
plement system. SinceRAS shows better performancethan the block Jacobi for the original linear
systemone can think of solving the global schur complement systemusing an RAS-like procedure
for the Schur complement. We will refer to this approach as SchurRAS. Becausethe condition
number of the Schur complement system is better than that of the original linear system[16] and
RAS is a better preconditioner than the block Jacobi preconditioner, we may expect to obtain
a more \exact" solution for the global Schur complement system. Therefore, SchurRAS should
outperform the block jacobi preconditioner. This will be borne out by the experiments.

3.1 The SchurRAS preconditioner

The local matrix A i;± can be written in the following block form

A i;± =
µ

B i;± E i;±

Fi;± Ci;±

¶
(12)

where B i;± is the matrix associated with interior nodesof the subdomain ­ ±
i . Recall that interior

nodes are those nodes which are coupled with unknowns from other domains. Assume that the
LU or ILU factorization of B i;± is available:

B i;± ¼ L i;± Ui;±

and consider the following block-ILU factorization of A i;± ,

A i;± ¼
µ

L i;± 0
Fi;± U ¡ 1

i;± I

¶ µ
Ui;± L ¡ 1

i;± E i;±

0 Si;±

¶

=
µ

L i;± 0
Fi;± U ¡ 1

i;± I

¶ µ
I 0
0 Si;±

¶ µ
Ui;± L ¡ 1

i;± E i;±

0 I

¶

´ L i;± D i;± Ui;± : (13)

Then, the preconditioner (4) using this approximation for A i;± can be expressedas

B [±;±] =
pX

i =1

RT
i;± U¡ 1

i;± D ¡ 1
i;± L ¡ 1

i;± RT
i;± : (14)

We can treat Ui;± ; D i;± ; L i;± as three separateoperators, in which caseit helps to expand each of
them as an operator on the whole space.Then Equation (14) can be recast as

B [±;±] =
pX

i =1

(RT
i;± U¡ 1

i;± Ri;± ) (RT
i;± D ¡ 1

i;± Ri;± ) (RT
i;± L ¡ 1

i;± Ri;± ) : (15)

Similarly, in the non-overlapping casethe block-Jacobi preconditioner (5) becomes

B [0;0] =
pX

i =1

(RT
i; 0U¡ 1

i; 0 Ri; 0) (RT
i; 0D ¡ 1

i; 0 Ri; 0) (RT
i; 0L ¡ 1

i; 0 Ri; 0) (16)

while, the RAS preconditioner takesthe form

B [0;±] =
pX

i =1

(RT
i; 0U¡ 1

i;± Ri;± ) (RT
i;± D ¡ 1

i;± Ri;± ) (RT
i;± L ¡ 1

i;± Ri;± ) : (17)
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Note that in the above equations, the solves with D i;± , correspond to solving Schur com-
plement systems. The operations (RT

i;± L ¡ 1
i;± Ri;± ) and (RT

i;± U¡ 1
i;± Ri;± ) are akin to a restriction and a

prolongation operator respectively. If weassumefor a moment that the factorization B i;± = L i;± Ui;±

is exact, then onecan expect that all that is required is an exact solution to the Schur complement
system, to obtain an exact solution of the global problem. Keeping in mind the interpretation
of (RT

i; 0L ¡ 1
i; 0 Ri; 0) and (RT

i; 0U¡ 1
i; 0 Ri; 0), as \prolongation" and \restriction" operators, a careful look

at (16) reveals that only the term RT
i; 0D ¡ 1

i; 0 Ri; 0 needsto be improved to lead to an improvement
to the global preconditioner. Recall that the assumption here is that the factorization of B i; 0 is
exact. We can therefore focus on this operator and obtain a more exact solve by possibly using a
preconditioned GMRES iteration [13, 9]. What is known about RAS can now be exploited and we
arrive naturally at the following de¯nition of SchurRAS preconditioner:

B =
pX

i =1

(RT
i; 0U¡ 1

i; 0 Ri; 0) (RT
i; 0D ¡ 1

i;± Ri;± ) (RT
i; 0L ¡ 1

i; 0 Ri; 0) (18)

One may ask why we do not use the overlapping versions of the prolongation and restriction
operators (RT

i;± L ¡ 1
i;± Ri;± ) and (RT

i;± U¡ 1
i;± Ri;± ) in the above expressions. The main reason is our

assumption of an accurate solve for the Schur complement system.
Comparing (17) and (18), we can seethat SchurRAS and RAS have almost the samecom-

putational costs. Only the operator R i;± involvescommunications betweenneighboring processors.
In particular, this meansthat SchurRAS and RAS involve the samecommunication when apply-
ing the preconditioner to a vector. According to (3), the term E ij remains unchanged after the
(block) Gaussianelimination process. Accordingly, the couplings of the unknowns among neigh-
boring subdomains for the global Schur complement system are the sameas those of the original
linear system. In particular, when ± = 1, SchurRAS and RAS involve exactly the samevolume of
communication.

4 Parallel Implemen tation

This section discussessomeimplementation details of the preprocessingphasein which the pre-
conditioner is computed and the iteration phase in which the preconditioner is applied at each
step.

4.1 Constructing the Preconditioning Matrix

Consider the local matrix A i de¯ned by (3). To compute the preconditioner, we make use of a
relationship that was exploited in [13], between the Schur complement of A i with respect to Ci ,
i.e., Si = Ci ¡ Fi B

¡ 1
i E i , and the block LU factorization of A i . Speci¯cally, we have

A i = L i Ui ´
µ

L i;B 0
Fi U

¡ 1
i;B I

¶ µ
Ui;B L ¡ 1

i;B E i

0 Si

¶
: (19)

What is interesting is that the above factorization can be obtained via a simple variation of Gaus-
sian Elimination referred to as the \Restricted" or \P artial" Gaussianelimination [15, 14]. The
algorithm proceedsas any form of Gaussianelimination, but does not pursue the elimination in
the (2,2) block of the matrix A i . It is described next.

Algorithm 4.1 Restricted IKJ version of Gaussianelimination
1. For i = 2, n, Do
2. For k = 1, min(i-1,m), Do
3. ai;k := ai;k =ak ;k

4. For j = k+1, n, Do
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5. ai;j := ai;j ¡ ai;k ¤ ak ;j

6. End Do
7. End Do
8. End Do

Clearly, dropping will beusedin this approximate factorization, resulting in an approximation
~Si to Si . For clarit y, we usethe samesymbol Si for this approximation.

OnceSi is computedwethen extend it by including rowsassociated with all external variables
vj that are adjacent to subdomain i . The extendedmatrix S0

i for the Schur complement matrix Si

has the following form

S0
i =

µ
Si E i;ext

Gi H i ;

¶
: (20)

In the above de¯nition, E i;ext denotessimply the inter-domain coupling matrix. The matrices Gi

and H i are matrices from neighboring subdomains which act on overlapping nodes. The matrix
H i is a Schur complement corresponding to overlapping variableswith respect to internal variables
from other processors.Algorithm 4.1 describesthe procedurefor constructing the preconditioning
matrix of SchurRAS.

Algorithm 4.2 Construction of SchurRAS
1. Construct approximate local Schur complement matrix Si .
2. Extend Si to S0

i by including rows corresponding to
external variables received from neighboring processors.

3. Compute the ILU factorization of S0
i .

It is alsointeresting to note that the SchurRAS procedurefor two subdomainscan be thought
of asa variant of the global ILU factorization performedin parallel on each subdomain with di®erent
global orderings. First, S1 and S2 can be constructed in parallel on each processoras described in
Section 2.2. This corresponds to eliminating u1 and u2 from the global point of view. Then, we
can obtain the extendedSchur complement matrices S0

1 and S0
2, which have the following forms

S0
1 =

µ
S1 E12

E21 S2

¶
; S0

2 =
µ

S2 E21

E12 S1

¶
: (21)

Last, the ILU factorizations for S0
1 and S0

2 are performed in parallel on each processor. It is easy
to understand that the whole processcorresponds to a global ILU factorization performed on
processor1 with the order u1; u2; v1; v2 and with the order of u2; u1; v2; v1 on processor2.

In contrast, the additiv e Schwarz preconditioner (with overlap) processesthe ILU factor-
ization for the rows associated with the overlapping variables di®erently: it does not take into
account contributions from interior nodes into the external overlapping variables. In other words,
the S2 block in the left-side of (21) would be replacedby a matrix similar to the the C2 matrix on
processor2 (albeit with a di®erent ordering). Similarly for the right-side matrix S0

2.
This argument should make it clear that we expect the Schur-basedpreconditioner SchurRAS

to outperform the additiv e Schwarz at least on two processors.

4.2 Applying the Preconditioner

Once the Schur complement system (8) has beencomputed, we could also extend the right hand
sideinto the vector (g0

i ; g0
i;ext ). Here,g0

i;ext is obtained from neighboring subdomains. The extended
local equation on subdomain i for the global Schur complement systemSV = g0 can be written as
follows:
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µ
Si E i;ext

Gi H i

¶ µ
vi

vi;ext

¶
=

µ
g0

i
g0

i;ext

¶
; (22)

where vi;ext corresponds to the components of external variables on subdomain i , g0
i;ext denotes

components of associated right hand side vectors from neighboring subdomains.
After equation (22) is approximately solved (e.g., using an ILU factorization), we obtain vi

by simply dropping the overlapping term vi;ext , see[3]. Finally, ui can be computed by backsub-
stitution, from (11). The whole processis described in the next Algorithm.

Algorithm 4.3 Applying SchurRAS to a vector z
1. Compute g0

i = L ¡ 1
i z.

2. Exchangeinterface variables in g0
i .

3. Compute vi by solving equation (22)
4. Compute ui using (11).

5 Numerical Exp erimen ts

This section presents a few experiments with the SchurRAS preconditioning technique. The ¯rst
test is with a model test problem on a regular rectangular grid. The secondconsidersa more
realistic linear systemrelated to a magnetohydrodynamics (MHD) problem. The experiments were
performed on an SGI Origin 3800with 64 CPUs at the Institute of Computational Mathematics
and Scienti¯c/Engineering Computing, ChineseAcademy of Sciences,China.

5.1 Scaled problem: two{dimensional case

Consider the elliptic partial di®erential equation

¡ ¢ u + 100
@

@x
(exy u) + 100

@
@y

¡
e¡ xy u

¢
¡ 10u = f (23)

on a squareregion with Dirichlet boundary conditions, discretizedwith a ¯v e-point centered ¯nite-
di®erenceschemeon a nx £ ny grid, excluding boundary points. The meshis mapped to a virtual
px £ py grid of processors,such that a subrectangleof r x = nx =px points in the x direction and
r y = ny =py points in the y direction is mapped to a processor. In the following experiments, the
mesh-sizein each processoris kept constant at r x = 100; r y = 100. As the number of processors
increases,the problem size increasesproportionally . For example, on 4 processorsthe mesh is
(2r x ; 2r y ) leading to a problem sizeof 40; 000 and on 16 processorsthe mesh is (4r x ; 4r y ) leading
to a problem sizeof 160; 000. The resulting problems becomeharder as the number of processors
grows. In a perfectly scalable situation, the ¯nal execution time for solving the problem with
size n = 160; 000 on 64 PEs should be identical with the time for solving the problem of size
n = 40; 000 on 4 PEs. Note that in order to maintain the aspect ratio of the physical domain, we
needto considersquare processorgrids of increasingsize.

In the following tests, ILUT is used as the local preconditioner. The ¯ll-in parameter is 20
and the drop tolerance is set to 0:001. Table 1 shows a comparison of preconditioners. Here, its
indicates the number of iteration, tset denotes the time for building the preconditioner, and t it

is the iteration time. BJ, RAS and SchurRAS stand for the block Jacobi, the restricted additiv e
Schwarz , and the Schur additiv e Schwarz method, respectively. The amount of overlap is 1 for
RAS and SchurRAS. FGMRES [12] with the subspacesizeof 60 was usedas an accelerator in all
tests. The iteration is stopped when the residual norm is reducedby a factor of 10¡ 6.

As shown in table 1, the construction phasefor all three preconditioners exhibits good scal-
abilit y: the time for constructing preconditioners is almost a constant for three preconditioners as
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the number of processorsincreases.It is relatively more expensive to construct the preconditioning
for the SchurRAS due to the extra cost of constructing the approximate Schur complement matrix
with Algorithm 4.1. If ARMS[14] is used as the local preconditioner instead of ILUT, then this
additional cost can be reducedbecausethe Schur complement matrix can be naturally obtained as
a by-product of the ARMS preconditioning matrix. Table 1 also shows that when iteration counts
and iteration times are considered,SchurRAS is the fastest of the three preconditioners. As the
number of processorsincreases,the increasein the iteration counts for SchurRAS is more moderate
that with the other 2 methods. The number of iterations taken by the SchurRAS on 64 processors
is almost exactly half that required by RAS, which is itself almost exactly half that required by
the block-Jacobi. The observations regarding iteration times are similar: The resulting iteration
time for SchurRAS on 64 processorsis about half that of the RAS, which is about 55% that of
BJ. This meansin particular, that the computational coststo apply the preconditioner to a vector
is almost the samefor SchurRAS and RAS. According to [16], the multiplicativ e Schwarz (MS)
requiresabout half the iterations of the additiv e Schwarz. If this were also the casefor this model
problem (the operator is not quite a Laplacean) then one could say that SchurRAS and MS have
a similar convergencerate.

Table 1: Comparison of preconditioners without inner iteration for a 2D PDE problem with ¯xed
problem size. The times are in seconds.

BJ RAS SchurRAS
np its tset t it its tset t it its tset t it

4 28 0.105 0.284 18 0.127 0.167 12 0.149 0.112
9 42 0.117 0.482 27 0.138 0.278 18 0.176 0.175
16 54 0.118 0.732 37 0.139 0.430 25 0.174 0.267
25 68 0.123 0.992 49 0.140 0.620 32 0.179 0.385
36 91 0.125 1.366 57 0.142 0.939 39 0.180 0.547
49 138 0.127 2.223 74 0.147 1.248 47 0.180 0.786
64 232 0.127 3.589 115 0.147 1.972 56 0.185 0.982

5.2 Using inner iterations

It is natural to ask whether or not the performance can be improved by employing an inner
iteration for the Schur complement system. Speci¯cally we can useGMRES acceleration to solve
the Schur complement using SchurRAS as a preconditioner. The test problem is the same as
the one in the previous section. The subspacesize of GMRES is 5 and the tolerance for inner
iteration is 10¡ 6 (stop iteration when initial residual norm is reducedby a factor of 10¡ 6). Table 2
comparestwo di®erent preconditioners. One is the block Jacobi combined with GMRES(5) for
solving the Schur complement system. The corresponding induced preconditioner, denoted by
Schur{BJ, was presented in [13]. The other preconditioner, denoted by Schur{SchurRAS, is the
preconditioner induced by solving the Schur complement systemwith GMRES(5) with SchurRAS
as a preconditioner. A comparison between Table 1 and Table 2, reveals that the number of
iterations for SchurRAS and Schur{BJ are essentially identical. At the same time, and to our
surprise, Table 2 also shows that Schur{SchurRAS also takesabout the samenumber of iteration
to converge as SchurRAS. The interpretation of what has happened is as follows. In all cases,
the resulting Schur complement system is the samesinceit involvesthe same(interface) variables
and the sameapproximations coming from the sameILUT. By iterating on the Schur complement
system, this system is solved to an accuracy that has become better than the accuracy used
to compute the Schur complement system itself (ILUT). While these iterations are helpful in
the BJ case(they solve the Schur complement more accurately), they seemto be uselessin the
SchurRAS case. The only explanation for this is that SchurRAS solves the complement systems
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very accurately, i.e., within the range of accuracy with which the Schur complement matrices are
computed. The end result is that the SchurRAS is still the fastest since it involves no inner
iterations.

Table 2: Comparison of preconditioners with inner iteration for a 2D PDE problem with ¯xed
problem size. The times are in seconds.

Schur{BJ Schur{SchurRAS
np its t it its t it

4 12 0.127 12 0.137
9 19 0.223 17 0.243
16 25 0.308 24 0.354
25 31 0.414 30 0.474
36 39 0.625 38 0.561
49 47 0.885 45 0.967
64 56 1.076 54 1.167

5.3 Test with a matrix from an MHD simulation

The test matrix used in the following experiment originates from the simulation of Magneto-
Hydrodynamics °ows. The °ow equations are represented as coupled Maxwell's and the Navier-
Stokes equations. The conservative magnetohydrodynamic system is modeled by the Maxwell
equations,written as:

@B
@t

¡ r £ (u £ B ) + ´ r £ (r £ B ) + r q = 0 (24)

r ¢B = 0 ; (25)

where´ , B , u and q are, respectively, the magnetic di®usivity coe±cient, magnetic induction ¯eld,
velocity ¯eld, and the scalar Lagrange multiplier for the magnetic-freedivergenceconstraint. In
fully coupled magnetohydrodynamics, this system is solved along with the incompressibleNavier-
Stokesequations. In the tests that follow, wesolveproblemswhich arisefrom the Maxwell equations
only. A pre-set periodic induction ¯eld u is used in Maxwell's equation (24). The physical region
is the three-dimensional unit cube [¡ 1; 1]3 and the discretization usesa Galerkin-Least-Squares
discretization. The magnetic di®usivity coe±cient is ´ = 1. The matrix is of sizen = n = 470; 96
and has nnz = 23; 784; 208 nonzeroentries.

The following input parameters have beenselectedto solve this problem: the residual is to
be reducedby 106, the FGMRES restart value is 60. The ¯ll-in parameter usedfor ILUT is 40 and
the dropping tolerance is 0.001. SchurRAS always takes fewer iterations than RAS and BJ. Note
for example that SchurRAS takes 76 iterations to converge on two processors,which is even less
than the number of iterations 78 required by BJ on one processor.The execution times are 84.46s
and 161.27s,respectively. The e±ciency is 0.95. It is veri¯ed that SchurRAS on two processorsis a
variant of global ILU factorization. It takesthe samenumber of iterations as BJ one processor,or
even fewer. RAS and BJ convergein 86 and 117 iterations on two processors,respectively. On the
SGI Origin 3800, this amounts to 128.18sand 94.43s,respectively. The corresponding e±ciencies
are0.629and 0.854,respectively. SchurRAS always takesfewer iterations than BJ and RAS. As the
number of processorsincreases,the number of iterations required by SchurRAS exhibits moderate
growth, as shown in Figure 2. Becausethe computational costsof SchurRAS are similar to those
of RAS, the reduction in the iteration number also leads to a reduction in the execution time as
shown in Figure 3.
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Figure 2: Iterations required by three methods for solving MHD problem

6 Conclusions

We presented a new preconditioner, called SchurRAS, which consistsof solving the approximate
Schur complement system with the restricted form of the additiv e Schwarz method. This precon-
ditioner can be thought of as the combination of the overlapping additiv e Schwarz preconditioner
and the non-overlapping Schur complement preconditioner. The new technique has two main ad-
vantages. First, the construction of the preconditioning matrix for SchurRAS is not only easy
but also nicely scalable. This is in contrast with parallel ILU-based preconditioners or more stan-
dard Schur-complement techniques. Second,SchurRAS has the samedegreeof parallelism as the
additiv e Schwarz.

The experimental tests show that SchurRAS is superior to the widely usedadditiv e Schwarz
preconditioner and the Schur complement based preconditioner. For a model two dimensional
scaledproblem, the convergencerate of SchurRAS is similar to that of the multiplicativ e Schwarz
preconditioner. For the samemodel problem and using 64 processors,we found that SchuRAS is
about twice as fast as the restricted additiv e Schwarz,
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