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In recen years, researt on \black-box" techniques for solving sparselinear systemsof
equationshasaccelerateddue to two factors. First, linear systemsare becomingever more
dixcult to solvedueto their biggersizes.In spite of recen progressn parallel direct solvers
[8, 20, 13], practitioners are looking at cheaper alternatives. The secondfactor is that

preconditioning methods have also made sometangible progressin improving robustness.
Iterative methods basedon Preconditioned Krylov subspacetechniques are increasingly
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viewed as attractiv e alternativesto direct solvers, both for structured problemssud as
those arising from discretized partial di®erenial equations,and for systemsarising from
applicationsareaswhich yield highly unstructured systemsand for which iterative methods
were viewed as ine®ectie in the past.

One essetial improvemert for the useKrylov subspacesolvers consistsof preconditioning
methods [18], in particular methods basedon incomplete LU decompositions [16]. One
of the rst attempts at using Krylov subspacemethods as a generalpurpose'black-box'

solver wasby Simon[21] who usedstandard (symmetric) reorderingtechniquesfrom direct

solution methods to preprocessmatrices prior to applying level-of- 1l ILU. More recen

work which employs nonsymmetric reordering strategies [10, 2] indicates that systems
arising from a wide range of applications can be successfullysolved by this approad in

conjunction with | LUs.

Apart from this progressthere still remainsa drawbadk of incomplete LU decompsitions
which is that they are sensitive to parameterssud as the drop tolerances,or certain
static reorderingstrategies.Progresshas beenmadein improving the stability of | LU s by
taking into accoun the inversetriangular factors[5, 3, 14]. Also conbining incomplete LU
decompositionsin a hierardhical fashionwith preordering pivoting strategies[17] helpsin
improving stability of the preconditioner.

In this paper we will discussthe rationale for a new multilevel strategy which mainly
focuseson keepingthe inversetriangular factors bounded. This is justi ed by an analysis
that indicatesthat stability can be enhancedby this approad.

2 Impact of dropping on the preconditioned system

This sectionanalyzeshow a perturbation introducedby dropping small terms while com-
puting incompleteLU decompositionsa®ectshe preconditionedsystem.This analysiswill
help designincomplete LU factorization preconditionerswith improved robustness.

2.1 The inverse error for a single level

We start with a partial factorization of our matrix that is terminated after k steps. We
assumethat the initial n £ n nonsingularmatrix A is rearrangedas
H B F
> —_ .
PTAQ = E C
where the leading matrix B is nonsingular and of sizek £ k and P and Q are suitably

chosenpermutation matrices. Supposethat this matrix is approximately factored as

Hg Fﬂ_uI:B o“DrB owrjB Or

(1) EC ~ ¢ | 0 S o 1 B LD+ B

Here,Cg and Ug areunit lower triangular and Dg is diagonal. The matrix S is an approx-
imation to the Schur complemehn S= Cj EBi 'F. Assumefor simplicity that we do not
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encourer zeropivots. We note that in principle onecould generalizethe following analysis
using pivoting. To keepthe analysis simple we assumethat no pivoting is necessaryfor
this partial incomplete factorization.

(m; 1), wherem > |. We represen thesedropped valuesby an n £ n matrix

0, 1
) Vi=' v, 06 v [0 ¢ee O :%% X
0

for T and 0o .1

1

; 0 1
(3) w=-EWE-@ %@J A

0

_ 0 o0

0

for G;. The elimination processaddsonerow/column at every step|.
Dependingon how the appraximate Schur complemen S is de ned a di®eren error matrix
E« will be obtained. We will only distinguish betweentwo choices.

S-Version: Corresmpndsto the \simple" approximate Schur complemen de ned by

(4) S=C| EEDBUF:

T-V ersion: This correspndsto the more expensive Schur complemen proposedin [22]
and de ned by u q
i

¢ Ci L
(5) T= jCeCi® I P AQ i g "0

Note that the T-versionof the Scur complemen results from applying the inversefactors
=i ! to the left and U; ! to the right to P> AQ and taking the lower right block. Obtaining
T doesnot really require inverting Cg and Ug. It can be computed by updating T by a

The next result shavs how the error matrix E, can be characterizedfor the two choicesof
the approximate Scur complemen.

Lemma 1 Using the alove notation we obtain for the S{version (4)
(6) B = WDk + DixWy;

and for the T{version (5),
(7) B = kD Uk + Lk D Wy
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Pro of.
We will shaw this by induction. Initially at stepl = O there is no error presert and we set
Vo= Wq = Oandl_~0= O=1.
Now going from steplj 1to stepl (I 6 k) we have
P>AQ = |:Ii 1Dli 1UII 1t Ei 1-

To distinguish betweenstep| j 1 and | we add a subscript| to all matrices. We partition
the approximate Scur complemen S;; ; from D), ; as

.

SitT o @

At step| we get i ¢
Li=0Ch. I +[yi Ve
where 0 1 .
0 A size=1j 1
y=@ 0 A A size=1
“ile A size=nj |
is the leading column of the appraximate Scur complemen divided by the diagonal ertry

and 0 1
0
v=@ 0o A
i 1n
e

denotesthe vector of those ertries from y that are dropped at step |. For the U-part, we
similarly obtain
G=(+a(zi w))G;

where . ¢
i _
z2= 00 f>=

and i
w = 00 "7=

denotesthe vector of those ertries from z being dropped.

We now considerthe S{version and T{v ersion separately beginning with the S{version.
For the S{versionthe next appraximate Schur complemen S is setas

Ss=Ci (ei "o M ")

It follows that

N1/

0 10 10 5 1
- @ 1 0'"A@ 0 ~ 0AB p G K
el et 0 0§ ° (O



0
— B;li 1 @ 0 - (f i "f)> A B;li 1 Fili 1
e

= |:Ii lDli 1UIi 1i V_Q> i Q_W>
By induction we already have
|:Ii 1DI1 1UIi 1= P>AQ i Ei 1= P>AQ i VI; 1Dli 1i Dli 1WIi 1

and by de nition wehavev = Vi andw” = ¢ W,. The leadingl £ | part of D is diagonal
and the (I;1) ertry is just . Thus we obtain

DG =P AQi V,;1Di1i DyiW i v i @ w =P AQi ViDii DIW;

which shows (6).

We now considerthe T{v ersion.In cortrast to the S{version,for the T-versionnow we get
for T
1
. f . 1] > i 1 1
|( | f) :é| e:f>+|l n>,

e:f.
I

M 1 1 M
T = j(ei"d=1 Si1

From this it follows that
3

51 54Dy a0+ Bya G2

= (i (yi ve)D;ali azi w)7)
+|:? lVIi 1Dli 1(I i Q(Zi W)>)
+(1i (Yi V)&g)Dy W, 100

= Di+veg+g w
+|:|i 1VI; 1Dli 1
+Dli 1WIi 1U|i !

I:? 1P> Aqu 1

For the last equation we usedthe de nition of D; and in particular that of T;. Also note
that only the leadinglj 1 columnsofV,, 1D); ; are nonzero(analogouslye] Dy, ;W,; ; = 0).

It is easyto verify that v e = L v~ e sincethe leading| ertries of v are zero.A similar
argumert can be madefor g w”. Altogether we have

I:-Ii 1P>AQL~JIi 1_ D, + |:‘|l 1V|D'| + D'|W|Uii !

sincev € ande w” arethe | column/row of VD, and DyW,. This completesthe proof. 2

A corollary of the represemation of the error is obtained whenwe considerthe inverseerror

(8) Fr = CLUBEO
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Corollary 2 Under the assumptionsof Lemmal we havefor the S{version

9) Fr = O} "D Gi t + 0 "Dy Wi ;L

and for the T{version we obtain

(10) Fi = Cf "VikDy + DW, ;&

An important consequencef Corollary 2 is that the inversetriangular factors 7}, * and G; *
amplify the sizeof the entries beingdropped during the incompleteLU decompsition. For

the S{versionthis impact is likely to be stronger since both inversefactors cortribute to
the error at the sametime.

An interesting obsenation can be madewhentaking a detailed look at the patterns of the
inverseerrors. To do this, partition V, and Wy as
1

" g O 0 " 7 % 1
anve= 2 '%@0 Giw= W W o G A
Ve O 0O O
0 0 0
Then the inverseerror of the S{versioncan be sketched with a pattern
0, 1 0 0 o 1 q
H o
r-BBR B[] BB G
% :
| {z o {z }
(5 WV Dy )agi * i Vi D O} 1)

which shaws that the error produced by dropping in the lower triangular part also con-
tributes to the upper triangular part and vice versa. Howewer this is di®eren for the
T{v ersion.Here we have

o, 1 1
O 0
-5 °c.0 & | |a
0 0 0
| } | {z — }
= Vi Dy DicWic U

showing that dropping in the lower/upper triangular part produceserrors in these parts
only, and by the de nition of the approximate Schur complemen there clearly will be no
perturbation in the lower right block. Note alsothat for the T{v ersion,there are no errors
in the (2,2) block, which is not surprising sincethe Sdur complemer is in fact computed
exactly from applying the inversesof the (inexact) factors L and Uy to P~ AQ.

being dropped at step| arethe ertries in column| of V, and W™, then we can seethat for

the S{versionwe have .

X ,
(12) Fe = i tvidig” Oi t + D tediwg O
16 k



And, analogouslyfor the T{v ersion,
3

» ,
(13) Fy = i tvidig” + edw; Ot
16 k

Equation (12) implies that the perturbation introduced at step | of the incomplete LU
decompmsition is given by

|:1k 1V|d|’e|> Ull 1
from the L-part and

i tadiw; G !
from the U{part. For the T{v ersionone can skip one of the inversefactors as can be seen
from (13). This indicatesthat it is wiseto incorporate the norm kLT 'k into the dropping
strategy at step| whenertries of L,. In principle one should alsoinclude the norm kUi *k
in the S{versioncasewhendropping in L. Similar argumerts apply whendropping in Uy.

Unlesswe cortrol the growth of i, * and Ui * and keeptheir norm below a constart -, the
error introducedby dropping at step | can be arbitrarily ampli ed by the inversefactors.

is a prescrited bound. Denote by @ be the leading diagonalentry of the approximate Schur
complementat stepl.

1. Lets; ands; fori;j > | theentriesin the leading column and row of the approximate
Schur complementat step|. Supmsethat the S{version is usal and entries sj;, s;
are droppd only if

?js;j 6 "jdij; - %jsuj 6 "jdi;
then

X« X«
Fy= Fuo+ Fu,:
I=1 I=1

whee Fi, and Fy, are rank{l matricessuchthat any entry is boundel by "jdj.

2. Letty; andtj for i;j > | theentriesin the leading column and row of the approximate
Schurcomplementat stepl. In caseof the T{version assumethat for i; j > I, tj; and
ti are dropped only if

-Jt;j 6 "jdij; - jtij 6 "jdij;

then
Fk = FLk Dk + DkFux:
whele
maxef jF L jg 6 " maxel jFuxig 6 ™
Pro of.
The results follow immediately from the assumptionsand Equation (12) for the S{version
caseand (13) for the T{v ersioncase. 2



2.2 The Multilev el framew ork

Multilev el | LU proceduresdo not usually proceeduntil k = n but rather stop at a certain
step k, and post-pone factoring the remaining part to the next level. Thus, one can write
at a givenlevel ",

u T Tu Tw 1
B F _ g0 Dg O Us U YE Aw=S
E C Ce | 0 S 0 | ' 1

PA-Q=
Post-poning the factorization of A-,; ~ S, may be mandatory becausethe prescribed
bound may otherwise be exceededWhen consideringthe next level matrix A-.;, spe-
ci ¢ techniques,sud are nonsymmetric permutations, can be invoked to ensurethat the
factorization at this level is more accurate and reliable. The simple version of the Scwur
complemen is often preferred sinceit leadsto less T{in than the T{v ersion. Howe\er,
the stability analysis seenabove has showvn that this versionis much more sensitive to
perturbations. On the other hand the T{v ersion gains from its higher robustnessbut it
will su®erfrom the fact that it is more expensive to computeand it may have signi cantly
more TKin.

A natural way of conbining the S{version and the T{v ersionin a multilevel framework,
could be to appraximate B only using the S{version. This could still give a good appraoxi-
mation aslong asB is, say, closeto being diagonaldominart. But for the next level which
requiresthe remaining Scur complemen, one could switch to the T{v ersion. This leads
to the M-version

M-v ersion: De ne the appraximate Schur complemern via,

: H . 1
¢ : 1

(14) M="'iCeCit | P?AQ ! U,'3| O
at stepk and via the S-versionprior to step k.

The motivation for this variant is that in a multilevel approad, it sometimespossibleto
ensurethat the factors of the B block are nicely bounded. In this situation it pays to
computethe Schur complemen more accurately and the T{v ersionmay be ideal for this.

Corollary 4 Supmsethat the partial incomplete LU decomposition is computed via the

approximate Schur complementis de ned via the T{version. Set

Mool

' 0 1

Then the inverse error satis es
3 4 3

(15 Fi= LGWDG+ CUDWGGET ] DD+ DWWt



Pro of.
Sincewe computeuntil stepk the incompleteLU decompsition via the S{version,we will
have until that step

B = WDy + D Wq:

As we now switch to the T{v ersionit meansthat we preciselyhave

e N e |

?)IOIFk = 0

¢
M="01 LC,(P”AQ)U;’

This meansthat there will be no error in the lower right block. 2

The inverseerror that has been computed so far is basedon the assumption that the
appraoximate factorization from (1) is usedwith either the S{versionor the T{v ersion as
appraximate Scur complemen. Sincewe would liketo usethis ILU in a multilevel context,
we do not have to keepthe factorsCe and Ug . Insteadwe cansubstitute them by E U 1D‘B !
and D;'CLYF . Keepingin mind that we will not compute thesefactors explicitly but only
solve systemswith them this leadsto the approximate factorization

HBF'H_IJ - O'HHDB Oﬂli
E C =~ EUOilpil! | 0 S 0 |
% e Uy %5 2 )

Dy

Ok

1 T
Us DL'CL'F

(16) + B

Ck

In this caseone can easily seethat the error and the inverseerror only shav up in the
B{part and the C{part.

Theorem 5 Supmsethat we usethe partial incompleteLU decomposition from (16). Let
Vk and Wy be partitioned asin (11). Then the following holdsfor the inverse error.

1. In caseof the S{version we obtain

M 1
E =t VeDg + DgWg O gi L
k — Lk 0 0 K -
2. For the M{version we obtain
M f H T
£ =51 VeDg + DgWg O gil: 1t VeDg + DgWg O gi bt -
k — Lk 0 0 k 11 k 0 0 k 1 1

whee | is chosenasin Corollary 4.

Pro of.
From (16) one can immediately seethat

_ @
B= 0



Then the assertionfollows immediately from Corollary 2, Corollary 4. 2

Remark . In principle for the T{v ersion the sameapproad leadsto analogousbounds
which are more complicated. But one essetial property will be lost: Entries dropped in
the lower triangular part would only cortribute to the perturbation in this part (similar
for the upper triangular part).

2.3 The inverse error contribution from lower levels

In the multilevel cortext the best we can adhieve is to nd permutation matrices Pc and
Qc for the appraximate Scur complemen S sud that

9
PESQC =
PEMQc . = LcDelUc + Eg;
PETQC '

where D¢ is diagonal, KL:'k; kUi 'k 6 - with a reasonablesmall inverseerror F¢ =
LL'EcUL L. In this casewe nally end up with an approximate factorization

" 0 ﬂL‘1P>AQU‘1u | 0 '
0 LiCngﬂ k K q 0 QcUL* q q
"bs 0 . "o . " 0 . "o !
0 Dc 0 LL'PZ "% 0 QcUL? 0 Fc

This result indicates that the inverseerror might be ampli ed by the additional inverse
factorsLi* and Ui ! from the lower levels. Although this is an extremal caseand we expect
this to rarely happen in practice, this suggestsagain that it is strongly advisableto keep
alsothe inversefactors L. and U:* bounded.

2.4 Perturbation of the appro ximate Schur complemen t

The results discussedso far dealt with perturbations introduced by dropping compared
with the diagonal part and the remaining appraximate Sdur complemern

HDB Oﬂ_
D= 9 x

where X is oneof S, M, or T. Nothing has beensaid so far about the error betweenthe
approximate Scur complemens S, M and T and the exact Scur complememn S = C j

EBi 1F. This information is of greatimportance sincethe approximate Schur complemen
will be usedas input matrix for the next level. The perturbation results deal only with
the approximate Scur complemen and aslong as the inversetriangular factors are kept
boundedit islikely that the errorsaresmall. But in arelative senseevensmall perturbations
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may have a seriousimpact on the preconditioned system if the diagonal erntries of Dy
becomesmall in absolutevalue. This may be a property of the underlying original system.
But this may in particular happen if the approximate Sdur complemen becomesill{

conditioned.

For this reason we will investigate the error introduced to the appraximate Sdur{
complemen by computing the incomplete LU {factorization. An incomplete LU{
decompsition resultsin an approximate factorization from (1) of the type

A = DO + B

whereit is assumedthat no pivoting is necessaryto ensurethat kI©yk; kUik 6 - . Suppose
that we can also exactly factor A as

A= LDU;
where H 1 M 1 M 1
L, = Lg O U = Us Ue . D, = Dg 0 .
k Le | K o | K 0 S

andLg; Uz areunit lower triangular, Dg is diagonaland S is the exact Schur complemen.

Comparing the exact Schur complemen and the appraximate Schur complemers we nd
that
i 'L« D Wit = Dy + Fy

Looking only at the lower right block yields

9
S = VIRl

. ) 0
(17) M . =Si CeCi’(Lei Cs)De(Us i Us)Ui'Or i (0;1)F«
-r b

From this equation we can seethat the error betweenthe exact and appraximate Sdur
complemetts is driven by

1. the previouserror Lg | Cg and Ug | Ug betweenboth factorizations,

i€
2. the inverseerror (O; 1 )F ' ? producedby dropping and the choiceof the approximate

Scur complemen and,

3. the norm of the inversetriangular factors i, * and Ui * (i.e. Ko Chtk; kO 'Ok 6 ).

Supposethat the error from previous step§|s boundedby ". If we ensurethat at step k
ertries are dropped sud that k(0;1)Fg ? k 6 " and that w2, 2 6 ", then the remaining
errorin (17) will revealthe sameorder". We will summarizethis obser\atlon in atheorem.

Denotethe ertries of the approximate Schur complemens SO T after | = 1;::::k steps

of incomplete Gaussianelimination by r") respectively). To simplify the analy5|swe
assumethat
(18) i > JS|(|m)J it >

11



approximately of the sameorder. Initially this can be achieved by scalingand reordering
which will in fact be donein the sectionon numerical examples.

Theorem 6 Under the assumption(18) the following holds provided that the inverse tri-
angular factors are boundel by someprescriked constant - . Assumethat the prescrited drop
tolerance " is lessthan L.

Uy of I and Uy, are dropped only if

ifin bty § 6 —5°

Then there existsa constant K suchthat for any entry i; j of the Schur complements
we have
jsi i sjj6 K"

2. For the M{version we consider the sameconditions as for the S{version. Then there
exist a constant K suchthat for any entry i; j of the Schur complementswe have

jSij i mijj 6 K ('" )2:

lim and uy; of 5, and U, are dropped at most if

jlimJ;jtmjj 6 ™
Then there exist a constant K suchthat for any entry i; j of the Schur complement
we have
jsi i Gi6 K(")%
Pro of.

Supposethat at step m we have
for the S{ and M {version,respectivelyjsi(jm) i tfjm)j 6 K" for the T{v ersion.
Becauseof (18) it follows that there exists a further constart C sud that

i i Gliuii 6 C%j=Lmi>j:

(m+1) ., (m+1)
i i S

+1) . +1) .
; (m)ltfjm)J

From (17) we obtain that after stepm + 1, the error js j andjs;
can be boundedby
T

. . . . . 0 .
maxjCeCi(Lg i Ce)De(Us i Us)UOj 'O:j + maxj(0;1)Fy At

12



For the rst part we obtain the bound
maxjCeCi*(Lg i Cs)De(Us i Ug)Ui'0rj6 "2 2
Since": 2 < 1, we seethat

maxjCeCh'(Le i Co)De(Us i Us)Oi'0rj6 ™

Supposewe can shaw that the ertrleSJs(m Dy (m = andjs(m Yy ﬁm Y| are boundedby

K", then the samehasto hold for the (m + 1). column Of L+t i Lm+1 andUz ., i O7.,
since by hypothesis (18) the diagonal ertries of the approximate Scur complemen are
uniformly boundedaway from zero.

(m+1) | S‘-(-m+l)J, jS(m+l) t(m+1)J by K"

It remainsto show that we can bound the error js; i

i.e. we have to shaw that TR

maxj(0; I )Fg j6 L"

|
for someconstart L.

1. Accordingto Theoremb5, for the S-versionwe will have

1
M VoD + DsWs 0 -

Fma = Chis 0 0 (S
Thus, if the entries in Lg and Ug in ewery step are dropped at most if they are less
than "=- 2, then the inverseerror is alsoboundedby a constart L times". From this

it follows that the errorjsi(jm+1) i (m 1)1 remainsbelow a constart times"

2. For step 1;:::;k, the M-versionand the S-version are the same.The di®erencebe-
tweenthe M -version and the S-wersionis that after the nal step k the remaining
Scur complemen is computedin a di®eren way, i.e. the lower right block of the
inverseerror F, vanishes.

3. For the T-versionwe note that by Corollary 2 the inverseerror F, is given by
Fm = C,VnDn + DWW, 0t

l.e. only the ertries that are droppedin =, and U, are only ampli ed by oneinverse
triangular factor. But by construction there is no inverseerror in those positions,
where the enries of the approximate Sdur complemen T are located. Thus we
don't have to divide by - (or - 2). Since"- 2 < 1, the error betweenthe exactand the
approximate Scur complemers can be estimatedby someconstart K times ".

Remark .
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2 For Theorem 6 it is essetial to require that (18) be ful'lled. This is neededto
ensurethat the leadingk diagonal entries of the approximate Scur complemen are
uniformly boundedaway from zeroaswell asto protect CeCh'(Lg i Cg)Da(Us i
Us )0} 'O from being amplied by too large diagonal ertries in Dg.

This certainly indicates a strong need for preordering and scaling algorithms that
properly preparethe leadingblock B . To safeguardhis processsmall diagonalpivots
should be moved to the end. This is a side-e®ecbf keepingthe inversetriangular
_factors be_:ION abound -, since- jsﬁnmnzj > max;; fj si(nr:‘)j;jsfn"j1 jg is necessaryo keepthe
inversetriangular factors below - .

2 From Theorem6 we may concludethat the ertries of L, and U, outsidethe leadingk£
k block are not neededat all. This is only true if the approximate Scur complemen
is not computed from these ertries but using T, Ui from (16). Otherwise, using
Corollary 2 we needto keep

maxjF m+1] = max] D}nil Vim+1 Dm+1 Urinh + I:_Im:l';'l Dm+1 Wmn41 Urinilj 6 L"

which shows that even the enries in the E and F block needto be lessthan "= 2.

3 Inverse{based multilev el ILUs

Corollary 2 suggestghat, whene\er possible,iIncomplete LU factorizations should be com-
puted in sud a way that the inversetriangular factorsremain bounded.While keepingthe
ertries of L and U smallis straightforward, e.g.with the help of pivoting, making the same
demandfor the inversematrices is more delicate. We have adopted a strategy to achieve
thesefeatures,which is basedon conmbining the following three ingredierts.

1. A static pre-orderingof the systemthat puts the original matrix A in the form

u T
S B F
P"AQ = E C

wherethe leadingblock B is likely to have nicely boundedinversetriangular factors.

2. A partial incomplete LU factorization which approximately factors P~ AQ and uses
pivoting to keepthe inversetriangular factors below a given bound - . The factor-
ization is partial in that it only proceedswith the elimination of the unknowns
correspnding to the B block. Details are given below.

3. A multilevel setting, possiblya recursive one,which completesthe partial incomplete
factorization of Step 2. Indeed, this amourts to (recursively) repeating the previous
two stepson the Scur complemen systemresulting from step 2.

A few clari cations are now given for steps2 and 3. Step 2 starts with a new reordering
P>AQ ! P>AQ of A with a smaller leading block. This reordering consistsof moving

14



rows and columnsto the end that are responsible for undesiredlarge inversefactors. In
other words, we obtain

0 1
HB Fﬂ 511‘312 Fl u§ l.eﬂ
PPAQ=P (P°AQ)Q=P> [ . Q=@Byu[Bx F A’ ?% :

E. | E, C
The incomplete factorization is then computed for
u T u TH Tu 1
s> a8 BF . Lg[0 " Dg[O0 " Ug|[Us ~
(19) AQ Sy 0[S o1
|—tz—) '—%—}

wherelL y; U; are unit lower triangular factors, Dy is diagonaland S is the appraximate
Sdwur complemen. The partial incomplete factorization is performed ensuring that the
inversetriangular factors fulll kL 'k; kUi 'tk 6 - .

Further commeris on thesethree piecesof the factorization are given next.

3.1 Template 1: Pre-orderings

Standard static ordering techniquescan be usedto give somedesirableproperties to the
original matrix. Among these are all the graph basedroutines to reduce 1Il-in or more
recen approadesto improve diagonaldominance.A few popular examplesof Il-reducing
methods are the reverse Cuthill-McKee (RCM), the multiple minimum degreeordering
(MMD), the nesteddissection(ND), or the appraximate minimum 1l (AMF). See[1]] for
an overview of someof thesereorderings,and [15, 1] for the AMF ordering.

The nonsymmetric orderings usedin MC64 [10] and in the ddPQ strategy [18] attempt
to improve the diagonal dominanceof the matrix in di®eren ways. THE objective is to
rearrangethe columnsand/or the rows sud that the diagonalpart getsa maximum weigh.
In [1Q] scalingis part of this approad but 1l reductionis performedby a static (Ssymmetric)
post-orderingof the resulting matrix. In cortrast, ddPQ assumeshat somescalingis done
a priori and the reorderingis performedasa compromisebetweendiagonaldominanceand
1.

3.2 Template 2: Partial incomplete LU decomp osition

A partial (I)LU of a partitioned matrix is a factorization of the matrix in the form of the
right-hand sideof (19). Any Gaussianelimination-basedprocedurecan be adaptedto yield
a partial factorization. Howewer, the most attractive method exploits the Crout{v ersion
of Gaussianelimination, see [9, p. 50] and [14]. The Crout (sometimesreferredto asthe
Crout-Doolittle) algorithm computesthe k-th colmun of L and the k-th row of U at stepKk.
A partial factorization consistsof performing a number, say p, stepsof this algorithm and
then computing the Scdur complemen. There are se\eral advantagesof Crout-versionsof
ILU someof which are discussedn [14].
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In the cortext of the partial ILU factorization neededfor a multilevel scheme, diagonal
pivoting is necessaryin fact pivoting is an integral part of the reorderingscheme.Diagonal
pivoting relieson various estimatesfor the inversetriangular factors, seee.g.,[6, 12]. When
the estimated norm of the inversetriangular factor exceedshe prescribed bounds, then
the assaiated column and row is pushedto the end (seeFigure 1). From the point of view
of implemertation, a diagonal pivoting strategy of this type can be easily added to the
Crout factorization.

Figure 1: Diagonal pivoting in the Crout version

s
factor
gl " |
1
skip

3.3 Template 3: The multilev el scheme

The next part of the preconditioner involves recursivity by repeating the rst two steps
on the approximate Sdur complemen resulting from Step 2. This leads naturally to a
multilevel strategy. To solve a linear system using this multilevel ILU we could simply
proceedasin [19]. Basedon the underlying approximate factorization

WAQ_HB Fﬂl/u o Me o My g
- E C 7 EBil| 0 Sc 0o |
the assaiated preconditionerwould require the application of
TRNUUS TR
(20) PP AQ)tve B 2w 1B sl ey

Here B is the approximation to B correspnding to an ILU of B, and a solve with S¢ in
(20) correspndsto a recursiwe solve invoking the next 'coarser’ level.

4 Numerical tests

This section preserns numerical experimerts to test the inverse{basedmultilevel ILU ap-
proadh. We begin by pointing out that the algorithms descriked in this paper are part of
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a recenly releasedpadagecalled ILUPACK [4] which is available online. Along with the
padage,the ILUPACK web-site[4] also posts a rather exhaustive set of experimerts with
various publically available test matrices. The numerical computations were performedon
an IBM RISC 6000with four Power 3-11 processorg375 MHz). 64-Bit addresslength and
up to 4 GB memory were used.All codesuseoptimization.

The discussionof the experimerts certers around two main questions:

2 How doesthe reliability depend on the drop tolerance?(sensitivity)

2 How many problems(statistically) canbe solvedwith anincompleteLU factorization
(with or without multilevel) if we x the number of nonzerosof L, U relative to the
nonzerosof A.

We will comparethree approades,

1. ILUTP ([16, 18)) using a binary seart tree.

2. The inverse{basedILUTC [14], which computesa single ILU without pivoting and
usesthe inversetriangular factors within dropping.

3. the inverse{basedmnultilevel ILU asdescrikedin Section3, hereafterreferredasILU-
PACK. According to the theory preserted here we will usethe S-version (SIMPLE
version) and the M-version (DEFAULT version).

Thesemethods are combined with se\eral reordering strategies

(a) approximate minimum 1 (AMF) [1],
(b) multiple minimum degree(MMD) [11],
(c) reverseCuthill-McKee (RCM) [1]] and,

(d) for the multilevel strategy we will alsouse ddPQ, a strategy recerily presetrtied in

[17.

A recen algorithm called MC64 [10] and designedto improve the diagonal dominanceis
alsoincluded in the numerical results for comparison,and in order to seehow MC64 can
help improve performance.

All codesthat are usedreferto their versionsasthey wereimplemerted in ILUPACK [4].
As iterativ e solver restarted GMRES(30) [18] is used. The iteration is stopped, wheneer
the residualis reducedby " €ps¥4 1:5¢10 8. The iterativ e processis deemedto have failed
if more than 500 stepsare required or a breakdavn occurs.

For the inverse-basedmultilevel ILU we prescribe the bound - for the inverse factors.
Howewer, dropping is not performedwith respect to somedrop tolerancedivided by this
bound -, but by the estimatedmaximum norm ~ of L | L and U ! at stepk of the algorithm,
which may be lessthan - . This is done becauseone cannot predict a priori whether this
bound - is ewer attained. So using ~ = max(kL} 'k; kU] *k) is a good compromise.As
mertioned earlier the inversenorms are estimated by essetially using the results of [6].
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Figure 2: Numerical sensitivity of ILUTP (PDE problems)
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Figure 3: Numerical sensitivity of inverse-basedLUTC (PDE problems)
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Figure 4: Numerical sensitivity of ILUPACK, S-wversion,- = 10 (PDE problems)
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4.1 Sensitivit y with respect to the drop tolerance

The rst set of numerical experimerts investigateshow the succesf the incomplete LU
decompsition is a®ectedby the choice of the drop tolerance. To measurethis sensitivity
to drop-tolerance,we use 81 test problemsfrom partial di®erenial equationsavailable at
the Davis collection [7]. Figures2, 3, 4 shaw the relative number (perceriage) of problems
solvedusingaspeci ¢ ILU (ILUTP, inv.-basedILUTC, andinv.-basedmultilevel ILU) and
oneof the above orderings(AMF/MMD/R CM/PQ). We shaw the resultsfor the S-version
of the inverse{basedmultilevel ILU (referredto asILUPACK) and - = 10.

Figures 2, 3, 4 shaw clearly that the multilevel ILU is the least sensitive to the given
drop tolerance. Using MC64 [10] one could even improve the results further. Howewer,
we noticed that for this classof problemsonly slight improvemert were made. Note that
matrices arising from partial di®erertial equation are typically symmetrically structured
and that orderingslike AMF, MMD and RCM, and ILUs sudh asILUTC and the inverse-
basedmultilevel ILU presene symmetry.

4.2 Ezxciency via 1{in

The above statistics regardingthe dependenceof the drop tolerancegive only a partial idea
on the exciency of the methods. To get a more detailed view on the 1{in of the triangular
factors resulting from the incomplete factorizations, we now study how the number of
successfullysolved systemsis related to the T{in resulting from the factorization. In a
typical situation, an ILU which allows more 1l-in is more accurate and should therefore
yield faster corvergence.The relevant resultsarein Figures5, 6, and 7.
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Figure 5: ILUTP, successfutomputation versus I{in (PDE problems)
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Figure 6: Inverse-basedLUTC, successfutomputation versus I{in (PDE problems)
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Figure 7: ILUPACK, S-wersion,- = 10, successfutomputation versus 1{in (PDE prob-
lems)

ILUPACK S, percentage of problems solved, kappa=10

100

=To)= 3 _ _ i

]

80 _ M

70F -

percentage
a
(@]

O Ll Ll Ll |
0.5 1.0 1.5 2.0 3.0 4.0 6.0

fill in factor

]
.
1
.
8.0

10.0

It turns out againthat the 1{in of the triangular factor of the inverse-basednultilevel
ILU is the leastrelated to the number of problemsthat could be solved. Better resultscan
again be obtained by using MC64.

4.3 Unstructured problems

To give an idea on how the inverse-basednultilevel ILU performson highly unstructured
problemswe considera set of 33 test problemsfrom chemical engineering.Thesematrices
aretypically highly inde nite and pivoting, or an a{priori nonsymmetricreordering,is often
helpful. To shaw this we rst presen in Figures8, 9, 10the statistics on the sensitivity with

respect to the drop tolerance (in analogyto the set of PDE problems)when the original
matrices are considered.

It isimportant to menrtion that ILUPACK doesnot implemert pure versionsof the standard
symmetric orderings like AMF, MMD or RCM. Sincethesedo not include any pivoting
they are likely to fail on highly unstructured problems. The multilevel ILU in ILUPACK
usesonly diagonal pivoting, so it was con gured so as to automatically switch to the
ddPQ ordering when the other simple orderings (AMF, MMD or RCM) fail to produce
a suzciently large leading diagonal block B. This explains why in Figures 8, 9, 10 the
orderingslike AMF, MMD or RCM perform quite well despite the high inde niteness of
the test problem class.

Due to the high inde niteness of this problem class, MC64 dramatically improves the
numerical performance.On the other hand, relative to ILUTP and ILUTC, the inverse-
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Figure 8: Numerical sensitivity of ILUTP (Chem. Engin.)
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Figure 9: Numerical sensitivity of inverse-basedLUTC (Chem. Engin.)
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Figure 10: Numerical sensitivity of ILUPACK, S-version,- = 10 (Chem. Engin.)
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basedmultilevel ILU is only mildly a®ectedby this reordering(cf. Figures11,12,13).

We shouldpoint out againthat ILUTC doesnot include any form of pivoting. This explains
why it fails without MC64 for most problems but works very well after MC64 has been
applied.

4.4 Variants of the inverse-based multilev el ILU

The previous results compare the new inverse-basedmultilevel ILU with existing ILU

approadesin generalterms. In this sectionwe brie°y commer onthe impact of parameters
sud the bound - for the inversetriangular factors, as well asthe choice betweenthe S-
versionand the M-version.

Recall that the norms of the inverse factors are kept belov a threshold - which is a
parameter of the algorithm. In our numerical tests we found that the in°uence of the
prescribed bound - on performanceis relatively mild. This is causedby the use of the
maximal norm of the estimates ~ for kLi 'k and kU; *k as substitute for -. Clearly -
remainsan upper bound, but sinceit is not clear whether this bound will ever be reathed
by the inversetriangular factor, the estimate ~ seemgo be a good compromise.Only ~ is
usedfor dropping in conjunction with the drop tolerance.

The theory deweloped in earlier sectionssuggestshat the M-versionwill be lesssensitive
to the drop tolerance since the correspnding approximate Scur complemen is more
accurate.However, this is likely to comesat a higher expensein terms of 1{in. By using
a coarserapproximation of the Schur complemen the S-versionis likely to require smaller
drop tolerances.This was con rmed in the numerical examples.
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Figure 11: Numerical sensitivity of ILUTP+MC64 (Chem. Engin.)
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Figure 12: Numerical sensitivity of inverse-basedLUTC+MC64 (Chem. Engin.)
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Figure 13: Numerical sensitivity of ILUPACK+MC64, S-wversion,- = 10 (Chem. Engin.)
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We now show in a few tables, test exampleswhere xed parametersare used.For ILUTP

and ILUTC a drop toleranceof " = 10 3 is used. For the inverse-basednultilevel ILU,

a signi cantly coarserdrop tolerance” = 10 ! and - = 10. We examine some sample
problemswhich arisein the numericaltreatment of partial di®erenial equations.Therefore
we useRCM asa xed ordering. The results are summarizedin Tables1, 2, 3 and 4. The
results shov that ILUTP with RCM is fairly robust, but this robustnesscomesat an
exceedinglyhigh memory cost. On the other hand, the multilevel inverse-basedLU from
ILUPACK consumesvery little memory, though at leastthe S-versionfails to solve two of
the problems.

5 Conclusion

While it is clear that iterative solvers are unlikely to ever compete with direct solution
methodsin terms of robustnessand generality, onecan certainly arguethat recen progress
in the eld has considerablyshortenedthe gap betweenthe two classesof methods. The
ingredierts in this progresscamein big part from a better understandingof the impact of
dropping on the inversefactors. As long asILU techniqueswereonly applied to easyprob-
lems arising from elliptic-type PDEs, little attention was paid to theseinversesbecause
their condition numbersare often within reasonablerange.When the succes®f ILUs grew
and its range of applicability expanded,it was realizedthat the classicalideasthat were
behind the dewelopmert of ILU basically failed. Recent work [3] showved that it becomes
critical in this situation to analyze the e®ectof dropping on the inversefactors, and a
further analysisof this was given in Section?2. In particular, it becomescritical to design
the preconditionersin sud a way that the perturbation of the inversefactors, causedby
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Table 1: ILUTP+R CM with " = 10 2 for selectedPDE problems

name Y GMRES ILU GMRES total

steps time time time
kim1l 1.7 7 3.9e+0 1.4e+0 5.30e+0
rmalo 4.0 17 3.5e+1 5.4e+0 4.04e+l
garon2 7.9 12 l.le+l 1.1e+0 1.2l1e+l
rm 3.2 49 7.6e+0 6.2e+0 1.38e+1
raefsky3 3.5 7 2.7e+1 1.1e+0 2.8le+l
venkatO1 4.2 5 1.6e+l 1.5e+0 1.75e+1
wang4 6.1 12 1.4e+0 7.4e-1 2.14e+0
e40r0000 8.4 11 1.9e+1 1.4e+0 2.04e+l
e40r5000 10.2 7 2.7e+1 9.9e-1 2.80e+1

Table 2: inverse-basedLUC+R CM with " = 10 3 for selectedPDE problems

name ets”  GMRES ILU GMRES total
steps time time time
kim1 1.8 6 1l.4e+l 1.2e+0 1.52e+l
rmalo 5.3 6 3.4e+l 2.6e+0 3.66e+l
garon2 8.1 12 7.7e+t0 1.3e+0 9.00e+0
rm 5.4 | 1.2e+1 | |
raefsky3 4.4 6 2.7e+1 1l.1e+0 2.8le+l
venkatOl 4.6 5 1.6e+l 1.7e+0 1.77e+l
wang4 7.3 10 2.1e+0 7.1e-1 2.81e+0
e40r0000 10.0 6 1.9e+1 9.8e-1 2.00e+1
e40r5000 13.0 | 2.6e+1 | |
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Table 3: inverse{basedmultilevel ILU+R CM, S-wersionwith " = 10 ! and - = 10 for
selectedPDE problems

name levels GMRES ILU GMRES total
e steps time time time
kim1l 1 0.8 78 6.6e+0 1.3e+l 1.96e+1
rmalo 7 1.7 135 2.9e+1l 3.4e+l 6.30e+l
garon2 4 1.6 49 3.3e+0 2.3e+0 5.60e+0
rm 13 1.6 | 1.2e+1 | |
raefsky3 5 0.5 | 4.8e+0 | |
venkatO1 4 14 10 7.6e+0 3.0e+0 1.06e+1
wang4 3 1.6 54 9.7e-1 2.1e+0 3.07e+0
e40r0000 3 1.3 101  3.0e+t0 7.6e+0 1.06e+1
e40r5000 5 3.2 28 1.8e+1 2.6e+0 2.06e+1
Table 4: inverse{basedmultilevel ILU+R CM, M-versionwith " = 10'! and - = 10 for

selectedPDE problems

name levels GMRES ILU GMRES total

e steps time time time
kim1 1 0.8 78 6.7e+0 1.2e+1 1.87e+l
rmalo 6 2.4 31 1.0e+2 1.0e+1l 1.10e+2
garon2 3 1.9 27 l4e+1 1.2e+0 1.52e+1
rim 10 2.2 | 3.le+l | |
raefsky3 3 0.5 81 1.3e+1 7.8e+0 2.08e+l
venlkatO1 4 1.4 10 2.2e+1l 2.9e+0 2.49e+1
wang4 4 1.6 45 2.8e+0 1.6e+0 4.40e+0
e40r0000 3 1.4 37 9.2e+0 2.1e+0 1.13e+1
e40r5000 4 4.4 22 8.4e+l 2.4e+0 8.64e+l
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dropping, remain small. From a practical implemenrtation viewpoint, this calls for a multi-
level strategy which strivesto yield boundedinversefactors of the B block correspnding
to the \' ne" level. Then, recusivity can be invoked to deal with the Schur complemen
resulting from the Fine-Coarsepatrtitioning.

A padkage basedon three \templates" for implemerting the basicideashas beenimple-
merted and thoroughly tested. Numerical experimerts indicate that this multilevel ILU
can be a good alternative to direct solversin most cases.They also shav that nonsym-
metric reorderings,diagonal pivoting, and excient Crout implemertations can cortribute
to a better robustnessand exciency of the preconditioner. The code and a large set of
experimerts are available online, see[4].

Still lacking is a parallel implemertion of the algorithms. While the algorithms have not
beendesignedwith parallelismin mind, many of the ideasare extensibleto parallel envi-
ronmerts, at a minimum via a domain decompsition viewpoint.

References

[1] P. R. Amestoy, T. A. Davis, and I. S. Du®. An approximate minimum degree ordering
algorithm. SIAM J. Matrix Anal. Appl., 17(4):886{905,1996.

[2] M. Benzi, J. C. Haws, and M. Tuma. Preconditioning highly inde nite and nonsymmetric
matrices. SIAM J. Sci. Comput., 22:1333{1353,2000.

[3] M. BollhAfer. A robust and excient ILU that incorporatesthe growth of the inversetriangular
factors. SIAM J. Sci. Comput., 25(1):86{103, 2004.

[4] M. BollhAfer and Y. Saad. ILUPACK | preconditioning software package. available online
at http://www.tu-b erlin.de/ilupack/.

[5] M. BollhAferand Y. Saad.On the relations betweenlLUs and factored approximate inverses.
SIAM J. Matrix Anal. Appl., 24(1):219{237,2002.

[6] A. Cline, C. B. Moler, G. Stewart, and J. Wilkinson. An estimate for the condition number
of a matrix. SIAM J. Numer. Anal., 16:368{375,1979.

[7] T. Davis. University of °orida sparsematrix collection. NA Digest, 97, June 7, 1997. URL.:
http:www.cise.u®.edu davissparse.

[8] T. A. Davis. A column pre-ordering strategy for the unsymmetric-pattern multifron tal
method. Tednical Report TR-03-006, Univ. of FLorida, Dept. of Computer and Information
Scienceand Engineering, 2003. Submitted to ACM Trans. Math Software.

[9] I. S. Du®, A. M. Erisman, and J. K. Reid. Direct Methads for Sparse Matrices Clarendon
Press, Oxford, 1986.

[10] I. S. Du® and J. Koster. The designand useof algorithms for permuting large ertries to the
diagonal of sparsematrices. SIAM J. Matrix Anal. Appl., 20:889{901,1999.

[11] J. A. Georgeand J. W. Liu. Computer Solution of Large Sparse Positive De nite Systems
Prentice-Hall, Englewood Cli®s, NJ, USA, 1981.

28



[12] G. H. Golub and C. F. Van Loan. Matrix Computations. The Johns Hopkins University
Press,third edition, 1996.

[13] A. Gupta. Improved symbolic and numerical factorization algorithms for unsymmetric sparse
matrices. SIAM J. Matrix Anal. Appl., 24:529{ 552, 2002.

[14] N. Li, Y. Saad,and E. Chow. Crout versionsof ILU for general sparsematrices. SIAM J.
Sci. Comput., 25(2):716{728,2004.

[15] E. Rothberg and S. C. Eisenstat. Node selection strategies for bottom-up sparse matrix
ordering. SIAM J. Matrix Anal. Appl., 1998.

[16] Y. Saad. ILUT: a dual threshold incomplete ILU factorization. Numer. Lin. Alg. w. Appl.,
1:387{402,1994.

[17] Y. Saad. Complete pivoting ilu: a multilevel approach. Researtr Report UMSI 2003-191,
University of Minnesota, Super Computing Institute, Minneapolis, Minnesota, 2003.

[18] Y. Saad. Iterative Methods for Sparse Linear Systems SIAM Publications, secondedition,
2003.

[19] Y. Saadand B. J. Suchomel. ARMS: An algebraic recursive multilev el solver for general
sparselinear systems. Tecdnical Report umsi{1999-107, University of Minnesota at Min-
neapolis, Dep. of Computer Scienceand Engineering, 1999.

[20] O. Schenk and K. GArtner. Solving unsymmetric sparsesystemsof linear equations with
pardiso. J. of Future Genertion Computer Systems 20(3):475{487,2004.

[21] H. D. Simon. Incomplete LU preconditioners for conjugate gradient type iterativ e methods.
In Proceedings of the SPE 1985 reservoir simulation symposium, pages302{306, Dallas, TX,
1988. Scciety of Petroleum Engineersof AIME. Paper number 13533.

[22] M. Tismenetsky. A new preconditioning technique for solving large sparselinear systems.
Linear Algebma Appl., 154{156:331{353,1991.

29



