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PROJECTION METHODS FOR LINEAR SYSTEMS




THE PROBLEM

We consider the linear system

AXx = Db
where A iIs N £ N and can be
2 Real symmetric positive definite

2 Real nonsymmetric

2 Comple x

Focus: |A is large and sparse, possib ly with an irregular structure
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PROJECTION METHODS

Initial Problem: bi AXx = 0

Given two subspaces K and L of RN defne the approximate problem:

Find ¥ 2 K suchthat bj Ax? L

I Leads to a small linear system (‘projected problems') This is a

basic projection step. Typicall y: sequence of such steps are applied

Il With a nonzero initial guess Xg, the approximate problem is
Find X2 Xo+ K suchthat bj Ax? L

Write X = Xg+ zand rg= bj AX . Leads to asystem for +:

Find + 2 K suchthatrgj A+t ? L
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Matrix representation:

Let

Then letting x be the approximate solution x = Xg+ £~ Xg+ Vy

where y is a vector of R™, the Petrov-Galerkin condition yields,
W ' (roi AVYy) =0

and therefore

X = Xot V[WTAV ]i 1WTro

Remark: In practice W TAV is known from algorithm and has a sim-

ple structure [tridia gonal, Hessenber g,..]
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PROTOTYPE PROJECTION METHOD

Until ConvergenceDo:

1. Select a pair of subspaces K, and L;

2.Choose bases V = [vi;:::;Vp]for K and W = [wq;: ;W]
for L.
3. Compute
rA bj Ax

y A (WTAV )i tw Tr;
XA x+ Vy:
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OPERATOR FORM REPRESENRATION

Let P be the orthogonal projector onto K and

Q the (oblique) projector onto K and orthogonall y to L.

X

L

7 K
Q)ag// P X

The P and Q projector s
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Appr oximate problem amounts to solving
Q(bj Ax)=0; x 2K

or in operator form
Q(bij APx) =0

Question: Iwhat accurac y can one expect?

Let x° be the exact solution. Then

1) we cannot get better accuracy than k(I i P)x%k», i.e.,
kxi x%k,, k(i P)x%k;

2) the residual of the exactsolutionfor the approximateproblemsatisfies:
kbi QAPXx%k, - KQA(l i P)kok(l j P)x%k>
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Two Important Particular Cases.

1.[L = AK |. Then kbj Axk, = min,ok kbj Az k>
I Class of Minimal Residual Methods: CR, GCR, ORTHOMIN,
GMRES, CGNR, ...

2.|L = K[! Class of Galerkin or Orthogonal projection methods.

When A is SPD then kx® i xka = min,ok kx® i zKa.
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One-dimensionalprojectionprocesses

K = span fdg
and
L = spanfeg

Then x A x + ®d and Petrov-Galerkin condition r j A+ ? eyields

—  (r;e)
® = (Ad:e)

Three popular choices:

(I) SteepestlescentA is SPD. Take ateachstepd=rande=r.

lteration:

Il Each step minimiz es f (x) = kx j x°kZ = (A(x i Xx%);(xi x%))

In direction jr f . Convergence guaranteed if A is SPD.
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(I) Residualnorm steepestlescent. A is arbitrar y (nonsingular). Take

ateachstep d= A'r and e = Ad.

i Ax; d= ATr

rA b
lteration: | ® A kdk5=kAd k3
XA x+ ®d

Il Each step minimiz es f (x) = kb Ax k3 in direction ir f.

Il Impor tant Note: equiv alent to usual steepest descent applied to

normal equations ATAx = ATb.

I Converges under the condition that A is nonsingular .
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(I Minimal residualiteration. A positive definite (A + AT is SPD).

Take at each step d = r and e = Ar .

A bi Ax
A (Ar;r)=(Ar;Ar)
A X+ ®r

lteration:

X @~

Il Each step minimiz es f (x) = kb Ax k% in direction r.

I Converges under the condition that A + AT is SPD.
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KRYLOV SUBSFACE METHODS
M Projection methods on Krylov subspaces, I.e., on

Km(A; vi) = spanfvq; Av q; ¢¢¢; A™i v,g

2 probably the most impor tant class of iterative methods.

2 many variants exist depending on the subspace L.

Simple properties of K I Let * = deg. of minimal polynomial of

Vv

2Km = fp(A)vjp = polynomial of degree - m | 1g

2Km = K: forallm , 1. Moreover, K. is invariant under A.

2dm (Kyp) = mifft | m.
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A little review: Gram-Sdimidt process

ALGORITHM : 1. Classical Gram-Sc hmidt

1. Forj = 1;::; m Do:

2 Compute ryj = (X;;0i) fori = 1;:::5) i 1
3. Compute ¢ = xj i "li'rjq

4. rij = k@jka Ifrj; == 0O exit

S, 0 = =

6. EndDo
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ALGORITHM : 2. Modified Gram-Schmidt

1. Forj = 1;::; m Do:

2 Qj = X

3 Fori=1;:::;] i 1Do

4 ri = (G4,;4a)

S. G = G i rid

6 EndDo

7 Fyj = kqj'kz. If Fjj == 0 exit
8. G = G=rj

9. EndDo
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= frijg(m £ m upper triangular matrix)
Il At each step,

) =1 o

Result:
X = 0OR
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ARNOLDI'S ALGORITHM

Il Goal: to compute an orthogonal basis of K .

Il Input: Initial vector v, with kvik, = 1 and m.

Forj = 1;::; m do
2 Compute w = Ay

hij == (w; Vi)

VAW AW 00

. = W i hi;j Vi

2 hj+1;j - kaz and Vi+1 = W=hj+1;j
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Vi Fn

Result of orthogonalization process (Arnoldi' s algorithm:)

1. Vi = [Vq; V2 i vim] orthonormal basis of K .
2. AVm = Vm+1H—m

3.VIAVy = Hyn " Hni last row.



Arnoldi'sMethod(Lm = Kn)

From Petrov-Galerkin condition when L, = K, we get

Xm = Xo+ VmH !V Trg

If, in addition we choose v; = rg=krok, ~ ro= in Arnoldi' s algo-
rithm, then

Xm = Xo+ VpHlle;
Several algorithms mathematicall y equiv alent to this approach:
* FOM [Saad, 1981] (above form ulation)
*Young and Jea's ORTHORES [1982].

* Axelsson' s projection method [1981].
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Minimal residualmethods(L , = AK )

When L, = AK ,welet W,,, © AV, and obtain relation

Xm = Xot Vm[Wr:;AVm]i 1Wr:1-r0 = Xot Vm[(AVm)TAVm]i l(AVm)TrO:

Use again v := ro=(" := kroky) and the relation AV m = Vm+1 H mk

where y, minimizes k e;i Hmyk,overy 2 R™. Therefore, (Gen-

eralized Minimal Residual method (GMRES) [Saad-Schultz, 1983]):

Xm = X0+ VmYm Where yn:minyk e;j Hpnyks

2 Axelsson's CGLS 2 Orthomin (1980)

2 Orthodir 2 GCR
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Restartingand Truncating

Difficulty:  As m increases, storage and work per step increase fast.

First remedy: Restarting. Fix the dimension m of the subspace

ALGORITHM : 3. Restarted GMRES (resp. Arnoldi)

1. Start/Restart: Compute ro= bij Axg,and vy = ro=( := krgky).
2. Arnoldi Process:.generate H ., and V,,.
3. Compute vy, = H/ 1 e; (FOM),or
Ym = argmin k_ e;j Hmyks (GMRES)
4, Xm = Xo+ VmYm

5. Ifkrmks - 2krgk, stop else set xg := X, and go to 1.
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Secondremedy: Truncatethe orthogonalization

The formula for v;.1 Is replaced by

_ |
hj+ijVjar = Avy i nij vi
=) k+1

I each v; iIs made orthogonal to the previous Kk v;'s.
I Xm still computed as xm = Xo+ VmH 1 es.

I It can be shown that this is again an oblique projection process.

Il 1OM (Incomplete Orthogonalization Method) = replace orthogo-

nalization in FOM, by the above truncated (or ‘incomplete) orthog-

onalization.
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Thedirectversionof IOM [DIOM]:

Writing the LU decomposition of H, asH,, = LU, we get

Il Structure of Ly; Uy when k = 3




Zmi1§

3
m

2
—_ i 1 . Pmj 1l —
Pm = u;nm [Vm [ i=lmi k+1 Uim pi] Im = E

I Can update x., at each step:

Xm = Xmi17t+ 3mPm

Note: ISeveraI existing pairs of methods have a similar link: they

are based on the LU, or other, factorizations of the H ,, matrix

Il CG-like formulation of IOM called DIOM [Saad, 1982]

I ORTHORES(K) [Young & Jea '82] equiv alent to DIOM(Kk)

I SYMMLQ [Paige and Saunders, '77] uses LQ factorization of H .

Il Can incorporate partial pivoting in LU factorization of H |,
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Someimplementationdetails: GMRES

Il Issue 1: how to solve least-squares problem ?

Il Issue 2: How to compute residual norm (without computing solu-

tion at each step)?

Il Several solutions to both issues. Simplest: use Givens rotations.

Il Recall: we want to solve least-squares problem

minyk e1i Hmyks

Il Transform the problem into upper triangular one.
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Il Rotation matrices of dimension m + 1. Define (with s?+ c? = 1):

1

Ci S A row i

i Si C; A rowi + 1

Il Multipl y H , and right-hand side §,~ ~e; by a sequence of such

matrices from the left. Il s;; cj selected to eliminate hj.q
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o O O O O

hoo has hos hos
hss hzs hss hss
I_JI 5 - ’ go —
Naz haa hys
hss hss
Nes
Il 1-st Rotation . )
C1 S1
I S1 Ci
-1 = l
1
1
with
. = hop o = hi1
1 — ’ 1 —
hi, + hg, hi, + hg,
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0 1 1 1

. hf} hE hi3

. nY nY

ha, h
|-]| (1) _ 0 32 33
m =

: N43
Il repeat with - ,, ..., - i. Result:
0 5 5 5
hi? h hi
: h$ h&)
h$)

h{d
h$a
h34
h44

hs4

his
hss
h$)
hed




Define

Qm = ~m-mj1::i-1

ﬁm = |_1|r(nm): le'llm;

m = Qm(Te) = (P11 %ma)'s
Il Since Qn, IS unitary,

min k e; i Hmyks= min ki§fm i RmYko:

Il Delete last row and solve resulting triangular system.

RmYm = Om
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THE SYMMETRIC CASE: Observation

Observe: When A is real symmetric then in Arnoldi' s method:

Hm = VTAV

must be symmetric. Therefore

Theorem. When Arnoldi' s algorithm is applied to a (real) symmetric

matrix then the matrix H ,, is symmetric tridia gonal:

hy =0 1- 1<]jjl; and Njj+1 = Nj+1y; ] = 1;000;m
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Il We can write

[

(1)

®
m m
The v;'s satisfy a three-term recurrence [Lanczos Algorithmj:

_j+1Vj+1 = Avj j ®jVj i _jVji 1

I simplified version of Arnoldi' s algorithm for sym. systems.

Symmetric matrix + Arnoldi ! Symmetric Lanczos
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The Lanczosalgorithm

ALGORITHM : 4. Lanczos

Choose an initial vector v, of norm unity. Set 1~ O;vg~ O

Wi = Wj i ®V,

i+1 = kwjko. If ;41 = 0then Stop

1

2

3

4. ®; = (wj; V)
5

6

I Vit = Wj= ja1
8
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Lanczosalgorithm for linear systems

Il Usual orthogonal projection method setting:

2Lm=Kpn=spanfrg,Arg;:::; AMi 1rog
2 Basis Vim = [vy1;:::;vm] of K, generated by the Lanczos algo-
rithm

Il Three diff erent possib le implementations.

(1) Arnoldi-like; (2) Exploit tridigonal nature of H ,, (DIOM); (3) Con-

jugate gradient.
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ALGORITHM : 5. Lanczos Method for Linear Systems

1. Compute ro= bj Axg, := kroky,and vy := ro=
2. Forj = 1;2;:::;m Do:

3. w; = Av; i jvj;1(fj =1set 1vo~ 0)

4. ®; = (wj;Vvj)

S. Wi = Wjj ®V;

6. ;41 = kwjko. If 41 = Osetm := j and go to 9
7. Vist = Wj= j41

8. EndDo
9. SetTy = tridiag ( i;®i; j+1),and Vin = [V1 5 Vml].

10. Compute ym = TiX(Ter) and Xm = Xo+ VmYm

s Calais February 7, 2005 mmmm




ALGORITHM : 6. D-Lanczos
Compute ro= bj Axo,31:= = kroks,and vy := ro=

Set 1:_1: O,po: 0

5

Form = 1;2;:::, until convergence Do:

Compute W := AV i mVm;1and ®, = (w;vpy)

1

2

3

4

5. If m > 1then compute | , = ,mTland 3m =0 .m3mi1
6 m=®mni ,m m

7 Pm = " (Vmi  mPmi 1)

8 Xm = Xmi1+ 3mPm

9 If X has converged then Stop

10. w = wj ®yVnm

11. m+1 = KWK2, Vims1 = W= 4

12. EndDo
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The ConjugateGradientAlgorithm (A S.PD.)

Il Note: the pi's are A-orthogonal
Il The r s are orthogonal.

Il And we have X, = Xm; 1+ »nPm

So there must be an update of the form:
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The ConjugateGradientAlgorithm (A S.PD.)

1.Start: rg:= bj AX g, po:= ro.
2. Iterate: Until convergence do,
(@) ®; = (rj;rj)=(Apj;p;)

(b) Xj+1 = Xj + ®;p;

©)rjsa =1 i ®Ap;

(d) = (rjsnsrjen)=(rj;ry)

() Pj+1 = rj+1 + P

2r; = scaling £ vj+1. The r;'s are orthogonal.

2 The p;'s are A-conjugate , i.e., (Api;pj) = Ofori 6 |.
Calais February 7, 2005




METHODS BASED ON LANCZOS BIORTHOGONALIZA TION




ALGORITHM : 7. The Lanczos Bi-Orthogonalization Procedure
Choose two vector s vq; wq such that (vq; wq) = 1.

Set 1= %" O,wg=vVvg O

%1 = AV P ®pvii jVjia
Wj+1 = ATWJ' i ®jo i EHWj; 1
T4 = j('O‘J +1;Wj +1 )j1:2. I Ty = 0 Stop

_j+1 = (Oj +1;wj+1):ij+1

© o N o 0 bk~ 0 DN PRF

Wjs1 = Wj1= ja
10, Vj+1 = Gj+1=E 4

11. EndDo

s Calais February 7, 2005 mmmm




Il Extension of the symmetric Lanczos algorithm

Il Builds a pair of bior thogonal bases for the two subspaces

Km(A; vi) and Kp(AT;wy)

Il Different ways to choose #j.1; j+ inlines 7 and 8.

Let 0

=

Il vi 2 Kn(A;vy)andw; 2 K (AT;wy).






The LanczosAlgorithm for Linear Systems

ALGORITHM : 8. Lanczos Algorithm for Linear Systems
Compute ro= bij Axgand := krgks

Run m steps of the nonsymmetric Lanczos Algorithm i.e.,

Start with v, := rpo= , and any w; such that (v;wq.) = 1

1

2

3

4, Generate the Lanczos vectors vy ::::Vm, W1, .. Wn
5 and the tridia gonal matrix T, from Algorithm ?2.

6

Compute yym = T 1("e1) and Xm = X0+ VmYm.

I BCG can be derived from the Lanczos Algorithm similarl y to CG

In symmetric case.
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The BCG and QMR Algorithms

Il Let|{ Tm = LmUm|(LU factorization of Tp). Define [Py = VUit

Then, solution Is
Xm = Xo+ Vm Tl (Te1) = xo+ VUL (Ter) = xo+ Pl *(Ted)
Il Xm IS updatab le from x,; 1 similar to the CG algorithm.

Il r; and r;" are in the same direction as vj.+1 and wj.; respectivel y.

Il they form a bior thogonal sequence .
Il The p's pi's are are A-conjugate .

Il Utilizing this information, a CG-like algorithm can be easily de-

rived from the Lanczos procedure .
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ALGORITHM : 9. BiConjugate Gradient (BCG)

1. Compute ro:= bj AX . Choose rgsuch that (ro;ry) 6 O.
2. Set, po:= ro, Py = Iy

3. For j = 0;1;:::, until convergence Do:,
4. = (rj;r J) (Apj1pj)

S. Xj+1 = Xj + ®;p;

6. ri+1 = 1;i ®Ap;

7. rfy =i AP

8. = (Fj+1;rj°+1):(rj;rjo)

9. Pij+1 = rj+1 + P

10. pf+1 = rj0+1 o pj0

11. EndDo
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Quasi-Minimal ResidualAlgorithm

Il The Lanczos algorithm gives the relationos AVin = Vma T with

T
tm =(m + 1) £ m tridiagonal matrix Tm = & _ £

im+1 e;
I Letvy™ rgand X = Xg+ VnYy. Residual norm kb Ax Ky is

M

—_ 1
kroi AVmYko = K Vii Vmsrs TmYks = kKVmer  €1i Tmy ko

Il Column-vector s of V41 are not orthonormal (6 GMRES).
Il But; reasonab le idea to minimiz e the function J(y) =~ k eii Tmyks

Il Quasi-Minimal Residual Algorithm (Freund, 1990).
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ALGORITHM :10. OMR

1. Compute ro= bj Axgand °g:= Krgks, Wy := vy 1= 1ro=°1

2. Form = 1;2;:::;untl convergence Do:

3. Compute ®m;tn+1 and Vim+1; W41 as in Lanczos Algor. [alg. ?7]
4, Update the QR factorization of T, i.e.,

5. Apply - i,i= mi 2:mj 1tothe m-th column of Tn,

6. Compute the rotation coefficients cn, Sm

7. Apply rotation - ,,to T and §n, i.e., compute;

8. °[n+1 = i Sm’m: ‘m = Cn’m:and ®y = Ci®m + SmEm+1
9. Pm = AVm i L o tim pi! =tmm

10. Xm= Xmj1*t ompm
11. Ifj°n+1] I1s small enough Stop

12. EndDo
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Transpose-Iree Variants

I BCG and QMR require a matrix-b y-vector product with
A and AT at each step. The products with AT do not
contrib ute directly to xn,. Il They allow to determine the
scalars (®; and ; in BCG).

I QUESTION: is it possib le to bypass the use of AT?

Il Motiv ation: in nonlinear equations, A is often not available ex-

plicitl y but via the Frechet deriv ative:
F(uk+ &v) i F(uk)

2

J (Uk)V =
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ConjugateGradientSquared

* Clever variant of BCG whic h avoids using AT [Sonne veld, 1984].
In BCG:

ri= %(A)ro
where %2 = polynomial of degree i.

In CGS:
ri = Y2(A)ro
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I Define rj = Aj(A)ro; pj = %(A)ro; 1 = A(AT)rg;
1/4}(AT)I'83
Scalar ®; in BCG is given by

_ (AA)Ire A(AT)rY) _ (AX(A)roirg)
L (A (Ao Y (AT)rg)  (AYAA(A)roire)

Il Possib le to get a recur sion for the Ajz(A)ro and Y£(A)ro?
A (t) = A1) i ®tY(t);
V341 (1) = AJ (1) + V()
Square the equalities
Az () = AZ(t) i 2@ty (DA (1) + @24 ();
1/‘}2+1 (t) = Aj2+1 (1) + 27 A1 (D% (1) + _jzl/‘} (t)?:

I Problem: Cross terms
Calais February 7, 2005
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Il Solution: Let AJ- +1 (1) (1), be a third member of the recurrence .
For ¥4 (t)A; (t), note:

ALY (t) = A(t) (A (D) + T 1% 1(1) = AX0+ 1A (0% 1(1):

I Result;

Aj2+1 = Ajzi ®; t 2Aj2+ 275 1A Y1 ®J’t1/‘}2.

r

Al = A+ T A Y0 Ot Y

]/4}24-1 — AZ

fa t 2 A+ Y

Il Define:
rj = AX(A)ro; pj = YF(A)ros g = Ajra (A)¥%(A)ro
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Recurrences become:
M1 = Fpi ®A(2rj + 2 10510 ®A pj);
G = ri* jialiii ®APD;
Pi+1 = s + 250+ [py:
Define auxiliar y vector dj = 2rj + 2 j; 10j; 11 ®;Ap;

Il Sequence of operations to compute the approximate solution,

starting with rg:= bj AXog,Po:= rg,go:= 0, o:= 0.

1-®j = (rj;rg):(Apj;rg) 5.I'j+1 = Iji ®jAdj
2. dj = er + 2_ji 10j; 1 ®jApj 6._j = (rj+1;r8):(rj;r8)

3. =rj+ ji10i;1i ®Ap; 7.pj+1 = rjs1+ Q2+ py)-

4.Xj+1 = Xj + ®jdj
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Il one more auxiliar y vector,u; = r; + j; 10j; 1. SO

dj = uj * q;

9 = Uji ®Ap;;
Pi+1 = Ujsa + (g + jpj);

Il vector d; is no long er needed.

s Calais February 7, 2005 mmmm




ALGORITHM : 11. Conjugate Gradient Squared

Compute ro := bj AXy; rg arbitrary.
Set pp ;= Ug = Tro.
Forj = 0;1;2:::; until convergence Do:
®; = (rj;rg)=(Apj;rg)
g = uji ®Ap;
Xj+1 = Xj + ®(uj + qp)
rjv1 = rji ®A(uU; + q)
= (rjeirg)=(riro)
Uj+1 = j+1 + Q]
10.  pj+1 = Ujsa + (g + jpj)
11. EndDo

© © N o a0 bk~ 0 DN PRF



I Note: no matrix-b y-vector products with AT but two matrix-b y-

vector products with A, at each step.

Vector: A!  Polynomial in BCG :
g Al Ei(t)pi; 1(1)
ui Al p(t)
ri Al RA(L)

where t;(t) =residual polynomial at step i for BCG, .i.e.,r; = &;(A)ro,

and p;(t) =conjugate direction polynomial atstep i,i.e.,pi = pi(A)ro.



BCGSTAB (vanderVorst, 1992)

Il In CGS: residual polynomial of BCG is squared. |l bad behavior

In case of irregular convergence.

Il Bi-Conjugate Gradient Stabiliz ed (BCGSTAB) = a variation of CGS

whic h avoids this difficulty . [l Derivation similar to CGS.

Il Residuals in BCGSTAB are of the form, rj0 = AJ- (A)A;(A)rg |in

whic h, AJ- (t) = BCG residual polynomial, and ..

Il .. Aj(t) =anew polynomial defined recur sively as
Aa(t)= @i DAY

I ; chosen to smooth' convergence [steepest descent step]
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ALGORITHM :12. BCGSTAB

1. Compute rg:= bj AX; rg arbitrar y;
2. Po:= ro

3. Forj = 0;1;:::; untl convergence Do
4. ® = (rj;r5)=(Apj;rs)

5. s =1r1;i ®Ap;

6. ! = (Asj;sj)=(Asj;Asj)

7. Xj+1 = X+ ®ppp + s,

8. Ni+1 == Sj i !jAS;

9. = e

10. pj+1 = rjaa+ j(Pji ViAPj)

11. EndDo
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THEORY




ConvergenceTlheoryfor CG

Il Appr oximation of the form X = Xo+ Pm; 1(A)ro. with xo = initial

guess, ro= bj AXy;

Il Optimality property:

Xm MIiNIMiz es kx j Xzka over Xxg+ Kn

Il |Consequence: |Standard result

Let X, = m-th CG iterate , X, = exact solution and

— 5 Mmin
, max |, min
KXo Xok
Then: KXai XmKa - I O,A
Th(l+ 27)

where T,, = Chebyshev polynomial of degree m.
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THEORY FOR NONHERMITIAN CASE

I Much more difficult!

Il No convincing results on “global corvergence'for many algorithms
(bi-CG, FOM, etc..)

Il Can get a general a-priori — a-posteriori error bound
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Convergenceresultsfor nonsymmetriccase

I Methods based on minim um residual better under stood.

Il If (A+ AT)is positive definite ((Ax; x) > 08x 6 0), all minim um
residual-type methods (ORTHOMIN, ORTHODIR, GCR, GMRES,...), +

their restarted and truncated versions, converge.

Il Convergence results based on comparison with steepest descent

[Eisenstat, Elman, Schultz 1982]! not sharp.

Minim um residual methods: if A = X a X i1 o diagonal, then

kbi AXmkz - Conda(X)minpzpe . 1po=1 Max 2aa)iP(, )i

(Pm; 1~ setof polynomials of degree - m j 1,8(A) "~ spectrum

of A)
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Two useful projectors

Let P be the orthogonal projector onto K and

Q be the (oblique) projector onto K and orthogonall y to L.

X

Q)ag// P X
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The appraximate problemin termsof P and Q

Il Approximate problem amounts to solving

Q(bj Ax)=0; x 2K

or in operator form

Q(bj APXx)=0

Question: what accurac y can one expect?

Il If x® is the exact solution, then we cannot get better
than k(I | P)x"ko,i.e.,
kxi x°k,, k(I i P)x%k;

accuracy



THEOREM. Let ° = kQA(l | P)k, and assume that
b belongs to K . Then the residual norm of the exact
solution x°“ for the (approximate) linear operator A
satisfies the inequality ,

kbi Amx"ks - °k(lj P)x%k;

Il In other words “if approximate problem is not poorl y conditioned
and if k(1 | P)x%k,is small then we will obtain a good approximate

solution”.
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Methodsbasedon the normal equations

It is possib le to obtain the solution of Ax = b from the equiv alent

system:

ATAx = ATb

or

AA Ty = b;x = ATy

Il Methods based on these approaches are usuall y slower than pre-

vious ones. (Condition number of system is squared)

Il Exception: when A is strongly indefinite (extreme case: A is

orthogonal, ATA = | | convergence in 1 step).
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CGNRand CGNE

Can use CG to solve normal equations. Two well-kno wn options.

(1) CGNR: Conjugate Gradient method on
ATAx = A'b

(2) CGNE: Let x = ATy and use conjugate gradient method on
AA Ty = Db

Il Different optimality properties

Il Various efficient' formulations in both cases
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ALGORITHM :13. CGNR

1. Compute ro= bj AXg,2Z0= ATrg, po= Zo.
2. Fori = 0;:::;untl convergence Do:

3. Wi = Api

4. ®; = kzik?=kw;k3

5. Xi+1 = X; + ®;p;

6. Fi+1 = rii ®w;

7. Zis1 = ATrig

8. i = kzj+1 kZ=kz;KZ,

9.  Piv1 = Ziva t P

10. EndDo
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CGNR: The approximation X, minimiz es the residual

norm kb Ax Kk, over the affine Krylov subspace ,

where ro~ bj AXyg.

Il The diff erence with GMRES is the subspace in whic h the residual

norm is minimiz ed. For GMRES the subspace is xg+ K, (A; ro).
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ALGORITHM : 14. CGNE (Craig's Method)

Compute ro= bij AXpg, Po = ATI'o.

1

2

3 ® = (ri;ri)=(pi;pi)

4 Xi+1 = Xj + ®p

5. riv1 = rii ®Ap;

6. i = (riea;rivn)=(risri)
4 Pi+1 = Aris + ip;

8

EndDo
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CGNE produces the approximate solution x in the subspace

Xo+ ATKm(AA T;rg) = Xxo+ Kn(ATA; ATrg)| which minimiz es

Xai X,where xqo= Ailb, ro= bj Axy.

Il Note: Same subspace as CGNR!
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Block GMRES and Block Krylov Methods

Main Motiv ation: To solve linear systems with several right-

hand sides
Ax D = pl: j=1:::::p
or, in matrix form,
AX =B

I Sometimes Block methods are used as a strategy for

enhancing convergence even for the case p = 1.

Let
Ro™ [r{;r@; 0 riP]:
each column isr{’ = b®; Ax .

Krylov methods find an approximation to X from the subspace



Il For example Bloc k-GMRES (BGMRES) £nds X to
minimize kB | AX kg for X 2 Xg+ Kn(A; Rp)

Il Various implementations of BGMRES exist

Il Simplest one is based on Ruhe's variant of the Block Arnoldi

procedure .



=
o

ALGORITHM : 15. Bloc k Arnoldi—Ruhe' s variant

© o N o a0k W DN PRF

Setk =] p+ 1;
Compute w = Avy;
Fori = 1;2;:::;) Do:
ik = (W;V;
W = W hjgVi
EndDo
Compute hjiqx = kwkz and vji1 (= wW=hjq k.

EndDo



Il p = 1coincides with standar d Arnoldi process.

Il Interesting feature: dimension of the subspace need not be a

multiple of the block-size p.

At the end of the algorithm, we have the relation
AV i = Vs pH e
Il The matrix H , is now of size (m + p) £ m.
Il Each approximate solution has the form
x () = Xg) + me(i);
where y({) must minimiz e the norm kb® ; Ax ks,

Il Plane rotations can be used for this purpose as in the standard

GMRES [p rotations are needed for each step.]
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