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PROJECTION METHODS FOR LINEAR SYSTEMS
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THE PROBLEM

We consider the linear system

Ax = b

where A is N £ N and can be

² Real symmetric positive definite

² Real nonsymmetric

² Comple x

Focus: A is large and spar se, possib ly with an irregular structure
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PROJECTION METHODS

Initial Problem: b ¡ Ax = 0

Given two subspaces K and L of RN de£ne the appr oximate problem:

Find ~x 2 K suc h that b ¡ A ~x ? L

II Leads to a small linear system (`projected problems') This is a

basic projection step. Typicall y: sequence of suc h steps are applied

II With a nonz ero initial guess x 0, the appr oximate problem is

Find ~x 2 x 0 + K suc h that b ¡ A ~x ? L

Write ~x = x 0 + ± and r 0 = b ¡ Ax 0. Leads to a system for ±:

Find ± 2 K suc h that r 0 ¡ A± ? L
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Matrix representation:

Let
² V = [v1; : : : ; vm ] a basis of K &

² W = [w1; : : : ; wm ] a basis of L

Then letting x be the appr oximate solution ~x = x 0 + ± ´ x 0 + V y

where y is a vector of Rm , the Petrov-Galerkin condition yields,

W T (r 0 ¡ AV y) = 0

and theref ore

~x = x 0 + V [W T AV ]¡ 1W T r 0

Remark: In practice W T AV is kno wn from algorithm and has a sim-

ple structure [tridia gonal, Hessenber g,..]
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PROTOTYPEPROJECTION METHOD

Until ConvergenceDo:

1. Select a pair of subspaces K , and L ;

2. Choose bases V = [v1; : : : ; vm ] for K and W = [w1; : : : ; wm ]

for L .

3. Compute

r Ã b ¡ Ax;

y Ã (W T AV )¡ 1W T r ;

x Ã x + V y :

Calais Februar y 7, 2005 7

7



OPERATORFORM REPRESENTATION

Let P be the or thogonal projector onto K and

Q the (oblique) projector onto K and or thogonall y to L .

K

L

?

x

P xªQ x

The P and Q projector s

P x 2 K ; x ¡ P x ? K
Q x 2 K ; x ¡ Q x ? L
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Appr oximate problem amounts to solving

Q (b ¡ Ax ) = 0; x 2 K

or in operator form

Q (b ¡ A P x ) = 0

Question: what accurac y can one expect?

Let x ¤ be the exact solution. Then

1) we cannot get better accurac y than k(I ¡ P )x ¤k2, i.e.,

k ~x ¡ x ¤k2 ¸ k( I ¡ P )x ¤k2

2) the residual of the exactsolutionfor the approximateproblemsatisfies:

kb ¡ Q A P x ¤k2 · kQ A (I ¡ P )k2k( I ¡ P )x ¤k2
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Two Important Particular Cases.

1. L = AK . Then kb ¡ A ~x k2 = min z2 K kb ¡ Az k2

! Class of Minimal Residual Methods: CR, GCR, ORTHOMIN,

GMRES, CGNR, ...

2. L = K ! Class of Galerkin or Orthogonal projection methods.

When A is SPD then kx ¤ ¡ ~x kA = min z2 K kx ¤ ¡ zkA .
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One-dimensionalprojectionprocesses

K = span f dg
and

L = span f eg

Then ~x Ã x + ®d and Petrov-Galerkin condition r ¡ A± ? e yields

® = (r ;e)
(Ad;e )

Three popular choices:

(I) Steepestdescent.A is SPD. Take at each step d = r and e = r .

Iteration:
r Ã b ¡ Ax;
® Ã (r ; r )=(Ar ; r )
x Ã x + ®r

II Each step minimiz es f (x ) = kx ¡ x ¤k2
A = (A (x ¡ x ¤) ; (x ¡ x ¤))

in direction ¡r f . Convergence guaranteed if A is SPD.
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(II) Residualnorm steepestdescent. A is arbitrar y (nonsingular). Take

at each step d = A T r and e = Ad .

Iteration:
r Ã b ¡ Ax; d = A T r
® Ã kdk2

2=kAd k2
2

x Ã x + ®d

II Each step minimiz es f (x ) = kb ¡ Ax k2
2 in direction ¡r f .

II Impor tant Note: equiv alent to usual steepest descent applied to

normal equations A T Ax = A T b .

II Converges under the condition that A is nonsingular .
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(III) Minimal residualiteration. A positive definite (A + A T is SPD).

Take at each step d = r and e = Ar .

Iteration:
r Ã b ¡ Ax;
® Ã (Ar ; r )=(Ar ; Ar )
x Ã x + ®r

II Each step minimiz es f (x ) = kb ¡ Ax k2
2 in direction r .

II Converges under the condition that A + A T is SPD.
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KRYLOV SUBSPACE METHODS

Principle: Projection methods on Krylo v subspaces, i.e., on

K m (A; v1) = span f v1; Av 1; ¢¢¢; A m ¡ 1v1g

² probab ly the most impor tant class of iterative methods.

² many variants exist depending on the subspace L .

Simple proper ties of K m . Let ¹ = deg. of minimal pol ynomial of

v

² K m = f p(A )vjp = pol ynomial of degree · m ¡ 1g

² K m = K ¹ for all m ¸ ¹ . Moreo ver, K ¹ is invariant under A .

² dim (K m ) = m iff ¹ ¸ m .
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A little review:Gram-Schmidt process

! Goal: given X = [x 1; : : : ; x m ] compute an or thonormal set Q =

[q1; : : : ; qm ] whic h spans the same susbpace .

ALGORITHM : 1 Classical Gram-Sc hmidt

1. For j = 1; :::; m Do:

2. Compute r ij = (x j ; qi ) for i = 1; : : : ; j ¡ 1

3. Compute q̂j = x j ¡ P j ¡ 1
i =1 r ij qi

4. r j j = kq̂j k2 If r j j == 0 exit

5. qj = q̂j =r j j

6. EndDo
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ALGORITHM : 2 Modified Gram-Sc hmidt

1. For j = 1; :::; m Do:

2. q̂j := x j

3. For i = 1; : : : ; j ¡ 1 Do

4. r ij = ( q̂j ; qi )

5. q̂j := q̂j ¡ r ij qi

6. EndDo

7. r j j = kq̂j k2. If r j j == 0 exit

8. qj := q̂j =r j j

9. EndDo
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Let:

X = [x 1; : : : ; x m ] (n £ m matrix)

Q = [q1; : : : ; qm ] (n £ m matrix)

R = f r ij g (m £ m upper triangular matrix)

II At each step,

x j =
jX

i =1
r ij qi

Result:

X = QR
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ARNOLDI'S ALGORITHM

II Goal: to compute an or thogonal basis of K m .

II Input: Initial vector v1, with kv1k2 = 1 and m .

For j = 1; :::; m do

² Compute w := Av j

² for i = 1; : : : ; j , do

8
>>>>>><

>>>>>>:

h i;j := (w ; vi )

w := w ¡ h i;j vi

² h j +1 ;j = kwk2 and vj +1 = w=hj +1 ;j
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Vm

O

H m =

Result of or thogonalization process (Arnoldi' s algorithm:)

1. Vm = [v1; v2; :::; vm ] or thonormal basis of K m .

2. AV m = Vm +1 H m

3. V T
m AV m = H m ´ H m ¡ last row.

19



Arnoldi' s Method(L m = K m )

From Petrov-Galerkin condition when L m = K m , we get

x m = x 0 + Vm H ¡ 1
m V T

m r 0

If, in addition we choose v1 = r 0=kr 0k2 ´ r 0=¯ in Arnoldi' s algo-

rithm, then

x m = x 0 + ¯ Vm H ¡ 1
m e1

Several algorithms mathematicall y equiv alent to this appr oach:

* FOM [Saad, 1981] (above form ulation)

* Young and Jea's ORTHORES [1982].

* Axelsson' s projection method [1981].
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Minimal residualmethods(L m = AK m )

When L m = AK m , we let W m ´ AV m and obtain relation

x m = x 0+ Vm [W T
m AV m ]¡ 1W T

m r 0 = x 0+ Vm [(AV m )T AV m ]¡ 1(AV m )T r 0:

Use again v1 := r 0=(¯ := kr 0k2) and the relation AV m = Vm +1 ¹H m :

x m = x 0 + Vm [ ¹H T
m

¹H m ]¡ 1 ¹H T
m ¯ e1 = x 0 + Vm ym

where ym minimiz es k¯ e1 ¡ ¹H m yk2 over y 2 Rm . Theref ore , (Gen-

eraliz ed Minimal Residual method (GMRES) [Saad-Sc hultz, 1983]):

x m = x 0 + Vm ym where ym : min y k¯ e1 ¡ ¹H m yk2

Equiv alent methods:
² Axelsson' s CGLS ² Orthomin (1980)

² Orthodir ² GCR
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RestartingandTruncating

Difficulty: As m increases, stora ge and work per step increase fast.

First remed y: Restar ting. Fix the dimension m of the subspace

ALGORITHM : 3 Restar ted GMRES (resp. Arnoldi)

1. Start/Restart: Compute r 0 = b ¡ Ax 0, and v1 = r 0=(¯ := kr 0k2) .

2. Ar noldi Process:generate ¹H m and Vm .

3. Compute ym = H ¡ 1
m ¯ e1 (FOM), or

ym = ar gmin k¯ e1 ¡ ¹H m yk2 (GMRES)

4. x m = x 0 + Vm ym

5. If kr m k2 · ² kr 0k2 stop else set x 0 := x m and go to 1.
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Secondremedy:Truncatetheorthogonalization

The form ula for vj +1 is replaced by

h j +1 ;j vj +1 = Av j ¡
jX

i = j ¡ k+1
h ij vi

! each vj is made or thogonal to the previous k vi 's.

! x m still computed as x m = x 0 + Vm H ¡ 1
m ¯ e1.

! It can be sho wn that this is again an oblique projection process.

II IOM (Incomplete Orthogonalization Method) = replace or thogo-

nalization in FOM, by the above truncated (or `incomplete') or thog-

onalization.
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Thedirect versionof IOM [DIOM]:

Writing the LU decomposition of H m as H m = L m Um we get

x m = x 0 + Vm U ¡ 1
m L ¡ 1

m ¯ e1 ´ x 0 + Pm zm

II Structure of L m ; Um when k = 3

L m =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

x 1

x 1

x 1

x 1

x 1

x 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

Um =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

x x x

x x x

x x x

x x x

x x x

x x

x

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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pm = u ¡ 1
mm [vm ¡ P m ¡ 1

i = m ¡ k+1 u im pi ] zm =

2

6
6
6
6
6
6
4

zm ¡ 1

³ m

3

7
7
7
7
7
7
5

II Can update x m at each step:

x m = x m ¡ 1 + ³ m pm

Note: Several existing pair s of methods have a similar link: they

are based on the LU, or other , factorizations of the H m matrix

II CG-like form ulation of IOM called DIOM [Saad, 1982]

II ORTHORES(k) [Young & Jea '82] equiv alent to DIOM(k)

II SYMMLQ [Paige and Saunder s, '77] uses LQ factorization of H m .

II Can incorporate par tial pivoting in LU factorization of H m

Calais Februar y 7, 2005 25

25



Someimplementationdetails:GMRES

II Issue 1 : how to solve least-squares problem ?

II Issue 2: How to compute residual norm (without computing solu-

tion at each step)?

II Several solutions to both issues. Simplest: use Givens rotations.

II Recall: we want to solve least-squares problem

min y k¯ e1 ¡ H m yk2

II Transf orm the problem into upper triangular one .
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II Rotation matrices of dimension m + 1. Define (with s2
i + c2

i = 1):

­ i =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

. . .

1

ci si

¡ si ci

1

. . .

1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

Ã row i

Ã row i + 1

II Multipl y ¹H m and right-hand side ¹g0 ´ ¯ e1 by a sequence of suc h

matrices from the left. II si ; ci selected to eliminate h i +1 ;i
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¹H 5 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

h11 h12 h13 h14 h15

h21 h22 h23 h24 h25

h32 h33 h34 h35

h43 h44 h45

h54 h55

h65

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; ¹g0 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

¯

0

0

0

0

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

II 1-st Rotation

­ 1 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

c1 s1

¡ s1 c1

1

1

1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

with

s1 =
h21

r

h2
11 + h2

21

; c1 =
h11

r

h2
11 + h2

21
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¹H (1)
m =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

h (1)
11 h (1)

12 h (1)
13 h (1)

14 h (1)
15

h (1)
22 h (1)

23 h (1)
24 h (1)

25

h32 h33 h34 h35

h43 h44 h45

h54 h55

h65

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; ¹g1 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

c1¯

¡ s1¯

0

0

0

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

II repeat with ­ 2, . . . , ­ i . Result:

¹H (5)
5 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

h (5)
11 h (5)

12 h (5)
13 h (5)

14 h (5)
15

h (5)
22 h (5)

23 h (5)
24 h (5)

25

h (5)
33 h (5)

34 h (5)
35

h (5)
44 h (5)

45

h (5)
55

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; ¹g5 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

° 1

° 2

° 3

:

:

° 6

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:
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Define

Qm = ­ m ­ m ¡ 1 : : : ­ 1

¹R m = ¹H (m )
m = Qm ¹H m ;

¹gm = Qm (¯ e1) = (° 1; : : : ; ° m +1 )T :

II Since Qm is unitar y,

min k¯ e1 ¡ ¹H m yk2 = min k¹gm ¡ ¹R m yk2:

II Delete last row and solve resulting triangular system.

R m ym = gm
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PROPOSITION:

1. The rank of AV m is equal to the rank of R m . In par ticular , if

r mm = 0 then A must be singular .

2. The vector ym whic h minimiz es k¯ e1 ¡ ¹H m yk2 is given by

ym = R ¡ 1
m gm :

3. The residual vector at step m satisfies

b ¡ Ax m = Vm +1
µ

¯ e1 ¡ ¹H m ym
¶

= Vm +1 QT
m (° m +1 em +1 )

and, as a result,

kb ¡ Ax m k2 = j° m +1 j :
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THE SYMMETRIC CASE:Observation

Obser ve: When A is real symmetric then in Arnoldi' s method:

H m = V T
m AV m

must be symmetric. Theref ore

Theorem. When Arnoldi' s algorithm is applied to a (real) symmetric

matrix then the matrix H m is symmetric tridia gonal:

h ij = 0 1 · i < j ¡ 1; and h j ;j +1 = h j +1 ;j ; j = 1; : : : ; m
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II We can write

H m =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

®1 ¯ 2

¯ 2 ®2 ¯ 3

¯ 3 ®3 ¯ 4

: : :

: : :

¯ m ®m

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(1)

The vi 's satisfy a three-term recurrence [Lanczos Algorithm]:

¯ j +1 vj +1 = Av j ¡ ®j vj ¡ ¯ j vj ¡ 1

! simplified version of Arnoldi' s algorithm for sym. systems.

Symmetric matrix + Arnoldi ! Symmetric Lanczos
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TheLanczosalgorithm

ALGORITHM : 4 Lanczos

1. Choose an initial vector v1 of norm unity . Set ¯ 1 ´ 0; v0 ´ 0

2. For j = 1; 2; : : : ; m Do:

3. w j := Av j ¡ ¯ j vj ¡ 1

4. ®j := (w j ; vj )

5. w j := wj ¡ ®j vj

6. ¯ j +1 := kwj k2. If ¯ j +1 = 0 then Stop

7. vj +1 := wj =¯ j +1

8. EndDo
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Lanczosalgorithm for linear systems

II Usual or thogonal projection method setting:

² L m = K m = span f r 0; Ar 0; : : : ; A m ¡ 1r 0g

² Basis Vm = [v1; : : : ; vm ] of K m generated by the Lanczos algo-

rithm

II Three diff erent possib le implementations.

(1) Arnoldi-like; (2) Exploit tridigonal nature of H m (DIOM); (3) Con-

jugate gradient.

Calais Februar y 7, 2005 35

35



ALGORITHM : 5 Lanczos Method for Linear Systems

1. Compute r 0 = b ¡ Ax 0, ¯ := kr 0k2, and v1 := r 0=¯

2. For j = 1; 2; : : : ; m Do:

3. w j = Av j ¡ ¯ j vj ¡ 1 (If j = 1 set ¯ 1v0 ´ 0)

4. ®j = (w j ; vj )

5. w j := wj ¡ ®j vj

6. ¯ j +1 = kwj k2. If ¯ j +1 = 0 set m := j and go to 9

7. vj +1 = wj =¯ j +1

8. EndDo

9. Set Tm = tr idiag (¯ i ; ®i ; ¯ i +1 ) , and Vm = [v1; : : : ; vm ].

10. Compute ym = T ¡ 1
m (¯ e1) and x m = x 0 + Vm ym
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ALGORITHM : 6 D-Lanczos

1. Compute r 0 = b ¡ Ax 0, ³ 1 := ¯ := kr 0k2, and v1 := r 0=¯

2. Set ¸ 1 = ¯ 1 = 0, p0 = 0

3. For m = 1; 2; : : :, until convergence Do:

4. Compute w := Av m ¡ ¯ m vm ¡ 1 and ®m = (w ; vm )

5. If m > 1 then compute ¸ m = ¯ m
´ m ¡ 1

and ³ m = ¡ ¸ m ³ m ¡ 1

6. ´ m = ®m ¡ ¸ m ¯ m

7. pm = ´ ¡ 1
m (vm ¡ ¯ m pm ¡ 1)

8. x m = x m ¡ 1 + ³ m pm

9. If x m has converged then Stop

10. w := w ¡ ®m vm

11. ¯ m +1 = kwk2, vm +1 = w=¯ m +1

12. EndDo
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TheConjugateGradientAlgorithm (A S.P.D.)

II Note: the pi 's are A -or thogonal

II The r 0
i 's are or thogonal.

II And we have x m = x m ¡ 1 + »m pm

So there must be an update of the form:

1. pm = r m ¡ 1 + ¯ m pm ¡ 1

2. x m = x m ¡ 1 + »m pm

3. r m = r m ¡ 1 ¡ »m Ap m
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TheConjugateGradientAlgorithm (A S.P.D.)

1. Start: r 0 := b ¡ Ax 0, p0 := r 0.

2. Iterate: Until convergence do,

(a) ®j := (r j ; r j )=(Ap j ; pj )

(b) x j +1 := x j + ®j pj

(c) r j +1 := r j ¡ ®j Ap j

(d) ¯ j := (r j +1 ; r j +1 )=(r j ; r j )

(e) pj +1 := r j +1 + ¯ j pj

² r j = scal ing £ vj +1 . The r j 's are or thogonal.

² The pj 's are A -conjugate , i.e., (Ap i ; pj ) = 0 for i 6= j .
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METHODS BASED ON LANCZOS BIORTHOGONALIZA TION
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ALGORITHM : 7 The Lanczos Bi-Or thogonalization Procedure

1. Choose two vector s v1; w1 suc h that (v1; w1) = 1.

2. Set ¯ 1 = ±1 ´ 0, w0 = v0 ´ 0

3. For j = 1; 2; : : : ; m Do:

4. ®j = (Av j ; w j )

5. v̂j +1 = Av j ¡ ®j vj ¡ ¯ j vj ¡ 1

6. ŵ j +1 = A T wj ¡ ®j w j ¡ ±j w j ¡ 1

7. ±j +1 = j( v̂ j +1 ; ŵ j +1 ) j1=2. If ±j +1 = 0 Stop

8. ¯ j +1 = ( v̂j +1 ; ŵ j +1 )=±j +1

9. w j +1 = ŵ j +1 =¯ j +1

10. vj +1 = v̂j +1 =±j +1

11. EndDo
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II Extension of the symmetric Lanczos algorithm

II Builds a pair of bior thogonal bases for the two subspaces

K m (A; v1) and K m (A T ; w1)

II Diff erent ways to choose ±j +1 ; ¯ j +1 in lines 7 and 8.

Let

Tm =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

®1 ¯ 2

±2 ®2 ¯ 3

: : :

±m ¡ 1 ®m ¡ 1 ¯ m

±m ®m

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

II vi 2 K m (A; v1) and wj 2 K m (A T ; w1) .
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If the algorithm does not break down before step m , then

the vector s vi ; i = 1; : : : ; m , and wj ; j = 1; : : : ; m , are

bior thogonal, i.e.,

(vj ; w i ) = ±ij 1 · i; j · m :

Moreo ver, f vi gi =1 ;2;:::;m is a basis of K m (A; v1) and

f w i gi =1 ;2;:::;m is a basis of K m (A T ; w1) and

AV m = Vm Tm + ±m +1 vm +1 eT
m ;

A T W m = W m T T
m + ¯ m +1 wm +1 eT

m ;

W T
m AV m = Tm :
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TheLanczosAlgorithm for Linear Systems

ALGORITHM : 8 Lanczos Algorithm for Linear Systems

1. Compute r 0 = b ¡ Ax 0 and ¯ := kr 0k2

2. Run m steps of the nonsymmetric Lanczos Algorithm i.e.,

3. Star t with v1 := r 0=¯ , and any w1 suc h that (v1; w1) = 1

4. Generate the Lanczos vector s v1; : : : ; vm , w1; : : : ; wm

5. and the tridia gonal matrix Tm from Algorithm ??.

6. Compute ym = T ¡ 1
m (¯ e1) and x m := x 0 + Vm ym .

II BCG can be derived from the Lanczos Algorithm similarl y to CG

in symmetric case .
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TheBCGandQMR Algorithms

II Let Tm = L m Um ( LU factorization of Tm ). Define Pm = Vm U ¡ 1
m

Then, solution is

x m = x 0 + Vm T ¡ 1
m (¯ e1) = x 0 + Vm U ¡ 1

m L ¡ 1
m (¯ e1) = x 0 + Pm L ¡ 1

m (¯ e1)

II x m is updatab le from x m ¡ 1 similar to the CG algorithm.

II r j and r ¤
j are in the same direction as vj +1 and wj +1 respectivel y.

II they form a bior thogonal sequence .

II The p¤
i 's pi 's are are A-conjugate .

II Utilizing this inf ormation, a CG-like algorithm can be easil y de-

rived from the Lanczos procedure .
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ALGORITHM : 9 BiConjugate Gradient (BCG)

1. Compute r 0 := b ¡ Ax 0. Choose r ¤
0 suc h that (r 0; r ¤

0) 6= 0.

2. Set, p0 := r 0, p¤
0 := r ¤

0

3. For j = 0; 1; : : :, until convergence Do:,

4. ®j := (r j ; r ¤
j )=(Ap j ; p¤

j )

5. x j +1 := x j + ®j pj

6. r j +1 := r j ¡ ®j Ap j

7. r ¤
j +1 := r ¤

j ¡ ®j A T p¤
j

8. ¯ j := (r j +1 ; r ¤
j +1 )=(r j ; r ¤

j )

9. pj +1 := r j +1 + ¯ j pj

10. p¤
j +1 := r ¤

j +1 + ¯ j p¤
j

11. EndDo
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Quasi-Minimal ResidualAlgorithm

II The Lanczos algorithm gives the relations AV m = Vm +1 ¹Tm with

¹Tm = (m + 1) £ m tridia gonal matrix ¹Tm =

0

B
B
B
@

Tm

±m +1 eT
m

1

C
C
C
A :

II Let v1 ´ ¯ r 0 and x = x 0 + Vm y . Residual norm kb ¡ Ax k2 is

kr 0 ¡ AV m yk2 = k¯ v1 ¡ Vm +1 ¹Tm yk2 = kVm +1
µ

¯ e1 ¡ ¹Tm y
¶

k2

II Column-vector s of Vm +1 are not or thonormal (6= GMRES).

II But: reasonab le idea to minimiz e the function J (y ) ´ k¯ e1 ¡ ¹Tm yk2

II Quasi-Minimal Residual Algorithm (Freund, 1990).
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ALGORITHM : 10 QMR

1. Compute r 0 = b ¡ Ax 0 and ° 0 := kr 0k2, w1 := v1 := r 0=° 1

2. For m = 1; 2; : : : ; until convergence Do:

3. Compute ®m ; ±m +1 and vm +1 ; wm +1 as in Lanczos Algor . [alg. ??]

4. Update the QR factorization of ¹Tm , i.e.,

5. Appl y ­ i , i = m ¡ 2; m ¡ 1 to the m -th column of ¹Tm

6. Compute the rotation coefficients cm , sm

7. Appl y rotation ­ m , to ¹Tm and ¹gm , i.e., compute:

8. ° m +1 := ¡ sm ° m ; ° m := cm ° m ; and ®m := cm ®m + sm ±m +1

9. pm =
Ã

vm ¡ P m ¡ 1
i = m ¡ 2 t im pi

!

=t mm

10. x m = x m ¡ 1 + ° m pm

11. If j° m +1 j is small enough Stop

12. EndDo
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Transpose-FreeVariants

II BCG and QMR require a matrix-b y-vector product with

A and A T at each step. The products with A T do not

contrib ute directl y to x m . II They allo w to determine the

scalar s (®j and ¯ j in BCG).

II QUESTION: is it possib le to bypass the use of A T ?

II Motiv ation: in nonlinear equations, A is often not availab le ex-

plicitl y but via the Frechet deriv ative:

J (u k)v =
F (u k + ²v ) ¡ F (u k)

²
:
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ConjugateGradientSquared

* Clever variant of BCG whic h avoids using A T [Sonne veld, 1984].

In BCG:

r i = ½i (A )r 0

where ½i = pol ynomial of degree i .

In CGS:

r i = ½2
i (A )r 0
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II Define r j = Áj (A )r 0; pj = ¼j (A )r 0; r ¤
j = Áj (A T )r ¤

0; p¤
j =

¼j (A T )r ¤
0:

Scalar ®j in BCG is given by

®j =
(Áj (A )r 0; Áj (A T )r ¤

0)

(A¼j (A )r 0; ¼j (A T )r ¤
0)

=
(Á2

j (A )r 0; r ¤
0)

(A¼2
j (A )r 0; r ¤

0)

II Possib le to get a recur sion for the Á2
j (A )r 0 and ¼2

j (A )r 0?

Áj +1 ( t ) = Áj ( t ) ¡ ®j t¼j ( t ) ;

¼j +1 ( t ) = Áj +1 ( t ) + ¯ j ¼j ( t )

Square the equalities

Á2
j +1 ( t ) = Á2

j ( t ) ¡ 2®j t¼j ( t )Áj ( t ) + ®2
j t 2¼2

j ( t ) ;

¼2
j +1 ( t ) = Á2

j +1 ( t ) + 2¯ j Áj +1 ( t )¼j ( t ) + ¯ 2
j ¼j ( t )2:

II Problem: Cross terms
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II Solution: Let Áj +1 ( t )¼j ( t ) , be a thir d member of the recurrence .

For ¼j ( t )Áj ( t ) , note:

Áj ( t )¼j ( t ) = Áj ( t ) (Áj ( t ) + ¯ j ¡ 1¼j ¡ 1( t )) = Á2
j ( t )+ ¯ j ¡ 1Áj ( t )¼j ¡ 1( t ) :

II Result:

Á2
j +1 = Á2

j ¡ ®j t
Ã

2Á2
j + 2¯ j ¡ 1Áj ¼j ¡ 1 ¡ ®j t ¼2

j

!

Áj +1 ¼j = Á2
j + ¯ j ¡ 1Áj ¼j ¡ 1 ¡ ®j t ¼2

j

¼2
j +1 = Á2

j +1 + 2¯ j Áj +1 ¼j + ¯ 2
j ¼2

j :

II Define:

r j = Á2
j (A )r 0; pj = ¼2

j (A )r 0; qj = Áj +1 (A )¼j (A )r 0
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Recurrences become:

r j +1 = r j ¡ ®j A (2r j + 2¯ j ¡ 1qj ¡ 1 ¡ ®j A pj ) ;

qj = r j + ¯ j ¡ 1qj ¡ 1 ¡ ®j A pj ;

pj +1 = r j +1 + 2¯ j qj + ¯ 2
j pj :

Define auxiliar y vector dj = 2r j + 2¯ j ¡ 1qj ¡ 1 ¡ ®j Ap j

II Sequence of operations to compute the appr oximate solution,

star ting with r 0 := b ¡ Ax 0, p0 := r 0, q0 := 0, ¯ 0 := 0.

1. ®j = (r j ; r ¤
0)=(Ap j ; r ¤

0)

2. dj = 2r j + 2¯ j ¡ 1qj ¡ 1 ¡ ®j Ap j

3. qj = r j + ¯ j ¡ 1qj ¡ 1 ¡ ®j Ap j

4. x j +1 = x j + ®j dj

5. r j +1 = r j ¡ ®j Ad j

6. ¯ j = (r j +1 ; r ¤
0)=(r j ; r ¤

0)

7. pj +1 = r j +1 + ¯ j (2qj + ¯ j pj ) .
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II one more auxiliar y vector , u j = r j + ¯ j ¡ 1qj ¡ 1. So

dj = u j + qj ;

qj = u j ¡ ®j Ap j ;

pj +1 = u j +1 + ¯ j (qj + ¯ j pj ) ;

II vector dj is no long er needed.
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ALGORITHM : 11 Conjugate Gradient Squared

1. Compute r 0 := b ¡ Ax 0; r ¤
0 arbitrar y.

2. Set p0 := u 0 := r 0.

3. For j = 0; 1; 2 : : : ; until convergence Do:

4. ®j = (r j ; r ¤
0)=(Ap j ; r ¤

0)

5. qj = u j ¡ ®j Ap j

6. x j +1 = x j + ®j (u j + qj )

7. r j +1 = r j ¡ ®j A (u j + qj )

8. ¯ j = (r j +1 ; r ¤
0)=(r j ; r ¤

0)

9. u j +1 = r j +1 + ¯ j qj

10. pj +1 = u j +1 + ¯ j (qj + ¯ j pj )

11. EndDo
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II Note: no matrix-b y-vector products with A T but two matrix-b y-

vector products with A , at each step.

Vector: Ã ! Polynomial in BCG :

qi Ã ! ¹r i ( t ) ¹pi ¡ 1( t )

u i Ã ! ¹p2
i ( t )

r i Ã ! ¹r 2
i ( t )

where ¹r i ( t ) = residual pol ynomial at step i for BCG, .i.e., r i = ¹r i (A )r 0,

and ¹pi ( t ) = conjugate direction pol ynomial at step i , i.e., pi = ¹pi (A )r 0.
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BCGSTAB (vanderVorst,1992)

II In CGS: residual pol ynomial of BCG is squared. II bad behavior

in case of irregular convergence .

II Bi-Conjugate Gradient Stabiliz ed (BCGSTAB) = a variation of CGS

whic h avoids this difficulty . II Deriv ation similar to CGS.

II Residuals in BCGSTAB are of the form, r 0
j = Ãj (A )Áj (A )r 0 in

whic h, Áj ( t ) = BCG residual pol ynomial, and ..

II .. Ã j ( t ) = a new pol ynomial defined recur sivel y as

Ãj +1 ( t ) = (1 ¡ ! j t )Ãj ( t )

! i chosen to `smooth' convergence [steepest descent step]
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ALGORITHM : 12 BCGSTAB

1. Compute r 0 := b ¡ Ax 0; r ¤
0 arbitrar y;

2. p0 := r 0.

3. For j = 0; 1; : : : ; until convergence Do:

4. ®j := (r j ; r ¤
0)=(Ap j ; r ¤

0)

5. sj := r j ¡ ®j Ap j

6. ! j := (As j ; sj )=(As j ; As j )

7. x j +1 := x j + ®j pj + ! j sj

8. r j +1 := sj ¡ ! j As j

9. ¯ j := (r j +1 ;r ¤
0)

( r j ;r ¤
0) £ ®j

! j

10. pj +1 := r j +1 + ¯ j (pj ¡ ! j Ap j )

11. EndDo
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THEORY
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ConvergenceTheoryfor CG

II Appr oximation of the form x = x 0 + pm ¡ 1(A )r 0. with x 0 = initial

guess, r 0 = b ¡ Ax 0;

II Optimality proper ty:

x m minimiz es kx ¡ x ¤kA over x 0 + K m

II Consequence: Standar d result

Let x m = m -th CG iterate , x ¤ = exact solution and

´ =
¸ min

¸ max ¡ ¸ min

Then: kx ¤ ¡ x m kA ·
kx ¤ ¡ x 0kA

Tm (1 + 2´ )
where Tm = Chebyshe v pol ynomial of degree m .
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THEORY FOR NONHERMITIAN CASE

II Much more difficult!

II No convincing results on `global convergence' for many algorithms

(bi-CG, FOM, etc..)

II Can get a general a-priori – a-posteriori error bound
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Convergenceresultsfor nonsymmetriccase

II Methods based on minim um residual better under stood.

II If (A + A T ) is positive definite ((Ax; x ) > 0 8x 6= 0), all minim um

residual-type methods (ORTHOMIN, ORTHODIR, GCR, GMRES,...), +

their restar ted and truncated versions, converge.

II Convergence results based on comparison with steepest descent

[Eisenstat, Elman, Schultz 1982] ! not sharp.

Minim um residual methods: if A = X ¤ X ¡ 1, ¤ diagonal, then

kb ¡ Ax m k2 · Cond 2(X ) min p2P m ¡ 1;p(0)=1 max ¸ 2 ¤( A ) jp(¸ ) j

( P m ¡ 1 ´ set of pol ynomials of degree · m ¡ 1, ¤( A ) ´ spectrum

of A )
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Two usefulprojectors

Let P be the or thogonal projector onto K and

Q be the (oblique) projector onto K and or thogonall y to L .

K

L

?

x

P xªQ x

P x 2 K ; x ¡ P x ? K
Q x 2 K ; x ¡ Q x ? L
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Theapproximateproblemin termsof P and Q

II Appr oximate problem amounts to solving

Q (b ¡ Ax ) = 0; x 2 K

or in operator form

Q (b ¡ A P x ) = 0

Question: what accurac y can one expect?

II If x ¤ is the exact solution, then we cannot get better accurac y

than k(I ¡ P )x ¤k2, i.e.,

k ~x ¡ x ¤k2 ¸ k( I ¡ P )x ¤k2
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THEOREM. Let ° = kQ A (I ¡ P )k2 and assume that

b belongs to K . Then the residual norm of the exact

solution x ¤ for the (appr oximate) linear operator A m

satisfies the inequality ,

kb ¡ A m x ¤k2 · ° k( I ¡ P )x ¤k2

II In other words “if appr oximate problem is not poorl y conditioned

and if k( I ¡ P )x ¤k2 is small then we will obtain a good appr oximate

solution”.

Calais Februar y 7, 2005 65

65



Methodsbasedon thenormal equations

It is possib le to obtain the solution of Ax = b from the equiv alent

system:

A T Ax = A T b

or

AA T y = b ; x = A T y

II Methods based on these appr oaches are usuall y slo wer than pre-

vious ones. (Condition number of system is squared)

II Exception: when A is str ongl y indefinite (extreme case: A is

or thogonal, A T A = I ! convergence in 1 step).
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CGNRandCGNE

Can use CG to solve normal equations. Two well-kno wn options.

(1) CGNR: Conjugate Gradient method on

A T Ax = A T b

(2) CGNE: Let x = A T y and use conjugate gradient method on

AA T y = b

II Diff erent optimality proper ties

II Various `efficient' form ulations in both cases
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ALGORITHM : 13 CGNR

1. Compute r 0 = b ¡ Ax 0, z0 = A T r 0, p0 = z0.

2. For i = 0; : : : ; until convergence Do:

3. w i = Ap i

4. ®i = kzi k2=kwi k2
2

5. x i +1 = x i + ®i pi

6. r i +1 = r i ¡ ®i w i

7. zi +1 = A T r i +1

8. ¯ i = kzi +1 k2
2=kzi k2

2,

9. pi +1 = zi +1 + ¯ i pi

10. EndDo
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CGNR: The appr oximation x m minimiz es the residual

norm kb ¡ Ax k2 over the affine Krylo v subspace ,

x 0 + spanf A T r 0; (A T A )A T r 0; : : : ; (A T A )m ¡ 1A T r 0g;

where r 0 ´ b ¡ Ax 0.

II The diff erence with GMRES is the subspace in whic h the residual

norm is minimiz ed. For GMRES the subspace is x 0 + K m (A; r 0) .
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ALGORITHM : 14 CGNE (Craig' s Method)

1. Compute r 0 = b ¡ Ax 0, p0 = A T r 0.

2. For i = 0; 1; : : : ; until convergence Do:

3. ®i = (r i ; r i )=(pi ; pi )

4. x i +1 = x i + ®i pi

5. r i +1 = r i ¡ ®i Ap i

6. ¯ i = (r i +1 ; r i +1 )=(r i ; r i )

7. pi +1 = A T r i +1 + ¯ i pi

8. EndDo
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CGNE produces the appr oximate solution x in the subspace

x 0 + A T K m (AA T ; r 0) = x 0 + K m (A T A; A T r 0) whic h minimiz es

x ¤ ¡ x , where x ¤ = A ¡ 1b, r 0 = b ¡ Ax 0.

II Note: Same subspace as CGNR!
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Block GMRESandBlock Krylov Methods

Main Motiv ation: To solve linear systems with several right-

hand sides

Ax (i ) = b(i ) ; i = 1; : : : ; p

or, in matrix form,

AX = B

II Sometimes Bloc k methods are used as a strategy for

enhancing convergence even for the case p = 1.

Let

R 0 ´ [r (1)
0 ; r (2)

0 ; : : : ; r (p)
0 ] :

each column is r ( i )
0 = b(i ) ¡ Ax (i )

0 .

Krylo v methods find an appr oximation to X from the subspace
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K m (A; R 0) = span f R 0; AR 0; : : : ; A m ¡ 1R 0g

II For example Bloc k-GMRES (BGMRES) £nds X to

minimiz e kB ¡ AX kF for X 2 X 0 + K m (A; R 0)

II Various implementations of BGMRES exist

II Simplest one is based on Ruhe' s variant of the Bloc k Arnoldi

procedure .
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ALGORITHM : 15 Bloc k Arnoldi–Ruhe' s variant

1. Choose p initial or thonormal vector s f vi gi =1 ;::: ;p .

2. For j = p; p + 1; : : : ; m Do:

3. Set k := j ¡ p + 1;

4. Compute w := Av k ;

5. For i = 1; 2; : : : ; j Do:

6. h i;k := (w ; vi )

7. w := w ¡ h i;k vi

8. EndDo

9. Compute h j +1 ;k := kwk2 and vj +1 := w=hj +1 ;k .

10. EndDo
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II p = 1 coincides with standar d Arnoldi process.

II Interesting feature: dimension of the subspace need not be a

multiple of the bloc k-siz e p.

At the end of the algorithm, we have the relation

AV m = Vm + p ¹H m :

II The matrix ¹H m is now of size (m + p) £ m .

II Each appr oximate solution has the form

x (i ) = x (i )
0 + Vm y (i ) ;

where y (i ) must minimiz e the norm kb(i ) ¡ Ax (i )k2.

II Plane rotations can be used for this purpose as in the standar d

GMRES [p rotations are needed for each step.]
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