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Introduction

1 Introduction

Elliptic partial differential equations (PDEs) are important tools for math-
ematical modeling in a wide variety of fields. Many important advances in
Science and Engineering depend on the ability to solve elliptic PDEs quickly
and accurately. As a result, in the past few decades much research activity
has been directed at proposing, analyzing, studying and improving numerical
methods for this class of problems. Lately, domain decomposition methods
have been proven to be very effective and powerful tools for the solution of
elliptic PDEs. It has been observed that they can offer increased computa-
tional efficiency especially in modern multiprocessor computer environments.
On the other hand they might be helpful in treating accurately some inherent
difficulties arising in Physics problems, e.g., singularities, boundary layers,
etc.

In the domain decomposition methods the domain under consideration
is decomposed into a number of smaller subdomains and the solution in the
entire domain is computed via sequences of solutions computed in the sub-
domains. There are two main approaches characterized by the way the sub-
domains are defined. Namely, the overlapping (Schwarz) approach and the
non—overlapping (Schur complement) one. The convergence of the underly-
ing iterative process is critical to the success of the specific method proposed
and has therefore attracted a great deal of attention by many researchers in
the area.

Numerous articles that propose, study, compare and review various over-
lapping methods (see, e.g., [6], [15], [16]), non—overlapping ones (see, e.g.,
[11]) as well as survey preconditioners for domain decomposition (see, e.g.,
[4]) have appeared in the literature. The comparison of the main characteris-
tics of these two classes of methods and the existence of possible equivalence
between them have received a great deal of study (see, e.g., [2], [3]). Both
approaches have already been used in a real life environment to effectively
model large scale, industrial, ill-conditioned problems (see, e.g., [9], [13],
[14]) . Nevertheless it is believed that both theoretical and experimental
analysis is required before such methods become practical and useful tools
for non—experts.
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In this study we are interested in non—overlapping domain decomposition
methods which are formulated as iterative interface smoothing procedures.
From this interface relaxation viewpoint non—overlapping domain decompo-
sition methods consist of partitioning the domain in a set of non—overlapping
subdomains and appropriate boundary conditions on the interface lines de-
fined by the partitioning are imposed. Then, using arbitrary initial guesses
on the interfaces, the set of the resulting PDE problems is solved. In each
iteration subproblems, with Dirichlet and Neumann boundary conditions on
the interfaces of each subdomain, are solved alternatively. Since, in general,
the obtained solutions do not satisfy the interface boundary conditions an in-
terface relaxation is applied to obtain new interface boundary values, which,
hopefully, will satisfy them better, and the PDE subproblems are solved
again using these new values. If the relaxation parameter(s) is(are) chosen
appropriately the process just described, when applied iteratively, produces
sequences of solutions in each subdomain who eventually converge to the
solution of the original PDE problem in the entire domain.

For our study we select two such methods whose formulation and theo-
retical analysis at differential equation level can be found in [10] and [12].
Although their convergence has been theoretically analyzed to some extend in
the aforementioned references, important questions (like the selection of the
relaxation parameter values involved in both methods) are left unanswered.
Our main objective here is an attempt to analyze and formulate these two
domain decomposition schemes at linear algebra level hoping that we will
elucidate the role of the relaxation parameters in the iteration process.

The rest of this thesis is organized as follows. In Chapter 2 we present
the formulation of the two domain decomposition methods at differential
equation level. In Chapter 3 we present in detail the formulation of the
two domain decomposition methods at discrete (linear algebra) level for a
Helmholtz Equation in the one—dimensional case. The convergence analysis
carried out at linear algebra level for both methods is presented in Chapter
4. In Chapter 5 we present the formulation of the two domain decomposition
methods and the convergence analysis for the corresponding Poisson Equa-
tion. Chapter 6 contains a description of the implementation of our schemes
using software that we have developed in Fortran 77. It also contains sets
of experimental data that support our theoretical results. Finally, Chapter
7 contains a summary of our results as well as some concluding remarks.
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2 Formulation of the Domain Decomposition
Method for the Continuous Problem

We consider the PDE problem
Lu= fin Q, u= g on 02 (1)

where L is a second order elliptic differential operator, f, g are such that
f e L*(Q) while g € H%@Q), where Q C R?, d =1,2,...,is an open convex
domain with piecewise smooth boundary 9. Assume that € is split into &
open subdomains €2;, ¢ = 1,...,k, such that Q@ = U*_ Q;, ;N Q; = 0 and
o0NoQ; #0, i,7 =1,..., k. For reasons related either to the characteristics
of this problem or to the computing resources available one would like to
replace (1) with a system of similar problems defined on the subdomains €2;.
There are many ways to realize the coupling of the problems in this system
(see [11]). From them we select one, consider two different approaches and
subsequently we present the corresponding iterative schemes. They both use
Dirichlet boundary conditions on the interfaces. The first approach does not
use the fact that the operator L acts on the interface while the second one
does.

2.1 The First Scheme

For simplicity we choose k = 2 and denote the interface of the two subdo-
mains by I' = 9y N 9. Under certain conditions the original problem is
equivalent to the following split problem

LU1 = f in Ql LU2 = f in QQ
up =g on 00N up =g on 02NN
uy =upy on T U =u; on T
ouy Ous Ouy Ouy
BN + 92 =0 on T 92 + BN =0 on T

where for n = 1,2, u, = u |, and where v" is the outward unit normal
vector to 0f1,,.
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This allows us to define the following domain decomposition method. We
arbitrarily choose u(¥) € H(Q,,) with u(¥ |son90,= ¢ and, fori =0,1,2,...,
construct the sequence u{"™*Y € H'(Q,) with ™ |s0n00,= g, n = 1,2,
satisfying

Lu™ = fin QWP =0+ (1= )l on T
(

LulP™ = fin Q, UQ%LI) =(1- b)u?i) +bul® on T
(2)
(2i+2) (2i+1) (2i+1)
2i+2) 4 - ouy Oy ous
Luy = fin O, i w +(1_G>W on I’
Hu+?) JuZ+D) Hu D

onI

Luézi”) = fin (), =(l—a)

ov? ov? ta ov?

where a, b are relaxation parameters to be determined later.

2.2 The Second Scheme

Again we choose k = 2 and denote the interface of the two subdomains by
' = 091 N 0y. This time the split problem is

Lulzf in QIUF LUQZf in QQUF
up =g on O00NAIY up =g on 92N
Uy =uy on T Uy =u; on T
ouy Ouy Ouy Ouy
ﬁ + w =0 on T W + w =0 on I

where for n = 1,2, u,, = u |, and where v" is the outward unit normal
vector to 0f1,,.

As we have already mentioned, this second approach differs from the first
one because operator L acts not only on domains €2; and €2 but on the
interface I' as well.

In the corresponding domain decomposition method we arbitrarily choose
u® € HY(Q,) with u?) |s0n00,= ¢ and, for i = 0,1,2,..., construct the

sequence ul" € H'(Q,) with ul™V |s0n00,= g, n = 1,2, satisfying
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Lu™™ = fin QUT, o™ = + (1-— b)ug%) onT
Luémﬂ) =fin QyUT, uéziH) =(1- b)u?i) + buf“ on I’

. PCED) PCR) Syt
2142 .
Lu™ = fin QUT, 81V1 =a 51/1 +(1—a) 82V1 on I’
. au(2i+2) au(Qi—i—l) au(2i+1)
2i+2 .
Lu$™™ = fin QUT, 2 =(1—a) 81”2 +a 82V2 on T’

ov?

where a, b are relaxation parameters to be determined.

Most researchers work at the differential equation level. This means that
they try to determine values for the parameters a, b so that the scheme pro-
posed produces a sequence of solutions that converges to the solution of the
original PDE problem; in other words, to make the errors vanish asymptoti-
cally along the interface and also to determine those (optimal) values of a, b
that make the scheme converge asymptotically as fast as possible. Then,
they discretize the (continuous) PDE problem(s) and the linear system(s)
produced is(are) solved by using as values for the parameters a, b the ones
determined from the continuous problem(s). For convergence results at the
PDE level see e.g., [11].

On the other hand, very few research works at the linear algebra level can
be found in the literature (see e.g. [7], [8], [15], [16], etc.). This is because
of the inherent difficulties the solution to the corresponding linear problem
presents. In this case, first the entire domain is discretized, next the subdo-
mains are defined and then finite difference, finite element or even collocation
methods are used to approximate the PDE problem and subproblems. Fol-
lowing exactly the same idea as the one in the continuous case, the solution
to the linear system is found by means of an analogous iterative scheme. So,
the problem this time is to determine the values of the parameters a, b in
such a way as to make the iterative scheme that solves the linear system
at hand converge and if possible converge in an optimal sense. In general,
the determination of the parameters a, b this time constitutes a much more
difficult problem.
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3 Formulation of the Domain Decomposition
Method for the Discrete Problem

To illustrate the difficulties the method presents in this case we restrict
ourselves to studying the solution of the one—dimensional Helmholtz equation
where for simplicity we will consider the case of two subdomains. More
specifically, we consider that the model problem is given by

—u"+cu=f in Q=(0,1) (4)
u(0)=a and wu(l)=p

where ¢ is a positive constant and «, 3 are the given boundary values.

We then split the domain  into the two subdomains ; = (0, 3) and
Qs = (3,1) so that the interface I' is at = 3. A uniform grid of mesh
size h is imposed on Q, where h = n%rl, n > 5 odd, and a three—point finite

difference discretization formula is used to approximate the values of the
unknown function at the grid points. Let p = "7“ be the index of the point
x; that corresponds to the interface. For reasons that will become clear in
the sequel, in case we are working in subdomain €2; the index p will be used
as p while if we are working in subdomain €2, p’ will be used instead.

0 172 1
\ | | | | | | | |

I I I I /\\ I I I |

X1 XZ Xp—l Xp Xp’ Xp+1 Xn—l Xn

Figure 1: Discretization of Domain (2

3.1 Derivation of the Equations of the Linear System
3.1.1 First Approach

Using Taylor series expansion about any interior grid point x; we can obtain

that

w(zi—1) — 2u(z;) + u(wipq)
B2

UH<JZZ‘) —

+ O(Rh?).

10
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Let u; denote the approximation of u(z;) resulting from the numerical scheme.
Then considering the given differential equation (4) at all grid points, exclud-
ing the one on the interface, and following closely the iterative scheme of the
domain decomposition method described previously in (2), after the first
sweep of the iterative method on the subdomain 2; the following equations
will be yielded

@+ ch®)ul? —uf) = REf(x1) +a
—uf? + 2+ ch)uy?) —uf) = h2f(xs)

_U;(ol—)3 +(2+ ChQ)“S—)Q - Ug(yl—)1 = hf(zp2)

—ut, 4 (2+ ch2)u(1) - ug) = hf(r,1)

p—2 p—1
uld = bul® + (1 byl

Obviously, the last equation satisfies the domain decomposition method re-
quirement on the interface. For the subdomain €25, the corresponding equa-
tions will be

1 0
u;,) = (1- b)u]go) + buj(g,)
_U;()}) +(2+ Chz)“;(zlll - U;£22 = h*f(zpn1)

1 1 1
—ugdy + 2+ ey, —uly = B f ()

—uly + 2+ chul)y —ul) = B2 f(zay)
—ul + 2+ el = B f(x,) + 8

If we now proceed to the next iteration, the domain decomposition method
requirement on the interface for Q2 will be o’ I(f) = au ,;1) +(1—a) z()}) while
for €y will be u’z(f) =(1- a)u’;l) + au’](;). To find a way to determine the

derivative at the points x, and z,/, using in each case points only from (2,

11
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and o, respectively, we work as follows ([5]). For v/, we write down

wlx —h) = u(z)—hu'(z) + };u"(x) + O(Rh?)
u(z —2h) = wu(x) — 20/ (x) + 2R%U" (z) + O(h?)

from which one can very easily get that
—3u(z) + 4u(x — h) — u(x — 2h) = =2hu/(z) + O(h?)

or, equivalently,

o () = 3u(z) — du(z ;hh) + u(z — 2h) + o)

Similarly, for €2, we will have

—3u(x) + 4u(z + h) — u(x + 2h)

W) = 2h

+ O(h?)

To satisfy the aforementioned requirements on the interface, we will have

(2 _ (1) (1)
u'y ) =au ) 4+ (1 —a)u')y <=

30 — 40, 1 o, = ’
a(3ult) — 4u§,1)1 + u; V) +(1— a)(—?)u(}) + 4u§,1421 — uz(,llz) —
3u? — 4u1(0,)1 + u; ), =

a(3(bu® + (1 — b)) — 4u Do ally)+

(1= a)(=3((1 = b)ul® + buy)) + 4u 0, —ully) =

—au( Y, + 4au(1) —4(1 - a) 1(021 +(1—a) ](3422 + u(2) 4u§)2_)1 + 3ulp) =
3(a+b— 1)ug0> +3(a — b)ul?

p

So the equations for €2, for the second iteration will be

12
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2+ ch)ul? —u? = Bf(21) +a
—ugz) +(2+ ch2)u§2) — ugf) = Rh%f(xy)

_u;(aQ—)3 +(2+ Ch2)ug(a2—)2 —uly = W2 f(zys)

p—1
—ul(,z,)z +(2+ chz)uz(,z,)l - ul(f) = h*f(z, 1)
—auz()l_)g + 4au§)1_)1 —4(1 — a)uz(alll +(1— a)uz(,lng + uf_)g - 4u§72_)1 + 3ulp) =
3la+b—1)ul” 4 3(a — b)ug/))

Again to satisfy the requirements on I' for 25 we will have

u’l(f) =(1- a)u’l(,l) + au’](}) —

1 1 1 1 2 2 2
(1-— a)uz()_)Q —4(1 — a)u;_)l + 4au}(,J21 — auz(ﬂb + 3u1(,,) - 4u;()421 + u;JZZ =
3(a—b)ul® +3(a+b— 1)u1(99)

So the equations for €2, for the second iteration will be

(1-— oz)u;f,lf)2 —4(1 — a)u](oljl + 4au§1ﬁl - aul(olﬁ2 + 3“19) - 4u§321 + u](D%zQ =
3(a — b)ul® +3(a+b— 1uly

2 2 2
—uz()/) +(2+ chQ)u](DJz1 - u;+)2 = W f(rp1)

2 2 2
—uph + Q4 ey —uls = B f(zp0)

—uff_)g + (2 + chz)uf_)l —u® = B f(z,_1)
—d@ L 24+ eh)u® = B2f(z,)+ P

n

3.1.2 Second Approach

As we have already mentioned, the second approach differs from the first one,
because we use the differential equation on the interface node as well. So in
this case the last equation of the first and third block and the first equa-
tion of the second and fourth block, will not only satisfy the requirements

13
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of our domain decomposition method, but they will also be the equations at
the interface point(s) and thus will implicitly satisfy the requirements of our
method.

So for the first iteration, in €21, we will have

_Uél—)Q +(2+ Ch?)“gyl—l —ufl) = h*f(xp1)
We substitute uf) with bul® + (1 — b)u](;,)) to get
—uél_)g + (24 ch?ul| = R2f(z,1) + bul? + (1 — b)u](f)

Similarly, in €2, we will have
—us) +(2+ ch2)u — u = h%f(xps1)
We now substitute uz(,}) with (1 —b)ul?) + bu
Thus our new equation will be
(24 ch?)uily —uply = W2 f (pi1) + (1= b)u® + buyy)

For the second iteration things are slightly different. If we tried to apply
the discretization scheme on the interface we would have

—uz(,Q_)l +(2+ chZ)uf) — U;(32421 = h%f(x,)

But now w,; is only a fictitious point for €2;. So we need to find a way to
replace u,y; with values at points in the left subdomain. For this we know

that (2 1+ 1) — u(x — h)
u'(z) = o7 + O(h?).

So, applying this relation at the point x, we equivalently have that

w(Tpi1) = 20 () + u(zp—1) + O(R?)

14
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and the equation is now transformed into

—ul) + (2 + eh?)u® — 20D — ) = B2 f ()

(2)

»  With au’ 1(71) +(1—a)u 19). Thus our new equation will

We now substitute u’
be

—Qhau’](}) —2h(1 — a)u’;}) - 2u1(02,)1 + (2+ ch?)ul = h? f(x,)
However, since we have already found expressions for u', and ., using

points only from €; and {2, respectively, we substitute these expressions in
the equation above to obtain an equivalent one. Namely,

1 1 1 1 2
—aul(),)Q + 4auz(,,)1 —4(1 - a)u](DJz1 +(1- a)ufDJzQ - 2u§,,)1 + 2+ chz)uz(f) —
h2f () + 3au® — 3(1 — a)uly)

Similarly, for €2, the equation that we will obtain eventually is
(1— a)uz(,l,)g —4(1— a)ul(,l,)l + 4au1(,1JZl — auz(,lJzZ +(2+ chz)uff) - 2u§,%21 =

h2 f(xp) — 3(1 — a)ul® + 3aug,))

The rest remains the same as in the previous approach.

3.2 Formulation of the Iterative Scheme in Matrix Form

In the previous section we saw how we could obtain two successive iterations
for the domain decomposition method we proposed. We will now consider
these two iterations in one. In this way, a new iteration will consist of a
Dirichlet—type half-iteration and a Neumann—type half-iteration. For the
sake of simplicity in the calculations that will follow we will make the sub-
stitution

2 + ch? = 2cosh ¢.
3.2.1 Formulation of the First Approach

The sets of equations (5), (6), (7) and (8) lead to the equivalent iterative
scheme

15
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uy (i+1)
d —1
—1
d -1 —tp-l
—1 d Up+1
d —1
-1
d -1 Un
—1 d Ul
d —1 .
—1 d —1
—1
d —1
k ! m n —4+d 2 Up
n m l k 2 —4+d Ups
—1 d —1 X
—1
d —1
-1 d
Un,
h2f(zl) +
w ) .
b 1% up_1 h=f(wpy1)
1—0b b Up+1 .
12§ () + B
Un, h=f +
o + (1) +
’ ’ hzf(“;p—l)
— _up B2 (ep 1)
“p! h® f(zpi1)
: h2 f(zpy1)
Unp :
h2f(zn) + B
where
k=—a [ =4a m=—4(1—a) n=(1-a)
K =3a+b-1) I'==3(b—a) d = 2cosh ¢

16
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Problem

3.2.2 Formulation of the Second Approach

In a similar way we can obtain for the second approach

w (i+1)

Up

1—b

1-0b

m=—4(1—a)

I'=-3(1—-a)

17

n=(1-a)
d = 2cosh ¢

Un

()

p

Un

R2f(z1) + o

W2 f(@p_1)
hef(zpt1)

h2f(zn) + 8
TRZf(e1) f o

h2 f(zp_1)
h2 f(wp)
h f(1p>

h2 f(zpi1)

h2f(wn) + B
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3.2.3 [Iterative Solution of the Linear System

Each one of the two iterative schemes in the two different approaches solves
a linear system. This system is formed from the equations that approximate
the given differential equation at all the interior grid points of the two sub-
domains and also from the equations obtained from conditions imposed on
the interface in both the Dirichlet and the Neumann iterations. Each linear
system has the form Au = b or, equivalently, (M — N)u = b. The matrices
M and N are the two matrices shown on the left and the right hand sides,
respectively, of the iterative schemes in sections (3.2.1) and (3.2.2), the
vector b is the known vector of the right hand sides, while the unknown vec-
tor u is the vector that contains the approximate values of u(z) at the grid
points and the point on the interface. This vector is the limit of the sequence
of vectors u® produced by each one of the two iterative schemes proposed
provided they converge.

The dimensions of the first two tri-diagonal blocks of the matrix M are
(p—1)x (p—1), while those of the last two tri-diagonal blocks are p x p, where
as we have already mentioned, p is the index of the point that corresponds
to the interface point p = ”TH Thus the dimensions of the two matrices M
and N in each iteration scheme are 2n x 2n

18
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4 Convergence Analysis

In this section our aim is to determine the optimum values for the param-
eters a, b so that our iterative schemes converge as fast as possible (see, e.g.,
[1], [17], and [18]). The iterative schemes that we have formed in the previous
section can be described by the following procedure Mu+Y) = Nu® +p. In
both approaches the matrices M and N involved can be written in general
in the forms below

M=
My
Mo
M3, | M3 Mss
My | Myo Myy
and
N —
Nig | Nig
Nas o Noy
N33 e N34
Nys e Nyy

19
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It is noted that the symbol 7 —” in the previous matrices indicates the only
possible positions in the corresponding blocks where the elements may be
Nnon-zero ones.

4.1 The Iteration Matrix T of the Procedure

Let T = M'N, where M’ = M~!, be the iteration matrix of the procedure.
Exploiting the block form as well as the sparsity of the matrix M we may
avoid computing M ~! explicitly since this is a very demanding and unafford-
able task. For this reason, we shall take advantage of the properties that M
appears to have. For this we can easily realize and prove that

1. M~ will not have the "Zero Blocks’ filled in with non-zero elements,

2. The blocks M;', My, Mg! and M, will be filled with non-zero ele-
ments and will not preserve the tridiagonal form any more.

These remarks make of course our approach much easier because we now
need to compute only the blocks that appear in the figure below

Mll
, M22
M f—
M31 M32 M33
M41 M42 M44
where
M x M =

The blocks of the matrix M !, we need to compute satisfy the equations
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Convergence Analysis

Determination of the Eigenvalues of T

My M, =1
My M}, =1
MM}y = I
MuM, =1

Mt M1, + MM}, = 0
Migs M, + Mg M2, = 0
My My, + My My, =0
Mys My + MyyMj, =0

Because of the sparsity of N it can be readily checked that 7= M !N

will have the following sparsity pattern

Ty B T4
To3 : Toy
Ts3 : T34
Tys : Ty

The sparsity pattern of T" indicated above makes the task of the determina-

tion of the spectrum of it much easier.

4.2 Determination of the Eigenvalues of T

Since our objective is to solve the optimization problem min, j, p(7") we must

find the eigenvalues of T'. For this we form the expression below
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Convergence Analysis Determination of the Eigenvalues of T

T— M
-l T3 Th4
- Th3 To4
. T33 — Al T34
Ty Tyo — M

Our problem is now to find all A € @ such that det(T — \I) = 0.

If we expand the determinant about the elements of its first column etc.,
we can readily see that because of the presence of zero elements in the first
2(p — 1) columns we will obtain

det(T — \I)

Tys Sl Ty — A

and so we need to compute the determinant of the last two blocks only.
Using the same idea again and expanding successively about the elements of
the first and the last p — 1 columns, we will eventually obtain

det(T — \I)

— (_)\)2n—2 det A+ t3p7273p72 t3p72,3p71
13p—1,3p—2 ‘ —A 4 t3p—1,3p—1

22



Convergence Analysis Determination of the Elements of the Matrix T

So, we observe that in order to determine explicitly all the eigenvalues of the
iteration matrix 7', only four of its elements are needed!
Putting

det(T'— N) =0 <=
(= A" 2((=A + tap_a3p2) (=X +t3p13p-1) — tap-23p-1t3p-13p-2) =0

we can see that 7" has the eigenvalue A = 0 with a multiplicity 2n—2 and two
other eigenvalues that are given as the zeros of a quadratic equation whose
coefficients are functions of the two parameters a, b. From the observation
just made and bearing in mind that our problem is that of the minimization
of p(T') we are just wondering if we can find values for the two parameters
that make the zeros of the aforementioned quadratic be zero. For this the
following two equations must be satisfied

tap—23p—2 + t3p—13p-1 = 0 (10)

tap—23p—2 t3p—13p—1 — t3p—13p—2 lap—23p-1 = 0 (11)

4.3 Determination of the Elements of the Matrix T

At this point we should see how we can determine the elements of the itera-
tive matrix 7' = M'N that appear in equations (10) and (11).

For n <1 <2n

n

!
tizp—2 = Zmi,knkz,Sp—Q
k=1

n

!
tigp—1 = § M Mk 3p—1
k=1

If we apply equations (12) and (13) for determining the four elements of 7'
that we need in equations (10) and (11) we will have

23

/ / / /
= Mip_1Np_13p—2 T M ipNp3p—2 + M 3p2N3p_23p—2 + M 3p1M3p—1,

/ / / !
= M ;p—1Np—13p—1 +m i,p1lp,3p—1 +m i,3p—2M3p—2,3p—1 +m i,3p—113p—1,

(12)

3p—2

(13)

3p—1



Convergence Analysis Determination of the Elements of the Matrix T

tap—23p—2 = Msp_2p 1Mp_13p—2 + M 3p 2N 3p—2 + M 35 23, 2Nz, 23, 2 (14)
tap—23p—1 = M3p_2p 1Mp_13p—1 + M 3p_2pMp3p—1 + M'3p_23, 2N3 23,1 (15)
t3p—173p—2 = m/3p—1,p—1np—1,3p—2 + m/3p—17pnp,3p—2 + m/3p—1,3p—1n3p—1,3p—2 (16)
tap—13p—1 = M 3p1p1Mp—13p—1 + M 3p—1pNp3p—1 + M 351 3p_1M3p—1,3p—1 (17)

In the aforementioned equations, there are only six elements of M’ (= M~!)
involved. So, what we need is to determine these six elements only.

So far, we have taken, in some way, advantage of the form and sparsity
of all the matrices and submatrices involved in order to avoid heavy and
unnecessary computations. In the sequel, we will take full advantage of the
properties of all the matrices, to obtain analytic expressions for the very few
elements that we need for our computations in the most convenient way. In
order to find them, difference equations will be used ([5]).

From equations (9) we obtain equivalently the equations we need to com-
pute M’

{1 = Mﬁl
52 = M2_21
§3 = M3—31
!14 = M411
§1 = M§3M31M{1
?/)2 = §3M32M2,2
411 = 414M41 {1

! _ !/ !/

If we use the equations above we have that

m/3p72,p71 = _m/3p72,3p72<m3p72,p72m/p72,p71 + m3p72,p71m/p71,p71) (18)
m'apap = —M'3p-23p-2(Map2pmpp +Map2p1mpr1p) (19)
m,3p—1,p—1 = _m,3p—1,3p—1(m3p—1,p—2m,p—2,p—1 + m3p—1,p—1m,p—1,p—1> (20)
m'ap1p = = 3p13p1(Map 1M pp + M3y 1p11M pr1p) (21)
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Convergence Analysis Determination of a and b : First Approach

4.4 Determination of ¢ and b: First Approach

We substitute the elements of the matrix N in equations (14), (15), (16) and
(17). So we equivalently have

tap-osp-2 = bm'sy o, 1+ (1—=b)m'sp 9, +3(a+b—1)m's, 93, 2 (22)
tap—23p-1 = (L=b)m'sp0p 1 +bm'sp 0, —3(b—a)m'sp2s,2  (23)
tap-13p-2 = bmlgp1p 1+ (1 =b)msp 1, —3(b—a)m'sp 131 (24)
tap-13p-1 = (1— bym’ 3p—1p-1 T bm!’ 3p-1p T 3(a+b— Dym/ 3p—1,3p-1 (25)

4.4.1 Determination of m', o, 1 m'p_y,_1 m'p, and m'p1,

Elements m/,_o,1 and m/,_1,_1 belong to the block M7, and specifically
they are the last two elements of the last column. We know that M, M7, = I.
Let then the elements of the last column of Mj, be denoted by z;, i =
1,2,...,p—1. Thus, doing the multiplication indicated previously, and writ-
ing down the equations that arise from the last column we will have

2coshpry — 29 = 0
—x1 + 2cosh¢pxyg —x3 = 0
—Tp_3 + 2coshopx, o —xp1 = 0
—Tp_o + 2coshopz, ; = 1
Or, equivalently,
—x; 1 + 2coshox; —x;py = 0 1=1,...,p—1 (27)
r, = 1 (28)

Equation (27) is the general difference equation, whereas equations (26) and
(28) can be regarded as its boundary conditions. Boundary conditions are
obtained by applying the general equation for + = 1 and ¢ = p — 1 and
requiring that zy and z,, satisfy them. If in addition x_; and z,; are defined
in such a way so that zy and z, are given by the solution of the difference
equation then this difference equation will hold for + = 0 and and i = p as
well. To solve (27) we consider its characteristic equation

p®> — (2coshg)p +1 = 0
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Convergence Analysis Determination of a and b : First Approach

whose solutions are
p1 = cosh¢p + sinh¢ and py; = cosh¢ — sinh ¢
Thus the general solution of (27) is

x; = ci(cosh¢ + sinh¢)" + cy(cosh¢ — sinh @)’
= e 4 cpe

Applying the boundary condition (27) we have
To =0 < ¢+ =0<«= ¢ = —
which makes the general solution of (27)
z; = 1€ — e = 2¢; sinhi¢ (29)

If we now apply (28) we have
z, = 1 <= 2¢;sinhpp = 1 = ¢ =

However, from (29) we can obtain all the elements of the last column of M7,
from the expression

sinh i¢
~ sinh 20,
Therefore
/ sinh(p — 2)¢ / Sinh(p — 1)¢
Mp—2p-1 = sinh p¢ Mp—1p-1 = sinh p¢

To go on with our analysis we observe that the elements m;, , and mj,, ,
belong to the block M}, and specifically they are the first two elements of
its first column. We also note that the matrices My, and Mayy are centro—
symmetric. So will then be their inverses. Thus Mj, and M), are also
centro—symmetric. Therefore, the first two elements of the first column of
M, are the same as the last two elements of the last column of M7, in reverse
order.

Consequently,

, _ sinh(p—1)¢ : sinh(p — 2)¢

m = m =
pp sinh p¢ p+Lp sinh p¢

26



Convergence Analysis Determination of a and b : First Approach

4.4.2 Determination of m’'s, 23, 2 M3, 13,1

We observe that the element m’s, s 3, o belongs to the block M}, and specif-
ically it is the last element of its last column.

Again, starting with Ms3M4, = I and denoting the elements of the last
column of M, by x;, ¢ = 1,2,...,p, we can write down the equations that
arise in the last column which are the following

2coshpry — 29 = 0

—x1 + 2coshopry — 3 =

—Tp_o + 2coshozp, 4y — 2, = 0
(=4 + 2cosh¢) xp_1 + 22, =

Or, equivalently,

2 = 0 (30)
—2;1 + 2coshopz;, —xy = 0 i=1,....p (31)
(2cosh®¢ — 4cosh¢ + 1)x, 1 + 7,51 = coshg (32)

Again, equation (31) is the general difference equation, whereas equations
(30) and (32) are the boundary conditions. Working in a similar way as in the
previous case we have to solve the difference equation (31). Its characteristic
equation is

p® — (2coshg)p +1 =0

and as we have already seen in section 4.4 .1 the general solution of (31) is
given by

xTr; = Cleid) -+ Cgeii(25
Applying the boundary condition (30) we have
To=0<= c1+c=0<= ¢ =—

which makes the general solution of (31)

z; = c1e" — c1e7" = 2¢y sinhi¢ (33)
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Convergence Analysis Determination of a and b : First Approach

If we now apply (32) we have

(2cosh®’¢ — 4cosh¢p + 1)x, 1 + 7p41 = coshg <=
(2 cosh® ¢ — 4 cosh ¢ + 1)2¢; sinh(p — 1)é + 2¢; sinh(p + 1) = cosh¢p <=
cosh ¢
2sinh(p + 1)é + 2sinh(p — 1)¢ (2cosh® ¢ — 4cosh ¢ + 1)

CcT =

From (33) we can now obtain all the elements of the last column of M}, from
the expression

cosh ¢ sinhi¢
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh? ¢ — 4cosh ¢ + 1)

T, =

Therefore,

L B sinh p¢ cosh ¢
PTEIT2 T sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh¢ + 1)

Now element my, , 5, ; belongs to the block M}, and specifically it is the
first element of its first column. We note that this time the matrices M3z and
My, are centro—symmetric to each other meaning that the same property is
possessed by their inverses Mj; and Mj,. So the first element of the first
column of M'44 is the same as the last element of the last column of Mj3,.
Therefore,

. B sinh p¢ cosh ¢
PTTE T sinh(p 4 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh¢ + 1)

4.4.3 Determination of m/3p727p,1, m/3p72’p, mlgp,Lp,l and m'gp,ljp

If we use equations (18) and (19) we readily have

a cosh ¢ (sinh(p — 2)¢ — 4sinh(p — 1)¢)

18) «— m =
(18) T2 ih(p + 1)6 + sinh(p — 1)¢ (2cosh®¢ — dcoshé + 1)

(1 —a) cosh¢ (4sinh(p — 1)¢ — sinh(p — 2)¢)
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh ¢ + 1)

(19) <= my, 5, =
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Convergence Analysis Determination of a and b : First Approach

If we now use the equations (20) and (21) we have

(1 —a) cosh¢ (4sinh(p — 1)¢ — sinh(p — 2)¢)
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh ¢ + 1)
a cosh ¢ (sinh(p —2)¢ — 4sinh(p — 1)¢)
sinh(p + 1)é + sinh(p — 1)¢ (2cosh® ¢ — 4cosh ¢ + 1)

(20) < mép_l’p_l =

(21) <= mgy, , =

4.4.4 Elements of the Matrix 7T : First Approach

If we use equations (22)—(25) we have

(22) — t3p—2,3p—2 -
(a+b—1)cosh ¢ (sinh(p — 2)¢p — 4sinh(p — 1)¢) + 3(a + b — 1) cosh ¢ sinh p¢
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh ¢ + 1)

(23> <~ t3p72,3p71 -
(a — b) cosh ¢ (sinh(p — 2)¢ — 4sinh(p — 1)¢) — 3(b — a) cosh ¢ sinh po
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh¢ + 1)

(24) <~ t3p71,3p72 =
(a — b) cosh ¢ (sinh(p — 2)¢ — 4sinh(p — 1)¢) — 3(b — a) cosh ¢ sinh po
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh® ¢ — 4cosh ¢ + 1)

(25) <= typ13p1 =
(a+b—1)cosh¢ (sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3(a + b — 1) cosh ¢ sinh p¢
sinh(p + 1)¢ + sinh(p — 1)¢ (2cosh? ¢ — 4cosh ¢ + 1)

4.4.5 Optimum Values of ¢ and b

Now we have all the elements that will allow us to use equations (10) and
(11). These equations give successively

(10) <= (a+0b—1)(sinh(p — 2)¢ — 4sinh(p — 1)¢ + 3sinhpgp) = 0
<~ a+b-1=20 (34)
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(11) < [(a+b—1)((sinh(p — 2)¢ — 4sinh(p — 1)¢ + 3sinh p¢)]?
— [(a — b)(sinh(p — 2)¢ — 4sinh(p — 1)¢ + 3sinhpp)1? = 0
— (a+b—-1?% - (a—b)? =0
— (2a—1)(20—1) = 0
1

1
= a=g o b:§ (35)

Equation (34) was obtained since it can be proved that the second factor
in the product preceding it is different form zero. Now, in view of (34) either

solution of equation (35) gives as the optimum values for a and b the following

REMARK

For the optimum values of a and b just determined we observe that the
four elements t5,_23,-2, t3p—23p—1, t3p—13p—2, t3p—13p—1 of T become zero.
As a result of this, it can be checked out that 7% = 0 (!) implying that in
the absence of round-off errors the exact solution of the linear system will
obtained after two iterations.
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4.5 Determination of ¢« and b0 : Second Approach

A similar analysis to the one before can be done. Specifically, we substitute
the elements of the matrix NV in the equations (14), (15), (16) and (17) and
obtain equivalently

tap—ogp—2 = bm'sp o, 1+ (1 —b)m'sp o0, + 3am’sy_23, 2 (36)
tap-23p1 = (1 =0)mspap1+bmsy op—3(1—a)m'sp 2z (37)
tap-13p-2 = bm'sp_1p1+ (1= b)m'spo1p —3(1 —a)m/sp_13p-1 (38)
tap—13p-1 = (L —=0)m'3p_1p-1+bm'sp_1, + 3am'sp_13,1 (39)

: : / / !/ /
4.5.1 Determination of m',_5, 1 m',_1,-1 m'y, and m'p;,

Here we follow exactly the same steps as in section 4.4.1. Consequently,

o _ sinh(p — 2)¢ o _ sinh(p — 1)¢
p=2p-l sinh p¢ p=lp=l sinh p¢
o sinh(p — 1)¢ - _ sinh(p — 2)¢

pp sinh p¢ prlp sinh po

4.5.2 Determination of m's, 53, o and m's, 13,1

The element m’s, 23,2 belongs to the block M3, and specifically it is the
last element of its last column. Since we know that Ms3Mi, = I we denote
the elements of the last column of M/, by z;, i =1,2,...,p, and multiplying
out we can write down the equations that arise from the last column. Thus
we have

2coshpr; — a9 = 0

—x1 + 2coshopry — 23 = 0
—Tp_o9 + 2coshoz, 1 —x, = 0
—2x,_1 + 2coshopzx, = 1
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or, equivalently,

—x;1 + 2coshopx; —x;yy = 0 i=1,...,p (41)
—Tp1 + Tpp = 1 (42)

Equation (41) is the general difference equation, whereas equations (40) and
(42) can be regarded as boundary conditions which are obtained by applying
the general equation for ¢ = 1 and 7 = p and requiring that zy and z,4;
satisfy them.

The characteristic equation of (41) is

p* — (2coshg)p +1 =0

and as we have already seen in section 4.4.1 the general solution of (41) is
given by

T, = clew + cge_i¢
Applying now the boundary condition (40) we have
To =0 << ¢+ =0 <= ¢ = —
which makes the general solution of (41) be as follows
z; = 1 — e = 2¢; sinhi¢ (43)
If we apply (42) we have

— Tp-1 + Tp+1 = 1 <
—2¢y sinh(p — 1)¢ + 2¢;sinh(p+ 1)p =1 <=
1
2sinh(p + 1)¢ — 2sinh(p — 1)¢

cl =

From (43) we can obtain all the elements of the last column of M}, from the
expression

B sinh i¢

~ sinh(p+1)¢ — sinh(p — 1)¢
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So,
sinh p¢

/ —
Map-23p-2 = sinh(p + 1)¢ — sinh(p — 1)¢

The element mj, 5, ; belongs to the block M}, and specifically it is
the first element of its first column. The matrices Ms3 and My, are centro—
symmetric to each other and as we saw in section 4.4.1 we can deduce that
M3, and Mj, are also centro-symmetric to each other. Therefore, the first
element of the first column of M}, is the same as the last element of the last
column of Mj,. Consequently,

o B sinh p¢
=13~ ginh(p+ 1)¢ — sinh(p — 1)¢

4.5.3 Determination of m’'s, 5, 1, M'3p_2,, M's,_1,-1 and m's,_1,

If we use the equations (18)—(21) we have

sinh(p — 2)¢ — 4sinh(p —1)¢
sinh(p + 1)¢ — sinh(p — 1)¢

sinh(p — 2)¢ — 4sinh(p —1)¢
sinh(p + 1)¢ — sinh(p — 1)¢

sinh(p — 2)¢ — 4sinh(p —1)¢
sinh(p 4+ 1)¢ — sinh(p — 1)
sinh(p — 2)¢ — 4sinh(p —1)¢
sinh(p + 1)¢ — sinh(p — 1)¢

(18) <= m4, 5, = a

(19) «— mgp%’p = —(1—a)

(21) «— mgp_Lp = a

4.5.4 Elements of the Matrix 7' : Second Approach

If we use the equations (36)—(39) we have

(36) <~ t3p—2,3p—2 -
(a+b—1) (sinh(p — 2)¢p — 4sinh(p — 1)¢) + 3a sinh po
sinh(p + 1)¢ — sinh(p — 1)¢

(37) — t3p—2,3p—1 -
(a —b) (sinh(p — 2)¢ — 4sinh(p — 1)¢) — 3(1 — a) sinh po
sinh(p + 1)¢ — sinh(p — 1)¢
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(38) <~ t3p71,3p72 =
(a —b) (sinh(p — 2)¢ — 4sinh(p — 1)¢) — 3(1 — a) sinh po
sinh(p + 1)¢ — sinh(p — 1)¢

(39) <~ t3p—1,3p—1 -
(a4 b —1)(sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3a sinh po
sinh(p + 1)¢ — sinh(p — 1)¢

4.5.5 Optimum Values of ¢ and b

Now we can try to find the solutions of the system of equations (10) and
(11). For this we successively have

(10) (a+b—1)(sinh(p — 2)¢p — 4sinh(p — 1)¢) + 3asinhpp = 0 (44)

(11) [(a+b—1)(sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3asinhppl? —

[(a — b)(sinh(p — 2)¢ — 4sinh(p — 1)¢) — 3(1 — a)sinhpg)]1? = 0
[(2a — 1)(sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3(2a — 1) sinh p¢]
[(2b — 1)(sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3sinhpp]l = 0
[(2a — 1)(sinh(p — 2)¢ 1)

)
[

re v v 11

— 4sinh(p — 1)¢ + 3sinh pg)]
[(2b — 1)(sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3sinhpp] = 0
(2a — 1)[(20 — 1)(sinh(p — 2)¢ — 4sinh(p — 1)¢) + 3sinhpgp] = 0
.
or (45)

sinh(p — 2)¢ — 4sinh(p — 1)¢ — 3sinh po

b = 2(sinh(p — 2)¢ — 4sinh(p — 1)¢)

Using either solution of equation (45) into (44) we find out that the op-
timum values for a and b are
1 _ sinh(p — 2)¢ — 4sinh(p — 1)¢ — 3sinh p¢

a = 5 and b = 2(sinh(p — 2)¢ — 4sinh(p — 1)¢)
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REMARK

In this case it is also observed that for the optimum values of a and b
above the four elements t3p_2’3p_2, tgp_g’gp_l, tgp_173p_2, t3p—1,3p—1 of T
become zero and, therefore, T2 = 0! Again, as in the first approach, in
the absence of round-off errors the exact solution of the linear system will
obtained after two iterations.
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5 The Poisson Equation

The Poisson equation is a particular case of the Helmholtz equation stud-
ied in the previous two chapters. The Poisson equation was the very first
part of our study and so we present very briefly the corresponding results
here. The PDE problem for the Poisson equation is given by

" =f in Q=(0,1) (46)

1
w(0)=a and wu(l)=gp

where o and (3 are the given boundary values.

Since, as was already mentioned, the Poisson equation can be obtained
from the Helmholtz one (4) with ¢ = 0, and therefore the diagonal element
d in the matrices M will be 2, all the results in this present case can also be
obtained from the ones in the the previous case adopting limiting processes
letting ¢ — 0.

5.1 Determination of ¢ and b: First Approach

Again, the elements t3p7273p,2, t3p,273p,1, t3p,173p,2 and t3p7173p,1 will be
given by equations (22)—(25).
What we now need are the necessary elements of the matrix M’.

5.1.1 Determination of the Elements of the Matrix M’

The elements m’,_5, 1 and m/,_;,_1 belong to the block Mj,. To com-
pute these elements we write down the equations that correspond to the last
column of the product My, M{, = I, we have

2371 — T2 =
-1 + 2272 — X3 =
—Tp-3 + 21’}7_2 - Tp—1 = 0

— Tp—2 + Zl'p,1 = 1

36



The Poisson Equation Determination of a and b : First Approach

or, equivalently,

Zo 0 (47)
—I’i_1+2£L‘i—ZEi+1 = 0 Zzl,,p—]_ (48)
z, = 1 (49)

Again, the boundary conditions (47) and (49) are obtained by applying the
general equation for ¢ = 1 and ¢ = p — 1 and demanding that z, and z,
satisfy them.

The characteristic equation of the general difference equation (48) is

PP =20 +1=0

whose solutions are
p1 = p2 = 1
Thus the general solution of (48) is

v = ciph + ocriph = a1t + cpil’
= ¢ + cot
Applying the boundary condition (47) we have
o =0<= 14+ x0=0<«= ¢ =0
which makes the general solution of (48) be given by
T; = Col (50)
If we now apply (49) we have

1
mpzl(:>02p:1<:)02:]—)

From (50) we can obtain all the elements of the last column of M7, from the
expression

So
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The Poisson Equation Determination of a and b : First Approach

We could continue in the same way and show how we could find all the
elements of M’ we need. However, at this point we can comment that in our
case we can find all the elements we need, by using the various expressions
we have already found in section 4.4, and determining the limits of the
corresponding expressions as ¢ — 07. Thus we have

a
mgp—Q,p—l = 5(_319 +2)
1—a
Myay =~ (=3p+2)
/ D
Mgy 23p—2 = 2
1—a
mgp—l,p—l = - 5 (—=3p+2)
a
mgp—l,p = 5(_3]) + 2)
' D
M3y 13p—1 = 2

5.1.2 Elements of the Matrix 7' : First Approach
If we use equations (22)—(25) we have

( ) < t3p_273p_2 =a+b-—1
(23) <~ tgp_g’gp_l =a—>b

( ) < t3p71,3p72 =a—2b

( ) < t3p—1,3p—1 =a+b-—1

5.1.3 Optimum Values of ¢ and b

We will try to see if we can make equations (10) and (11) be satisfied simul-
taneously.

(10) <= a+b—-1=0 (51)
(11) <= (a+b—-12—(a—b)? =0 <= (2a—1)(26—1) = 0
= a:% or b:% (52)

38



The Poisson Equation Determination of a and b : Second Approach

From the system of equations (52) and (51) we readily find that the op-

timum values for ¢ and b are

and b =

1 1
“= 35 2

We remark that this result was somehow expected since the values found
for the optimal ones for a and b in the case of Helmholtz equation were
independent of ¢.

5.2 Determination of ¢ and b: Second Approach
The elements t3p_273p_2, tgp_273p_1, tgp_l’gp_g and t3p—1,3p—1 will be given
again by equations (36)—(39).

5.2.1 Determination of the Elements of the Matrix M’

As the blocks M1 Mys M3z and My, are identically the same with the ones

of the previous approach, we do not need to find the necessary elements of
their inverse matrices again. We can refer to the corresponding expressions
in section 5.1.1 instead.

5.2.2 Elements of the Matrix 7' : Second Approach

If we use the equations (36)—(39) we have

(a+b—1)(=3p+2) + 3ap

(36) <~ t3p72,3p72:

2
(37) >ty payq — 2O +22) — 3(1—a)p
(38) <ty 1ay 0 — LT +22> —3(1—a)p

(a+b—1)(=3p+2) + 3ap

(39) <~ t3p71,3p71: 5
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5.2.3 Optimum Values of ¢ and b
If we try to find the solution of (10) and (11) we have

(10) <= (a+b—1)(=3p+2)+ 3ap=0 (53)

< [(a+b—1)(=3p+2) + 3apl®> — [(a—b) (=3p+2) — 3(1 —a)pl®* =0
< (4a—2)(4b—6bp+6p —2) =0
<~

1 3p—1
a=—- or b=
2

(11)

(54)

3p—2

The solution to the system of equations (54) and (53) gives that the op-
timum values for a and b are
1 _3p—1

a = — and b =
2 3p — 2
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6 Numerical Experiments

In this section numerical examples are presented to confirm the theoretical
results given above. In all computations below, we apply second order finite
difference discretizations on uniform grids in each of the two subdomains.

The resulting linear systems of algebraic equations are solved by banded
Gaussian Elimination. Single precision is used for all calculations. The initial
guesses are always taken to be zero.

The errors are evaluated in the L* norm of the vector of the differences
at all the points of the discretization of the values obtained after the second
Neumann iteration from the theoretical values. For all the numerical results
in the examples the interface is at © = 0.5.

Note that the subdomain problems at each iteration level in our method
are completely independent and thus parallelizable.

We select the following model problems on €2 = (0, 1).

—u"4+05u = f, in Q u=g, in 09,
—u" = f, in Q u=g, in 0N

Example 1: The functions f and ¢ are chosen such that the exact solu-
tion is:
. T
u(z) = sm(Ex).
Example 2: The functions f and ¢ are chosen such that the exact solu-
tion is:
u(z) =z (1 —x).
Example 3: The functions f and g are chosen such that the exact solu-
tion is:

In tables (1)-(6) we present the results obtained for the Helmholtz equa-
tion whereas in tables (7)-(12) we present those for the Poisson equation.
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6.1 Results from the First Approach—Helmhotlz

Table 1: Example 1, Helmholtz, First Approach

Test Problem 1. First Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 1.1211E — 4 || 2.6643F — 5 || 5.8472F — 5
2 1.1211E — 4 || 2.7060F — 5 || 5.9902F — 5

Table 2: Example 2, Helmholtz, First Approach

Test Problem 2. First Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 2.6822F — 7 || 5.2154F — 7 || 1.9356E — 5
2 2.9802F — 7 || 5.2154F — 7 || 1.9356F — 5

Table 3: Example 3, Helmholtz, First Approach

Test Problem 3. First Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 4.0793E — 4 || 8.6307E — 5 || 5. 7578k — 5
2 4.0793E — 4 || 8.6000E — 5 || 5.7578F — 5
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Results from the Second Approach—Helmholtz

6.2 Results from the Second Approach—Helmholtz

Table 4: Example 1, Helmholtz, Second Approach

Test Problem 1. Second Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 5.5645F — 3 || 6.3955F — 4 || 1.2171F — 4
2 5.5646F — 3 || 6.3955F — 4 || 1.2272F — 4

Table 5: Example 2, Helmholtz, Second Approach

Test Problem 2. Second Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 2.6822F — 7 || 7.4505E — 7 || 1.9356E — 5
2 2.9802F — 7 || 5.5134FE — 7 || 1.9356E — 5

Table 6: Example 3, Helmholtz, Second Approach

Test Problem 3. Second Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 1.1623F — 2 || 1.3067TE — 3 || 1.6671E — 4
2 1.1623F — 2 || 1.3064F — 3 || 1.6820F — 4
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6.3 Results from the First Approach—Poisson

Table 7: Example 1, Poisson, First Approach

Test Problem 1. First Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 1.1062E — 4 || 2.9683F — 5 || 5.3644F — 6
2 1.1068E — 4 || 2.9683F — 5 || 6.1988F — 6

Table 8: Example 2, Poisson, First Approach

Test Problem 2. First Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 5.9604F — 8 || 2.3841F — 7 || 3.1441E — 6
2 5.9604F — 8 || 2.3841F — 7 || 3.1441E — 6

Table 9: Example 3, Poisson, First Approach

Test Problem 3. First Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 4.1782E — 4 || 9.2864F — 5 || 1.3947E — 5
2 4.1782E — 4 || 9.2864F — 5 || 1.3947E — 5
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Results from the Second Approach—Poisson

6.4 Results from the Second Approach—Poisson

Table 10: Example 1, Poisson, Second Approach

Test Problem 1. Second Approach
iteration || Grid size % Grid size 3% Grid size 13)0
1 5.8453F — 3 || 6.6816FE — 4 || 6.3419E — 5
2 5.8450F — 3 || 6.6846F — 4 || 6.6339EF — 5

Table 11: Example 2, Poisson, Second Approach

Test Problem 2. Second Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 5.9604F — 8 || 2.3841F — 7 || 3.1441F — 6
2 1.0430E — 7 || 4.9173FE — 7 || 3.7252F — 6

Table 12: Example 3, Poisson, Second Approach

Test Problem 3. Second Approach
iteration || Grid size % Grid size 3% Grid size ﬁ
1 1.2203F — 2 || 1.3688F — 3 || 1.4823FE — 4
2 1.2203F — 2 || 1.3688F — 3 || 1.4823FE — 4
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7 Conclusions

From the theoretical analysis done in this work it became clear that the
best possible asymptotic convergence of the iterative schemes for both ap-
proaches was achieved. More specifically, as was remarked in sections 4.4,
4.5, in the absence of round—off errors, the exact solutions of the correspond-
ing linear systems are obtained after two iterations.

However, in all of the experiments we tried and despite the presence of
round—off errors and the single precision arithmetic used, we observe that
the solutions obtained are much better than what one would expect. The
errors in each one of them are even better than the order of accuracy (the
order of the truncation errors) which for the grid sizes chosen should be
1072, 1073, 1074, respectively, for the three test examples.

The very good order of accuracy obtained in all the experiments tried
seems to be achieved after the very first iteration. The second iteration gives
results which are very close to the ones already obtained after the first one.

Out of the two approaches analyzed and studied in this work, the exper-
iments show that the first one seems to give slightly better results than the
second approach.

The way our theory was developed enables us to solve the discrete ana-
log of the differential problem at the two half-iteration levels (Dirichlet and
Neumann iterations) for the two subdomains independently. Thus this in-
herent parallelism can be fully exploited when one moves on to considering
more than two subdomains and/or one dimension, an issue which is open for
further research at the linear algebra level. The theoretical difficulties for the
determination of the optimum parameters might have become obvious even at
this "elementary” one-dimension, two—equally—uniformly—sized—subdomain—
problem. So it is fully understandable that the theoretical issues one has to
overcome will be of a much more difficult nature.
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A Source Code developed in Fortran 77

The linear systems were solved using routines from the Linpack Package.

A.1 First Approach

Q Q

Qoo

Implementation of the first approach of the domain decomposition
method proposed. Solves numerically the PDE problem :

-u’’|x + cxu =f(x), defined in an interval (a,b), with ¢>0 and
Dirichlet Conditions u(a)=\alpha and u(b)=\beta (Helmholtz)

In the particular case where c=0, the corresponding Poisson
equation is solved.

program firstapproach

integer lda, lda2

parameter (1da=250, lda2=2x1da)

integer dec, i, irumn, it, n, p

real a, b, ¢, alpha, beta, al, bl

real h, norm, rp, phi

real sol(lda2), grdx(lda)

real rhs1(lda), rhs2(1lda), rhs3(1lda), rhs4(1da)
real lhsi1(lda,lda), lhs3(lda,lda),lhs4(1lda,lda)

write (*,%) ’Give the parameter c¢ of the Helmholtz Eqn’
read (*,*) c

write (*,*) ’Give the interval (a,b)’
write (x,%) ’a:=’

read (*,%*) a

write (x,*) ’b:=’

read (*,*) Db
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write (*,%) ’Give the Dirichlet boundary conditions’
write (*,%) ’alpha=u(a):=’

read (*,%*) alpha

write (x,%) ’beta=u(b):=’

read (*,*) beta

write (*,%*) ’Which test problem to run?’

write (*,*) ’u(x)=sin(pi*x/2) (1 to accept)’

write (*,*) ’u(x)=x*(1-x) (2 to accept)’

write (*,*) ’u(x)=-e~(2*x)/4 (3 to accept)’

read (*,*) irun

if ((irun.NE.1).AND. (irun.NE.2).AND. (irun.NE.3)) goto 1000

10 write (*,%) ’Give number of discritisation points n, O to stop’
write (x,*) ’n:=’
read (*,%) n
p=(n+1)/2
rp=real(p)
h=(b-a)/(n+1)
if (n .EQ. 0) goto 1000

write (*,%) ’Let a:=1/27 (1 to accept)’
read (*,*) dec
if ( dec .EQ. 1 ) then
al=0.5
else
write (*,%x) ’al:=’
read (*,*) al
endif
write (*,*) ’Let b:=(optimum value)? (1 to accept)’
read (*,*) dec
if ( dec .EQ. 1 ) then
tmp=1. + cxh*h/2.
phi=acosh(tmp)
snhpm2=sinh ( (rp-2) *phi)
snhpml=sinh ((rp-1) *phi)
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snhp=sinh (rp*phi)
bl=(snhpm2-4.*snhpm1-3*snhp)/(2* (snhpm2-4.*snhpm1) )
else
write (x,%x) ’bl:=’
read (*,*) bl
endif
if ((dec .EQ. 1) .AND. (c .EQ. 0)) bl=(3.*rp-1.)/(3.%rp-2.)

do 20 i=1,n
grdx(i)=a+i*h
20 continue

C Form the left hand side matrix
call lhsgen(lda,p,al,bl,c,h,lhs1,1hs3,1hs4)

C Form the right hand side matrix
call rhsgen(lda2,p,h,alpha,beta,irun,c,grdx,rhsl,rhs2,rhs3,rhs4)

C Iteration routine
call = second(tl)
call iterate(lda,p,al,bl,irun,grdx,lhsl,1lhs3,1hs4,rhsl,rhs2,
& rhs3, rhs4,so0l,it,c)
call = second(t2)

C Find L_infinity norm
norm = findnorm(n,irun,c,sol,grdx)

C Print out results
write (*,*) °’ )

write (x,*) ’|Iter’,it,’Norm=’,norm,’Time=’,t2-t1

do 30 i=1,n
write (*,%) grdx(i),sol(i)
30 continue
goto 10
1000  stop
end
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Q Q

Qo

lhsgen.f

Form the left hand side lhs:= 4 block tridiag(-1,2+c*h~2,-1)
The first two blocks are (p-1)x(p-1)

The next two are pxp having (2+c*h”2,-2) in the last row of the
third and first row of the fourth

10

20

subroutine lhsgen(lda,p,al,bl,c,h,lhs1,1hs3,1hs4)
integer lda, p

integer j

real al, bl, c, h

real lhs1(lda,1), lhs3(lda,1), lhs4(lda,l)

real diag

diag=2. + c*hxh

do 10 j=1,p
call vfill(p,lhs1(1,3j),0.)
call vfill(p,1lhs3(1,3),0.)
call vfill(p,lhs4(1,j),0.)
continue

1lhs1(1,1)=diag

lhs1(1,2)=-1.

do 20 i=2,p-2
lhs1(i,i-1)=-1.
lhs1(i,i)=diag
lhs1(i,i+1)=-1.

continue

1hst(p-1,p-2)=-1.

lhs1(p-1,p-1)=diag

1hs3(1,1)=diag

1hs3(1,2)=-1.

do 30 i=2,p-1
1lhs3(i,i-1)=-1.
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30

40

1hs3(i,i)=diag

1lhs3(i,i+1)=-1.
continue
1hs3(p,p-1)=-4.+diag
1hs3(p,p)=2

lhs4(1,1)=2
1hs4(1,2)=-4.+diag
do 40 i=2,p-1
lhs4(i,i-1)=-1.
lhs4(i,i)=diag
lhs4(i,i+1)=-1.
continue
lhs4(p,p-1)=-1.
lhs4(p,p)=diag

return
end
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Q

| rhsgen.f

Q

C | Form the right hand side standard vector rhs:= h"2 * f(x)
C | £(x) given by function f, depending on the test problem to run
C

subroutine rhsgen(lda2,p,h,alpha,beta,irun,c,grdx,
& rhs1,rhs2,rhs3,rhs4)

integer 1lda2, p, irun

integer i, n

real alpha, beta, h

real hs

real grdx(1), rhs1(1), rhs2(1), rhs3(1), rhs4(1)

real fc(lda2)

hs=h*h
n=2x%p-1

call vfill(p,rhs1,0.)
call vfill(p,rhs2,0.)
call vfill(p,rhs3,0.)
call vfill(p,rhs4,0.)

call f(n,irun,c,grdx,fc)

C First Dirichlet Iteration
do 10 i=1, p-1
rhs1(i)=hs*fc(i)
10 continue
rhs1(1)=rhs1(1) + alpha

C Second Dirichlet Iteration
do 20 i=1, p-1
rhs2(i)=hs*fc(i+p)
20 continue
rhs2(p-1)=rhs2(p-1) + beta
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C First Neumann Iteration
do 30 i=1, p-1
rhs3(i)=rhs1(i)
30 continue
rhs3(p)=rhs3(p-1)

C Second Neumann Iteration
do 40 i=2,p
rhs4(i)=rhs2(i-1)
40 continue
rhs4(1)=rhs4(2)

return
end
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C

C | iterate.f

C _____________________________________________________________
C | Iterative Procedure as it comes from the Iterative schemes.
C | Only 2 full iterations are done.

C

subroutine iterate(lda,p,al,bl,irun,grdx,lhs1,1hs3,1hs4,
& rhs1l,rhs2,rhs3,rhs4,un,it,c)

parameter (itmax=2)

integer lda, p, it, irun

integer j, info, pml

real al, bl, c, grdx(1)

real lhs1(lda,1), 1lhs3(lda,1), lhs4(lda,l)

real rhs1(1), rhs2(1), rhs3(1), rhs4(1), un(l)

real upl(lda), up2(lda), up3(lda), up4(lda)

real ucl(lda), uc2(lda), uc3(lda), uc4(lda)

real diag(lda), updiag(lda), botdiag(lda)

real pnorm

pml=p-1
n=2%p-1

call vfill(pml, upl, 0.)
call vfill(pml, up2, 0.)
call vfill(p, up3, 0.)
call vfill(p, up4, 0.)

C up: the previous solution, uc: the current one
do 70 it=1, itmax

C First Dirichlet Iteration
call scopy (pml, rhsi, 1, un, 1)
un(pml)= un(pml) + bl*xup3(p) + (1.-bl)x*up4(1l)
do 10 j=1,pml
diag(j)=1hs1(j,j)
updiag(j)=lhs1(j,j+1)
10 continue
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updiag(pm1)=0.
call sptsl(pml, diag, updiag, un)
call scopy (pml, un, 1, ucl, 1)

C Second Dirichlet Iteration
call scopy (pml, rhs2, 1, un, 1)
un(1)= un(1) + (1.-bl)*up3(p) + blxupd(1)
do 20 j=1,pml
diag(j)=1lhs1(j,j)
updiag(j)=1lhs1(j,j+1)
20 continue
updiag(pm1)=0.
call sptsl(pml, diag, updiag, un)
call scopy (pml, un, 1, uc2, 1)

C First Neumann Iteration
call scopy (p, rhs3, 1, un, 1)
un(p)= un(p) + 3.x(al+bl-1.)*up3(p) - 3.x(bl-al)*up4(1l)
+ alxucl(p-2) - 4.*al*ucl(pml)
& + 4.%(1.-al)*uc2(1) - (1.-al)*uc2(2)
do 30 j=1,p
botdiag(j)=1hs3(j,j-1)
diag(j)=1hs3(j,j)
updiag(j)=1hs3(j,j+1)
30 continue
botdiag(1)=0.
updiag(p)=0.
call sgtsl(p, botdiag, diag, updiag, un, info)
call scopy (p, un, 1, uc3, 1)

&

C Second Neumann Iteration
call scopy (p, rhs4, 1, un, 1)
un(1)= un(1) - 3.x(bl-al)*up3(p) + 3.*x(al+bl-1.)*up4(1)
& - (1.-al)*ucl(p-2) + 4.x(1.-al)*ucl(pml)
& - 4.*xalxuc2(1) + alxuc2(2)
do 40 j=1,p
botdiag(j)=1hs4(j,j-1)
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diag(j)=1hs4(j,j)
updiag(j)=1hs4(j,j+1)
40 continue
botdiag(1)=0.
updiag(p)=0.
call sgtsl(p, botdiag, diag, updiag, un, info)
call scopy (p, un, 1, uc4, 1)

do 50 j=1,pml
up1(j)=uc1(j)
up2(j)=uc2(j)
50 continue
do 60 j=1,p
up3(j)=uc3(j)
up4 (j)=uc4(j)
60 continue

70 continue

C Find solution vector
call scopy(pml, uc3, 1, un, 1)
call scopy(pml, uc4(2), 1, un(p+1l), 1)
un(p)=(uc3(p)+uc4(1))/2.

it=it-1

return
end
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(@]
'—h
Hh

Q

| Form function f depending on the test problem.
| irun:1 f(x)=(pi~2+4*c)*sin(pi*x/2)/4

| irun:2 f(x)=2+c*xx*x(1-x)

| irun:3 f(x)=(4-c)*e”(2*xx)/4

Qo

subroutine f(n,irun,c,grdx,fc)
integer n, irun

integer i

real c, ttgrdx, pi

real grdx(1), fc(1l)

if (irun .EQ. 1) then
pi=4.*atan(1.)
do 10 i=1,n
ttgrdx=pi*grdx(i)/2.
pis=(pi*pi+4.x*c)/4.
fc(i)=pis*sin(ttgrdx)
10 continue
elseif (irun .EQ. 2) then
do 20 i=1,n
ttgrdx=cxgrdx (i) *(1.-grdx(i))
fc(i)=2. + ttgrdx
20 continue
else
do 30 i=1,n
ttgrdx=2.*grdx (i)
fc(i)=(4.-c)*exp(ttgrdx)/4.
30 continue
endif

return
end
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Compute the Infinite Norm of the real solution and the computed
solution depending on the test problem.

irun:1 f(x)=(pi~2+4.*c)*sin(pi*x/2)/4, real solution sin(pix*x/2)
irun:2 f(x)=2+c*x*(1-x), real solution is x*(1-x)

irun:3 f(x)=(4-c)*e~(2*x) /4, real solution is -e”~(2*x)/4

Qoo

real function findnorm(n,irun,c,sol,grdx)
integer n

real normres, cC

real sol(1l), grdx(1)

real pi

normres=0.

if (irun .EQ. 1) then
pi=4.*atan(1.)

do 10
tmp
tmp
tmp

normres
continue

10

i=1, n

pixgrdx(i)/2.

sin(tmp)

sol(i) - tmp

amax1(normres, abs(tmp))

elseif (irun .EQ. 2) then

do 20
tmp
tmp

normres
continue

20
else
do 30

tmp =

tmp
tmp

normres

30
endif

i=1, n

grdx(i)*(1.-grdx(i))

sol(i) - tmp

amax1(normres, abs(tmp))

i=1, n

grdx (i)

-exp(2xtmp) /4.

sol(i) - tmp

amax1(normres, abs(tmp))

continue
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findnorm=normres

return
end

A.2 Second Approach

The subroutines that do not appear here, are the same with the corresponding
ones in the first approach.

C
C | iterate.f

Q

C | Iterative Procedure as it comes from the Iterative schemes.
C | Only 2 full iterations are done.
C

subroutine iterate(lda,p,al,bl,irun,grdx,lhs1,1lhs3,1hs4,
& rhsl,rhs2,rhs3,rhs4,un,it,c)

parameter (itmax=2)

integer lda, p, it, irun

integer j, info, pml

real al, bl, c, grdx(1)

real lhsi1(lda,1), 1lhs3(lda,1), lhs4(lda,1)

real rhs1(1), rhs2(1), rhs3(1), rhs4(1), un(l)

real upl(lda), up2(lda), up3(lda), up4(lda)

real uci(lda), uc2(lda), uc3(lda), uc4(lda)

real diag(lda), updiag(lda), botdiag(lda)

real pnorm

pml=p-1
n=2x%p-1

call vfill(pml, upl, 0.)
call vfill(pml, up2, 0.)
call vfill(p, up3, 0.)
call vfill(p, up4, 0.)
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C up: the previous solution, uc: the current one
do 70 it=1, itmax

C First Dirichlet Iteration
call scopy (pml, rhsil, 1, un, 1)
un(pml)= un(pml) + bl*xup3(p) + (1.-bl)x*up4(1l)
do 10 j=1,pml
diag(j)=1hs1(j,j)
updiag(j)=lhs1(j,j+1)
10 continue
updiag(pm1)=0.
call sptsl(pml, diag, updiag, un)
call scopy (pml, un, 1, ucl, 1)

C Second Dirichlet Iteration
call scopy (pml, rhs2, 1, un, 1)
un(1)= un(1) + (1.-bl)*up3(p) + blxupd(1)
do 20 j=1,pml
diag(j)=1hs1(j,j)
updiag(j)=1lhs1(j,j+1)
20 continue
updiag(pm1)=0.
call sptsl(pml, diag, updiag, un)
call scopy (pml, un, 1, uc2, 1)

C First Neumann Iteration
call scopy (p, rhs3, 1, un, 1)
un(p)= un(p) + 3.*xal*up3(p) - 3.*(1.-al)*upd(1)
+ alxucl(p-2) - 4.*al*ucl(pml)
& + 4.x(1.-al)*uc2(1) - (1.-al)*uc2(2)
do 30 j=1,p
botdiag(j)=1hs3(j,j-1)
diag(j)=1hs3(j,j)
updiag(j)=1hs3(j,j+1)
30 continue
botdiag(1)=0.
updiag(p)=0.

&
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call sgtsl(p, botdiag, diag, updiag, un, info)
call scopy (p, un, 1, uc3, 1)

C Second Neumann Iteration
call scopy (p, rhs4, 1, un, 1)
un(1)= un(1) - 3.x(1.-al)*up3(p) + 3.*alxup4(1)
& - (1.-al)*ucl(p-2) + 4.x(1.-al)*ucl(pml)
& - 4.*al*uc2(1) + al*uc2(2)
do 40 j=1,p
botdiag(j)=1hs4(j,j-1)
diag(j)=1hs4(j,j)
updiag(j)=1hs4(j,j+1)
40 continue
botdiag(1)=0.
updiag(p)=0.
call sgtsl(p, botdiag, diag, updiag, un, info)
call scopy (p, un, 1, uc4, 1)

do 50 j=1,pml
upl(j)=uc1(j)
up2(j)=uc2(j)
50 continue
do 60 j=1,p
up3(j)=uc3(j)
up4 (j)=uc4d(j)
60 continue

70 continue

C Find solution vector
call scopy(pml, uc3, 1, un, 1)
call scopy(pml, uc4(2), 1, un(p+1l), 1)
un(p)=(uc3(p)+uc4(1))/2.

it=it-1

return
end
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Q Q

Qo

lhsgen.f

Form the left hand side lhs:= 4 block tridiag(-1,2+c*h~2,-1)
The first two blocks are (p-1)x(p-1)

The next two are pxp having (2+c*h”2,-2) in the last row of the
third and first row of the fourth

10

20

subroutine lhsgen(lda,p,al,bl,c,h,lhs1,1hs3,1hs4)
integer lda, p

integer j

real al, bl, c, h

real lhs1(lda,1), lhs3(lda,1), lhs4(lda,l)

real diag

diag=2. + c*hxh

do 10 j=1,p
call vfill(p,lhs1(1,3j),0.)
call vfill(p,1lhs3(1,3),0.)
call vfill(p,lhs4(1,j),0.)
continue

1lhs1(1,1)=diag

lhs1(1,2)=-1.

do 20 i=2,p-2
lhs1(i,i-1)=-1.
lhs1(i,i)=diag
lhs1(i,i+1)=-1.

continue

1hst(p-1,p-2)=-1.

lhs1(p-1,p-1)=diag

1hs3(1,1)=diag

1hs3(1,2)=-1.

do 30 i=2,p-1
1lhs3(i,i-1)=-1.

65



Source Code developed in Fortran 77

Second Approach

30

40

1hs3(i,i)=diag

1lhs3(i,i+1)=-1.

continue
1hs3(p,p-1)=-2.
1hs3(p,p)=diag

lhs4(1,1)=diag
1lhs4(1,2)=-2.
do 40 i=2,p-1

lhs4(i,i-1)=-1.

lhs4(i,i)=diag

lhs4(i,i+1)=-1.

continue
lhs4(p,p-1)=-1.
lhs4(p,p)=diag

return
end
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Q

| rhsgen.f

Q

C | Form the right hand side standard vector rhs:= h"2 * f(x)
C | £(x) given by function f, depending on the test problem to run
C

subroutine rhsgen(lda2,p,h,alpha,beta,irun,c,grdx,
& rhs1,rhs2,rhs3,rhs4)

integer 1lda2, p, irun

integer i, n

real alpha, beta, h

real hs

real grdx(1), rhs1(1), rhs2(1), rhs3(1), rhs4(1)

real fc(lda2)

hs=h*h
n=2x%p-1

call vfill(p,rhs1,0.)
call vfill(p,rhs2,0.)
call vfill(p,rhs3,0.)
call vfill(p,rhs4,0.)

call f(n,irun,c,grdx,fc)

C First Dirichlet Iteration
do 10 i=1, p-1
rhs1(i)=hs*fc(i)
10 continue
rhs1(1)=rhs1(1) + alpha

C Second Dirichlet Iteration
do 20 i=1, p-1
rhs2(i)=hs*fc(i+p)
20 continue
rhs2(p-1)=rhs2(p-1) + beta
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C First Neumann Iteration
do 30 i=1, p-1
rhs3(i)=rhs1(i)
30 continue
rhs3(p)=hsx*fc(p)

C Second Neumann Iteration
do 40 i=2,p
rhs4(i)=rhs2(i-1)
40 continue
rhs4 (1)=rhs3(p)

return
end
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