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1 Intr oduction

Graphpartitioningis a vital pre-processingstepfor many large-scaleapplicationsthataresolved
on parallelcomputingplatforms.Over theyearsthegraphpartitioningproblemhasreceiveda lot
of attention[3, 12, 5, 1, 2, 7, 10, 11, 14, 15, 18, 19, 23, 20]. Despitethe successof theexisting
algorithms,recentadvancesin scienceandtechnologydemandthat new issuesbe addressedin
orderfor thepartitioningalgorithmsto beeffective.

TheGrid infrastructure[9, 4] seemsto bea promisingviablesolutionfor satisfyingtheever in-
creasingneedfor computationalpower at anaffordablecost.Metacomputingenvironmentscom-
binehostsfrom multiple administrative domainsvia transnationalandworld-widenetworks into
a singlecomputationalresource.Even thoughmessagepassingis supported,with someimple-
mentationof MPI [8], thereis no supportfor computationaldatapartitioningandloadbalancing.
Evenona smallerscale,clustersof PCshave becomea popularalternative for runningdistributed
applications.Thecosteffectivenessof addingnew, andmorepowerful nodesto anexistingcluster,
andthereforeincreasingtheclusterpotential,is anappealingsolutionto a lot of institutionsand
researchers.We canclearly seethat upcomingtechnologieshave introduceda totally new class
of architecturalsystemsthatareveryheterogeneousin termsof computationalpowerandnetwork
connectivity.

Most of thegraphpartitioningalgorithmsmentionedabove computea datapartitioningthat is
suitablefor homogeneousenvironmentsonly. Recentlytherehasbeensomework on partition-
ing for heterogeneousarchitectures,namelyPaGrid [16, 24], JOSTLE[22], MiniMax [21], and
DRUM [6]. In [16] themultilevel paradigmis implemented,anda quadraticassignmentproblem
is solved for the initial partitioning,followed by a re�nement that aimsat reducingthe commu-
nicationcostor theexecutiontime of theapplication.Following a differentdirection,in [24] the
initial partitioningis donearbitrarily, followed by a re�nement that aimsat reducingthe sumof
the executiontimes,over all the processors.JOSTLEdoesnot take into accountcomputational
heterogeneity. It solvesa quadraticassignmentproblemfor theinitial partitioningandminimizes
somefunctionof the total communicationcost,without balancingcommunicationcostsbetween
individualpartitionsthough.MiniMax usesthemultilevel approach,trying to minimizetheexecu-
tion time of theapplication.To accountfor communication,a modi�ed functionof thetraditional
edgecutmetric is used. For the initial partitioninga graphgrowing algorithmis used. Finally,
DRUM monitorsthehardwareresourcesandencapsulatesall theinformationaboutaprocessorin
a singlescalarform. This scalarcanbegivenasinput to any of thetraditionalgraphpartitioning
algorithmsto guideloadbalancing.

In thecontext of thewidely usedMETIS [17] library wehavedevelopedgraphpartitioningalgo-
rithmsfor partitioningmeshes/graphsontoheterogeneousarchitectures.Ouralgorithmsallow full
heterogeneityin both the computationalandthe communicationresources.Unlike all the algo-
rithmsdescribedin thepreviousparagraph,we do not usethenotionof edgecutwhenestimating
our communication.Instead,we usea moreaccuratemodelto describethe communicationvol-
ume. We alsoavoid solvingtheexpensive andunscalablequadraticassignmentproblem,andwe
donotenforceadenseprocessor-to-processorcommunication.
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Theremainderof this paperis organizedasfollows. Section2.1 discussesthemodelingof the
computational/workloadgraph.In Section2.2we describetheheterogeneousarchitecturesystem
model.In Section3 wedescribeourproposedalgorithms.Section4 presentsasetof experimental
resultsandcomparisons.Finally Section5 providessomeconcludingremarks.

2 Problem Modeling

The majority of multilevel graphpartitioning problemformulationshave primarily focusedon
edgecutbasedmodelsandhave tried to optimizeedgecutbasedobjectives. However, it is impor-
tant to notethat theedgecutmetric is only anapproximationof the total communicationvolume
incurredby parallelprocessing[13]. This is becausethe actualcommunicationvolumemay be
lower thantheedgecut.For exampleconsiderthecasewheretwo or moreedgesof asinglevertex
areconnectedto differentverticesof anothersubdomain.In thiscase,thedataassociatedwith that
vertex actuallywill besentonly onceduring theparallelapplication.However, with theedgecut
model,this is not capturedandall theedgesaccountasmultiplecommunicationmessages.In this
casethecorrectmeasureof communicationvolumeis thenumberof boundaryvertices.However,
thismeasureis harderto optimizethanedgecut[13].

2.1 Computational Graph Modeling

Thegraphpartitioningproblemcanbede�ned asfollows: Givena graphG = (V; E), whereV
is the setof vertices,n = jV j is the numberof vertices,andE is the setof edgesin the graph,
partition the verticesto p setsV1; :::;Vp suchthat Vi

T
Vj = ; for i 6= j and

S
Vi = V, for

i; j = 1; :::; p. This is calleda p� way partitioningandis denotedby P. Every oneof thesubsets
Vi , of theverticesof G, is calleda partitionor subdomain.P is representedby a partitionvector
of length n, suchthat for every vertex v 2 V, P[v] is an integerbetween1 andp, indicatingthe
partitionwhichavertex v belongsto.

ThegraphG is aweightedgraphif everyvertex v hastwo associatedweights:w(v) andc(v). If
nospeci�c weightsareprovided,wecanassumethatall vertices,haveuniformweights.Similarly
to the traditional problem,the �rst vertex weight w is assigneddependingon the amountof
work/computationsperformedby a vertex. Thesecondsetof weights c is assignedto re�ect the
amountof datathatneedsto besentbetweenprocessorsdueto eachvertex, i.e., communication.
TheVolumeof apartitioningis thetotal communicationvolumerequiredby thepartition.

For example,look at the two differentpartitioningspresentedin Figure1 (a) and (b). Let's
assumevertex u andverticesu1; u2; u3; u4 areassignedto partitionP0, while verticesv1; v2; v3; v4

areassignedto partition P1. For simplicity we have notedthe communicationweightsof every
vertex in the squarebracketsin the �gure. So, we assumethat c(u) = c(u1) = : : : = c(u4) =
c(v1) = : : : = c(v4) = 1. If theedgecutmodelwereto beused,theneachoneof thecut edges
wouldhaveanedgeweightof 2, aseachoneof theincidentverticesto theedgehascommunication
sizeof 1. Both of the presentedpartitionings,in Figure1(a) andFigure1(b), would incur an
edgecutof 8. However, in Figure 1(a) the actualcommunicationvolume is only 5. Indeed
processorP0 will needto senda messageof size1 to P1, andprocessor1 will needto sendfour
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Figure1: Comparisonbetweentheedgecutandvolumemodels.

messagesof size1 to P0. An estimateof theedgecutcannotdistinguishbetweenthesetwo possible
scenarios.On theotherhandif thevolumemodelis used,wewill haveanaccurateestimateof the
actualcommunicationfor bothcases.

2.2 Architecture Graph Modeling

Partitioning for a heterogeneousenvironment requiresmodeling the underlyingcomputational
architecture. The computationalenvironmentis modeledthrougha weightedundirectedgraph
A = (P; L), thatwe call theArchitecture Graph. P is thesetof graphvertices,andthey corre-
spondto the processorsin the system,P = f p1; : : : ; ppg; p = jPj. L is the setof edgesin the
graph,andthey representcommunicationlinks betweenprocessors.Theweightsw� (�) associated
with the architecturegraphverticesrepresentthe processingcostper unit of computation.Each
communicationlink l(pi ; pj ) is associatedwith a graphedgeweighte� (pi ; pj ) that representsthe
communicationcostperunit of communicationbetweenprocessorspi and pj .

If two processorsarenot ”directly” connected,andthe communicationcost incurredbetween
themneedsto becomputed,we canjust sumtheweightsof theshortestpathbetweenthem. For
thealgorithmpresentedin [22] it is shown that this linear path length(LPL) doesnot performas
well asthequadratic pathlength(QPL).Quadraticpathlengthis thelengthwherethesquaresof
theindividualpathlengthsareaddedup. Theinsightis thattheLPL doesnotsuf�ciently penalize
for cutedgesacrossheavier links, i.e., links thatsuffer from slowercommunicationcapabilities.

1 4 8 1612 20 24 28 32

Figure2: 1DArrayProcessorGraph:Arch32_1.

In this sectionwe presentsometypical architecturegraphsthat will alsobe usedlater for the
evaluationof our algorithms.Figure2 presentsa onedimensionalarray. Even thoughsuchma-
chinesarenot commonin practice,theconceptcanbevery usefulwith regardsto machinesthat
incur a high communicationlatency. Figure3 is a two dimensionalarray. Figure4 presentsan8–
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Figure3: 2DArrayProcessorGraph:Arch32_2.

node,32–processorcluster. Eachnodehasfour tightly connectedprocessors,anda fastintercon-
nectionnetwork amongits 4 processors.Communicationbetweendifferentnodesis slower, and
we thereforeusethicker linesto connectthenodesin the�gure. Figure5 shows a metacomputer
that is madeup from two supercomputersthateachhas16 processors.Again thecommunication
within the two computenodesis fasterthanthe oneacrossthe nodes.Finally, Figure6 shows a
typical grid architecture.Thetop andbottompartmayeachbephysically locatedin thesamege-
ographicallocationandeachis a metacomputer. Thesetwo metacomputerscanthenbecombined
to form a new metacomputer. The interconnectionnetwork betweenthe two partsis slower than
theonethatis local for eachone.

For ourmodelweassumethatcommunicationin eitherdirectionacrossagivenlink is thesame,
thereforee� (pi ; pj ) = e� (pj ; pi ), for i; j = 1; : : : ; p. Wealsoassumethate� (pi ; pi ) = 0, asthecost
for any givenprocessorto retrieve informationfrom itself is incorporatedin its computationalcost
w� (pi ).

For thecaseof theprocessorgraphin Figure7, thatis a1D arrayof 5 processors,if weassume
thatbetweenneighboringprocessorsthelink weightis 1, thenthecommunicationcost,for a fully
connectedarchitecturegraphwill be:
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Figure4: Clusterof8computenodes:Arch32_3.

Althoughtheexistingheterogeneouspartitioningalgorithmsassumeacompleteweightedarchi-
tecturegraph,just asthe onepresentedabove for the 1D array, we �nd that this approachis not
scalableandthereforeavoid it. Weprovidemoredetailsin Section3.

2.3 Metrics De�nition

Giventheproposedmodelsfor thecomputationalgraphandthearchitecturegraph,wenow de�ne
severalmetricsthatwill beusedin ourpartitioningalgorithms.

2.3.1 Computational Cost

The�rst metricis theComputational Cost, i.e. thecosta processorpi will incur for processing
avertex v assignedto it by agivenpartitioning.This is givenby

CompCostvpi
= w� (pi ) � w(v):

To �nd thetotal time processorpi will needto performcomputations,over all its assignedportion
of verticesVi of thecomputationalgraph:

CompCostVi
pi

= w� (pi ) �
X

v2 Vi

w(v)

Again,thecomputationalcostre�ects thetimeneededby acertainprocessorto processthevertices
assignedto it.
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Figure5: Metacomputer: Arch32_4.

2.3.2 Comm unication Cost

Thesecondmetricis theCommunication Cost, i.e. thecostaprocessorpi will incur for commu-
nicating,sendingandreceiving, thenecessaryinformationin orderto performtheparallelcompu-
tation.As Figure8 shows,eachpartitioncandistinguishbetweenthreetypesof vertices:

1. Interior (local) vertices,thosebeingadjacentonly with local vertices,

2. Local interfacevertices,thosebeingadjacentbothwith localandnon–localvertices,and

3. Externalinterfacenodes,thoseverticesthatbelongto otherpartitionsbut arecoupledwith
verticesthatareassignedto thelocalpartition.

As amatterof fact,wedonotneedto worry aboutverticesthatfall undercategory1.,asthey do
notaccountfor any communication.Ontheotherhand,verticesthatbelongtocategory2. will need
to besentto thecorrespondingneighboringprocessors,andverticesbelongingto category 3. will
needto bereceivedfrom their hostingprocessor/partition.Again we would like to emphasizethe
factthatwe aretalkingabouta vertex beingsentto neighboringpartitions,andnot to neighboring
verticesas the edgecutmodelwould erroneouslydo. More complex datastructuresneedto be
maintainedin orderto achieve this, but thuswe ensurethevalidity of themodel. Thecostthata
processorpi will incur for communicatingany informationrelevantto a vertex v assignedto it,
is thecostto sendany informationplusthecostto receiveany information:

CommCostvpi
=

X

P (w);w2 adj (v)

e� (pi ; P(w)) � c(v) +
X

w2 adj (v)

e� (pi ; P(w)) � c(w);

whereadj (v) indicatestheverticesadjacentto vertex v. To �nd thetotal time a processorpi will
spendonperformingcommunication,wesumoverall its assignedportionof theverticesVi of the
computationalgraph:

CommCostVi
pi

=
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Figure6: Metacomputer: Arch32_5.

Figure7: 1DArrayProcessorGraph.

X

v2 Vi

0

@
X

P (w);w2 adj (v)

e� (pi ; P(w)) � c(v)

1

A +
X

v2 Vi

0

@
X

w2 adj (v)

e� (pi ; P(w)) � c(w)

1

A :

In theaboveequation,pleasenotethatnocommunicationlinks aredoublecounted.For example
look at Figure9 andmorespeci�cally at vertex u2. u2 will besentto P1 asit is connectedto v2.
Thereforeit will not be sentagain due to its connectivity with v3. Similarly vertex v1 will be
receivedby processorP0 oncefor theconnectionwith u1. Therefore,it will not bereceivedagain
dueto its connectionto vertex u2.

2.3.3 Processor Elapse Time

For every processorpi , its elapsetime (ElTime) is the time it spendson computationsplus the
time it spendson communications.Therefore,by usingtheabove de�nitions, theelapsetime of
processorpi is givenby:

E lapseTimeVi
pi

= CompCostVi
pi

+ CommCostVi
pi
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Figure8: Aviewofapartition's vertices.

2.3.4 Processor Overall Elapse Time

By summingup theelapsetimesof all individual processors,we have anestimateof theoverall
time (SumElTime) thatall processorswill beoccupied.

TotalE lapseTime =
X

pi

ElapseTimeVi
pi

2.3.5 Application Elapse Time

Theactualrun timeof theparallelapplication(MaxElT ime) will bedeterminedby thatprocessor
thatneedsthemosttime to complete.Therefore,no matterhow goodthequality of a partitioning
is, its overall performanceis drivenby its ”worst” partition.

E lapseTime = maxpi f E lapseTimeVi
pi

g

3 Graph Partition Algorithm

Therearea variety of approachesthat canbe appliedhere. They areall basedon extendingthe
multilevel paradigmof METIS [17] to accountfor theheterogeneityof thearchitectureinfrastruc-
ture.

In particular, theclassicalcoarsening/initialpartitioning/re�nementstagesareaugmentedsothat
they take into accountthedifferentcommunicationcostsandcomputationalcapabilities.Wetry to
solvetheproblemby decouplingthecomputationalfrom thecommunicationrequirements.During
theinitial partitioningphasewecomputeapartitioningthatbalancestheoverall computation.The
multilevel paradigmis usedandduringthe lastphase,which is there�nementphase,we balance
thepartitionsbasedon thecomputationalcapabilititesof theundelyingarchitecturealgorithm.

However, communicationis still not addressed.After themultilevel partitioningalgorithmhas
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Figure9: CommunicationVolume.

completed,we augmentthe algorithm with an additionalre�nement step. During this new re-
�nement phasea differentmetric is optimizedso that the communicationvolumeis minimized.
Thereforeat this stage,verticesaremovedamongpartitionsandtheobjective functiontakeninto
considerationis the volumeof communicationincurred. A generaloverview of the approachis
shown in Figure10.

Figure10: Ourtwo-phaseapproach.

The drawbackof the above algorithmis that it is not easilyscalable.Indeedaswe move to a
largernumberof partitionsthepotentialre�nementmovesbetweenprocessorscangetverycostly
to determine. A variationof this algorithmcan be implemented.While re�nement moves are
performedamongpartitions,thesemovesarerestrictedso that no new communicationlinks are
created,betweenpartitions/processorsthatwerenotconnectedthroughtheinitial partition.There-
fore we alsominimizethecommunicationsoverhead.In this fashionwe have kepta sparseform
of thecommunicationmatrix andthis doesnot limit our algorithmsfrom scalingto largernumber
of processors.
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A differentapproachwe areconsideringis changingthe objective function of the re�nement
stage. Given a partitioning of the computationalgraphwe can estimatethe executiontime of
theparallelapplication,seeSection2.3. Therefore,it would make moresenseto performvertex
re�nementmovesso that the maximumtime is minimized(andthereforethe overall time of the
application),andindividualprocessorelapsetimesarebalanced.

Again a variationof this algorithmcanbe implementedso that the movesduring the re�ne-
mentphase,areconsideredandperformedin a sparsefashion,while theobjective functionof the
applicationelapsetime is used.

4 Experimental Results

We evaluatedthe performanceof our algorithmsusinga wide variety of graphsandarchitecture
topologies.Thedescriptionandcharacteristicsof thecomputationgraphsarepresentedin Table1.
Thesizeof thesegraphsrangedfrom 14K to 1.1M vertices.

Name # Vertices # Edges Description
1 144 144; 649 1; 074; 393 Graphcorrespondingto a3D FEM

meshof aparafoil
2 auto 448; 695 3; 314; 611 Graphcorrespondingto a3D FEM

meshof GM'sSaturn
3 brack2 62; 631 366; 559 Graphcorrespondingto a3D FEM

meshof abracket
4 cylinder93 45; 594 1; 786; 725 Graphof a3D stiffnessmatrix
5 f16 1; 124; 648 7; 625; 318 Graphcorrespondingto a3D FEM

meshof anF16wing
6 f22 428; 748 3; 055; 361 Graphcorrespondingto a3D FEM

meshof anF22wing
7 �nan512 74; 752 261; 120 Graphof astochasticprogrammingmatrix

for �nancial portofoliooptimization
8 inpro1 46; 949 1; 117; 809 Graphcorrespondingto a3D stiffness

matrix
9 m6n 94; 493 666; 569 Graphcorrespondingto a3D FEM

meshof anM6 wing

Table1: Characteristicsofthetestdatasets.

The architecturegraphswe usedwerepresentedin Section2.2. In particular, we usedarchi-
tecturesArch32 1 asin Figure2, Arch32 2 asin Figure3, Arch32 3 asin Figure4, and�nally
Arch32 5 as in Figure 6. In order to explore full heterogeneityof our architecturemodel, the
weightson the computationalnodes,as well as the weightson the communicationlinks were
arbitrary.

In therestof thissectionwecomparetheresultsfor all of our four proposedalgorithms.Labels
VolNS,VolS, ElTNS,ElTS, correspondto our partitioningalgorithmsasdescribedin Section3.
Whereverused,Initial correspondsto thegraphpartitioningalgorithmthatonly takesinto consid-
erationthecomputationalcapabilitiesof theunderlyingarchitecture.We usethesenamessothat
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thefollowing �gures will beeasilyreadable.

4.1 Quality of the Results

For eachoneof our computationgraphsandarchitecturesmentionedabove we have assessed� ve
differentqualities.Theseareshown respectively in graphs(a), (b), (c), (d), and(e) of Figure11,
Figure12,Figure13,andFigure14anddiscussedbelow.

4.1.1 Elapse Time Balance Assessment

Wede�ne theelapsetime imbalanceof ap-waypartitioningP as

ElapseTime(I m)balance(P) =
ElapseTime

TotalE lapseTime=p
=

maxpi f E lapseTimeVi
pi

g
(
P

pi
ElapseTimeVi

pi
)=p

;

which is theratio of thetime theapplicationwill needto completeover theaveragerun time of
all involvedprocessors.

Looking at the resultsin part (a) of the �gures we can seethat we are able to improve the
balanceof theresultingpartitioningsby performinga re�nementstrategy aftertheinitial partition
is computedthatonly takesinto accountthecomputationalcapabilities.

4.1.2 Elapse Time Assessment

As we have discussedearlier the overall quality of a partitioningdependson the quality of the
worstpartition,i.e. thepartition/processorthatwill needthemosttimeto complete.Therefore,for
eachoneof our experimentswe computedthe estimatedApplicationElapseTime, asde�ned in
Section2.3.5.This time variesa lot, dependingon thesizeandconnectivity of thecomputational
graph.Thus,in parts(b) of our �gures we presenttherelative time comparedto thatof our Initial
partitioning.

From these�gures we caneasilyseethat our algorithmsproducepartitionsof higherquality.
Sincethe ratio is alwayssmallerthanone,the applicationsthat usethesenew partitioningalgo-
rithmswill runfaster. Wecanalsoseethatouralgorithmsthatperformre�nementusingtheelapse
timeobjective functionperformbetterthantheonesthatusethecommunicationvolumeobjective
function.

4.1.3 Processor Overall Elapse Time Assessment

Onemoremeasurethatwe have evaluatedis theprocessoroverall elapsetime, asit wasde�ned
in Section2.3.4. Again we presentthe relative ratio betweenthe re�nementalgorithmsandour
Initial partitioningalgorithm.As weseein �gures (c), of all the36experimentspresentedfor each
oneof our algorithms,only very few, producedpartitionsof higherprocessoroverall elapsetime,
i.e. very few timesdid we crossabove the 1 ratio line. However, even in thesefew cases,the
reasonweallowedthis to occur, wasin orderto minimizetheapplicationelapsetimeonly. Indeed,
if we look at Figure11(c),we seethat for our sixth dataset,thethird algorithmproducedslightly
higherprocessoroverall times. At thesametime though,thesamealgorithmwasableto reduce
theapplicationtimeby 40%asweseein Figure11(b).
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4.1.4 Edgecut .vs. Volume Assessment

In �gures (d) and(e) we presentthe relative partition edgecutandvolumecomparedto the one
of the Initial algorithm. As we canseein �gures (d), for mostof our experimentsthe edgecut
of our partitionsis highercomparedto the initial one. On theotherhandthoughwe canseethat
eventhoughthe edgecutis higher, the actualcommunicationvolume,asshown in �gures (e), is
lower. This is aproof towardstheargumentthateventhoughtheedgecutgivesanindicationof the
communicationvolume,it is by no meansanaccuratemeasureof it. Indeed,by looking at �gures
(d) we would have beenmisledasto saythe our algorithmswould have highercommunication
needs.But whenthe actualcommunicationvolumesareestimated,we seein (e) that the actual
communicationis decreased.
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Figure11: Characteristicsoftheinduced32-waypartitioningforArch32_1.
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Figure12: Characteristicsoftheinduced32-waypartitioningforArch32_2.
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Figure13: Characteristicsoftheinduced32-waypartitioningforArch32_3.
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Figure14: Characteristicsoftheinduced32-waypartitioningforArch32_5.
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4.2 Comparison between spar se and non-spar se algorithms

In this sectionwe areshowing the qualitative differencesbetweenthe sparseandthe non-sparse
re�nementapproaches.As notedearlier, oneof themaincontributionsof this work is that it also
proposessparsealgorithmsthataremorescalablecomparedto thenon-sparsere�nementones.Of
coursetherelies a questionregardinghow muchwe have sacri�ced in quality in orderto achieve
thisscalability.

In Figure15 we want to comparethe sparsevolumere�nementalgorithmwith its non-sparse
counterpart,andthesparseelapsetime re�nementalgorithmwith thenon-sparseone.To achieve
this comparisonwe have taken the ratio of theapplicationelapsetimesof thesparsealgorithms,
over theapplicationelapsetimesof thenon-sparseones.We have a total of 72 comparisons.We
canseethatin only 5 of thecases,did thesparsescalablealgorithmsproduceworseresults.In the
other67cases,thequalitieswerecomparable,andthereforewedid notseeany degradation.
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Figure15: Comparisonofthesparseandnonsparseapproaches.
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5 Conc lusions

The �eld of heterogeneousgraphpartitioning is a very new �eld andthereis a lot of room for
improvement.However theapproachesdescribedabove representa scalablesolutionthatmerits
furtherinvestigationanddevelopment.Wewereableto producepartitionsof highquality thatcan
correctlymodelarchitecturecharacteristicsandaddressthe requirementsof upcomingtechnolo-
gies.
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