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� Algor ithms for Sparse Gra phs
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De�nitions and Representa tion

� An undir ected gra ph G is a pair (V; E), where V is a �nite set of
points called vertices and E isa �nite set of edges .

� An edge e 2 E is an unor der ed pair (u; v), where u; v 2 V .

� In a directed gra ph, the edge e is an order ed pair (u; v). An
edge (u; v) is incident from vertex u and is incident to vertex v.

� A path from a vertex v to a vertex u is a sequence
hv0; v1; v2; : : : ; vk i of vertices where v0 = v, vk = u, and (vi ; vi +1 ) 2
E for i = 0; 1; : : : ; k � 1.

� The length of a path is de�ned as the number of edges in the
path.
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De�nitions and Representa tion
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(a) An undir ected gra ph and (b) a directed gra ph.
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De�nitions and Representa tion

� An undir ected gra ph is connected if every pair of vertices is
connected by a path.

� A forest isan ac yclic gra ph, and a tree isa connected ac yclic
gra ph.

� A gra ph that has weights associated with each edge is called
a weighted gra ph .
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De�nitions and Representa tion

� Gra phs can be repr esented by their adjacenc y matr ix or an
edge (or vertex) list.

� Adjacenc y matr ices hav e a value ai;j = 1 if nodes i and j share
an edge; 0 otherwise. In case of a weighted gra ph, ai;j = wi;j ,
the weight of the edge.

� The adjacenc y list repr esentation of a gra ph G = (V; E) consists
of an array Adj [1::jV j] of lists. Each list Adj [v] isa list of all vertices
adjacent to v.

� For a gra pn with n nodes , adjacenc y matr ices tak e Theta(n2)
space and adjacenc y list tak es �( jE j) space.
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De�nitions and Representa tion
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An undir ected gra ph and its adjacenc y matr ix repr esentation.
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An undir ected gra ph and its adjacenc y list repr esentation.
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Minim um Spanning Tree

� A spanning tree of an undir ected gra ph G is a subgra ph of G
that is a tree containing all the vertices of G.

� In a weighted gra ph, the weight of a subgra ph is the sum of
the weights of the edges in the subgra ph.

� A minim um spanning tree (MST) for a weighted undir ected
gra ph is a spanning tree with minim um weight.
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Minim um Spanning Tree
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An undir ected gra ph and its minim um spanning tree.
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Minim um Spanning Tree: Prim' s Algor ithm

� Prim' s algor ithm for �nding an MSTis a greedy algor ithm.

� Start by selecting an arbitr ar y vertex, include it into the current
MST.

� Grow the current MSTby inserting into it the vertex closest to
one of the vertices already in current MST.
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Minim um Spanning Tree: Prim' s Algor ithm
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Prim' s minim um spanning tree algor ithm.
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Minim um Spanning Tree: Prim' s Algor ithm

1. procedur e PRIM MST(V; E ; w ; r )
2. beg in
3. VT := f r g;
4. d[r ] := 0;
5. for all v 2 (V � VT ) do
6. if edge (r ; v) exists set d[v] := w(r ; v) ;
7. else set d[v] := 1 ;
8. while VT 6= V do
9. beg in
10. �nd a vertex u such that d[u ] := min f d[v]jv 2 (V � VT )g;
11. VT := VT [ f ug;
12. for all v 2 (V � VT ) do
13. d[v] := min f d[v]; w (u; v)g;
14. endwhile
15. end PRIM MST

Prim' s sequential minim um spanning tree algor ithm.
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Prim' s Algor ithm: Parallel Formula tion

� The algor ithm works in n outer iterations – it is har d to execute
these iterations concurr ently.

� The inner loop is relativ ely easy to par allelize. Let p be the
number of processes, and let n be the number of vertices .

� The adjacenc y matr ix is par titioned in a 1-D bloc k fashion, with
distance vector d par titioned accor dingly .

� In each step, a processor selects the locally closest node.
followed by a global reduction to select globally closest node.

� Thisnode is inserted into MST, and the choice broadcast to all
processor s.

� Each processor updates its par t of the d vector locally .
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Prim' s Algor ithm: Parallel Formula tion
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The par titioning of the distance array d and the adjacenc y
matr ix A among p processes.
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Prim' s Algor ithm: Parallel Formula tion

� The cost to select the minim um entr y is O(n=p+ logp).

� The cost of a broadcast is O(log p).

� The cost of local updation of the d vector is O(n=p).

� The par allel time per iteration is O(n=p+ logp).

� The total par allel time is given by O(n2=p+ n logp).

� The corr esponding isoef�cienc y is O(p2 log2 p).
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Single-Sour ce Shortest Paths

� For a weighted gra ph G = (V; E ; w), the single-source shortest
paths problem is to �nd the shortest paths from a vertex v 2 V
to all other vertices in V .

� Dijkstra' s algor ithm is similar to Prim' s algor ithm. It maintains a
set of nodes for which the shortest paths are known.

� It grows this set based on the node closest to source using one
of the nodes in the current shortest path set.
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Single-Sour ce Shortest Paths: Dijkstra' s Algor ithm

1. procedur e DIJKSTRASINGLESOURCE SP(V; E ; w ; s)
2. beg in
3. VT := f sg;
4. for all v 2 (V � VT ) do
5. if (s; v) exists set l [v ] := w(s; v) ;
6. else set l [v ] := 1 ;
7. while VT 6= V do
8. beg in
9. �nd a vertex u such that l [u ] := min f l [v ]j v 2 (V � VT )g;
10. VT := VT [ f ug;
11. for all v 2 (V � VT ) do
12. l [v ] := min f l [v ]; l [u ] + w(u; v)g;
13. endwhile
14. end DIJKSTRASINGLESOURCE SP

Dijkstra' s sequential single-source shortest paths algor ithm.
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Dijkstra' s Algor ithm: Parallel Formula tion

� Very similar to the par allel formulation of Prim' s algor ithm for
minim um spanning trees.

� The weighted adjacenc y matr ix is par titioned using the 1-D
bloc k ma pping.

� Each process selects , locally , the node closest to the source,
followed by a global reduction to select next node.

� The node is broadcast to all processor s and the l-vector
updated.

� The par allel perf ormance of Dijkstra' s algor ithm is identical to
that of Prim' s algor ithm.
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All-Pairs Shortest Paths

� Given a weighted gra ph G(V; E ; w), the all-pair s shortest paths
problem is to �nd the shortest paths betw een all pair s of
vertices vi ; vj 2 V .

� A number of algor ithms are known for solving this problem.
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All-Pairs Shortest Paths: Ma trix-Multiplica tion Based
Algor ithm

� Consider the multiplication of the weighted adjacenc y matr ix
with itself – except, in this case, we replace the multiplication
oper ation in matr ix multiplication by addition, and the addition
oper ation by minimization.

� Notice that the product of weighted adjacenc y matr ix with
itself retur ns a matr ix that contains shortest paths of length 2
betw een an y pair of nodes .

� It follows from this argument that An contains all shortest paths .
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Ma trix-Multiplica tion Based Algor ithm
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Ma trix-Multiplica tion Based Algor ithm

� An is computed by doubling po wers – i.e., as A; A2; A4; A8, and
so on.

� We need logn matr ix multiplications , each taking time O(n3).

� The serial complexity of this procedur e is O(n3 logn).

� Thisalgor ithm is not optim al, since the best known algor ithms
hav e complexity O(n3).
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Ma trix-Multiplica tion Based Algor ithm: Parallel
Formula tion

� Each of the logn matr ix multiplications can be perf ormed in
par allel.

� We can use n3=logn processor s to compute each matr ix-matr ix
product in time logn.

� The entir e process tak es O(log2 n) time.
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Dijkstra' s Algor ithm

� Execute n instances of the single-source shortest path problem,
one for each of the n source vertices .

� Complexity is O(n3).
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Dijkstra' s Algor ithm: Parallel Formula tion

� Two par allelization strategies – execute each of the n shortest
path problems on a different processor (source par titioned),
or use a par allel formulation of the shortest path problem to
increase concurr enc y (source par allel).
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Dijkstra' s Algor ithm: Source Partitioned Formula tion

� Use n processor s, each processor Pi �nds the shortest paths
from vertex vi to all other vertices by executing Dijkstra' s
sequential single-source shortest paths algor ithm.

� It requir es no inter process comm unication (provided that the
adjacenc y matr ix is replicated at all processes).

� The par allel run time of this formulation is: �( n2).

� While the algor ithm iscost optim al, it can only use n processor s.
Therefore, the isoef�cienc y due to concurr enc y is p3.

– Typeset by FoilTEX – 26



Dijkstra' s Algor ithm: Source Parallel Formula tion

� In this case, each of the shortest path problems is further
executed in par allel. We can ther efore use up to n2 processor s.

� Given p processor s (p > n), each single source shortest path
problem is executed by p=n processor s.

� Using previous results, this tak es time:

TP =

computationz }| {

�
�

n3

p

�
+

comm unicationz }| {
�( n logp): (1)

� For cost optim ality, we hav e p = O(n2=logn) and the
isoef�cienc y is �(( p logp)1:5).
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Floyd' s Algor ithm

� For an y pair of vertices vi ; vj 2 V , consider all paths from vi to vj

whose inter mediate vertices belong to the set f v1; v2; : : : ; vkg.
Let p(k )

i;j (of weight d(k )
i;j be the minim um-w eight path among

them.

� If vertex vk isnot in the shortest path from vi to vj , then p(k )
i;j is the

same as p(k � 1)
i;j .

� If f vk is in p(k )
i;j , then we can break p(k )

i;j into two paths – one from
vi to vk and one from vk to vj . Each of these paths uses vertices
from f v1; v2; : : : ; vk � 1g.
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Floyd' s Algor ithm

From our obser vations , the following recurr ence relation follows:

d(k )
i;j =

(
w(vi ; vj ) if k = 0

min
n

d(k � 1)
i;j ; d(k � 1)

i;k + d(k � 1)
k ;j

o
if k � 1

(2)

Thisequation must be computed for each pair of nodes and for
k = 1; n. The serial complexity is O(n3).
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Floyd' s Algor ithm

1. procedur e FLOYD ALL PAIRS SP(A )
2. beg in
3. D (0) = A ;
4. for k := 1 to n do
5. for i := 1 to n do
6. for j := 1 to n do

7. d(k )
i;j := min

�
d(k � 1)

i;j ; d(k � 1)
i;k + d(k � 1)

k ;j

�
;

8. end FLOYD ALL PAIRS SP

Floyd' s all-pair s shortest paths algor ithm. Thisprogr am computes the all-pair s
shortest paths of the gra ph G = (V; E ) with adjacenc y matr ix A .
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Floyd' s Algor ithm: Parallel Formula tion Using 2-D Bloc k
Ma pping

� Matr ix D (k ) isdivided into p bloc ks of size (n=
p

p) � (n=
p

p).

� Each processor updates its par t of the matr ix dur ing each
iteration.

� To compute d(k )
l ;r processor Pi;j must get d(k � 1)

l ;k and d(k � 1)
k ;r .

� In gener al, dur ing the kth iteration, each of the
p

p processes
containing par t of the kth row send it to the

p
p � 1 processes in

the same column.

� Similarly, each of the
p

p processes containing par t of the kth

column sends it to the
p

p � 1 processes in the same row.
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Floyd' s Algor ithm: Parallel Formula tion Using 2-D Bloc k
Ma pping
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PSfrag replacements

np
p

np
p

( i � 1) np
p + 1; ( j � 1) np

p + 1

i np
p ; j np

p

(a) Matr ix D (k ) distributed by 2-D bloc k ma pping into
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subbloc ks, and (b) the subbloc k of D (k ) assigned to process Pi;j .
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Floyd' s Algor ithm: Parallel Formula tion Using 2-D Bloc k
Ma pping
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Floyd' s Algor ithm: Parallel Formula tion Using 2-D Bloc k
Ma pping

1. procedur e FLOYD 2DBLOCK(D (0) )
2. beg in
3. for k := 1 to n do
4. beg in
5. each process Pi;j that has a segment of the k th row of D (k � 1) ;

broadcasts it to the P� ;j processes;
6. each process Pi;j that has a segment of the k th column of D (k � 1) ;

broadcasts it to the Pi; � processes;
7. each process waits to receiv e the needed segments;
8. each process Pi;j computes its par t of the D (k) matr ix;
9. end
10. end FLOYD 2DBLOCK

Floyd' s par allel formulation using the 2-D bloc k ma pping. P� ;j denotes all the
processes in the j th column, and Pi; � denotes all the processes in the i th row.

The matr ix D (0) is the adjacenc y matr ix.
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Floyd' s Algor ithm: Parallel Formula tion Using 2-D Bloc k
Ma pping

� During each iteration of the algor ithm, the kth row and kth

column of processor s perf orm a one-to-all broadcast along
their rows/columns .

� The size of this broadcast is n=
p

p elements , taking time
�(( n logp)=

p
p).

� The synchronization step tak es time �(log p).

� The computation time is �( n2=p).

� The par allel run time of the 2-D bloc k ma pping formulation of
Floyd' s algor ithm is

TP =

computationz }| {

�
�

n3

p

�
+

comm unicationz }| {

�
�

n2

p
p

logp
�

:
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Floyd' s Algor ithm: Parallel Formula tion Using 2-D Bloc k
Ma pping

� The a bo ve formulation can use O(n2=log2 n) processor s cost-
optim ally.

� The isoef�cienc y of this formulation is �( p1:5 log3 p).

� This algor ithm can be further impr oved by relaxing the strict
synchronization after each iteration.
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Floyd' s Algor ithm: Speeding Things Up by Pipelining

� The synchronization step in par allel Floyd' s algor ithm can be
remo ved without af fecting the corr ectness of the algor ithm.

� A process starts working on the kth iteration as soon as it has
computed the (k � 1)th iteration and has the rele vant par ts of
the D (k � 1) matr ix.
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Floyd' s Algor ithm: Speeding Things Up by Pipelining
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Comm unication protocol followed in the pipelined 2-D bloc k
ma pping formulation of Floyd' s algor ithm. Assume that process 4
at time t has just computed a segment of the kth column of the
D (k � 1) matr ix. It sends the segment to processes 3 and 5. These

processes receiv e the segment at time t + 1 (w here the time unit
is the time it tak es for a matr ix segment to trav el over the

comm unication link betw een adjacent processes). Similarly,
processes far ther aw ay from process 4 receiv e the segment later .
Process 1 (at the boundar y) does not forw ard the segment after

receiving it.
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Floyd' s Algor ithm: Speeding Things Up by Pipelining

� In each step, n=
p

p elements of the �r st row are sent from
process Pi;j to Pi +1 ;j .

� Similarly, elements of the �r st column are sent from process Pi;j

to process Pi;j +1 .

� Each such step tak es time �( n=
p

p).

� After �(
p

p) steps, process Pp
p;

p
p gets the rele vant elements of

the �r st row and �r st column in time �( n).

� The values of successive rows and columns follow after time
�( n2=p) in a pipelined mode.

� Process Pp
p;

p
p �nishes its share of the shortest path computation

in time �( n3=p) + �( n).

� When process Pp
p;

p
p has �nished the (n � 1)th iteration, it sends

the rele vant values of the nth row and column to the other
processes.
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Floyd' s Algor ithm: Speeding Things Up by Pipelining

� The overall par allel run time of this formulation is

TP =

computationz }| {

�
�

n3

p

�
+

comm unicationz }| {
�( n):

� The pipelined formulation of Floyd' s algor ithm uses up to O(n2)
processes ef�ciently .

� The corr esponding isoef�cienc y is �( p1:5).
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All-pair s Shortest Path: Compar ison

The perf ormance and scala bility of the all-pair s shortest paths
algor ithms on var ious architectur es with O(p) bisection

bandwidth. Similar run times a pply to all k � d cube
architectur es, provided that processes are proper ly ma pped to

the under lying processor s.

Maxim um Number
of Processes Corresponding Isoef�cienc y
for E = �(1) Parallel Run Time Function

Dijkstra source-par titioned �( n ) �( n 2) �( p3)
Dijkstra source-par allel �( n 2= log n ) �( n log n ) �(( p log p) 1:5)
Floyd 1-D bloc k �( n= log n ) �( n 2 log n ) �(( p log p)3)
Floyd 2-D bloc k �( n 2= log 2 n ) �( n log 2 n ) �( p1:5 log 3 p)
Floyd pipelined 2-D bloc k �( n 2) �( n ) �( p1:5)
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Transitiv e Closure

� If G = (V; E) is a gra ph, then the /em transitive closure of G is
de�ned as the gra ph G� = (V; E � ), where E � = f (vi ; vj )j ther e is
a path from vi to vj in Gg.

� The /em connectivity matr ix of G is a matr ix A� = (a�
i;j ) such

that a�
i;j = 1 if ther e is a path from vi to vj or i = j , and a�

i;j = 1
otherwise.

� To compute A� we assign a weight of 1 to each edge of E
and use an y of the all-pair s shortest paths algor ithms on this
weighted gra ph.
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Connected Components

The connected components of an undir ected gra ph are the
equiv alence classes of vertices under the “is reacha ble from”

relation.
1

2 3

4

5

6

7 8

9

A gra ph with three connected components: f 1; 2; 3; 4g, f 5; 6; 7g,
and f 8; 9g.
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Connected Components: Depth-Fir st Search Based
Algor ithm

Perform DFSon the gra ph to get a forest – eac tree in the forest
corr esponds to a separ ate connected component.

(a)

(b)

2 5

41 6

10

9

11

12

3

2 5

41 6

10

9

11

12

3

Par t (b) isa depth-�r st forest obtained from depth-�r st trav ersal of
the gra ph in par t (a). Each of these trees is a connected

component of the gra ph in par t (a).
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Connected Components: Parallel Formula tion

� Par tition the gra ph acr oss processor s and run independent
connected component algor ithms on each processor . At this
point, we hav e p spanning forests.

� In the second step, spanning forests are mer ged pairwise until
only one spanning forest rem ains.
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Connected Components: Parallel Formula tion
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(b)

(d)
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(e) (f)

(c)

(a)

Computing connected components in par allel. The adjacenc y
matr ix of the gra ph G in (a) is par titioned into two par ts (b). Each

process gets a subgra ph of G ((c) and (e)). Each process then
computes the spanning forest of the subgra ph ((d) and (f)).

Finally, the two spanning trees are mer ged to form the solution.
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Connected Components: Parallel Formula tion

� To mer ge pair sof spanning forests ef�ciently , the algor ithm uses
disjoint sets of edges .

� We de�ne the following oper ations on the disjoint sets:

�nd (x) retur ns a pointer to the repr esentativ e element of the
set containing x. Each set has its own unique repr esentativ e.

union (x; y) unites the sets containing the elements x and y. The
two sets are assumed to be disjoint pr ior to the oper ation.
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Connected Components: Parallel Formula tion

� For mer ging forest A into forest B , for each edge (u; v) of A, a
�nd oper ation is perf ormed to deter mine if the vertices are in
the same tree of B .

� If not, then the two trees (sets) of B containing u and v are
united by a union oper ation.

� Otherwise, no union oper ation is necessar y.

� Hence, mer ging A and B requir es at most 2(n � 1) �nd
oper ations and (n � 1) union oper ations .
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Connected Components: Parallel 1-D Bloc k Ma pping

� The n � n adjacenc y matr ix is par titioned into p bloc ks.

� Each processor can compute its local spanning forest in time
�( n2=p).

� Merging isdone by embedding a logical tree into the topology .
There are logp mer ging stages , and each tak es time �( n). Thus,
the cost due to mer ging is �( n logp).

� During each mer ging stage, spanning forests are sent betw een
near est neighbor s. Recall that �( n) edges of the spanning
forest are transmitted.
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Connected Components: Parallel 1-D Bloc k Ma pping

� The par allel run time of the connected-component algor ithm
is

TP =

local computationz }| {

�
�

n2

p

�
+

forest mer gingz }| {
�( n logp):

� For a cost-optim al formulation p = O(n= logn). The
corr esponding isoef�cienc y is �( p2 log2 p).
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Algor ithms for Sparse Gra phs

A gra ph G = (V; E) is sparse if jE j is much smaller than jV j2.

(b)(a)

(c)

Examples of sparse gra phs: (a) a linear gra ph, in which each
vertex has two incident edges; (b) a gr id gra ph, in which each

vertex has four incident vertices; and (c) a random sparse gra ph.
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Algor ithms for Sparse Gra phs

� Dense algor ithms can be impr oved signi�cantly if we make
use of the sparseness. For example, the run time of Prim' s
minim um spanning tree algor ithm can be reduced from �( n2)
to �( jE j logn).

� Sparse algor ithms use adjacenc y list instead of an adjacenc y
matr ix.

� Par titioning adjacenc y lists is mor e dif�cult for sparse gra phs –
do we balance number of vertices or edges?

� Parallel algor ithms typically make use of gra ph structur e or
degr ee information for perf ormance.
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Algor ithms for Sparse Gra phs

(a) (b)

A street ma p (a) can be repr esented by a gra ph (b). In the
gra ph shown in (b), each street inter section is a vertex and each
edge is a street segment. The vertices of (b) are the inter sections

of (a) marked by dots .
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Finding a Maximal Independent Set

A set of vertices I � V is called /em independent if no pair of
vertices in I is connected via an edge in G. An independent set
is called /em maxim al if by including an y other vertex not in I ,

the independence proper ty is violated.

{a, d, i, h} is an independent set

{a, c, j, f, g} is a maximal independent set

{a, d, h, f} is a maximal independent set

e

b
d

i

h

e

a

c

f

g

j

Examples of independent and maxim al independent sets.
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Finding a Maximal Independent Set (MIS)

� Simple algor ithms start by MIS I to be empty , and assigning all
vertices to a candidate set C.

� Vertex v from C is mo ved into I and all vertices adjacent to v
are remo ved from C.

� Thisprocess is repeated until C is empty .

� Thisprocess is inherently serial!
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Finding a Maximal Independent Set (MIS)

� Parallel MIS algor ithms use randimization to gain concurr enc y
(Luby' s algor ithm for gra ph color ing).

� Initially, each node is in the candidate set C. Each node
gener ates a (unique) random number and comm unicates it
to its neighbor s.

� If a nodes number exceeds that of all its neighbor s, it joins set
I . All of its neighbor s are remo ved from C.

� Thisprocess continues until C is empty .

� On av erage, this algor ithm con verges after O(log jV j) such
steps.
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Finding a Maximal Independent Set (MIS)

Vertex adjacent to a vertex

in the independent set

Vertex in the independent set

(b) After the 2nd random number assignment (c) Final maximal independent set

(a) After the 1st random number assignment

0 1

0

1

2

3

4

15

15

6

14

7

10 8

9

11

12

13

11
15

The different augmentation steps of Luby' s randomized maxim al
independent set algor ithm. The number s inside each vertex
corr espond to the random number assigned to the vertex.

– Typeset by FoilTEX – 57



Finding a Maximal Independent Set (MIS): Parallel
Formula tion

� We use three arrays, each of length n – I , which stores nodes
in MIS, C, which stores the candidate set, and R, the random
number s.

� Par tition C acr oss p processor s. Each processor gener ates the
corr esponding values in the R array, and from this, computes
which candidate vertices can enter MIS.

� The C array isupdated by deleting all the neighbor s of vertices
that enter ed M I S.

� The perf ormance of this algor ithm is dependent on the
structur e of the gra ph.
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Single-Sour ce Shortest Paths

� Dijkstra' s algor ithm, modi�ed to handle sparse gra phs is called
Johnson' s algor ithm.

� The modi�cation accounts for the fact that the minimization
step in Dijkstra' salgor ithm needs to be perf ormed only for those
nodes adjacent to the previously selected nodes .

� Johnson' s algor ithm uses a pr iority queue Q to store the value
l[v] for each vertex v 2 (V � VT ).
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Single-Sour ce Shortest Paths: Johnson' s Algor ithm

1. procedur e JOHNSON SINGLESOURCE SP(V; E ; s)
2. beg in
3. Q := V ;
4. for all v 2 Q do
5. l [v ] := 1 ;
6. l [s] := 0;
7. while Q 6= ; do
8. beg in
9. u := extr act min (Q);
10. for each v 2 Adj [u ] do
11. if v 2 Q and l [u ] + w(u; v) < l [v] then
12. l [v ] := l [u ] + w(u; v) ;
13. endwhile
14. end JOHNSON SINGLESOURCE SP

Johnson' s sequential single-source shortest paths algor ithm.
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Single-Sour ce Shortest Paths: Parallel Johnson' s
Algor ithm

� Maintaining strict order of Johnson' s algor ithm gener ally leads
to a very restrictiv e class of par allel algor ithms.

� We need to allo w explor ation of multiple nodes concurr ently.
This is done by simultaneously extracting p nodes from the
pr iority queue, updating the neighbor s' cost, and augmenting
the shortest path.

� If an error ismade, it can be disco vered (as a shorter path) and
the node can be reinserted with this shorter path.

– Typeset by FoilTEX – 61



Single-Sour ce Shortest Paths: Parallel Johnson' s
Algor ithm

0 1 7

0 1 4 3 6 10 47

0 1 4 3 107

0 1 4 3 6 5 4 67

b d f h ia c e g
b:1, d:7, c:inf, e:inf, f:inf, g:inf, h:inf, i:inf

e:3, c:4, g:10, f:inf, h:inf, i:inf

h:4, f:6, i:inf

g:5, i:6

Priority Queue Array l[]

(1)

(2)

(3)

(4)

2

8

1 2

1 3

2

1
5

3

7

a b c

d e f

g h i

1

PSfrag replacements

111

1

111111

An example of the modi�ed Johnson' s algor ithm for processing
unsaf e vertices concurr ently.
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Single-Sour ce Shortest Paths: Parallel Johnson' s
Algor ithm

� Even if we can extract and process multiple nodes from the
queue, the queue itself is a major bottlenec k.

� For this reason, we use multiple queues , one for each processor .
Each processor builds its pr iority queue only using its own
vertices .

� When process Pi extracts the vertex u 2 Vi , it sends a message
to processes that store vertices adjacent to u.

� Process Pj , upon receiving this message, sets the value of l [v]
stored in its pr iority queue to minf l [v]; l [u] + w(u; v)g.
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Single-Sour ce Shortest Paths: Parallel Johnson' s
Algor ithm

� If a shorter path has been disco vered to node v, it is reinserted
bac k into the local pr iority queue.

� The algor ithm ter minates only when all the queues become
empty .

� A number of node par itioning schemes can be used to exploit
gra ph structur e for perf ormance.
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