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Abstract

We introduce a formal model for deployment and hosting
of a dynamic grid service wherein the service provider must
pay a resource provider for the use of computational re-
sources. Our model produces policies that balance the num-
ber of required resources with the desire to keep the cost of
hosting the service to a minimum. The two components of
cost that we consider are the deployment cost and the cost
to keep the service active, which we view as a lease. We cast
the problem in a dynamic programming framework and we
are able to show that the model makes good leasing deci-
sions in the face of such uncertainties as random demand
for the service and random execution times of service re-
quests. The results show that the policies obtained from the
model reduce the cost of hosting a service and significantly
reduce the variance of that cost.

1. Introduction

The success of web services has influenced the way in
which grid applications are being written [10]. Grid appli-
cation designers are now beginning to make use of software
services that provide a specific functionality to the appli-
cation, such as solving a system of equations or perform-
ing a simulation remotely. Grid applications that make use
of such services require consistent response times and high
availability from those services. The service provider (SP),
who develops the service and its interface, may charge users
through subscriptions to the service or through metered us-
age [4]. In turn, we assume that there is a cost to the SP for
maintaining the presence of a service in the grid. This cost is
charged to the SP by the owner and maintainer of the com-
putational resources, the resource provider [12]. This work
focuses on controlling such a cost to the SP. The two com-
ponents of cost are: 1) a deployment cost, and 2) a cost to
keep the service active, which we model as the cost to hold
a lease. If there were no costs to maintaining the presence of
a grid service, then the SP could simply deploy the service

in as many places as possible and leave it running. There-
fore, the SP must balance the demand for service with the
desire to keep the cost of providing it to a minimum.

The amount of resources needed may vary over time and
is a function of the demand for the service and the compute-
intensive nature of the service. We address the situation
where the demand for the service and the execution times
to process the service requests are unknown, but can be es-
timated. Even though the SP will know the processing re-
quirements for a typical invocation of the service, the exe-
cution time of any particular instantiation of the service can
vary due to input data dependencies as well as resource con-
tention from other services if, as is likely in a grid, the ser-
vice is deployed in a time-sharing environment. Our model
allows for two types of service deployments: planned de-
ployments, which take place in accordance with the normal
leasing cycle, and unplanned dynamic deployments, which
occur only in the presence of excess demand for the ser-
vice.

In this article we propose a model for making service de-
ployment and resource leasing decisions in the presence of
random demand for the service and random execution times
for processing service requests. The decisions are made pe-
riodically and are based on expected average demand and
expected average execution times. We model the arrival and
the processing of service requests as a stochastic process in
which the inter-arrival times and the execution times come
from known probability distributions. The problem is cast
as a finite-horizon dynamic programming problem. The re-
sult is a leasing policy that indicates to the SP how many re-
sources to lease in each decision period. An important result
is that our approach greatly reduces the variance of the total
cost. Low variance is important for maintaining consistency
and predictability in the number of service deployments and
hence in the number of leased resources. The contributions
of this work are twofold: 1) a mathematical formulation of
the leasing problem, the parameters of which may be ad-
justed to correspond to different economic scenarios, and 2)
the reduction in costs which are a result of the model’s leas-
ing policies.



2. Related Work

A number of works have proposed service-oriented ar-
chitectures and have tested high-performance applications
in those environments [4, 13, 14, 12]. In [14], Weissman
and Lee present an architecture and middleware for dy-
namic replica selection and creation in response to service
demand. Their work answers the questions of when and
where to deploy a grid service. In contrast, this work fo-
cuses on the question of how many resources are required
to host a grid service in the presence of random demand and
execution times.

Buyya et. al. [3] and Wolski et. al. [15, 16] examine
the use of supply and demand-based economic models for
the purpose of pricing and allocating resources to the con-
sumers of grid services. In this work we assume a supply
and demand-based economy in which both software ser-
vices and computational resources are in demand. In partic-
ular, we assume a separation of interests between the service
provider and the resource provider. The service provider ob-
tains the necessary computational resources at a cost. The
user then, is only concerned with the software services that
are required for the application, rather than negotiating di-
rectly with a resource owner for computing time.

3. Dynamic Programming

Dynamic programming (DP), or stochastic optimal con-
trol, is an approach for modelling and for solving optimiza-
tion problems in which periodic decisions must be made un-
der some level of uncertainty. The idea of DP is to solve a
minimization problem in each period, beginning with the
last period and ending with the initial period [1]. The opti-
mal decision depends on the state of the system, which we
define to be the number of previously leased resources and
the number of currently executing service requests. In each
decision period the expected costs of all admissible deci-
sions are computed. An admissible decision is one that is
valid given the current state of the system, e.g. we may not
lease more resources than are currently available in the re-
source pool. The overall solution provides an optimal pol-
icy for leasing additional resources in each period1.

4. Service Deployment and Resource Leasing

We use the DP approach to model and solve a stochas-
tic decision problem for leasing computational resources.
The grid service is then deployed and hosted on those re-
sources for a certain length of time. The total length of time
for which the service is to be deployed is divided into N

1 The policy is optimal in a probabilistic sense due to the random de-
mand and execution times.
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Figure 1. Leasing Decision

periods, with the index of the current period labelled k,
k = 0 . . . N . The zeroth period represents the initial start-
ing state of the system just before the first period. At the
beginning of each period, the SP must decide how many re-
sources are needed. Figure 1 shows how the leasing deci-
sion is applied in an arbitrary period. The variables in Fig-
ure 1 are defined in the following subsections and the model
is fully discussed.

4.1. State

We now define a representation of the state of the sys-
tem. The state should be a compact summary of the avail-
able information that affects the decision to deploy the ser-
vice. A tenet of DP is that the information that a decision-
maker uses should only depend on the current state, and
not on past history [1]. We describe the state of the grid
service by a pair of variables (xk, yk) defined as follows.
xk number of currently leased resources at the be-

ginning of period k.
yk number of currently executing service requests

at the beginning of period k.

4.2. Decision Variable

In our model there is a single decision variable, uk, that
represents the number of (additional) resources to lease at
the beginning of a period k. We use the qualifier “addi-
tional” because at the beginning of period k, there are al-
ready xk resources held in lease and some or all of those
leases may be renewed. uk may be negative, in which case
the decision is to “take down” the grid service on uk re-
sources. The state of the system evolves according to

xk+1 = max(yk+1, xk + uk). (1)

Note that yk+1 is a random variable and is a function of the
number of service requests and their execution times in pe-



riod k. Specifically, for the number of requests in execution
at the beginning of a period, we write

yk+1 = yk + ak − dk,

where ak is the number of requests for the grid service in
period k and dk is the number of requests that finished exe-
cution in period k.

We mention here that the decision variable uk may only
take on admissible values. An admissible value is one that
is valid for the current state of the system. If, at the begin-
ning of period k, there are yk service requests in execution,
then we must lease at least yk −xk additional resources just
to cover the current load. Also, we may not lease more re-
sources than are available. Thus,

yk − xk ≤ uk ≤ R − xk,

where R is the maximum number of resources that could be
leased, that is, the total number of resources available to the
SP.

4.3. Demand

Requests for the grid service arrive at random points in
time. We model the arrivals as a Poisson process due to
its practicality. The Poisson process closely matches many
arrival processes in real computing systems and is also
amenable to analytical analyses. In the appendix we present
a probabilistic argument for the computation of the ex-
pected values of two random variables that are needed in
our model. The tractability of the result depends, in part,
on the assumption that the demand for the grid service fol-
lows a Poisson process. We denote the demand in period
k by λk, which represents the average arrival rate of ser-
vice requests. The arrival rate may vary with time, indicat-
ing a non-stationary Poisson process.

4.4. Execution Times

We assume that the execution time of a service request is
unknown until the request finishes execution. Although the
SP will know the performance characteristics of the service,
we assert that exact execution times cannot be predicted be-
cause 1) the input data will be different for any particular
request, and 2) requests may need to compete with other
applications and services for processing time. The execu-
tion time is therefore modelled as a random variable. For
the model itself, we make no assumptions on the distribu-
tion of execution times. However, for our computational ex-
periments with the DP algorithm, we model the executions
times as Exponential random variables with parameter µ.
Modelling the state, decision variables, demand, and exe-
cution times in this manner results in the discrete-time dy-
namic system shown in Figure 2.

period k+1period k

(xk, yk)
uk

(xk + uk) total pre-deployed resources

service request arrivals at rate λk

vk dynamic deployments

yk+1 = yk + ak − dk

uk+1

xk+1 = max(yk+1, xk + uk)

time

Figure 2. Discrete-time Dynamic System

4.5. Cost

Hosting a grid service is not free. There are both direct
and indirect costs for the use of computational resources:
deploying a grid service requires bandwidth and disk space,
processing service requests requires CPU cycles and mem-
ory. Our model employs a two-tier cost structure for deploy-
ment of a grid service, plus a separate cost to the keep the
service active for more than one period after the initial de-
ployment. The two types of deployment are

1. planned deployment with cost c1max(0, uk), and

2. unplanned dynamic deployment with cost c2vk.

A planned deployment means that the service provider
deploys the grid service at the beginning of a leasing cycle
in anticipation of service request arrivals. An unplanned dy-
namic deployment occurs whenever a service request can-
not be processed because all resources are busy serving
other requests2. We denote the number of such deployments
during a period k as vk. Unplanned deployments require
on-demand leasing of resources. Our experiments assume
that the resource provider will charge more for on-demand
leases (i.e. c1 ≤ c2) because the service provider is will-
ing to pay the cost in order to maintain quality of service.
However, no such assumption is required by the model it-
self and other economic scenarios can be accommodated.
Another reason for the higher cost of on-demand leases is
the single-service nature of the deployment. With planned
deployment, one instantiation of the grid service may serve
multiple consecutive requests, but not multiple simultane-
ous requests.

The cost to keep the grid active once it is deployed, that
is, the cost to hold the lease on a resource, is h per period.
The total cost, gk, charged by the resource provider in a
given period is the sum of the three cost components3. Since
vk and xk are random variables, we must compute the ex-

2 We assume that there is no queueing of service requests.
3 The units of c1, c2, and h are monetary.



pected cost, E
[

gk

]

, during execution of the DP algorithm.

E
[

gk

]

= E
[

c1max(0, uk) + c2vk + h(xk + uk)
]

= c1max(0, uk) + c2E
[

vk

]

+ h(E
[

xk

]

+ uk).

From Equation (1) we see that the computation of E
[

xk

]

amounts to the computation of E
[

yk

]

. The computations of
both E

[

vk

]

and E
[

yk

]

are described in the appendix.

5. DP Algorithm

The DP algorithm proceeds in stages from period N − 1
backward in time to period 0. At each stage, the algorithm
computes the expected cost to get to the last stage, which
is the expected cost for the current stage plus the expected
costs for all future stages. This is known as the cost-to-go
and is denoted by Jk(xk, yk).

Jk(xk, yk) = min
yk−xk≤uk≤R−xk

[

c1max(0, uk)+ c2E
[

vk

]

+ h(E
[

xk

]

+ uk)
]

+ Jk+1(xk+1, yk+1)

In the equation above, the index k goes from N − 1 to
0. The cost at the end of the last period, JN (xN , yN ), is
called the terminal cost. Traditionally, the terminal cost rep-
resents the cost of having unused resources at the end of
the planning horizon. For our model, the terminal cost is
max(0, xN − yN ). At every other stage, the cost-to-go is
computed for every possible state (xk, yk) and for every
admissible leasing decision uk. The optimal deployment
and leasing decision for a given state is the one that min-
imizes the cost-to-go. We denote the optimal decision as
u∗

k, and the optimal cost-to-go as J∗
k (xk, yk). Algorithm 1

is the DP algorithm for the resource leasing problem. The
pseudo-code is presented in matlab-like notation. The func-
tions compute V and compute Y correspond to the com-
putations of E

[

vk

]

and E
[

yk

]

given in the appendix. Algo-
rithm 1 results in a lookup table for each period. The table
for any period k gives the optimal leasing decision for ev-
ery possible state (xk, yk) that could occur.

One drawback of using the standard DP algorithm in this
way is that the size of the state space necessarily limits the
size of the problem that we may consider. However, there
exist suboptimal techniques that can be used to overcome
the combinatorial explosion in the size of the state space.
One such approach is based on neuro-dynamic program-
ming (NDP), which is also known as reinforcement learn-
ing [2]. In the NDP approach a scoring function approxi-
mates the true cost function, and a compact representation
of the state space is used which captures only the salient fea-
tures of the state. Another approach to reducing the size of
the state space in the underlying Markov Decision Process
is found in [9]. In their work, Song et. al. model the state
using separate Markov processes for each variable. When a

change of state occurs in one process, a probabilistic mech-
anism based on the correlation between the variables effects
a change in the other process. We are currently experiment-
ing with these methods in order to solve larger instances of
the leasing problem.

Algorithm 1: DP Algorithm for Resource Leasing

input : Number of time periods N

input : Total number of resources available R

input : Deployment costs c1 and c2, leasing cost h

input : Arrival Rate λ

input : Service Rate µ

output : Optimal leasing policy J

for k = N-1:0
Compute Jk(xk, yk) for each possible state;
for x = 0:R

for y = 0:R
Calculate the expected cost for each
admissible leasing decision;
for u = y-x:R-x

Compute the expected number of dynamic
deployments;
v = compute V(t, y, x+u, mu,
lambda);

Compute the expected number of requests
in execution at the beginning of period
k + 1;
y new = compute Y(t, y, mu,
lambda);

Compute xk+1 so that we can lookup
Jk+1(xk+1, yk+1);
x new = max(y new, x+u);
cost to go = lookup(x new,
y new, k);

Compute the expected cost;
g = c1*max(0, u) + c2*v +
h*(x+u) + cost to go;

Store g if it is the minimum cost found so
far and keep track of the associated uk;
if g < min cost then

min cost = g;
u star = u;

end
end
Store the leasing decision uk that achieved
the minimum cost;
J(row, col, k) = u star;

end
end

end
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Figure 3. Optimal Leasing Policy

6. Results

In this section, we present results from a simulation
study. The results show that by using the policy obtained
from the DP algorithm, we can reduce not only the de-
ployment and leasing costs, but also the variability of those
costs. As a consequence, the SP can reduce the amount of
uncertainty in the cost of hosting a grid service. Figure 3
shows how the leasing decision varies with the state. This
graph represents the optimal leasing decision, u∗

k, for a sin-
gle period. As shown in the figure, when the number of out-
standing leases, xk, increases, the number of new leases,
uk, decreases. Also, as the number of requests in execu-
tion at the beginning of a period, yk, increases, the number
of new leases, uk, increases.

In our experiments, the largest component of the cost
function was c2, the cost of unplanned dynamic deploy-
ments. Therefore, we ran the DP algorithm for increasing
values of c2. We then ran two separate simulations for re-
source leasing for each value of c2. One of the simulations
made use of the results from the DP algorithm. We refer to
this scenario as DP leasing. The other simulation did not
use the DP results at all. In this scenario, which we refer to
as Static leasing, the number of resources acquired at the
beginning of each period was pre-determined by minimiza-
tion (over uk) of the cost function. In the Static leasing sce-
nario the same number of planned resources were leased
in each period, with unplanned dynamic deployment occur-
ring whenever necessary. The specific parameters used dur-
ing execution of the DP algorithm and during the subse-
quent simulations were
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N = 10 Number of time periods
R = 20 Total number of resources available
c1 = 1 Cost of planned deployment
c2 = 1 . . . 6 Cost of unplanned dynamic deployment
h = 1 Cost of holding a lease for one period
λ = 10 Average arrival rate of service requests

(requests per period)
µ = 1 Average service rate of computational re-

sources (requests per period).

We performed 100 repetitions of each simulation. The
averaged results for the mean and the variance of the to-
tal cost are presented in Figure 4. The plot on the left is the
mean total cost. DP leasing results in an approximate 10%
decrease in average total cost over Static leasing. Moreover,
an even greater benefit can be seen in the plot on the right,
which shows the variance of the total cost. We see that as the
cost of unplanned dynamic deployments increases, the vari-
ance of the total cost for Static leasing increases at a much
faster rate than for DP leasing. The variance for Static leas-
ing ceases to increase when it gets very close to the mean
value. (The cost is always positive.) We initially thought that
the percentage of total cost attributed to unplanned dynamic
deployments would be much greater for Static leasing as op-
posed to DP leasing, thereby contributing to the greater vari-
ance in total cost. Table 1 shows that this is not the case.
The percentage of cost due to unplanned dynamic deploy-
ments is only slightly greater for Static leasing, and is not
enough to account for the increased variance. Thus, the re-
duction in variance for DP leasing is due to the use of the
policy derived from the DP algorithm. Table 1 was made
for the case where c2 = 3. The percentages are similar for
other values of c2. We conclude that the DP approach sig-
nificantly reduces the variability of the cost of hosting of a
dynamic grid service.



Cost Component DP Leasing Static Leasing
Planned deployment 10% 8%
Dynamic deployment 10% 15%
Cost to hold lease 80% 77%

Table 1. Percentages of Total Cost

7. Conclusion and Future Work

This work introduces a stochastic control model for de-
ployment and hosting of a dynamic grid service. The ob-
jective of the model is to produce policies for leasing com-
putational resources so that quality of service is maintained
while the costs of deployment and leasing are kept to a min-
imum. The model is useful for making resource leasing de-
cisions in the face of such uncertainties as random demand
for the service and random execution times of service re-
quests. By employing a dynamic programming approach,
we were able to obtain both a model and a solution. Our
cost function captures two types of deployment costs and
the cost to hold a lease. Execution of the DP algorithm re-
sulted in leasing policies that were subsequently used in a
simulation study. The results from the simulation experi-
ments show that the cost of deployment and leasing (host-
ing) is lower when using the DP policies. Just as important,
we show that as the cost of unplanned dynamic deployment
increases, use of the DP policies considerably reduce the
variability of the total cost to the service provider.

The formulation and solution of the problem in this work
are for a finite-horizon problem in which the SP intends to
deploy the grid service for a particular length of time. Tem-
porary need for high-performance simulations during and
after natural or man-made disasters typify such services. We
also want to consider the case where a grid service persists
indefinitely. Our future work will include formulations for
infinite-horizon problems of this type and experimentation
with different solution methods. Associated with this work,
we will provide a stopping criterion which will indicate, as
demand for the service trails off, when it is more econom-
ical to take down the service and just provide on-demand
dynamic deployment.
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A. Computation of E
[

vk

]

and E
[

yk

]

We use a probabilistic argument to determine the ex-
pected number of unplanned dynamic deployments, E

[

vk

]

,
and the expected number of service requests in execution
at the beginning of a period, E

[

yk

]

. The analysis is based
on the M/G/∞ queue, an infinite server queueing system
with a Poisson arrival process. In reality, there will not be an
infinite number of resources available; however, for analy-
sis purposes, we assume that additional resources are avail-
able (at a cost of c2 per resource) whenever an unplanned



dynamic deployment occurs. The arrival rate of the Pois-
son process is λ and the service rate is µ. Although we have
used Exponential service times in this work, the model al-
lows for the service times to come from a general probabil-
ity distribution.

period k period k+1

0 ts

service request arrival

time2t

Figure 5. Arrival of a Service Request

Let us begin by computing E
[

yk+1

]

. Consider Figure 5
and let the interval (0, t] represent period k. We distinguish
between two types of service requests: those that arrive in
the interval (0, t], and those that were already present and
executing at time zero. For both types of service requests
we are concerned with computing the probability that a re-
quest is still in execution at the beginning of period k + 1,
hence contributing to yk+1. Consider a request that arrives
at time s, 0 < s ≤ t. The probability that the request fin-
ishes execution by time t is, by definition, F (t − s), where
F is the cumulative probability distribution of the service
times (i.e. the Exponential distribution in our case.) Con-
sequently, the probability that the request is still in execu-
tion at time t is 1 − F (t − s). Given that the arrival oc-
curred in the interval (0, t], one result about the Poisson pro-
cess states that the time of arrival s is uniformly distributed
on (0, t] (see, for example, Theorem 6.2 in [11]). Thus, for
an arbitrary arrival in period k the unconditional probabil-
ity that the request is still in execution at the beginning of
period k + 1 is

pt =
1

t

∫ t

0

1 − F (t − s)ds =
1

t

∫ t

0

1 − F (x)dx

=
1 − e−µt

µt
.

(2)

Let N(t) be the total number requests that arrive during the
interval (0, t]. Each request has an independent service time.
Thus, each request has an independent probability pt of still
being in execution at time t. Let W (t) be the number of re-
quests still in execution at time t. Given N(t) = n, the con-
ditional distribution of W (t) is binomial with parameters n
and pt. Thus,

P
[

W (t) = j | N(t) = n
]

=

(

n

j

)

pj
t (1 − pt)

n−j ,

and the unconditional distribution of W (t) is, by the theo-
rem of total probability,

P
[

W (t)=j
]

=

∞
∑

n=j

P
[

W (t)=j | N(t)=n
]

P
[

N(t)=n
]

=

∞
∑

n=j

(

n

j

)

pj
t (1 − pt)

n−je−λt (λt)n

n!

= e−λtpt
(λtpt)

j

j!
.

Thus, the number of requests that arrive during period k and
that are still in execution at the beginning of period k + 1 is
Poisson distributed with parameter

λtpt =
λ

µ
(1 − e−µt).

Now we must consider the other type of service request
that was mentioned earlier, that is, a request that was al-
ready present and executing at the beginning of period k.
Denote the number of such requests that are still in execu-
tion at time t by Z(t). We note that Z(t) is independent
of W (t) and that each of these requests has an indepen-
dent probability of finishing execution by time t. Given that
y of these requests are present at the beginning of period k,
the conditional distribution of Z(t) is binomial with param-
eters y and e−µt. Thus,

P
[

Z(t) = j | Z(0) = y
]

=

(

y

j

)

e−µtj(1 − e−µt)y−j .

The conditional probability of Z(t) suffices since we may
observe the value of Z(0) (i.e. the value of yk) at the begin-
ning of each period. Because W (t) and Z(t) are indepen-
dent random variables we may compute the expectation of
their sum by taking the sum of their expectations. Thus,

E
[

yk+1

]

= E
[

W (t) + Z(t)
]

= E
[

W (t)
]

+ E
[

Z(t)
]

=
λ

µ
(1 − e−µt) + yke−µt.

We now turn our attention to the computation of E
[

vk

]

,
the expected number of unplanned dynamic deployments
that will occur during a period k. For this analysis we again
make use of results from queueing theory for the M/G/∞
queue as well as results from the Poisson process. To be-
gin, let us classify a service request as one of two possible
types. A Type 1 request is a request that executes on a re-
source that was acquired through a planned deployment. So,
a request is a Type 1 request if there is a free resource avail-
able (and already leased) when the request arrives. A Type
2 request is one that executes on a resource that was ac-
quired through an unplanned dynamic deployment. Thus, a
request that arrives and finds that all leased resources are



busy is a Type 2 request. It is the Type 2 requests that con-
tribute to vk.

We have defined two possible types of requests and we
note that a request must be one of these two types. Sup-
pose that a service request arrives at time s, 0 < s ≤ t
(referring again to Figure 5.) Let P1(s) be the probability
that the request is a Type 1 request. Similarly, Let P2(s) be
the probability that the request is a Type 2 request, where
P1(s) + P2(s) = 1. Now let N2(t) be the number of Type
2 requests occurring by time t, that is, the number of un-
planned dynamic deployments vk. A useful result of the
Poisson process states that N2(t) is a Poisson random vari-
able with mean

E
[

N2(t)
]

= E
[

vk

]

= λ

∫ t

0

P2(s)ds (3)

(see Proposition 3.3 in[8], for example). The only remain-
ing task is to derive an expression for P2(s), the probability
that a service request arrival finds all leased resources busy
and therefore an unplanned dynamic deployment will oc-
cur. In any period k the total number of planned leased re-
sources is xk + uk. So an unplanned dynamic deployment
will occur whenever a request arrives and xk + uk or more
resources are busy. Here we make use of the previous defi-

nitions of W (t) and Z(t). Suppose that there are j resources
busy at time s. Then W (s) + Z(s) = j because an execut-
ing request must have either begun execution in the interval
(0, s], or it must have already been in execution at time zero.
Given that we begin period k with y requests already in ex-
ecution, the expression for P2(s) is

P2(s) = P
[

W (s) + Z(s) ≥ xk + uk | Z(0) = y
]

=

∞
∑

j=xk+uk

[

min(y,j)
∑

k=0

P
[

Z(s) = k
]

P
[

W (s) = j − k
]

]

,

where

P
[

Z(s) = k
]

=

(

y

k

)

e−µsk(1 − e−µs)y−k,

P
[

W (s) = j − k
]

=
e−λsps(λsps)

j−k

(j − k)!
,

and ps is computed as in Equation (2). For numerical exe-
cution of the DP algorithm the evaluation of the integral in
Equation (3) was done using the trapz function in mat-
lab. This function computes an approximation of the inte-
gral by constructing trapezoids which approximate the area
under the function.


