Multi-criteria geometric optimization problems in Layered
Manufacturing®

Jayanth Majhif Ravi Janardan? Michiel Smid® Jorg Schwerdt}

July 31, 2000

Abstract

In Layered Manufacturing, the choice of the build direction for the model influences several
design criteria, including the number of layers, the volume and contact-area of the support
structures, and the surface finish. These, in turn, impact the throughput and cost of the
process. In this paper, efficient geometric algorithms are given to reconcile two or more of
these criteria simultaneously, under three formulations of multi-criteria optimization: Finding
a build direction which (i) optimizes the criteria sequentially, (ii) optimizes their weighted sum,
or (iii) allows the criteria to meet designer-prescribed thresholds. The algorithms that involve
“support volume” or “contact area” apply only to convex models, while the algorithms that
involve “surface finish” and “number of layers” apply to any polyhedral model. Some of the
latter algorithms have also been implemented and tested on real-world models obtained from
industry.

The geometric techniques used in the paper include construction and searching of certain
arrangements on the unit-sphere, three-dimensional convex hulls, Voronoi diagrams, point lo-
cation, and hierarchical representations. Additionally, solutions are also provided, for the con-
strained versions of two geometric problems, namely polyhedron width and largest empty disk
on the unit-sphere.

1 Introduction

Layered Manufacturing (LM) is an emerging technology which enables complex 3D parts to be built
directly from their CAD models, as a stack of 2D layers. It is revolutionizing the field of CAD/CAM
because it allows the designer to create rapidly a physical version of the CAD model (literally on
the desktop) and to “feel and touch” it, thereby detecting and correcting flaws in the model early
on in the design cycle. Moreover, it opens up the possibility of directly building functional parts
composed of multiple materials—something that is not possible via conventional manufacturing
methods.
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Figure 1: The stereolithograpy apparatus.

Figure 1 depicts a well-known LM process called StereoLithography [13]. The input is a surface
triangulation of the CAD model in a format called STL. (The STL format is the de facto input
standard in the LM industry; it consists of an unordered list of the triangles in the triangulation,
along with their outward unit normals.) The model is oriented suitably, sliced by horizontal planes,
and built vertically, as follows: The laser traces out the contour of each layer on the surface of the
photocurable liquid and cross-hatches the interior, causing it to harden and attach to the previous
layer. The platform is then lowered by an amount equal to the layer thickness and the next layer
is built similarly atop the previous one. Simultaneously, support structures are also generated to
prop up portions of the current layer that overhang the previous layer. Towards this end, the CAD
model is analyzed beforehand and a description of the supports is generated and merged into the
STL file. After it is built, the part is postprocessed to remove the supports and to improve the
finish, which has a stair-stepped appearance due to the non-zero layer thickness. Figure 2 illustrates
stair-stepping by showing the cross-section of a four-sided “cylinder” that is normal to the paper.
Facets that are not parallel to the build direction d will experience stair-stepping.

1.1 Geometric issues in Layered Manufacturing

A key process-planning step in LM is choosing the model’s orientation, or, equivalently, the build
direction. This choice impacts, among other things, the number of layers, the surface finish, the
quantity of supports, and the area of contact between supports and part. These, in turn, affect the
speed, throughput, and cost of the process. For example, if the “cylinder” in Figure 2 is built in
the indicated direction d, then it will have a stair-stepped finish and will require supports under
facet 14 (along its entire length normal to the paper). If it is built normal to the paper, no supports
are needed and there is no stair-stepping except possibly on the top and bottom facets (where we
mean “top” /“bottom” w.r.t. the build direction); however, the number of layers will be very large.
Presently, the build direction is chosen by the human operator, based on experience, so that the
number of layers and the quantity of supports is “small” and the surface finish is “good”. However,
this approach is both time-consuming and prone to errors and there is an urgent need for computer
algorithms that can automate this step. Indeed, the problems that we consider here are motivated,
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Figure 2: Illustrating stair-stepping. The figure shows the cross-section of a 4-sided “cylinder”.
The cylinder is normal to the paper and has a uniform cross-section along its entire length. Facets
that are not parallel to the build direction will have a stair-stepped finish.

in part, by discussions with engineers at Stratasys, Inc.—a leading Minnesota-based manufacturer
of LM machines.

As illustrated above, a single build direction will, in general, not optimize multiple design criteria
simultaneously. Thus it is important to find a build direction which reconciles multiple criteria in
a meaningful way. In this paper we formulate and solve several such multi-criteria optimization
problems.!

1.2 Some design criteria for LM

Throughout the paper, we denote by P the polyhedron that we wish to build and by n the number
of vertices in P.2 We let d denote the build direction. The criteria of interest include:

STAIR-STEP ERROR (CRITERION Cg; ): The degree of stair-stepping on a facet, f, depends on the
angle between the facet normal and d, and it can be mitigated by a suitable choice of d. In
[4], the notion of an error-triangle for a facet is introduced as a way of quantifying stair-stepping
(Figure 2). For a direction d, we define the stair-step error, Csr(d), as the maximum height of the
error triangle, taken over all facets.

VOLUME OF SUPPORTS (CRITERION C,,;): The quantity of supports used affects the build time
and the cost of raw materials. If P is convex, then the support volume, Cy,;(d), for direction d is
the volume of the region enclosed between P and the platform, i.e., the volume of the polyhedron
which is bounded from below by the platform and from above by the back facets of P w.r.t. d,
i.e., the facets whose outward normals make an angle greater than 7/2 radians with d. If P is
non-convex, then the supports for some facets may actually be attached to other facets instead of
to the platform, and hence the structure of the supports is more complex.

! Besides the build direction, process planning in LM is also affected by other factors, such as, for instance, the
STL format which is redundant, error-prone, and devoid of topological information, and hence not very conducive to
efficient processing. However, we do not address these issues here.

2Note that because of the STL representation, the input is polyhedral.



CONTACT-AREA OF SUPPORTS (CRITERION Cgpeq): For direction d, we define Cgpeq(d) as the area
of P’s surface that is in contact with the supports. This area affects the postprocessing time, since
the supports that “stick” to P must be removed, and the parts of P that were in contact with
supports must be further processed (e.g., sanded) to improve their finish. If P is convex, then
Carea(d) is the total area of the back facets (including the area of facets that rest on the platform).
If P is non-convex, then Cgype,(d) is the total surface area that is in contact with the supports. (It
includes the areas of all back facets and portions of the other facets.)

NUMBER OF LAYERS (CRITERION C,;4): As layer thickness is often measured in thousandths of
an inch, the number of slices can run into the thousands if the part is oriented along its longest
dimension. This can increase the build time considerably. If the layer thickness is fixed, then for a
given build direction d, the number of layers is proportional to the width of P in direction d, i.e.,
the smallest distance between two parallel planes that are normal to d and which enclose P. We
denote this by Cyq(d).

In previous work [16], we show how each of the first three criteria can be optimized, when
considered independently. Specifically, we show how to find a d which minimizes Cy,(d) in time
O(nlogn), for any polyhedron P, and how to find a d which minimizes Cyo;(d) or Cyreq(d) in O(n?)
time for convex P. Finally, a d minimizing Cy;4(d) can be computed in O(n?) time [12].3

We close this discussion by noting that in considering the criteria Cgy, Cyor, and Cgypeq, We have
assumed implicitly that all facets are equally important. In practice, however, it is possible that
certain facets are more important functionally than others, so the designer may require that these
be safeguarded by, for instance, not allowing supports to touch them. We address this problem in
a separate paper [19].

1.3 Formulation of multi-criteria optimization problems in LM

We investigate our problem under three formulations of multi-criteria optimization. We describe
these below in the context of two generic criteria, C; and Cy, but we emphasize that our methods
extend easily to more than two criteria.

THRESHOLD FORMULATION: Find a build direction d such that C;(d) < p; and Cao(d) < p2, where
p1 > 0 and p2 > 0 are designer-specified real numbers.

For instance, if C; and Cy correspond to support volume and contact-area, respectively, then
the designer could insist that the support volume be a fraction (e.g., 50%) of the part’s volume and
the contact-area be a fraction (e.g., 25%) of the part’s surface area. Then p; and p, would be the
appropriate fraction times the part’s volume or surface area, respectively.

WEIGHTED FORMULATION: Find a build direction such that w,C; + woCsy is minimum, where wq
and wo are designer-specified real numbers reflecting the relative importance of the two criteria.

SEQUENTIAL FORMULATION: Among all build directions minimizing C;, find one minimizing Cs.

1.4 Contributions of this paper

We provide a suite of algorithms that provably optimize different combinations of the above-
mentioned criteria under the three formulations. To our knowledge, these are the first such results

3A faster (randomized) algorithm, which runs in roughly O(n'-®) time is known [1] but it is not well-suited for
our purposes here.



for this problem. These algorithms incorporate our earlier algorithms for single-criterion optimiza-
tion [16] as building blocks, and are modular in the sense that solutions for different combinations
of criteria can be derived quickly by combining the appropriate single-criterion algorithms. We
have also implemented some of our algorithms and tested them on a variety of STL files obtained
from industry.

In the course of solving the multi-criteria problems, we also provide algorithms for solving
the constrained versions of two fundamental geometric problems, namely, computing the width of
a polyhedron in three-dimensions (i.e., the smallest separation between two parallel planes that
sandwich the polyhedron) and computing the largest empty disk for a set of point-sites on the
unit-sphere, 82 (i.e., the largest spherical disk that does not contain any site in its interior). The
problems are constrained in the sense that the search space (in the former case, the set of directions
realizing the width, and, in the latter case, the center of the largest empty disk) is restricted to a
polygonal region on $2. Previously, only the unconstrained width problem and the planar version
of the largest empty disk problem had been investigated [12, 18]. We establish new geometric
characterizations for these constrained problems, which may be of independent interest.

Our results also demonstrate the applicability of a number of techniques from computational
geometry, including construction and searching of various arrangements on the unit-sphere, three-
dimensional convex hulls, Voronoi diagrams, point location, and hierarchical representations of
polyhedra. Additionally, we also employ methods from continuous optimization such as Lagrange
Multipliers.

A limitation of our work is that the solutions involving “support volume” or “contact area”
as a criterion are applicable only to convex polyhedra. We are investigating these problems for
non-convex polyhedra. We note that our solutions for “stair-step error” and “number of layers”
are applicable to any polyhedron, even one with holes—and these are the ones that we have imple-
mented.

1.5 Prior work

While there has been a fair amount of work done on single-criterion optimization for LM (e.g.,
(2, 3, 11, 15, 16, 17]), the only work that we have come across for multi-criteria optimization in LM
is [7], which considers two criteria—accuracy and build time—under the sequential formulation.
(Reference [7] also mentions two technical reports [14, 20] that appear to consider related problems.)
The solution proposed in [7] is not optimal since it restricts the search space to the set of facet
normals, which are then checked exhaustively. (By contrast, our solutions here are all provably
optimal.)

The rest of the paper is organized as follows: In Section 2, we review briefly our earlier results
on single-criterion optimization. In Section 3, we describe our new results for constrained geometric
problems. In Section 4, we show how to combine these results to solve the multi-criteria problems
of interest. We describe our experimental results in Section 5, and conclude in Section 6.
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Figure 3: The error triangle height for a facet f.

2 Single-criterion optimization—an overview

2.1 Minimizing stair-step error

Given a polyhedron P, we wish to find a direction d which minimizes the maximum error-triangle
height, Cyr(d). Let ¢7(d) denote the error triangle for facet f € P and let hy(d) denote the height
of t;(d). If ny is the outward unit-normal to f, it is easy to see that hy(d) = Lcos6s(d), where L
is the layer thickness and 6;(d) is the smaller of two angles, one between d and n; and the other
between d and —ny. (See Figure 3.) We seek a direction d such that Cy,(d) = max; Lcos 07(d) is
minimized, i.e., miny 0¢(d) is maximized.

Consider the set S = {n;NS?, —n;NS?|f is a facet of P} of O(n) sites on $. Our problem is
to find a point d on $? such that the minimum angle between it and the sites is maximized. Let us
define a disk on $2, with center d and radius 6, as the set of all points on $? that are at a distance
of at most # from d, as measured along the surface of §2. Clearly, our problem is equivalent to
finding the center d of the largest-radius disk whose interior does not contain any site, i.e., a largest
empty disk. It can be shown that the desired center is a vertex of Vor(S)—the Voronoi diagram of
S on §2. (Equivalently, the desired center is the normal from the origin to a facet of the convex
hull of S [16].) Thus our problem can be solved in O(nlogn) time.

Let R be a face of Vor(S) and let ng be the site of S associated with it (i.e., any point in R’s
interior is closer to ng than to any other site). Then, for any d € R, the largest empty disk with
its center at d contains ng on its boundary. Hence, if fz(d) is the angle between ng and d, then
the stair-step error for any d € R is given by Lcosfr(d) = L(ng - d), which is a linear function of
the form Agz + Bry + Crz, where d = zi+ yj + zk and Agr, Br, and Cg are constants depending
only on ni and L. We will use this fact in Section 4.2.

2.2 Minimizing contact-area of supports

For convex P, a facet f € P needs support for direction d iff it is a back facet. Thus, all directions
for which f needs support can be represented on §? by an open hemisphere, h > with center —nj.



Let Agrea be the arrangement of the great circles bounding all hy’s. If R is any face of Agrea,
then for all d € R, the same facets of P require support, and so the total contact area, Cgpeq(d),
for all such d is a constant Cgpeq(R). Thus we need to find a face, R, of Ay, for which Cgpeq (R)
is minimum. In [16], we show how to do this in O(n?) time using a planar (topological) sweep
algorithm [10].

2.3 Minimizing volume of supports

For convex P, the combinatorial structure of the supports for a direction d is determined by the
back facets and by the vertex of P that is farthest away in direction —d. (This is the vertex
touching the platform when P is built along d; we call it the extreme vertez of P w.r.t. d.)

Let A, be an arrangement on $? with the property that, for any face R € Ay, the back
facets and the extreme vertex are the same for any d € R. Thus, the combinatorial structure of
the supports (but not their volume) is invariant within R. A,, can be computed as the overlay of
two arrangements of great arcs, Agreq and Aegzi: Agreq (defined in Section 2.2) is an arrangement of
great arcs, each of whose faces represents all directions for which the back facets of P are invariant.
Aegt is an arrangement of great arcs, each of whose faces represents all directions for which the
extreme vertex of P is invariant. This arrangement was introduced in [5] and we refer the reader
to that source for more details.

As proved in [16], for any d = zi+yj+ zk in R, the support volume is of the form Az? + By? +
Cz%2 + Dzy + Eyz + Fxz. In [16], we find the best d within R by using the Lagrange Multipliers
method, subject to the constraints z? + y? + 22 = 1 and a;z + b;y + c;z > 0 for each great arc r;
bounding R. (Here A, B,...,F and a;, b;, and ¢; are constants.) The volume formula is updated
incrementally and efficiently by visiting the faces in a depth-first order. The algorithm runs in
O(n?) time.

2.4 Minimizing the number of layers

Let P be a polyhedron and let C'H(P) be its convex hull. Vertices u and v of C H(P) are an antipodal
vertez-vertex pair (V'V pair) if P can be contained between parallel planes passing through u and
v. Antipodal vertez-edge (VE), vertex-facet (VF), and edge-edge (EE) pairs are defined similarly.
(Antipodal edge-facet and facet-facet pairs are subsumed by antipodal vertex-facet pairs, and hence
not considered.) In [12], it is shown that a direction d minimizing the width Cy;4(d) must be
perpendicular to the parallel planes for a VF or an E'FE pair. The VF and EFE antipodal pairs can
be determined as follows [6]:

The upper and lower hulls of CH(P) are mapped to two subdivisions, A, and A;, on §?. The
vertices of these subdivisions are in 1-1 correspondence with the facet normals of CH(P), and
two vertices are joined by a great arc if the corresponding facets share an edge. The faces of the
subdivisions are in 1-1 correspondence with the vertices of CH(P). The V F pairs are obtained
from A, and A; by locating each vertex of A, in a face of A;, and vice versa. The FFE pairs are
obtained by computing the overlay, A,;q, of A, and A; and taking the edge intersections. The
running time is O(n?).

For later reference, we note the following properties of A,;4: The vertices correspond to direc-
tions that are normal to the parallel supporting planes of antipodal V F' or EFE pairs. The interior
of any edge (resp., face) corresponds to directions that are normal to the parallel supporting planes
of antipodal VE (resp., VV) pairs. Consequently, we have the following observation: Let E be



any element of Ay;q, i.e., a vertex, edge interior, or face interior, and let f; and fo be any of the
following pairs of features of CH(P): two vertices, two edges, a vertex and a facet, or a vertex and
an edge. Then, for any d = xi +yj + zk in E, the same two features of C H(P) determine C;q(d).
Moreover, let u; and us be the position vectors of any points on f; and fs respectively. Then for
any d € E, Cyig(d) = (u; — u2) - d (assuming u; is above uz w.r.t. d). Thus, Cyis(d) is a linear
function of the form Agx + Bry + Cgz, where Ag, Bg, and Cg depend only on E. We will use
this fact in Section 4.1.

3 Solving geometric problems in a constrained domain

We now discuss how to solve the width, stair-step error, and support volume problems when d is
restricted to a polygonal region on S2. These results will be used as subroutines in our multi-criteria
algorithms in Section 4. We begin with a utility lemma:

Lemma 3.1 (i) Let A and B be arrangements of O(n) great arcs each on 8. Then the overlay,
C, of A and B can be computed in O(n?) time.

(i) Let R be a convex polygon on S° composed of great and/or small arcs and let A be an
arrangement of O(n) great arcs on S?. Then the overlay, A', of R and A, restricted to the region
R, has size O(n? +|R|) and can be computed in O(n?+nlog|R|+ |R|) time, where |R| denotes the
number of vertices of R.

Proof We prove part (i) as follows: Let a be any great arc of A or B and let G, be the great
circle containing it. We add the G,’s one by one to the initially empty arrangement. We compute
the intersections of each G, with the current arrangement and retain only those that also belong
to a. By the zone theorem [8], which is also applicable to great circles, due to central projection,
this takes O(n) time per Gy, hence O(n?) time in all.

The proof of part (ii) is as follows: A’ has three types of vertices: (a) vertices of A inside/on
R, (b) vertices of R, and (c) intersections between arcs of A and arcs of R. The number of vertices
of type (a) is O(n?) and the number of vertices of type (b) is O(|R|). The number of vertices of
type (c) is O(n) since, by convexity, each great arc of A can intersect R at most twice. Therefore,
A’ has size O(n? + |R|). To compute it, we start with the polygon R, and add the great circles, G,
corresponding to the great arcs, a, of A one at a time. We compute the at most two intersections of
the current G, and R in O(log |R|) time using binary search on R (this yields the type (c) vertices).
We then walk along G, through the part of the current arrangement that is in the interior of R,
from one intersection point to the other, and compute the intersection of G, with previously added
great circles (type (a) vertices). We retain only those intersections that are also on the great arc
a. By the zone theorem [8], applied to G, and the great circles, this takes O(n) time per G,. The
time bound follows. |

3.1 The constrained width problem

The problem here is to minimize Cy;(d) when d is restricted to lie within a convex polygonal
region, R, on §2, bounded by great arcs. Note that the antipodal VF or EE pair which minimizes
the width of P in the unconstrained case may not yield a direction lying in R. Indeed the minimum
width may now be determined by some other type of antipodal pair, as the following lemma shows.



Lemma 3.2 Let P be a polyhedron and let R be a convez polygon on 8% which is bounded by great
arcs. A width-minimizing direction, d, lying in R satisfies one of the following:

(i) it is perpendicular to the parallel supporting planes associated with an antipodal VF or EE pair
of CH(P) and lies in the interior of R, or in the interior of an edge of R, or coincides with
a verter of R,

(ii) it is perpendicular to the parallel supporting planes associated with an antipodal VE pair of
CH(P) and lies in the interior of an edge of R or coincides with a vertex of R,

(iii) it is perpendicular to the parallel supporting planes associated with an antipodal V'V pair of
CH(P) and coincides with a vertex of R.

Proof Any direction in R must lie either in the interior of R, or in the interior of an edge of R,
or must coincide with a vertex of R. Moreover, any such direction must be perpendicular to the
parallel supporting planes associated with an antipodal VF, or VE, or EE, or VV pair of CH(P).
The only possibilities for d, other than those given by the lemma, are that (a) it lies in the interior
of R and is perpendicular to the parallel supporting planes of an antipodal VE or VV pair, or (b)
it lies in the interior of an edge of R and is perpendicular to the parallel supporting planes of an
antipodal V'V pair.

Consider such a direction d. Suppose that case (a) holds and suppose that the antipodal pair
in question is a V E pair. Thus, one of the parallel supporting planes, hq, contains an edge, e, of
CH(P), and the other plane, hy, contains a vertex, u, of CH(P). Direction d is perpendicular
to h1 and ho and is in R’s interior; without loss of generality assume d coincides with the normal
of hy that is directed outwards from the region enclosed by hi and ho. If we rotate h; and ho
infinitesimally about e in either direction, such that they remain parallel and contain e and u, then
the outward normal of h; moves along a great arc and remains in R’s interior. As shown in [12],
one of the two rotations will yield a width less than C,;4(d)—a contradiction. A similar discussion
applies for a V'V pair in case (a) or case (b). (In case (b), we can rotate the supporting planes
such that the width-reducing direction stays in the interior of the edge in question, which yields a
contradiction). |

From Lemma 3.2 and the properties of A,;4 in Section 2.4, it follows that the optimal direction
for the constrained minimum width problem is (1) a vertex of R, or (2) a vertex of A4 lying in
the interior of R or in the interior of an edge of R, or (3) the intersection of the interior of an edge
of A.q with the interior of an edge of R.

Theorem 3.1 A width-minimizing direction for an n-vertex polyhedron, where the directions are
restricted to a convez polygon R on $? composed of great arcs, can be found in O(n?+nlog|R|+|R|)
time.

Proof The number of candidate directions of types (1)—(3) listed above are, respectively, O(|R|),
O(n?), and O(n). These points can be identified by constructing the overlay of R and A, in
O(n?+nlog|R|+|R|) time (Lemma 3.1(ii)), which implies the same time bound for the constrained
width problem. |

Remark 3.1 This method can be extended to regions R composed of small arcs. The directions
given by Lemma 3.2 remain candidates. In addition, we need to consider each direction that



corresponds to a V'V pair lying in the interior of a small arc of R. (For a V'V pair, (u,v), a width-
reducing direction is obtained by passing any pair of parallel lines, /,, and [,, through v and v, and
rotating the supporting planes about [, and l,—see [12]. This rotation yields a great arc, not a
small arc. Thus, if a V'V pair lies in the interior of a small arc then it may not be possible to find
a rotation which reduces the width. Hence, a width-minimizing direction could lie in the interior
of a small arc.)

To handle such directions, we divide the boundary of R into segments such that within a
segment, the same V'V pair determines the width of P. By the properties of Ay;g (Section 2.4),
each such segment lies in the interior of a face of Ay;;. The division of R into segments can be
accomplished by first intersecting each great circle containing an arc a € A, with R and retaining
only those intersections that are on a. This gives O(n) intersections. We sort the intersections
on each edge of R to obtain the desired segments. This takes O(|R| + nlogn) time. As noted
in Section 2.4, the width within a segment, F, is a linear function Agpz + Bgy + Cgz. We find
the minimum of this function by solving an optimization problem under the constraint that the
direction must lie within the segment. Specifically, let s be such a segment with endpoints p and
g, and let o be the center of the small circle, C, corresponding to s. Let H be the plane such that
C = HNS?% Let d = zi + yj + zk be the desired direction. Then the optimization problem is of
the form:

Minimize  f(z,y,2z) = Agx + Bgy + Cgz

Subject to 2%+ 1y?> +22=1 (d lies on §?)
ax +by+cz=d (dlies on H)
dr+by+cdz>0 (dand s lie on the same side of the plane
defined by the points p, o and the origin)
a’t +0"y+"’2>0 (d and s lie on the same side of the plane
defined by the points ¢, o and the origin)

Thus, the four constraints ensure that d lies on s. This problem can be solved using the method
of Lagrange Multipliers in constant time. Coupled with Theorem 3.1 we have:

Theorem 3.2 A width-minimizing direction for an n-vertex polyhedron, where the directions are
restricted to a conver polygon R on $§% composed of great and/or small arcs, can be found in

O(n? +nlog|R| + |R|) time. |

3.2 The constrained largest empty disk problem on S?

Let S be a set of n sites on §? and let R be a convex polygon on $? which is bounded by great
and/or small arcs. We wish to find a largest disk, D, on S? which contains no site in its interior
and whose center lies in R. The unconstrained problem can be solved in O(nlogn) time using
the Voronoi diagram, Vor(S) [18]. The following lemma characterizes the optimum center for the
constrained problem.

Lemma 3.3 The center, d, of the largest empty disk, D, for a set, S, of sites on S?, where d is
restricted to a convex polygon, R, composed of great and/or small arcs, satisfies one of the following:

10



i) it coincides with a vertex of Vor(S) lying in the interior or on the boundary of R,

(
(ii) 4t is the intersection of an edge of Vor(S) with the boundary of R,
(iii) 4t coincides with a vertex of R,

(

iv) it lies in the interior of an edge, r € R and in the interior of a face, F € Vor(S), and is the
farthest point on r N F from the site pp associated with F.

Proof Assume, for a contradiction, that d does not satisfy conditions (i)—(iv) of the lemma. Then
the only possibilities for d are: (a) it is in the interior of a face, F', of Vor(S) and in the interior of
R, or (b) in the interior of a face, F', of Vor(S) and in the interior of an edge, r, of R and it is not
the farthest point in the interior of 7 N F' from the site associated with F', or (c) it is in the interior
of an edge, e, of Vor(S) and in the interior of R.

Consider case (a). Let pp be the site of S associated with F. Thus, pr is the only site on the
boundary of D. Since d is in the interior of both R and F, there is a point d’ € R, on the great
circle through pr and d, such that d’ is further away from pp than is d; furthermore, the disk
centered at d’ is empty. This implies that d’ is the center of an empty disk which is larger than
D—a contradiction.

Next, consider case (b). Let pr be the site associated with F. Then, there is another point d’
in the interior of » N F' such that its distance from pr is larger than the distance between d and
pr. Therefore, d’ yields a larger empty disk than D.

Finally, consider case (c¢). Let p; and ps be the sites whose Voronoi faces share e. The great
arc through p; and p, is perpendicular to (the great circle through) e. Moreover, p; and ps are the
only sites on D’s boundary. Clearly, there is a point d’ on e, which is on one side of d or the other,
such that d’ is further away from p; and p, than is d. Again, d’ yields a larger empty disk than
D. |

The following lemma is useful in identifying directions d that satisfy condition (iv) in Lemma 3.3.

Lemma 3.4 Let r be an arc of a small/great circle and let p be a site on S?. Let C be the
small/great circle containing r. Let G be the great circle determined by the intersection of 8% with
the plane which passes through p and the origin and is perpendicular to the plane containing C.
Then the point on r that is furthest from p is either an endpoint of r or an intersection point of G
and r.

Proof We first prove the result for the case where r is a small arc. Let oc and r¢ be the center
and radius of C, respectively. We may assume, without loss of generality, that the plane containing
C is perpendicular to the positive z-axis and that p = (p;,0,p,), where p; > 0. Thus G is in the
zz-plane. (See Figure 4. To avoid clutter, the arc r itself is not shown.) Of the two intersection
points between G and C, let g be the one closer to p. Let h be the height of C' above the zy-plane.
Then ¢ has coordinates (r¢,0,h). Let ¢ be any point on C and let it make an angle o with og.
The coordinates of t are (r¢ cos a, r¢ sina, h). The square of the Euclidean distance between p and
tis (rccosa —pg)? + (rgsina)? + (b — p,)? = po2 +rc? + (h — p,)? — 2pyro cosa. Thus, as «
increases from 0 to 7 (resp. from 7 to 27), the Euclidean distance between p and t increases (resp.,
decreases) monotonically (or remains constant if p, = 0). Clearly, the same is true of the distance
between p and ¢ as measured along 2.
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i

Figure 4: Finding the point on the small circle, C, which is furthest away from p.

Suppose that the endpoints of r make angles 6; and 69, respectively, with 8g. Clearly, if
m & [61,62], then the maximum distance between p and r is attained at one of the endpoints of ;
otherwise, it is attained at the point G N r for which a = .

The above discussion carries through unchanged if r is a great arc. (Note that in this case our
assumption about the orientation of C' implies that it is the equator.) |

The above discussion leads to the following result for finding a constrained largest empty disk.

Theorem 3.3 For a set, S, of n sites on 82, a largest empty disk whose center is constrained
to lie in a convez polygonal region R composed of great and/or small arcs can be found in time

O(nlogn + nlog|R| + |R|logn).

Proof We compute Vor(S) and preprocess it for point location queries; this takes O(nlogn) time.
There are O(n), O(n), and O(|R|) candidate directions of types (i)—(iii) in Lemma 3.3. (There are
only O(n) candidate points of type (ii) since each great arc of Vor($S) can intersect R at most twice.)
These can be identified in O(n log |R|) time. (For type (i) and type (ii) points we use binary search
on R.) For type (i) and (ii) points, the corresponding empty caps can be identified in constant
time apiece since they are determined by the sites associated with the Voronoi faces that share the
Voronoi vertex (in type (i)) or Voronoi edge (in type (ii)). For type (iii), we do a point location
query in Vor(S) for each vertex of R; this takes O(|R|logn) time.

To determine points of type (iv), we divide the boundary of R into segments such that each
segment lies completely within a face of Vor(S). This yields O(n + |R|) segments. Let r be such
a segment lying in face F' and let pr be the site associated with F. We need to find the point on
r which is furthest from pp. This point can be found in O(1) time using Lemma 3.4. Thus, the
candidate points of type (iv) can be found in O(n + |R|) total time. The time bound follows. W

3.3 The constrained minimum support volume problem

We wish to find a d which minimizes the volume of supports required by a convex polyhedron P
when d is restricted to lie in a convex polygon R whose boundary consists of great arcs and/or
small arcs. The idea is to use the support volume minimization algorithm given in [16] on only
those faces of A, (or portions thereof) that are also in R. Towards this end, we compute the
overlay of R and A,y in O(n? +nlog|R| + |R|) time (Lemma 3.1(ii)). The arrangement of interest
to us is the part of A,y which is inside R. This has size O(n? + |R|). Thus, the support volume
minimization algorithm runs in O(n? + |R|) time [16].
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Figure 5: The band corresponding to a facet f.

Theorem 3.4 A support volume-minimizing direction for a convexr n-vertex polyhedron, where the
directions are constrained to lie inside a convez polygonal region R on 8% composed of great and/or
small arcs, can be found in O(n? + nlog|R| + |R|) time. |

4 Computing a build direction to reconcile multiple criteria

In this section we combine the results established in previous sections to solve several multi-criteria
optimization problems arising in LM. Throughout, the polyhedron P is assumed to be convex if
one of the criteria is “support volume” or “contact-area”; otherwise, P can be non-convex.

4.1 Threshold formulation

Recall from Section 1.3 that our problem is to find a direction d such that C1(d) < p; and Ca(d) <
p2-
STAIR-STEP ERROR AND WIDTH: Suppose that C; = Cg; and Cs is Cyq. We compute the directions
d for which Cy,(d) < pi as follows: We require that Cy,.(d) = maxy Lcoséy(d) be at most p;.
That is, Lcos6s(d) < p; for all facets f, i.e., 04(d) > cos™ (p1/L) for all f. Let 6 = cos™" (p1/L).
For each facet f, the directions d such that §;(d) > 6 can be represented by the complement of
the union of two open disks of radius # and centers ny and —n;. This complement, which we call
a band, consists of two parallel small circles at a distance of 7/2 — 0 on either side of the great
circle defined by n; (Figure 5). Thus, the desired set of directions d for which Cy,(d) < py is the
intersection of such bands for all facets f € P. This is a set of regions bounded by arcs of small
circles. The total size of the regions is O(n) and they can be computed in time O(nlogn). To
see this, consider, for each band, the two halfspaces whose bounding planes pass through the small
circles of the band and which enclose it. The intersection of these halfspaces is a convex polyhedron
of size O(n). Then the desired regions are the intersections of this polyhedron with the boundary
of §2. These have total size O(n) because each vertex of a region is the intersection of an edge
of the polyhedron with the sphere and there can be at most two such intersections per edge. The
intersection of the halfspaces can be computed in time O(nlogn) [18] and the resulting convex
polyhedron can be intersected with §? in O(n) additional time.

We now solve the constrained minimum width problem within each region using Theorem 3.2
and check if the resulting width meets the threshold po. Since the total size of the regions is O(n),
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and the regions are disjoint, the total time is O(n?).
A similar approach works if Cy is Cy, except that we solve the constrained minimum support
volume problem in each region using Theorem 3.4.

Theorem 4.1 For an n-vertezx polyhedron P, the threshold formulation for the pair (Csyr,Cuiq) can

be solved in O(n?) time. If P is convez, then the problem for the pair (Cgy,Cuyor) can also be solved
in O(n?) time. |

SUPPORT CONTACT-AREA AND WIDTH: Suppose that C1 = Cgreq and Co = Cyuug. We construct
Aarea and compute Cgpeq (R) for each face R in O(n?) time (Section 2.2). For each face R such that
Carea(R) < p1, we compute the direction dg € R which minimizes Cy. If Co(dg) < p2, then dg
satisfies both thresholds; if Co(dg) > p2 for all R such that Cypeq(R) < p1, then no direction exists
which satisfies both thresholds.

Minimizing Cy over R is merely the constrained minimum width problem (Theorem 3.1). A
straightforward approach is to apply this theorem to each candidate face R in turn, which could
take O(n3) time. However, there is a more efficient approach based on the observation that the
candidate faces all come from the same arrangement, i.e., Agreq-

We compute the overlay, A, of Agreq and Ayiq. A has size O(n?) and can be computed in O(n?)
time (Lemma 3.1(i)). A has three types of vertices: (i) vertices of Agpeq, (ii) vertices of A,y;q, and
(iii) intersections between arcs of Agpeq and Ayig. This coupled with Lemma 3.2 implies that the
directions dg of interest, taken over all candidate faces, R, of Agypeq, are the vertices of A that are
in the interior or on the boundary of R. We can identify these vertices as follows:

Any region R € A e, is divided into one or more regions R’ in A. Thus the candidate directions
are boundary vertices of R'. As seen in Section 2.4, for any build direction d = xi +yj + zk in R/,
the width is a linear function of z, y, and z, with the coefficients depending only on R'; we denote
the function for the width in R’ by Cyiq(R'). Furthermore, for any d in R’, the contact-area is a
constant; we denote this by Cgpeq(R').-

We visit all the faces of A in the order given by a depth-first search of the dual graph of A. As
we visit each face, R’ € A, we update the value of Cypeq(R') and also the formula for Cyiq(R'). We
can update these quantities incrementally, in O(1) time, using the corresponding quantities from
the previous face visited in the depth-first search. For each face R’ such that Cypeq (R') < p1, we also
compute Cyq(v) for each vertex, v, on the boundary of R'. If Cy;q(v) < po, then v satisfies both
thresholds; if Cyiq(v) > po for all such v, then no direction exists which satisfies both thresholds.

A similar approach works if Co = Cgr or Co = Cyy;-

Theorem 4.2 For an n-vertex convex polyhedron P, the threshold formulation for pairs (Carea,Cwid),
(CareasCstr), and (Careq,Cyot) can be solved in O(n?) time. |

4.2 'Weighted formulation

Recall that here we wish to find a build direction such that wiCi + w2Cs is minimum.

STAIR-STEP ERROR AND WIDTH: Suppose that C;1 = Cg4, and Cy = Cyyq- Let S be the set of sites
on $? corresponding to the facet normals of 7 and their negations, as defined in Section 2.1. We
construct Vor(S) and Ayig, and compute their overlay, A, in O(n?) time. Then we know (from
Sections 2.1 and 2.4) that within a face, R, of A, the formula for the stair-step error is of the form
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Cstr = Arz + Bry + Crz and the formula for the width is of the form Cyq = Az + By + Chz.
Therefore, within R, we need to minimize wi(Arz + Bry+ Crz) + wa(ARz + By + Ckz), which is
again a linear function. This problem is similar to the optimization problem described in Section 2.3
(except that the objective function is now linear), and it can be solved in O(n?) total time. The
formula can also be updated in a total time of O(n?) as we visit all the faces of A in a depth-first
order.

We can use this approach to solve for other criteria combinations also. Note that Cgpeq is a
constant within a face of Agpeq, while Cyy; is a quadratic function within a face of A,y (Section 2.3).

Theorem 4.3 For an n-vertezx polyhedron P, the weighted formulation for pair (Csy,Cuiqg) can be
solved in O(n?) time. If P is convez, then the weighted formulation for the other pairs can also be
solved in O(n?) time. |

4.3 Sequential formulation
Here we wish to find among all directions that minimize C;, the one that minimizes Cs.

STAIR-STEP ERROR AND WIDTH: Consider the case C; = Cg4, and Co = Cyyq- Recall from Section 2.1
that the directions that minimize Cg4;, must coincide with a vertex of Vor(S). There could be O(n)
such directions. Among these directions, we need to find a d minimizing C,;;(d). We do this by
computing and preprocessing CH(P) into the hierarchical data structure described in [9], so that
given any query direction the extreme vertices in that direction, and hence the width of P in that
direction, can be found in O(logn) time. Thus, we have:

Theorem 4.4 For an n-vertex polyhedron P, the sequential formulation for pair (Csyr,Cyiq) can
be solved in O(nlogn) time. |

STAIR-STEP ERROR AND SUPPORT VOLUME: Next, let C; = C4, and Co = Cyp;. We construct the
arrangement A,,;, and compute and store the formula for the volume of supports, C,,;, for each
face, R, in A,y (Section 2.3). Then for each candidate direction, d we do a point location in A,y
to determine the face R and compute C,,;(d). We then find the overall minimum. All this can be
done in O(n?) time (O(nlogn) time to find the candidate directions, O(n?) time to compute Ay,
and the formulae for C,,; within each face of A,,;, and O(nlogn) time for the O(n) point location
queries). Clearly, the same approach can be used to solve the problem if Co = Cypeq-

Theorem 4.5 For an n-vertex convez polyhedron P, the sequential formulation for pairs (Csir,Cyor)
and (Cstr,Carea) can be solved in O(n?) time.

WIDTH AND SUPPORT VOLUME: We could use the above approach for (Csr,Cyei) to also handle
the pair (Cyiq, Cvor). However, this will require O(n?logn) time as there could be O(n?) candidate
directions (since each vertex of A4 is a candidate direction). However, we can solve this problem
in O(n?) time using a different approach, which does not require point-location. Let A be the
overlay of Ay;q and A,,. Note that the minimum width can occur only at vertices of A that are
also vertices of Ay;q. We visit all the faces of A in the order given by a depth-first search of the
dual graph of A. As we visit each face, R, we update the width formula C;4(R), for R, calculate

Cuwiq at each vertex of R, and keep track of the minimum value C;;;, of Cyiq. Next, we perform a
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second depth-first search of the dual of A, this time keeping track of the volume formula, C,;(R),
for R. At each vertex, v of R, if Cyq(v) = C},;, then we calculate Cy(v). We finally output that
v for which Cyiq(v) = C!;; and Cyp(v) is the minimum. All this can be done in O(n?) time. A
similar approach can be used if Co = Cgpeq Or Co = Cgy, with the latter solution holding for any
polyhedron. Therefore, we have:

Theorem 4.6 For an n-vertex polyhedron P, the sequential formulation for pair (Cyiq,Cstr) can
be solved in O(n?) time. If P is convez, then the problem for pairs (Cyid,Cuot) and (Cuwid,Carea) can
be solved in O(n?) time. |

SUPPORT CONTACT-AREA AND WIDTH: Let the minimum value of e, be Cj,,,. We minimize Cyq
within each face R € Agpeq such that Copeq (R) = Cj,, and find the overall minimum. This problem
can be solved in O(n?) time as discussed in Section 4.1 (Theorem 4.2). Clearly, a similar approach

works if Co = Cgr or Co = Cyyy-

Theorem 4.7 For an n-vertex convex polyhedron P, the sequential formulation for the pairs
(CareasCuwid), (CareasCstr) and (Carea,Cuol) can be solved in O(n?) time. |

5 Some experimental results

We have implemented a simplified version of our algorithm for the pairs (Csy, Cyig) and (Cujig, Csir),
under the sequential formulation. We chose the criteria Cgy and C,;q since our algorithms for these
are applicable to any polyhedron. We have tested our implementation on several real-world STL
models that we have obtained from our industrial partner, Stratasys, Inc.. Both implementations are
written in C, run on an SGI 100MHz, R4000 processor machine, and do convex hull computations
using the ghull routine (www.geom.umn.edu/software/download/ghull.html). We ran ghull
with the specification that whenever the cosine of the angle between the normals of two neighboring
facets of the convex hull was greater than 0.99, then the facets should be treated as co-planar and
merged.

5.1 (Csy,Cuig) under sequential formulation

In this version, we have not implemented the hierarchical data structure of [9] to find the extreme
vertices. Instead, we do this in time linear in the size of CH(P), which is usually much smaller
than that of P (as seen in Tables 1 and 2). Let S be the set of sites on $2 corresponding to the
facet normals of P and their negations (Section 2.1). To compute Cgy,-, we compute CH (S) and find
the facet(s) closest to the origin; the normal from the origin to each such facet yields the center of
a largest empty disk. Figure 6 shows the optimal orientation found by our algorithm for one of our
test parts—a speedometer component for an automobile, containing 16,720 facets. The value of
Cstr 18 0.968 x L and that of Cyyq is 3.33, where L is the layer thickness. By comparison, the width
of this part (ignoring the stair-stepping criterion) is 1.89—about half as large as found above. For
this part, the algorithm took about 9 seconds, excluding the time for graphical output.

Table 1 gives the results for all our test parts. (The sizes of the polyhedron and the convex hulls
in the table are the number of facets; also the Cg, values should be multiplied by the layer thickness
L.) The test parts, chosen so as to encompass a variety of geometries, included (i) a box cover with
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Figure 6: Optimal orientation found by our algorithm for the pair (Cgy,Cyiq), under the sequential
formulation. The coordinate axes have been chosen so that the z-axis points out of the paper, the
y-axis points rightwards, and the z-axis points upwards. The part has been oriented so that the
build direction is upwards, along the z axis. The part shown is a speedometer component for an
automobile, with about 16,720 facets (of which only a third are displayed for clarity). Notice that
the computed orientation is quite different from the natural orientation that one might expect, in
which the long axis of the part is vertical. Indeed, in industry, this part is built along its long axis,
usually with the narrow end down.

(Cstra Cwid)

Part name |P| | |CH(P)| | |CH(S)| | time (sec.) | Cstr | Cuid
cover-5.stl 906 13 1088 0.58 0.885 | 11.21
cylinder.stl | 3600 37 110 1.14 0.706 | 2.81
basex.stl 5487 16 1448 1.97 0.822 | 5.22
stlbin.stl | 9530 179 24494 10.17 0.958 | 3.14
speedo.stl | 16720 67 17180 8.76 0.968 | 3.33

Table 1: Results for the pair (Csi,Cyiq), under the sequential formulation
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Figure 7: Optimal orientation found by our algorithm for the pair (Cyiq,Csir), under the sequential
formulation. The part has been oriented so that the build direction is vertical, along the z axis.

several sloping internal surfaces and one hole (cover-5.stl), (ii) a cylinder (cylinder.stl), (iii)
a rectangular base for a part with numerous ridges (basex.stl), (iv) an electrical plug-like part,
composed of a hemisphere and a cylinder with four holes and four protrusions (stlbin.stl), and
(v) the speedometer component shown in Figure 6 (speedo.stl). One observation worth making
is that for parts whose facet normals were distributed fairly uniformly over §2, the value of Cg,
approached the maximum of 1.00 x L. This is to be expected since the largest empty disk then
becomes quite small.

5.2 (Cyia,Csty) under sequential formulation

We first compute the V' F pairs by finding for each facet of CH(P), the vertex farthest away from
the plane through the facet. Next we compute A, and A; directly on S? and find all EE pairs by
computing edge intersections between A, and A;. For each width-minimizing direction thus found,
we compute Cyy by checking each point in S, where S is the set of sites on §? corresponding to
the facet normals of P and their negations. Figure 7 shows the optimal orientation found by our
algorithm for the speedometer part. The value of C,q is 1.89 and that of Cg, is 0.998 X L, while the
minimum stair-step error (ignoring the width criterion) is 0.968 x L. For this part, the algorithm
took about 7 seconds, excluding the time for graphical output. Table 2 gives the results for the
same set of test parts as in Table 1. In each case, the width-minimizing direction is realized by a
V F-pair of CH(P) and the corresponding facet of C H(P) is parallel (or nearly parallel) to a facet
of P, thereby yielding a value for Cg4, that is equal to (or close to) 1.00 x L.

6 Conclusion

We have presented efficient algorithms for several multicriteria optimization problems in Layered
Manufacturing, under different formulations. These algorithms employ solutions to the single-
criterion optimization problems as building blocks. We note that although we have described our
results in the context of two criteria, they can be extended in a straightforward way to handle three
or more criteria. In general, the running times are asymptotically the same as for two criteria, since
the algorithms involve overlaying three or more arrangements of total size O(n?).

18



(Cwid’ Cstr)
Part name |P| |CH(P)| | time (sec.) | Cuwia | Cstr
cover-5.stl 906 13 2.61 4.78 | 1.000
cylinder.stl | 3600 37 3.30 1.98 | 0.997
basex.stl 5487 16 4.19 1.18 | 1.000
stlbin.stl 9530 179 5.77 2.48 | 1.000
speedo.stl | 16720 67 7.27 1.89 | 0.998

Table 2: Results for the pair (Cy;q,Cstr), under the sequential formulation
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