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Abstract

Robots operating in a workspace can localize themselves kyyimg nodes of a sensor-network deployed in the same warkspehis
paper addresses the problem of computing the minimum number lanenpent of sensors so that the localization uncertaintyetyepoint in
the workspace is less than a given threshold. We focus ongtrlation based state estimation where measurements fromemsnis must be
combined for an estimate.

This problem is NP-hard in its most general from. For the génersion, we present a solution framework based on integeatiprogramming
and demonstrate its application in a fire-tower placement. thlgkt, we study the special case of bearing-only locatratand present an
approximation algorithm with a constant factor performanoargntee.

Note to Practitioners

Sensor networks can provide robust and scalable solutmriket localization problem which arises in numerous automatiésks. A common
method for localization is triangulation in which measurerseéndtm two sensors are combined to obtain the location of @targ

In this work, we study the problem of finding the minimum numbed alacement of sensors in such a way that the uncertaintycatiation
is bounded at every point in the workspace when trianguiatioused for estimating the location of a target. We presergfficient geometric
algorithm for bearing-only localization which can be usedthe deployment of camera-networks. We also present a genemework for arbitrary
uncertainty metrics, and demonstrate its utility in an agpian where watchtowers are deployed to detect forest fires.

Index Terms

Sensor network deployment, localization, approximatioro@tigms.
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Sensor Placement for Triangulation Based Localization

Abstract—Robots operating in a workspace can localize themselves by For example, occlusions caused by the environment may prevent a
querying nodes of a sensor-network deployed in the same waospace. This  sensor from participating in the triangulation process.
paper addresses the problem of computing the minimum numberand In this paper, motivated by these factors, we study the following
placement of sensors so that the localization uncertaintytavery point in . ’ . S .
the workspace is less than a given threshold. We focus on trigulation ~Problem: given an environment model, an estimation model and an
based state estimation where measurements from two sensomsust be uncertainty threshold, what is the minimum number and placement
combined for an estimate. of sensors to guarantee that the uncertainty in estimating the location

This problem is NP-hard in its most general form. For the geneal  qf 3 target in the workspace is not greater than the given threshold
version, we present a solution framework based on integer diear regardless of the target's location?

programming and demonstrate its application in a fire-tower placement e o
task. Next’ we Study the Specia| case of bearing_omy locaktion and ContrlbutlonSZ Aftel‘ fOrmaI|Z|ng the sensor placement pI‘Oblem

present an approximation algorithm with a constant factor performance in Section Il-A, we present a general solution framework based on
guarantee. integer linear programming (Section 1ll). Since the general problem
is NP-hard, we also focus on a common special case, bearing-only

localization, and present an approximation algorithm that deviates

. INTRODUCTION from the optimal solution only by a constant factor both in the number

The process of determining the location of an object from twef cameras used and the uncertainty in localization (Section V).
sensor measurements is commonly referred to as triangulation. Fol the next section, we start with the problem formulation.
example, a forest fire is localized by triangulating bearing mea-
surements from two fire-towers whose relative locations are known. Il. THE SENSORPLACEMENT PROBLEM
Similarly, images taken from two calibrated cameras can be used;o
localize an object.

As sensors are becoming inexpensive, deploying many sensors iH’] this §ect|on, we formglatg the Sensor Placement Problgm for
a workspace to provide localization services is becoming feasibjgangulation Based Localization (SPP). In SPP, we are given a
(see e.g. [3], [4]). We believe that this technology provides \gorkspacew which consists c_)f all possible locations of the targe.t.
valuable alternative to on-board localization for mobile robots fdret 5 be a k-tuple representmg related sensor parameters which
the following reasons. First, on-board localization requires a sen '”C"_Jde- for example, location "’.‘”d orientation of a sensor The
and a processor on each robot. In scenarios where many inemensﬁecond input to SP_P ig), the domain ofs. _In other words,Q IS
specialized robots (e.g. Roombas) operate in the same Workspélag,set of all possible placements of a single sensor. Finally, we

it may be cheaper to install a small number of cameras in tR&€ 9IVen a functio/ : Q x Q x W — R, where U(si, 5, w)

environment and use them to localize all of the robots. Secor§UrS the uncertainty in localizing a target locatedvatising two
In general the functiorlJ is

localization with external sensors can be more robust than on-boSf'SC'S With parameters and s;. _
localization especially when there are not many distinct featuresﬁﬁec'f'C to part|cular.er_1\/_|ror_1ment ano_l sensing models. For exa”?p'e’
the environment. Finally, localization with external sensors may tel5i- 5i-w) can be infinite if the environment causes an occlusion
the only alternative in scenarios such as localizing adversarial entitiB§Weenw and eithers; or s;. Similarly, if the sensors have range or

We note that the additional burden of calibrating external sensors f d-of-view co?stra:]nts, the _functidﬁ ﬁn bhe dsfined;o incor;;orate
be relieved by using fully automated techniques [5]{[7]. t em. To simplify t e_notatlon, we e_t_t e dependencylbion
environment and sensing models implicit throughout the text.

Let S = {s1,...,s,} C Q" be a placement of sensors where
the i*" sensor has parametess. The quality of a placement in a
workspace is determined as follows:

Problem formulation

U(S, W) = max s7ng:rels U(si,sj,w)

In other words, to establish the quality of a placement in a
|‘\ workspace, we take the largest uncertainty value over the entire
s1 = (z1,91) §2 = (22, 12) workspace. To compute the uncertainty value for a specific location

in the workspace, we find the best pair of sensors for that location.

Fig. 1. The uncertainty in estimating the position of the%@%ﬁig‘,@lg?ar' We can now define the sensor placement problem: Given a

ing measurement8; andés is given by:U(s1, s2,w) = =550 \yorkspacelV, candidate sensor locatio® an uncertainty function

U and an uncertainty threshold", find a placemen$ with minimum
The target-sensor geometry plays a significant role in the accura@rdinality such that/ (S, W) < U™.

of an estimation obtained via triangulation. As an example, considerit is easy to see that SPP is a hard problem by establishing its

triangulation with bearing measurements. If the target and the twelation to the well-knowrk-center problem, which is NP-Complete.

sensors are collinear, the sensors can not localize the target.Irirthe k-center problem, we are given a set of locations for centers
general, the uncertainty in bearing-only triangulation is proportionahd a set of targets along with a distance functi¢iy j) between the

to the product of target-sensor distances and inversely proportionatémters and the targets. The objective is to minimize the maximum

the sine of the angle between the target and the sensors [8] (Figuredigtance between any target and the center closest to it [9]. The

The environment also plays a role in localization with triangulatiortonverse problem, where the maximum distance from each vertex
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to its center is given and the number of centers is to be minimize The placement for forest fire example (32 towers)
is also NP-Complete [10]. The converse problem can be easily s¢
to be a special case of the SPP where the uncertainty function
chosen ad/(s;, s;, w) = min{d(s;, w), d(s;,w)}. Hence, SPP is at
least as hard as the converise&enter problem.

A

0.6 ‘?A

/4{1‘
03 v‘»“

B. Related work

Coverage and placement problems received a lot of attenti
recently. However, most of the existing work focuses on sensors tl
are capable of estimating the state of the target independently. In 1
section, we review work on the placement of sensors which joint 25y

estimate the states of targets.

. . . Fig. 2. A terrai | of a fi t | t of 32 fireetow
In [11], the problem of controlling the configuration of a sensogglieving smz{lr?cl)rga?z%?gnoun?:erct’;?:t)‘/. and a placement of 32 fir

team which employs triangulation for estimation is studied. The

authors present a numerical, particle-filter based framework. In their

approach, the optimal move at each time step is estimated by

computing am dimensional gradient numerically wherds the size S

of the joint configuration space of the team. This work solves a local minimize

placement problem (around the target) for a small number of robots at Z Y (1)
each time step. Instead, we focus on the global placement problem J

across the entire work space. In [12], the problem of relocating a  gypject to

sensor team whose members are restricted to lie on a circle and

charged with jointly estimating the location of the targets was studied. Yi 2 Tij Vi, u (2)
In the present work, we study more general environments on the zi; =0 Vi, j,u with U3, j,u) > U™ (3)
plane. In [13], the authors study the problem of placing cameras Zz;t -9 Y (4)
in a polygonal workspace in such a way that for each point of 3

interest, there are two cameras which can v_iew the pqint at a “good” Z al = 2t Vi, u (5)
angle. The authors presentlag-approximation for this problem. ;

Their work can address occlusions. Our approximation algorithm “ “ .

has a better performance ratio (it is a constant factor approximation Zx” = Vi, u ©)

algorithm). The uncertainty metric is also more sophisticated as it ) ) o ) )

incorporates distance and angle. However, we do not address the issiFauation 1 is the objective function, i.e. the total number of
of occlusions in the workspace. The work in [14] studies the probleRiaced sensors. The constraints on the placement are imposed by
of assigning disjoint pairs of sensors to targets. The authors introdife@Uations2 — 6. The first constraint (Equation 2) enforces that if
the notion ofUniversal Placement where “good” assignments exist® Sensor with parameters will be assigned to a target, then
regardless of the targets’ locations. In this work, the main focus $§ch @ sensor must be placed in the solution. Equation 3 enforces
on multi-target tracking, and there is an explicit requirement th&ENSiNg and quality constraints: it prevents sensor pairs which do
the sensor pairs be disjoint. The issue of minimizing the number Bpt Satisfy the constraints from being assigned to a target location.

sensors, which is the main focus of our current work, is not adeidessEduation 4 guarantees that two sensors are placed to monitor the
targetu. Equations 5 and 6 maintain consistency between variables

xi; and z;'. The variablez;; can be 1 if and only ifi andj are
the parameters of the two sensors which are assigned to monitor the
target atu. All the otherz;; variables with same: but different:
I1l. A GENERAL DISCRETIZED SOLUTION and j parameters will be 0 (due to Equation 4). Therefore, iind
j' are the parameters of the sensors to be assigned to the target at
o', the sum ofyc;'j's over all j's (ycfj/, 's over alli’s) will be equal to
In this section, we present a general solution, based on integ@f (z;ﬁ').
linear programming, to SPP. The formulation requires discretizing In the next section, we present an example where the ILP formu-
the workspaceV and the domain of sensor paramet&'s lation is used to solve a practical fire-tower placement problem.

The Integer Linear Program (ILP) uses the following variables. For
each possible sensor paramejee Q, we define a binary variable A. An example
y;- If y; = 1 after solving the ILP, a Sensor with parametgssill be In this section, we demonstrate the utility of the ILP framework
placed. Other binary variables arg andz; . The mdeXu varies OVer yyith an example. Imagine the task of placing fire-towers in a forest
all possible target locations i, whereasi andj vary overQ. In \yhich are used for localizing events such as forest fires. Alternagively

the solution, variables;* become 1 when the sensor with parameter$ne can imagine the task of deploying beacons which are used by
i is assigned to target locatiom Variablesz;’; are set to 1 if the firefighting robots for localization.

target locationu is monitored by sensors with parametérand ;. When the terrain is non-planar, such as the one shown in Figure 2,
The complete ILP is given by: visual occlusions must be addressed. For this purpose, we use the
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following uncertainty model: Let; and sy be two (candidate) fire- the optimal placement can not afford to place cameras too far from
tower locations andv be a target location. If both; ands,; can see the workspace.

w, we compute the uncertainty using the formdldsi, sz, w) = Let R = +/U*. The proposed placement algorithm consists of

% on the plane defined by:, s, and w. Otherwise, two phases. In the first phase, we choose a set of ceGtembich

U (s1, s2,w) is infinite. Note that it is possible to introduce a morewill be used to determine the location of the cameras. In the second

sophisticated uncertainty measure for a particular sensor. phase, we place cameras on circles whose centers coincide with the

Suppose we are given the environment model shown in Figurechosen centers and whose radii are at n2dgt We will show that
the error model mentioned above and an error thresholdl®fTo this placement achieves bounded deviation from the optimal one in
setup the ILP, we first compute two sets of candidate sensor aedms of both the number of sensors and the performance guarantee.
target locations. We place a uniform grid on they plane with The centers are chosen by the following algorithm:
resolution¢ and project the grid points onto the forest surface to
obtain candidate sensor locations. These sensor locations correspilgdrithm selectCenters(workspaceW):
to the vertices of the triangles of the surface triangulation. To obtain, ¢ = ¢, W — W
candidate target locations, we shift the original gridd)2 in both « While W £ 0)

r andy d_lrectlons. Th.e projection of thls new grid onto the_ fore_st — ¢ < an arbitrary point in/’

surface gives us candidate target locations. In terms of running time,  _ C—Ccuic

the bottleneck_ls the number of}; varlables_. Therefore, we chus S W W\ {w: d(e,w) < 2R, w € W}

on them. In this example, there a867 candidate sensor locations
and320 target locations which resulted i), 783, 680 x; variables.
Two simple optimizations are to disregard values with = 0 and
to use only one of the duplicate pairts;; andz;;. This reduces the
number ofz;; variables tol13, 136.

The resulting ILP was solved witl' PLEX9.1.0 solver on a .
PC equipped with 2 GB RAM and 3.20 GHz CPU. Solvers like OFT be an optimal placemenOPT]| > |C|. .
CPLEX, use branch-and-bound technique to solve ILPs. Since the Proof. For_each (_:entezf e_ C, letus Qef|neD(c, R) to be a disk
number of variables is very large, the number of branch-and-bouﬁ%imered at: with radius R. Since the distance between the centers

operations is increased proportionally. Hence, rather than waitil athlggsk%R, t]h; d'SKtS[_)(C’ ]t%l) ar? pairwise d|SJp|rg.PV_I\!e crl]f.;urk:] that
until the optimal solution is reached, we found the best solution aft; ch diskD(c, 1) contains at least one camera in » Which proves

10,000 branch-and-bound operations which togk54 CPU hours. t eslemma. he claim i d teb h that OPT
The resulting placement hag fire-towers and is shown in Figure 2. uppose the claim Is not true an e a center such that

The generality of the ILP-based solution comes at the exper@%s no cameras mD(.C’ R)'. But then, for anys;,s; € OPT, the
of computation time. When the number of variables is large, tﬁgwcertalnty in observing will be:
ILP takes too long. It is possible to design efficient algorithms with
provable performance guarantees for special cases of SPP.nmsthe ; $i,85,C) = d(sy c)d(s;, c)
section, we present such an algorithm for bearing-only localization ' |sin Zsics;|
on the plane. However, this means that OPT exceeds the uncertainty threshold on
c. A contradiction! [
IV. PLACEMENT FORBEARING-ONLY TRIANGULATION In the second phase, we use the set of centers to determine the
In this section, we address the problem of placing bearing-orfj@cement of cameras.
sensors on the open plane to monitor the workspace given by
an arbitrary subset of the plane. A common uncertainty functighgorithm placeSensors(centersC):
associated with this model is » for eachc € C
- We —A{w:d(c,w) <2R,w € W}
— Let T be any equilateral triangle whose circumcircle is

The following lemma shows that the number of centers is small
with respect tqOPT|.
Lemma 1: Let C be the set of centers chosendsjectCenters and

> d(s;,c)d(sj,¢c) > R>=U"

d(s1,w)d(s2,w)

U(s1,s2,w) = - 7
( 12 ) |smls1w52| ( ) D(C, 2Rl) WhereR’ _ i/%R
where d(z, y) denotes the Euclidean distance betweeand y — Place three sensors;, s2,s; on the vertices ofl" (See
and @ = Zsjws, is the angle between the sensors and the target Figure 4).

(Figure 1). The details of this derivation can be found in [8]. In

general, Equation 7 suggests that better measurements are obtained

when the sensors are closer to the target and the angle is as close o Figure 3 we illustrate the two phases of the algorithm. We only

90 degrees as possible. show the first two selected disk centers and the placement of sensors
Even though we ignore occlusions caused by the environment, thiside their disks.

version of the problem has applications in the placement of fire towersClearly, algorithm placeSensors places at most|OPT| cam-

to monitor a (flat) forest and placement of omnidirectional camerasas (Lemma 1). All we need to show is that for any point

in convex environments. in the workspace, we can find two sensefsand s; such that
Let U* be a desired uncertainty threshold ané’T" be an optimal U(s;, sj, w) < 5.5U". The next lemma shows the existence of such

placement which uses the minimum number of sensors such thamera pairs.

U(OPT, W) < U*. We will present an algorithm to compute a Lemma 2: LetS = {s1, s2, s3} be the set of three cameras placed

placementS with |S| < 3|OPT| and U(S,W) < 5.5U" where by placeSensorsinside D(c, 2R). For any pointw € W,, there exists

|S| and|OPT| be the cardinalities of the corresponding placementan assignment of two cameras and s;, such thatU (s;, s;j, w) <

Our algorithm works for any workspadd’ C R?. We assume that 5.5U* wherel < i,j < 3.

sensors can be placed anywhere in the plane. As we will see shortly, Proof:
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Fig. 3. This figure shows the two phases of the placement &hgorilin the
first phase, we choose disk centers (for clarity we show olnéy first two
selected centers which are represented with red circlesevredii are2R).
In the second phase, we place three sensors (blue circlespéh center as
described in algorithnplaceSensors.

Fig. 4. This figure shows the partitioning @#(c, 2R) into three partitions
P, P2 and P3. Three sensorgsy, s2,s3) are placed on the equilateral
triangle’s vertices which is determined by its circumcirdc, 2R’) where

R = %/%R. Each partitionP* divided into subregion?i’z. where s; and
s; are the sensors assigned for points inaRﬁJs

We divide the set of points insid®(c, 2R) into three partitions:
P' = Asisess, P2 = D(c,2R) \ P' and P®* = D(c,2R) \
D(c,2R') (See Figure 4).

Let w be any point insidéD(c, 2R). Throughout the proof, we use
various geometric properties for the three casess P!, w € P2
andw € P3. For eachP*, we present a proof for a subregid?jj-
such thatU(s;, s;,w) < 5.5U" is satisfied for allw € Pf. The
proof generalizes to aIPZ;’- (hence toP*) by symmetry.

Case (v € P'):

We divide P* into three regions using the bisectors of the triang|

T and label them as shown in Figure 4. Letbe a point inside

Fig. 6. We cutP? = D(c,2R’) \ P! into 6 regions by bisectors of
triangle T". In this figure we consider the ard'af3 shown in Figure 4. For
anyw € P223, the assignment ofs and s3 satisfiesU (sa, s3,w) < 5.5U*.

We partition P? into 6 equal parts using the bisectors of triangle
T (See Figure 4). Suppose lies in region: P%. Let mi3 be the
middle point of[s; s3], andw’ andm/3 be the intersection points of
the boundary ofD(c, 2R’) with s, w and s, m13, respectively. For
clarity, we use the same notation as in Figure 6, de= £sywss,

B8 = Zsow'ss, v = Zwssw’ andd = Lsyszw’. For anyw € P,
following inequalities hold:(i) 8 = %, (i1) 0 < v < 0, (it7) § <
0 < %, (v) a = B+ . Finally, using(i)—(iv), we can boundy =
Zsawss: 3 < Zsawsz < 2?” The distancesl(s2, w) andd(ss, w)
are upper bounded byl(s2,w) < d(s2,mis) = 4R’, d(s3,w) <
d(ss,mis) = 2R'.

Hence,U (s2, s3, w)

Case (v € P%):

Again, we partition P into 6 equal regions using bisectors of
triangle T (See Figure 4). For any poinb inside P, we assign
camerass; and ss. Let us say thaty’ is the intersection point of
the boundary ofD(c, 2R’) with ¢ w. Similarly, suppose thav”” and
4 are intersection points of the boundaryBfc, 2R) with ¢ w and
¢ 33, respectively. To obtain a bound on the uncertainty, we first estab-
lish a lower bound onin(Zs1ws3) = sin (Angle (r, 6)), followed
by an upper bound on the produéts:, w)d(ss,w) = Mult(r,0).
Finally, we show that both bounds are reached at the same point:
w = S3.

For the remaining part of the proof, we will use polar coordinates
as shown in Figure 7. We define uncertainty functiéncert(r, )
in polar coordinates as follows:

< BR? 366590 < 5.5U".

— sinw/3

P3;. It can be easily verified that the following three inequalities

hold, ¥ < Zsawss < 2?", d(s2,w) < 23R/, d(s3,w) < 2v/3R.
HenceU(sz, s3,w) < % = 5.4989U* < 5.5U* (See Figure 5).
Case ( € P?):

Fig. 5.

such that the assignment ef andss satisfiesU (sz2, s3, w) =< 5.5U*.

We divide P! = Asysoss into three regions using the bisectors 1he angle Zsiwss
of the triangleT". The shaded area shows the possible set of locations for Zs1w” s3 where Zsjw’ss

_ Mult(r,0)
Uncert(r,6) = SmAngle(r0))
Mult(r,0) = \/(r2—4rR’ sin 9+4R’2)(r2—4rR' cos(9+%)+4R’2)
! aw
— 2R’ —rsin 6 2R 7TCOS(9+5)
Angle(r,0) = %«Farctan(W)vLarctan(W

where for allw € P, —7/6 < 6 < w/6 and2R’ < r < 2R.

First, we show that for anyw € P, Mult(r,6)
Mult(2R,—m/6), then we show sin(Angle(r,@))
sin (Angle(2R, —m/6)) where (2R, —m/6) corresponds ta5.

By Euclid’s exterior angle theorem (in any triangle the angle
opposite the greater side is greater), we hd@ ,w) < d(s1,w")
andd(ss3,w) < d(ss,w”). Therefore,Mult(r,0) < Mult(2R,0).
By the extreme value theoremZult(2R, w/6) < Mult(2R,0) <
Mult(2R, —7/6). Hence, for anyw € Pf5, Mult(r,0) <
Mult(2R,—7/6) holds.

<
>

is always between Zs;w's3 and
2w /3. Therefore, sin(Lsiwss)
bounded by min(sin(Zs1w"s3), sin(27/3)), i.e.

is lower
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performance guarantee pfaceSensors, at the expense of increasing
the number of cameras by a factler The interested reader can find
different values ofr(k) in [15].

V. CONCLUSION

In this paper, we introduced a novel sensor placement problem
where pairs of sensors are used to obtain estimates about a target’s
location. We presented a general solution based on integer linear
programming and an approximation algorithm for the special case of
bearing-only localization in the absence of obstacles. We are currently

Fig. 7. In this figure, we represenw in polar coordinates(r,6).
For all w € P2 (See Figure 4)sin(Zsjwss) > sin(<s1sys3) and
d(s1,w)d(s3,w) < d(s1,s3”)d(ss3,s3"). Hence,U(s2, s3,w) < 5.5U*.

(1]

2
sin (Angle(r,0)) > min (sin (Angle(2R,6)),sin(27/3)). The 2

function Angle(2R,0) has its local minima and maxima at
0 = —7/6 and 0 = w/6, respectively and it is increasing in its (3]
domain. This can be shown by investigating the domain and roots of
the first derivative ofAngle(2R, 0). Thereforesin (Angle(r,8)) >
min (min (sin (Angle(2R, —%)) ,sin (Angle(2R, §))) ,sin(3F))
sin (Angle(ZR7 —%)).

Finally, U(sz,ss,w) <
5.5U".

In conclusion placeSensors guarantees an uncertainty for all casds]
that is not greater thab.5U™, i.e. UW,S) < 5.5U*.

(4]
Mult(2R,—7/6)

Sin(Angle(2R,—7/6)) 5.4989U

<

|

Remark 1: We believe that the placement of the three sensor[s6
given in AlgorithmplaceSensorsis optimal. To verify this, we numer- [7]
ically computed the error in localization as a function of the radius of
the circle circumscribing the equilateral triangle formed by the thre%]
sensors. The minimum value was achieved at radius 1.25 which is
very close to the radius used in the algorithe(1/4 = 1.2599).  [9]
The small difference is due to discretization. To prove optimality, it
remains to be shown that an optimal placement is symmetric aro
the center. We believe that this claim is true. However we do not
have a proof of this statement. [11]

As a comparison, we ran the ILP program for the case where
the environment is a disk of radius two. Recall that the ILP tak
a threshold as input, and computes a placement with the small sg
number of sensors to achieve this threshold. It turns out that the
precise threshold value is critical. The value given by the argumd8]
in Lemma 2, used in the analysis of the approximation algorithm is
5.4989. The number of sensors in the placement changes frontdhree
four when the threshold changes from 5.499 to 5.498. The placemgnj
of the three sensors was identical to the one used in Lemma 2.

Is it possible to obtain a better uncertainty guarantee? In general,
let us define arfa, 3)-approximation algorithm for sensor placement
be an algorithm which places at mgstimes the number of cameras
used in an optimal placement and guarantees a deviation of factof15]
in uncertainty. From the results presented above, we lfave 3)
approximation algorithm. Clearly, there is a trade-off betwaesand 16]
(. Using algorithmplaceSensors as a subroutine, we can obtain a
class of approximation algorithms by covering each disk of radius
2R (used byplaceSensors) with & disks of smaller radius. This
guarantees a smaller deviation frdifi. The problem now becomes
a disk-covering problem: Given a disk of radi2®, find the smallest
radiusr(k) < 1 required fork equal disks to completely cover the
original disk. Clearly, this would guarantee a reductiom@f)? in the

working on extending the approximation guarantees to more complex
environments. Preliminary results can be found in [16].
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