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Abstract

This paper contains two main results: First, we revisit thalsknown visibility based pursuit-evasioproblem and show
that, in contrast to deterministic strategies, a singlespeir can locate an unpredictable evader in any simply-cdedgolygonal
environment using a randomized strategy. The evader cambiteaaly faster than the pursuer and it may know the positof
the pursuer at all times but it does not have prior knowledgthe random decisions made by the pursuer. Second, using the
randomized algorithm together with the solution to a problealled the “lion and man problem” [2] as subroutines, wesen
a strategy for two pursuers (one of which is at least as fashesvader) to quickly capture an evader in a simply-cormukct
polygonal environment. We show how this strategy can benebetg to obtain a strategy for (i) a polygonal room with a ddidy,
two pursuers who have only line-of-sight communicationd &ii) a single pursuer (at the expense of increased capinne).
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Randomized Pursuit-Evasion in a Polygonal
Environment

I. INTRODUCTION from computational geometry to cryptography.
) , As we show in the following sections, it turns out that ran-

Pgrsun-evasmq games are among the fundgmenta_l prObletﬂB%ization provides a drastic increase in the power of thre pu
studied by robotics researchers. In a purswt—evasmq gangers. For example, it is known that there are simply-cotamiec
one or more pursuers try to capture an_evader who, N Wlhvironments wher®(logn) pursuers are required [12] in
tries to avoid capture indefinitely. A typical example is th%rder to locate the evader with deterministic strategiesreH
homicidal _chauffeur game Where a driver \_/vants 1o ggllidehwitn denotes the number of vertices of the polygon. In contrast,
a p_)edestrlan and the goal is to determine condmon; u_nq,% show that a single pursuer can locate the evader in any
which he can (not) do so. Among the numerous applicatiogg, v connected environment with high probability, evien
of this game are collision avoidance and air traffic control. the evader knows the pursuer's location at all times and has

Recently, there has been increasing interest in developiigyounded speed (Theorem 2). The power of randomized
pursuit strategies (which incorporate sensing limit&d)ofd  grategies comes from the fact that the evader has no prior
capture intelligent evaders contaminating a complex envir \nqjedge of the random decisions inherent in such stresegi
ment [3], [4], [5]. The main ingredient of a pursuit-evasion js worth noting that randomized strategies work against a
game is the presence of an adversarial evader who activghsger strategy and require no prior information about the
ay0|ds capture. Due to this aspect, a pursuit strategy lallysu strategy of the evader.
@fferent from a search stra'fegy where the target’§ MOON 1 \ne a1s0 address the harder task of capturing the evader. For
independent of the pursuer’s (e.g., [6], [7]). Obtainingtsu this problem we present a strategy for two pursuers, one of

pursuit strategies is important for surveillance appitoa which is at least as fast as the evader. The strategy is based o

where we would like tp locate, and per_hap_S, c_apture mtmdq e randomized strategy to locate the evader and the known
who may be adversarial. Another application is a search-a

. . 7 lution to a problem called the lion and man problem [2]
rescue operation where we would like to save a victim. In th\'ﬁhich is reviewed in Section Ill-A. The same strategy can

setting, gven_lrhé)ugh tt)r|1e V'C.t'm is not adversarial, a pmrzlﬂe used to capture the evader while protecting a door. This
strategy is still desirable as it guarantees a rescue riegar problem was introduced in [13] to model scenarios where the

of the victim’s actions. ) . goal is to locate the evader which may leave the polygonal
To model the adversarial nature of the game, pursuit-enasig. through a door and win the game.

games are usually studied in a game theoretic frameworkT

Eﬁ]’ [9].(;I'he conc;)l:lc_)nsdugdert Véh'.Ch tthur_ftuechan g_a&tu rsuer can also capture the evader. However, the expected
€ evader are oblained by studying a Hamilton-Jacobesag g capture in this case, though finite, may be signifigant

equation which brings toget_her the system equations of (?19er than the expected time to capture with two pursuers.
pursuer and the evader. This approach has the advantage o

yielding a closed-form solution of the game. Unfortunataly
the environments get complicated, solving Ham”ton"]aco%rganization of the paper
Isaacs equations become intractable. Therefore solutibns
pursuit-evasion games in complex environments are usuallyWe start the paper with a motivating example for random-
algorithmic. ized strategies (Section I-A). We present preliminary emts
Perhaps the most well-understood game in this contextaed definitions in Section I-B. In Section I, we address the
the visibility-based pursuit-evasion gamehere one or more problem of locating a fast, unpredictable evader with globa
pursuers try to locate an evader in a polygonal environmaerisibility.
[10], [11], [12]. In this game, the evader is very powerful: Next, in Section Ill, we address the task of capturing the
it has unbounded speed and global visibility, meaning thatgvader in a simply-connected environment. For this problem
knows the location of the pursuers at all times. In [4], th@e present a randomized strategy for two pursuers, who can
authors study a similar game in a probabilistic framewoommunicate at all times, to quickly capture the evader. We
(where the evader performs a random walk) and proposest@ow how this strategy can be modified for a single pursuer
greedy algorithm. at the expense of increasing the capture time in Section.IV-A
In our present work, we propose randomized pursuer strate also present extensions of the basic two-pursuer syrateg
gies for the visibility based pursuit-evasion problem. &am- for the case where the pursuers have limited communication
ization is a powerful technique which allows us to solve manisection IV-B) and for a scenario where the polygonal room
problems that are not solvable by deterministic algorithnies a door through which the evader can escape (Section IV-
and has found wide-spread applications in many areas rgangi®).

he two-pursuer strategy can be modified so that a single
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A. Randomized strategies referred to [15].

The power of randomization in the context of pursuit-
evasion games is nicely illustrated by the example in FigureB. Preliminaries

A similar example can be found in [14]. Let P be the input polygon including its interior arid be
the set of vertices oP. The lettern denotes the number of
vertices of the polygon. Two pointg,v € P can seeeach
other if the line segmeniv lies entirely in P.

We used(u,v) to denote the length of the shortest path
from w to v that remains insidé’. The shortest path has the
following property.

Property 1: The shortest path between any two points
and v inside a polygonP is a polygonal path whose inner
vertices are vertices aP.

The shortest path tree from a point in P is defined as
Fig. 1. A single pursuer can not capture an evader using rdatistic Uvevm(z, v) Wh_e“?”(x’“) denOte,S the S_horteSt path fram
strategies. to v. A polygon issimply-connected any simple closed curve

inside the polygon can be shrunk to a point. In other words, a

In this example, a single pursu@t can never locate the Simply-connected polygon does not contain any “holes”. All
evader using a deterministic strategy: Let us distinguglr f the polygons considered in this paper are simply-connected
regionsA, B,C and D as shown in the figure. Now suppose
the pursuer has a deterministic strategy of visiting these
regions in the orded, B, C, D. In this case, the evadércan
first hide atB and escape t@ while the pursuer is visiting
A. Afterwards, it can repeat the same strategy and escape to
B while P is atC'. If P visits the regions in a different order,
it is easy to see that can find a similar strategy to avoig.
Therefore, in this polygon one pursuer can never locate the
evader.

An alternative interpretation of this situation is the &l
ing. Suppose the polygon in Figure 1 is contaminated with
many evaders executing all possible evader strategieseThe
is no deterministic pursuer strategy that guarantees thtea
evaders will be caught; for any given deterministic pursue€fg. 2. Triangulation of a polygon and its dual tree.
strategy, there will be at least one evader which can avoid
being located forever. The triangulation of a polygon is a decomposition of the

Now consider the following randomized strategy: Instead @blygon into triangles by a maximal set of non-intersecting
committing to a deterministic strated, moves to the center diagonals (see Figure 2). The dual of a triangulation is a
of the polygon and selects one of the regidng, B,C, D} graph whose vertices correspond to the triangles. Thera is a
uniformly at random and visits it. It is easy to see thaPif edge between two vertices if the corresponding trianglasesh
guesses the region wheteis located correctly, thed can a side. It is well known that the triangulation of a simply-
not escape and the probability of this desired everﬁt. i¥he connected polygon has exactty— 2 triangles. In addition,
crucial observation is that sinéedoes not know which region the dual of the triangulation is a tree [16].

P will visit, it can not choose a strategy based on the order
of points visited byP. ~ Game formulations

The probability of locating the evader can be made arbitrar-
ily small by repeating the same strategy a few timest 6
the number of trials, the probability of missing in &lltrials
is (%)k in this example which decreases exponentially witfi
k. In general, if the probability of capture is the expected
number of rounds to capture i5. Note that each round is s .
independent. We can obtain tﬁ)e expected time to locate thét IS pla_yed b_etween an evader gnd a single pursuer. An
evader as follows: Since the length of a round is bounded fyader rajectorys a continuous function : [0, co) — P such
the time to travel between two furthest points in the polygo ate(t) denotes the evader's position at timeThe pursuer

(sayT), the expected time to capture . By repeating the trajectory, p(t), is dgfined similar_ly. The pursuer moves with
. 1 1w P : unit speed so thatp|| = 1. The diameterof the polygonP,
experiment roughly; log5 times, we can show (using the

ChemOﬁ bound) that the pursuer hE_‘S a high pmbabi_"ty Of11pe general version of this game is known as the visibilagdd pursuit
locating the evader. For details of this analysis the re@lerevasion game [12].

In this paper, we study two pursuit-evasion games with
different objectives. Both games take place in a simply-

The first game, which we call tHecating gamé is defined
as follows.
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denoteddiam(P), is defined asnax, ,cp d(u,v). Since the location (see Figure 3) and suppoAeis non-leaf, i.e., has
pursuer moves with unit speed, the diameter is also equalnmre than one neighbor. Since the triangulation dual ise tre
the maximum amount of time it takes the pursuer to travitlis easy to see thaf\ is a separator — removing it from
between two points i?. The evader can be arbitrarily fastethe polygon results in smaller, disconnected polygonsdall
than the pursuer but it must move continuously. components. This implies that the evader can not move from

After the game starts, the players can observe their sore component to another while the pursuer is located at
roundings continuously. Further, at any given timethe without revealing itself.
pursuer’s locatiorp(t) is revealed to the evader. Therefore,
the evader’s strategy is a function of both the environment
and the pursuer’s trajectory. Since the pursuer does netrobs
the evader until the end of the game, a pursuer strategy is a
function of only the environment. The pursuer wins the game
if, in finite time ¢*, he can reach a position such thgt*)
seex(t*). The evader wins the game otherwise, i.e., if, for any
given pursuer strategy, there exists a strategy for theesvtad
avoid being seen by a pursuer forever.

We assume that in both games, the evader knows the
strategy of the pursuer(s) before the game starts. Howiver,
does not have access to the outcome of the random coin tosses
during the execution of the pursuer’s strategy. The pursarer
the other hand, knows nothing about the evader’s strategy.

The second game is called thapture gamend is defined
as follows. Lete(t) denote the evader’s anpd(t) denote the'"
pursuer’s trajectories as before. Instead of finding thelewa Ch

the pursuers win the capture game if in finite titiethey can
P P 9 ethey Fig. 3. Intuitive explanation of the pursuer strategy. Eacdmponent is

reach a position such that there emsta’lawth pi(t*) = e(t”). displayed with a different color. While the pursuer is/atthe evader can not
In this game, one of the pursuer’s is as fast as the evadeasve from one component to another. Further, when the pursoses to

Without loss of generamy, we assume thﬁﬂ\ _ ||p1|| = 1. A’, he can restrict the game to a smaller polygon.

Similar to the locating game, the players observe their sur- o

roundings continuously and at any given timehe pursuers’ The second observation is that the pursuer can not only
locationp;(t) is revealed to the evader. prevent the evader from moving between components but also

Unlike the previous game, we assume that the players mdgstrict the game to a smaller polygon. While the pursuet is a
in discrete time intervals and in turns: the evader firstofoed 2 1€t C1, C2 andC be the components such that the evader
by the pursuers. It is easy to see that a pursuit strategy tifatocated inCi. Let A" be the neighbor of\ in C). If the
captures the evader in this formulation can be modified toP4rsuer moves ta\’, he can restrict the game 0, as the
pursuit strategy which guarantees that a purguean reach a gvader will not be able to move to any triangle not contained

point within unit distance from the evader in a game where tH& Ci. i
players move continuously and simultaneously. It is irgting Therefore, had the pursuer known the subtree that contains

to note that for 25 years, the basic lion's strategy for tHf€ evader, he could gradually move towards it — trapping
discrete-time formulation (Section 1l1-A) was believed e the evader in smaller and smaller components. _Thls process
sufficient to capture the evader in the continuous formuitati uarantees that the pursuer can enter the triangle which
as well. However in 1952. Besicovitch showed that this fontains the evader and this clearly implies that the evader
incorrect and that the evader can escape. In [17], Littlaiod/ould be located. _ _
shows how this result can be generalized and that it is not' "€ main difficulty in implementing the strategy above is

possible to capture the evader in the continuous formulatif?at the pursuer does not know the component that contains
(see also [18]). the evader. In what follows, we show how the pursuer can

utilize randomization to tackle this difficulty.
The pursuer strategy is divided into rounds. Each round last

at mostdiam (P) time unit$. The pursuer will start the round

In this section, we study the locating game and show thaf 5 |eaf triangle and end the round at another leaf tridngle
for any simple polygon”, the pursuer can locate the evader | ¢t A, be pursuer’s triangle at the beginning of the round

Il. LOCATING THE EVADER

in O(n - diam(P)) expected time. and T be the triangulation tree (see Figure 2) rooted\at
Within the round, the pursuer will visit triangle&y, Aq, . ..
A. The pursuer strategy where A, is chosen among the children &f; as follows.
The pursuer strategy to locate the evader utilizes the icyVhen the pursuer is ah;, let Aj,..., Aj be the immediate

structure of the triangulation dual of a simply connectedzNOte that the pursuer has unit speed

polygon. |ntUitive|_)” it relies on the the following obsetion. 3When the game starts, if the pursuer is located at a non-iieafgte, he
Let A be the triangle that contains the pursuer’s currenioves to an arbitrary leaf before starting the first round.
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[ LocateTheEvader (7 : a triangulation of the environment) |

Go to an arbitrary leaf trianglé@nitialization)
while the evader is not found

children of A; (see Figure 4). For each chilty, let// denote
the number of leaves of the subtree rootedAdt Let L =

Z;?:l lf The next triangleA;; is chosen randomly among A « current triangle of the pursuer
the childrenA} according to the following distribution: the ;F:OT rooted atAo

probability thatA? is chosen forA;;; is lf After choosing repeat . _ _
the next triangleA; ., the pursuer moves there. If he arrives Ci —{A; : 4; is a child of A; in T}

. . . A, 41 < randomly chosen triangle from®’; where
at a leaf triangle, the round is over. Otherwise, the pursuer i j

continues the round by picking one of the children/of, 4 Is chosen with probability===;

as described above. move fromA; {0 A1
i—i+1
PYAY) until A; is a leaf triangle
AT TABLE |
[ THE PURSUERS STRATEGY FOR LOCATING THE EVADER PLEASE REFER
{ A2 TO FIGURE4 AND LEMMA 1 FOR THE NOTATION.

Remark 3:Any simply-connected polygon can be parti-
tioned into a minimum number of disjoint convex polygons
in polynomial time [19], [20]. The dual of such a partition

1} 12 will also be a tree. Therefore, instead of using a triangurat

dual, the pursuer can execute the strategy described above

using the dual of the convex partition. However, in general

this does not improve the expected capture time. For example
Next, we show that using this guessing strategy, the pursygf the polygon shown in Figure 5, the number of leaves of

efficiently locates the evader. the triangulation dual is equal to the number of leaves of the
Lemma 1:At each round, if the pursuer follows the guessqyal of a minimum convex partition.

ing strategy described above, he can locate the evader wittlgemark 4 (Multiply-connected environment3)e strategy

probability at leasty whereN is the total number of leaves presented in this section requires the triangulation duddet

of the triangulation tred". a tree and therefore it does not hold for multiply-connected

Proof: The lemma is proven by induction on the height ofnyironments. To obtain an upper bound on the number

T. The basis, where the height is 0, corresponds to the ca$eyursuers required for deterministic strategies, in [}

where the input polygon is a triangle. The pursuer triviallys|iowing technique is presented: For an environment viith

locates the evader with probability 1 in this case. holes,O(v/h) pursuers are utilized to reduce the environment
Letp(A) be the probablllty that the evader is located W|th|ﬁht0 Simp'y_connected Components_ An add|t|or@alog TL)

a round, a.fter the pursuel‘ ViSitS the tl’iangﬂeWe inductively pursuers are used to deterministica”y clear each S|mp|y_

assume that the lemma is true for all trees of height less th@hnected component. This yields an upper boun@@f% +

Fig. 4. Choosing the next triangle within a round (Lemma 1).

or equal toi. logn) pursuers. Using the same technique, we can establish
Given a triangulation tree of he|ght‘|' 1, the probablllty of an improvedO(\/ﬁ + 1) bound for randomized Strategies_
success starting from the rod; is: Using O(v/h) pursuers, we partition the environment inkd
/L [k simply-connected polygonB, . . ., Pk. After partitioning the
p(Ag) > min {Nop(A(lJ)’ s NOP(AIS)} (1) environment, we use an extra pursuer to Iocat.e the evader. Th
strategy of this pursuer is as follows: Pick a simply-cornedc
Note that for allj, the subtrees rooted at the immediatpolygon P amongP, ..., Px uniformly at random. Execute

children A} have height at most, therefore by the inductive one round of the randomized strategy £ The probability
hypothesis we have(A)) > l% for all j and the lemma of success is easily seen to Be- 1 > L and therefore the
follows. 0 m expected time to capture the evadenfs: diam(P).
Clearly, the number of leaves of any triangulation tree is
less than the number of vertices of the polygon, therefore Bt Lower bounds
each round _the evader is located with probability at Iejlast One might suspect that the expected time to locate an
Moreover, since the length of a rounddsam(P), we have gyader can be improved using a more sophisticated strategy.
the main result of this section: Unfortunately, this is not possible: The polygon in Figure 5
Theorem 2:In any simply connected polygonal environdis a k—star with hooks attached at the end of each spike (in
ment P, against any evader strategy, the expected time ttee figurek = 8). The evader’s strategy is to choose a hook
locate the evader with a single pursuer is at mostiam(P) at random and hide there until the end of the game. In order
wheren is the number of vertices artdlam (P) is the diameter to locate the evader, the expected number of spikes searched
of the polygon. by the pursuer isg and it takesdiam(P) steps to travel
The strategy for finding the evader is presented in Tablefrom one spike to another. Since the number of vertices is
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Fig. 7. A star-shaped polygon. The optimal strategy is togya point (e.g.,
z in the figure) from where the entire polygon is visible.

Fig. 5. For any randomized pursuer strategy, the expecied to capture ; ; ;

the evader in this star with hooks @(n - diam(P)). the eva_der. Later, we W|_II show how to modify this strat_egy
to obtain a strategy for i) two pursuers who have only line-
of-sight communication ii) a single pursuer (at the expesfse

a constant multiple of, the time it takes to locate the evadefncreasing the expected capture time).
is Q(n - diam(P)). In fact, using the well-known technique
due to Yao, this argument can be extended to show that the
expected time to locate the evader &y randomized pursuer
strategy isQ2(n - diam(P)) (see [15] for details).

We present the results of a simulation of the pursuer and
the evader strategy for such an environment in Figure 6. For
the simulation, the visibility-based pursuit evasion ganas
played 1000 times. The average number of rounds for locating
the evader is 8.9. This is in agreement with Lemma 1 since
the number of the leaves of the triangulation dual is 9.

Number of rounds to locate
180

Time elapsed: 33 160

140

120

100

80

60

40

20

% 0 = v o Fig. 8. Lion's strategy

Fig. 6. Left: An instance of the simulator showing the triangulation af th  The strategy of one of the pursuers is based on the solution

environment as well as the hiding location of the evaBéght: The histogram ;
of the number of rounds required to locate evader in 1000 lations. The to a prObIem known as thion and manpmblem [2] We

meany and the standard deviatianof the number of rounds was = 8.8960 Present an extension of thi_S strategy in the case Of a (F_jy_SSib
ando = 9.0479. non-convex) polygonal environment. One of the major difficu

ties for our pursuers is that the evader may not be visibld at a
On the other hand, the randomized strategy may not §ges, in which case the lion’s strategy is not well-defiriEite
optimal for some environments. The simplest example of sugBcond pursuer will use the strategy presented in the previo
an environment is a star-shaped polygon such as the one sh@é&ion to tackle this difficulty.
in Figure 7. In this environment, the optimal strategy is © g we start with a review of the lion’s strategy.
to a point (e.g.z in the figure) from where the entire polygon

(hence, the evader) will be visible. A. The lion and man problem

The lion and manproblem with discrete time in the non-
negative quadrant of the plane is attributed to David Galg. [2

In this section, we move on to the more challenging tadlet the initial positions of the lion and man g = (¢, yo)
of capturing the evader, defined as moving to the same poamtd M, = (x{, (), respectively. In each round, first the man
as the evader. We start by presenting a pursuit strategy fooves to any point in the quadrant at distance at most 1 from
two pursuers (who can communicate at all times) to captunés current position, and then the lion does the same. The

Ill. CAPTURING THE EVADER WITH TWO PURSUERS
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lion wins if he moves to the current position of the man. Theill sometimes refer to poind as theorigin. The origin will
man wins if he can keep escaping for infinitely many roundbe fixed until the evader is captured. L&t(t) = d(p1(t), 0),

In [2], Sgall proves that, when both, < zo andy < yo, da2(t) = d(p2(t),0), andd.(t) = d(e(t), o).

the lion always catches the man in a finite number of roundsDefinition 7: Suppose:(t) is visible fromp; (¢) bute(t+1)

(in remaining cases, the man wins the game). The numberi®iot visible fromp; (¢). This means that the shortest pdth
moves required is bounded by a quadratic functiorxdny, from p,(¢) to e(t+1) is composed of at least two line segments

and the slope (or its inverse) of the line segmepi//. (Property 1). The first vertex on the path frgm(t) to e(t+1)
is called apseudo-blocking vertex
B. Lion’s strategy Let r be the ray starting from a vertexand passing through

Let the initial positions of the lion and man g — (o, yo) another vertex that is not adjacent to. In the sequelg will

and M, = (x(, y;), respectively. In the beginning of the gamet?he the Cznt%rl Okohe C|rctle fo(r: the_(l;ontsh m?vet {a_mdmilhbe
the lion finds a pointC on the line ML, such thatL, is € pseudo-blocking vertex. L-onsider fhe Hirst ime theiray

inside the segment/,C' and the circle with centef’, radius Iﬂe1aves_ t?e poI);Dg(_)rPt Eft?r It tﬁ’]"?‘sies through ar::o_l IetxgbeTh
|CLy| and passing througli, intersects both axes. Among € point ony 1 P just before this happens (see Figure 9). The

all possible such circles, it chooses the one whose centerl'Eg.Seg_Thenmﬁ §p||ti_tr;]edboundatry oftthetrp])olygpnl:)mttoh two

closest to the originC' remains fixed throughout the game. chains. 1he chain which does not contain the pojribgether
Let L and M denote the current positions of the lion anefv'_th the line segmenta de“’?es a polygon. We will ref_er to

the man respectively (see Figure 8). Lt denote the point this polygor_l asthe pocket with respect to and v. The line

the man moves tdM M’| < 1. If |[LM’| < 1, the lion catches segmentu IS referred to as thentrange of the pocket

the man. Otherwise, it moves to a poﬁ‘t on the line M'C We will utilize the following properties of pockets:

such thai L’L| = 1. There are two such points, it chooses the Property_ 2:.Let abea point on the line segment gnd
one closer to the man. 5 be a point in the pocket with respect ¢goand v. The line

Definition 5: We will refer to this move as thkon’s move segmentav is contained in the shortest path fromto 5

from L with respect toC' and M’ (Figure 8). (Figure 9). _ _ .
The lion’s move maintains the following: Property 3: Let R be a pocket with respect toandv inside

Lemma 6 ([2]): If the lion does not catch the man in the? POlygonP. Any path fromj € R toy € P — R crosses the
current move then entrance of the pocket (Figure 9).

(i) M’ has both coordinates strictly smaller thah Looking ahead, let us describe how we will utilize these

(i) L' is inside the segment/’C’, and properties: Suppose pursugr is moving towards the evader
(iii) |L'C)2 > 1+ |LC|%. ’ and the evader disappears. Letbe the current pseudo-
Proof: See 2]. m Dlocking vertex. Ifp; moves towards), Property 2 implies

that it is still moving on the shortest path from the evader to
the origin. If the evader becomes visible befgrereaches,
Property 3 implies that it must cross the entrance of the @iock
andp; can continue its strategy (described in the next section)
as if the evader has not disappeared.

If the evader is not visible whep; arrives atv, thenv
becomes @locking vertex At this point, the second pursuer
will enter the game.

Next, we present the details of the strategiewofind ps.

D. Strategy of Pursuep;

As stated earlier, we assume that purspeiis at least as
fast as the evader. At time stépp; moves according to the
following strategy:

If the evader is visible, he performs artended lion’s move
which is defined as follows: Let be the shortest path from
e(t) to e(t + 1). Without loss of generalityp; will pretend
that the evader followed. As a pointz moves frome(t) to
e(t + 1) along 7, the vertices on the shortest path franto
C. The strategy to capture the evader the origino may change. However, the number of changes is

Letp1(¢), p2(t) ande(t) denote the locations of the pursuersit mostn: The first vertex on the shortest path framto o
and the evader, respectively, at timdn the beginning of the must be one of the vertices of the polygon. Sincés the
game the two pursuers move together and search for the evafnrtest path from(t) to e(¢+ 1), each vertex of the polygon
using the strategy described in the previous section. Withacan be this first vertex for at most one contiguous sub-path
loss of generality, we assume that the game starts-at0 in 7. Let zq,...,z,—1 correspond to the points on where
where p;(0) = p2(0) = o and e(0) is visible from o. We such changes occur, we defing = e; andz, = e(t + 1).

Fig. 9. Pocket with respect to andv
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Fig. 11. A summary of pursuer 's strategy.L eft: The evader is visible tp;
who proceeds with the extended lion's mowiddle: The evader disappears
for the first time. It is known to be behind the pseudo-blogkivertex v.
Pursuerp; moves towards. Right: Pursuerp; can not see the evader after
arriving atv. The vertexv becomes a blocking vertex and sends oufps

to search for the evader. After finding the evader,will report v/, the new
pseudo-blocking vertex.

F. Properties of Pursuep;’s strategy

Lemma 8:For all timest, pursuerp; maintains the follow-
Fig. 10. The extended lion's move ing invariants until the evader is caught:

(11) p1(¢) is on the shortest path fromto e(¢).

(12) di(t+1)2 > di(t)* + L if pi(t) #pr(t+1).

Let v; be the first vertex on the shortest path framto o. Proof of Invariant 11: We prove the invariant by induction.
The extended lion’s move consists bf— 1 phases. During Assume that it holds at time
Phasei, i = 1,...,k, pursuerp; performs the lion’s move  First consider the case whepe can see at timet. Let the

with respect tov; andz; (see Figure 10). Note that the timefirst vertex on the shortest path front) to o bew. It follows
spent by the pursuer in Phasés equal to the time spent by thatp(t) is in the line segment joining to e(t), since ifp(t)
the evader in traveling fron; _; from x;. is betweerp andwu on the shortest path, he would not be able
If the evader was visible in the previous time step, butis ng§ seee(t).
visible any more, lev be the pseudo-blocking vertex. Pursuer | et ; denote the evader’s position at an arbitrary time in the
p1 moves towards until he reaches it. If the evader becomegme intervalt, ¢ + 1). Suppose when the evader isatthe
visible beforep1 arrives atv, he continues with the lion’s first vertex on the shortest path franto o Changes fromu to
move. Otherwisey becomes a blocking vertex. v. Note thatp; can see the evader until this point. Then, the
If the evader is still not visible aftqu reaches the bIOCking shortest path fronx to o passing througm and the shortest
vertex, he waits fops to report the location of the evader. Letpath fromz to o passing through have the same length. This
R be the current pocket defined with respect to the blockifighplies thatu, v, andz have to be collinear. For otherwise,
vertex and the current center. There are two possibilities. 3 shorter path from: to o can be found in the interior of the
1) The evader reveals itself {n. Then, by Property 3, this polygon formed by these two presumed shortest paths from
must while before the evader is crossing the entrande.dh g o, which is a contradiction.
this casep; continues the game with the lion’s move. This implies that either is an ancestor or a descendant of
2) Pursuerp; finds the evader located at Let v’ be the  jn the shortest path tree rootedatlf « is an ancestor, at
first vertex on the shortest path fromto e and R’ be the the pointz where the switch occurg, could either be on the
pocket with respect to and v'. In this casep’ becomes a segmentz in which case it can continue the lion’s move in
pseudo-blocking vertexiz’ becomes the new pocket apd  the next phase op; is on the segmeniwv, in which casee

continues his strategy by moving towards will become invisible top; after z. In this casep; must be
An illustration of different modes of the pursuer's strtegeither moving towards a pseudo-blocking vertex or waiting a
is presented in Figure 11. a blocking vertex. In both cases, the invariant is maintine

by Property 2. Ifu is a descendant af, thenp; is already on

E. Strategy of Pursuep, the segmenuz and hence on the segment. Hence it can

The task of pursuers is to search for the evader when it iscontinue the lion’'s move in the next phase. The invariant is
not visible top,;. When the evader disappears from the sightherefore maintained as a corollary of Lemma 6.
of p1, pursuerp, waits until p; reaches the blocking vertex. Otherwise, ifp; does not see the evader at timeéie must
Afterwards,p- locates the evader using the strategy describbé either waiting at a blocking vertex or moving towards
in the previous section and reports the location of the avade pseudo-blocking vertex. In both cases, the invariant is
to p1. maintained by Property M
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Proof of Invariant 12: Theorem 9:In any simply-connected polygon, two pursuers

If p; is moving towards a pseudo-blocking vertex, hig; andp, can capture an evader (whose speed is bounded by
distance to the origin is increasing by 1 and the invariant ike speed op,) with probability arbitrarily close to one.
maintained.

Next, we show that the extended lion’s move maintains the V. EXTENSIONS OF THE TWGPURSUER STRATEGY
invariant: Suppose the lion’s move has< n phases and | this section, we present three extensions of the two-
consider phaseof the extended lion's move where the evadgsyrsuer strategy presented in the previous section. IridBect
moves from the poink;_, to x;. Suppose, during this phasen.A, we show how a single pursuer can implement the same
the pursuerp; moved from pointy;_; to y; (see Figure 10) strategy at the expense of increased capture time. In Bectio
and |et1}i be the center of the circle for the lion’s move duringV_B' we show how the g|0ba| communication requirement

this phase. can be relaxed. Finally, in Section IV-C, we show that two
Let w; = d(o,y:) — d(0, yi-1). pursuers can capture the evader even if the polygon has a
As a corollary of Lemma 6 we have door through which the evader can escape and win the game.

d(yi,0)* > d(yi—1,0)* + w?.

%umming up over all phases we get the total progress to ge Capturing the evader with a single pursuer

Z’i:l w7,2 . .
This expression when subject 191, i = 1is minimized | _SCRAESS e BEE B B e e et verton
when allw; = ... = w, = 1. Therefore we havé, (t+1)? > g forps 1 can g

— on the shortest path from the evader to his current location
and move there.

The combined strategy of the two pursuers can be viewed agonsider the shortest path tr@efrom the origino to the
follows Pursueip; moves only when it knows the shortest pathyertices of the polygon. For each vertex let I(v) be the
from the evader to the origio. Performing the lion’s move is nymber of leaves of the subtréB(v) of T rooted at the
equivalent to growing a disk inside the polygon whose centggrtex . Then the probability that the pursuer's guess will
is at the origino and passes through the current locatiopof  pe successful if he is located afs at least; L. If the guess
By invariant I1, the evader can never enter the disk. Further s correct and the evader is visible, the pursuer contintitfs w
disk is still protected ifp; does not move. Invariant 12 impliesthe lion’s move. However, in case of awrong guess the evader
that, whenevep; moves, the disk monotonically grows andnay end up in an advantageous location and move towards the
the evader is eventually squeezed betweeand the polygon origin o, in which case the pursuer must restart the game.
boundary. Further, if all the guesses are correct, no vertex can be a

Pursuerp, moves only wherp; does not know the evader'sp|ocking vertex more than once. Continuing this way we can
path to the origin. It locates the evader using the randamizgptain a worst-case lowerbound on the probability of suces
strategy given in the previous section and reports its iondb Unfortunately, this bound can be possibly exponentiallakm
p1 SO thatpy, inturn, can keep growing the disk and eventualli, the number of reflex vertices in the environment. However,

d1(t)* + 1+ which implies the invariant |2

capture the evader. the expected time to capture the evader is still finite for any
simply connected environment and this strategy may still be
G. Expected time to capture practical for simple settings.

Let T, = diam(P) be the time it takes pursuer 1 (who One might suspect that an analysis similar to the one in

performs the lion's move) to travel the diameter of the pc)l),Sectlon Il can be applied to prove that the expected time to

gon. By Invariant I2 (Lemma 8), this pursuer will capture thgapture. IS pol_ynomal. Thg reason such an analysis does not
evader inT? steps. However, in the meantime, pursuer 2 m ply directly is that even if the pursuer and the evader are ¢
have to search for the evader cated in a leaf triangle, the capture game still contirares

The number of searches is bounded by the number tEP evader can move to another triangle in the tree. Therefor
vertices. This is because, once a vertex becomes a blockh § n_umb_er of guesses may e>_<ceed the d_epth of_the tree,
vertex, it can never become a blocking vertex again. Next, e ulting in a possibly exponential capture time. This pose

bound the length of each search. Recall that the probabil mterestm_g traﬁe;‘oﬁ between the purﬁuers V'i'br']myd d
of capturing the evader within a round is at Ie%s(Lemma the capture time. If the pursuer can somehow track the evader

i ; ; T : t all times (perhaps using a satellite), then Lemma 8 iraplie
1). Using the inequality1 + z) < e”, it can be easily shown a L _ o
that after2nlnn rounds, the probability of not finding the that he could capture the evader in ti@¥%n - diam(P)°). If

evader is at mos{nl—z. Using the union bound, the probabilityth's is not possible though, he can either use a second pursue

of failure in any of then searches is bounded hy: n_12 _ 1 forlocating the evader and still capture it in polynomiahé

Therefore with probabilityl — % all n searches finish in t%tal or simultaneous!y search and capture which results in a much
time T, - 2 - n? - Inn with high probability, whereT;, is the longer capture time.
time for pursuep, to travel the diameter of the polygon. ) o )
In conclusion, the expected time to capture the evaderBs Relaxing the global communication requirement
O(nT? + Ty - (n?Inn)) with probability arbitrarily close to  When pursuer 1 arrives at a blocking vertex suppose
one. the evader is not visible froma. Therefore pursuer 2 starts
Our main result is summarized by the following theoremsearching for the evader and finds it at time
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such a way that the evader can not escape through the door.
The authors presented a characterization of polygons where
single pursuer with very narrow visibility (represented &y
single ray) can locate the evader before it reaches the door.
In a similar scenario, the two pursuer algorithm presented
in Section Il can be used teapture an evader before it
exits through the door. The only modification necessary is
the following: Initially, pursuerp; is located at the dood
and waits until pursuep, locates the evader. Afterwards, he
continues with the lion’s move with respectdoThis ensures
that the evader can never enter the disk whose origihaad
passes through the current locationpef Therefore, the door
is always protected until the evader is captured.

Fig. 12. Pursuep; is waiting at the current blocking vertex Pursuerps V. CONCLUSION AND FUTURE WORK
finds the evader in the pocket with respectut@nd « (the shaded region). ) ) S o
The vertexu will become the new pseudo-blocking vertex. In this paper, we studied the visibility-based pursuit eas

game and showed that using a randomized strategy a single

pursuer can locate an unpredictable evader in any simply-

In the previous section, we assumed that the two pursugffnected polygonal environment. The evader may be arbi-
can communicate all the time. Hence, after finding the evadggily faster than the pursuer and it may know the location o
at time ¢, pursuer 2 can compute the first vertexon the ihe pursuer at all times.

shortest path from () to e(t) and reportu to pursuer 1. Al The randomized strategy has some desirable properties:
terwards,u_becomes the pseudo—blocking vertex and pursueidst as shown in [12], there are polygonal environments
starts moving toward: (Figure 12). _which require an arbitrary number of pursuers if they are
The two pursuers can implement this strategy even if the¥gyricted to deterministic strategies. Therefore on sroli-
have only line-of-sight communication. That is, the pursue,,,ments, a randomized strategy is mandatory for locatieg t
can communicate if and only if they can see each other. Thg,ger with a single pursuer. Moreover, even if the polygon i
only modification required in the strategy is the following. yeterministically searchable by a single pursuer, it isvmo
After finding the evader and computing the pseudo-blockingat some of these polygons require revisiting parts of the
vertexu at time t, if pursuer 1 and pursuer 2 can not segq|uqon((n) times [12]. In such polygons, the expected time
each other, pursuer 2 can not report the veitesee Figure ¢, capture with a randomized strategy is comparable to the
12). In this case, pursuer 2 starts moving towards pursuefjhe to capture with a deterministic strategy. However, the
along the shortest path from () to pi(t). Let R be the 4nqomized strategies may be preferable to the deteriinist
pocket with respect to the current blocking vertexand the strategies, as they do not require complicated data stesstu
pseudo-blocking vertex: (the shaded area in Figure 12),.4 costly preprocessing.
Since pursuer 1 will eventually see pursuer 2, there are Woge.qng the randomized strategy to locate the evader does
possibilities based on whether the evader becomes visible, require an exact map of the environment: It is based on the

pursuer 1 in the meantime. dual graph of the triangulation and as long as the structfire o

If puriuerhl see(sj th_e Ievat_jer before seeing prl]Jrsuer ﬁ W‘@ triangulation dual is preserved, it is insensitive t@exin
means that the evader is leavififProperty 3). Further, at this 4o a6 °0f the environment. An interesting research diecti

time, pursuer 1 will be on the_ evader’s shortest to the orig|g 1o incorporate the navigation strategies in [7] whichuieg]
by Property 2..Theref0re, in th|§ case, pursuer 1 proceetﬂ\s WL minimal representation of the environment.
the extended lion’s move — maintaining both invariafitsand Another interesting extension is the case of non-polygonal

I 2bth . i 1 2 first. th qenvironments. The randomized strategy can be used to locate
erwise, It pursuer 1 sees pursuer 2 Nirst, the eVaqgh eyader in non-polygonal, simply-connected envirortsien

must be in th2e pocket hWith respec':j hoblan(lj(_u. In thiz For example, this could be done by replacing the triangutati
case, pursuer 2 reports the new pseudo-blocking veriand . (Lemma 1) with the decomposition studied in [22].

pursuer 1 proceeds as before by moving towardslote that nother alternative is to use the medial axis (c.f. [16] for

pursuer 2 re_ports only the pseudo-blocking vertex, not t € definition and related properties) of a simply-connected
precise location of the evader. polygon instead of the triangulation tree.
) We have also studied the more challenging problem of

C. Polygonal rooms with a door capturing the evader. For this problem, we presented agirat

In [13], Lee et al. studied the following variant of thefor two pursuers (one of which is as fast as the evader) to
pursuit-evasion problem: The input is a péf, d) whereP is  capture the evader in expected time polynomial in the number
the polygonal room the game is played in ahis adoor, a of vertices and the diameter of the environment. The styateg
point marked on the boundary d?. The goal is to devise can be modified for a single pursuer, however it is not clear
a strategy for the pursuer to eventually see the evader,whether the expected time to capture remains a polynomial
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in the number of vertices. We leave this as a future researc”

direction.
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