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Abstract

Weintroducea formalmodelfor deploymenéndhosting
of adynamiogrid servicewherintheserviceprovider must
pay a resouce provider for the use of computationalre-
sources.Our modelproducesoliciesthatbalancethenum-
ber of requiredresouceswith thedesie to keepthe costof
hostingthe serviceto a minimum.Thetwo component®f
costthat we considerare the deploymentostand the cost
to keeptheserviceactive which weview asa lease We cast
the problemin a dynamicprogrammingframevork andwe
are able to showthat the modelmalesgoodleasingdeci-
sionsin the face of sud uncertaintiesas randomdemand
for the serviceand randomexecutiontimesof servicere-
guestsTheresultsshowthat the policiesobtainedfromthe
modelreducethe costof hostinga serviceandsigni cantly
reducethevarianceof that cost.

1. Intr oduction

The succes®f web serviceshasin uenced the way in
which grid applicationsare beingwritten [10]. Grid appli-
cationdesignersrenow beginningto make useof software
servicesthat provide a speci ¢ functionality to the appli-
cation, suchas solving a systemof equationsor perform-
ing a simulationremotely Grid applicationghat make use
of suchservicegequireconsistentesponsd¢imesandhigh
availability from thoseservicesThe serviceprovider (SP),
whodevelopstheserviceandits interface,maychageusers
throughsubscriptiongo the serviceor throughmeteredus-
age[4]. In turn, we assumehatthereis a costto the SPfor
maintainingthepresencef aservicen thegrid. Thiscostis
chagedto the SPby the ownerandmaintainerof the com-
putationalresourcesthe resourceprovider [12]. This work
focuseson controlling sucha costto the SP Thetwo com-
ponentsof costare: 1) a deploymentcost,and?2) a costto
keepthe serviceactive, which we modelasthe costto hold
aleaself therewereno coststo maintainingthepresencef
agrid service thenthe SPcouldsimply deplgy the service

in asmary placesaspossibleandleave it running. There-
fore, the SP mustbalancethe demandfor servicewith the
desireto keepthe costof providing it to aminimum.

Theamountof resourceseedednayvary overtime and
is afunctionof thedemandor theserviceandthecompute-
intensive nature of the service.We addressthe situation
wherethe demandfor the serviceandthe executiontimes
to procesghe servicerequestareunknownn, but canbe es-
timated.Even thoughthe SPwill know the processinge-
qguirementdor atypical invocationof the service the exe-
cutiontime of ary particularinstantiationof theservicecan
vary dueto inputdatadependencieaswell asresourceon-
tentionfrom otherservicesf, asis likely in agrid, the ser
viceis deployedin atime-sharingervironment.Our model
allows for two typesof servicedeplgyments:plannedde-
ployments which take placein accordance&vith thenormal
leasingcycle, andunplanneddynamicdeployments which
occuronly in the presenceof excessdemandfor the ser
vice.

In this articlewe proposeamodelfor makingservicede-
ploymentandresourcdeasingdecisionsn the presencef
randomdemandor the serviceandrandomexecutiontimes
for processingervicerequestsThe decisionsaremadepe-
riodically and are basedon expectedaveragedemandand
expectedaverageexecutiontimes.We modelthearrival and
theprocessin@f servicerequestasa stochastiprocessn
which theinter-arrival timesandthe executiontimescome
from known probability distributions. The problemis cast
asa nite-horizon dynamicprogrammingproblem.There-
sultis aleasingpolicy thatindicatesto the SPhow mary re-
sourcedo leasan eachdecisionperiod.An importantresult
is thatour approachgreatlyreduceshevarianceof thetotal
cost.Low variances importantfor maintainingconsisteng
andpredictabilityin thenumberof servicedeploymentsand
hencein the numberof leasedresourcesThe contritutions
of this work aretwofold: 1) a mathematicaformulationof
the leasingproblem, the parameter®f which may be ad-
justedto correspondo differenteconomicscenariosand?2)
thereductionin costswhich arearesultof themodelsleas-
ing policies.



2. RelatedWork

A numberof works have proposedservice-oriente@r
chitecturesand have testedhigh-performancepplications
in thoseernvironments[4, 13, 14, 12]. In [14], Weissman
and Lee presentan architectureand middlevare for dy-
namicreplicaselectionandcreationin responseo service
demand.Their work answersthe questionsof when and
whereto deplgy a grid service.In contrast,this work fo-
cuseson the questionof how mary resourcesrerequired
to hostagrid servicein thepresencef randomdemandand
executiontimes.

Buyya et. al. [3] and Wolski et. al. [15, 16] examine
the useof supplyanddemand-basedconomicmodelsfor
the purposeof pricing andallocatingresourcego the con-
sumersof grid serviceslIn this work we assumea supply
and demand-basedconomyin which both software ser
vicesandcomputationatesourcegrein demandIn partic-
ular, weassumeseparatiomnf interestdetweertheservice
providerandtheresourceprovider. Theserviceproviderob-
tainsthe necessargomputationafesourcesat a cost. The
userthen,is only concernedvith the softwareserviceghat
arerequiredfor the application ratherthannegotiatingdi-
rectly with aresourceownerfor computingtime.

3. Dynamic Programming

Dynamicprogramming[DP), or stochasti@ptimal con-
trol, is anapproactor modellingandfor solvingoptimiza-
tion problemdn which periodicdecisionsmustbe madeun-
dersomelevel of uncertainty Theideaof DP is to solve a
minimization problemin eachperiod, beginning with the
last periodandendingwith theinitial period[1]. The opti-
mal decisiondepend®n the stateof the systemwhich we
de ne to bethe numberof previously leasedresourcesand
the numberof currentlyexecutingservicerequestsln each
decisionperiod the expectedcostsof all admissibledeci-
sionsare computed An admissibledecisionis onethatis
valid giventhe currentstateof the system.e.g.we may not
leasemoreresourceshanarecurrentlyavailablein there-
sourcepool. The overall solutionprovidesan optimal pol-
icy for leasingadditionalresourcesn eachperiod.

4. Sewice Deploymentand Resource Leasing

We usethe DP approachto modelandsolve a stochas-
tic decisionproblemfor leasingcomputationakesources.
The grid serviceis thendeplo/ed and hostedon thosere-
sourcedor acertainlengthof time. Thetotal lengthof time
for which the serviceis to be deployed is divided into N

1 Thepolicy is optimalin a probabilisticsensedueto the randomde-
mandandexecutiontimes.
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Figure 1. Leasing Decision

periods,with the index of the currentperiod labelled k,
k = 0:::N. Thezerothperiodrepresentshe initial start-
ing stateof the systemjust beforethe rst period. At the
beginningof eachperiod,the SPmustdecidehow mary re-
sourcesare neededFigure 1 shawvs how the leasingdeci-
sionis appliedin anarbitraryperiod. The variablesin Fig-
urel arede nedin thefollowing subsectionandthemodel
is fully discussed.

4.1. State

We now de ne a representationf the stateof the sys-
tem. The stateshouldbe a compactsummaryof the avail-
ableinformationthataffectsthe decisionto deploy the ser
vice. A tenetof DP is thatthe informationthata decision-
maler usesshould only dependon the currentstate,and
not on pasthistory [1]. We describethe stateof the grid
serviceby a pair of variables(xy; yx) de ned asfollows.

Xk nhumberof currentlyleasedresourcest the be-
ginningof periodk.

Yk numberof currently executingservicerequests
atthe beginningof periodk.

4.2. DecisionVariable

In our modelthereis a singledecisionvariable,uy, that
representshe numberof (additional)resourcego leaseat
the beginning of a period k. We usethe quali er “addi-
tional” becauseat the beginning of periodk, thereareal-
readyxy resourceseldin leaseandsomeor all of those
leasesnay berenaved.uy maybe negative, in which case
the decisionis to “take down” the grid serviceon uy re-
sourcesThe stateof the systemevolvesaccordingto

Xk+1 = MaXYi+1 ; Xk + Uk): 1)

Notethatyy+1 is arandomvariableandis afunctionof the
numberof servicerequestandtheir executiontimesin pe-



riod k. Speci cally, for thenumberof requestsn execution
atthebeginningof aperiod,we write

Yirr = Y+ ax i

whereay is the numberof requestdor the grid servicein
periodk anddy is thenumberof requestghat nished exe-
cutionin periodk.

We mentionherethatthe decisionvariableu, mayonly
take on admissiblevalues.An admissiblevalueis onethat
is valid for the currentstateof the systemlf, atthe begin-
ning of periodk, thereareyy servicerequestsn execution,
thenwe mustleaseatleasty, Xy additionalresourcegust
to cover the currentload. Also, we may not leasemorere-
sourceghanareavailable.Thus,

Y Xk U R Xy

whereR is themaximumnumberof resourceshatcouldbe
leasedthatis, thetotal numberof resourceswvailableto the
SP

4.3. Demand

Requestdor the grid servicearrive at randompointsin
time. We model the arrivals as a Poissonprocessdue to
its practicality The Poissonproces<loselymatcheamary
arrival processesn real computing systemsand is also
amenabléo analyticalanalysesln theappendixve present
a probabilistic agumentfor the computationof the ex-
pectedvaluesof two randomvariablesthat are neededn
our model. The tractability of the resultdependsijn part,
onthe assumptiorthatthe demandor the grid servicefol-
lows a PoissonprocessWe denotethe demandin period
k by «, which representshe averagearrival rate of ser
vice requestsThe arrival rate may vary with time, indicat-
ing anon-stationaryPoissorprocess.

4.4, ExecutionTimes

We assumehattheexecutiontime of aservicerequests
unknavn until the requestnishes execution.Althoughthe
SPwill know theperformanceharacteristicef theservice,
we asserthatexactexecutiontimescannotbe predictedbe-
causel) the input datawill be differentfor ary particular
request,and 2) requestamay needto competewith other
applicationsand servicesfor processingime. The execu-
tion time is thereforemodelledas a randomvariable. For
the modelitself, we make no assumption®n the distribu-
tion of executiontimes.However, for our computationaéx-
perimentswith the DP algorithm,we modelthe executions
times as Exponentialrandomvariableswith parameter .
Modelling the state,decisionvariables,demand,and exe-
cutiontimesin this mannerresultsin the discrete-timely-
namicsystemshawn in Figure2.
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Figure 2. Discrete-time Dynamic System

45. Cost

Hostinga grid serviceis not free. Thereareboth direct
and indirect costsfor the useof computationakesources:
deploying agrid servicerequireshandwidthanddisk space,
processingervicerequestsequiresCPU cyclesandmem-
ory. Ourmodelemplg/s atwo-tier coststructurefor deploy-
mentof a grid service,plus a separateostto the keepthe
serviceactive for morethanone periodaftertheinitial de-
ployment.Thetwo typesof deploymentare

1. planneddeploymentwith costc; maxO0; uk), and
2. unplannedlynamicdeploymentwith costcovy .

A planneddeploymentmeansthat the serviceprovider
deploys the grid serviceat the beginning of aleasingcycle
in anticipationof servicerequesarrivals.An unplannedly-
namicdeploymentoccurswheneer a servicerequesican-
not be processeecauseall resourcesare busy serving
otherrequest& We denotethenumberof suchdeployments
during a periodk asvg. Unplanneddeploymentsrequire
on-demandeasingof resourcesOur experimentsassume
thattheresourceprovider will chage morefor on-demand
leaseqi.e. c; C2) becausehe serviceprovider is will-
ing to pay the costin orderto maintainquality of service.
However, no suchassumptions requiredby the modelit-
self and other economicscenarioscan be accommodated.
Anotherreasonfor the highercostof on-demandeasess
the single-servicenatureof the deployment. With planned
deployment,oneinstantiationof the grid servicemay sene
multiple consecutie requestsput not multiple simultane-
ousrequests.

The costto keepthe grid active onceit is deployed, that
is, the costto hold the leaseon aresourcejs h perperiod.
The total cost, gk, chaged by the resourceprovider in a
givenperiodis thesumof thethreecostcomponent’ Since
vk andxy arerandomvariableswe mustcomputethe ex-

2 Weassumehatthereis no queueingof servicerequests.
3 Theunitsof c1, c2, andh aremonetary



pectedcost,E g , duringexecutionof the DP algorithm.

E o E cimax0;uy) + covk + h(Xk + ug)

cimaxO; ux) + E v + h(E xx + u):

From Equation(1) we seethatthe computationof E x
amountgo thecomputatiorof E yx . Thecomputation®f
bothE v andE yx aredescribedn theappendix.

5. DP Algorithm

TheDP algorithmproceedsn stagegrom periodN 1
backwardin time to period0. At eachstage the algorithm
computeghe expectedcostto getto the last stage which
is the expectedcostfor the currentstageplus the expected
costsfor all future stagesThis is known asthe cost-to-go
andis denotedby Jy (Xk; Vk)-

h
Ik (Xk;Yk) = min ctmax0; ux) + GE v
Yk Xk Uk RoXi

+ h(E Xk + Uk) + Jiez (X1 5 Yke1)

In the equationabore, the index k goesfrom N 1 to
0. The costat the end of the last period, Jn (Xn ;YN ), iS
calledtheterminalcost.Traditionally, theterminalcostrep-
resentsthe costof having unusedresourcesat the end of
the planninghorizon. For our model, the terminal costis
max0; XN  Yn). At every otherstage,the cost-to-gois
computedfor every possiblestate (x;yk) and for every
admissibleleasingdecisionuy. The optimal deployment
andleasingdecisionfor a given stateis the onethat min-
imizes the cost-to-go.We denotethe optimal decisionas
u,, andthe optimal cost-to-goasJ, (Xk; yx). Algorithm 1
is the DP algorithmfor the resourcdeasingproblem.The
pseudo-codés presentedn matlablike notation.Thefunc-
tionscompute _Vandcompute _Y correspondo thecom-
putationsof E v andE yix givenin theappendixAlgo-
rithm 1 resultsin alookuptablefor eachperiod.Thetable
for ary periodk givesthe optimalleasingdecisionfor ev-
ery possiblestate(Xk; yx) thatcouldoccut
Onedravbackof usingthestandardP algorithmin this
way is thatthe size of the statespacenecessarilyimits the
size of the problemthat we may consider However, there
exist suboptimaltechniqueghat can be usedto overcome
the combinatorialexplosionin the size of the statespace.
One suchapproachis basedon neuro-dynamigprogram-
ming (NDP), which is alsoknown asreinforcementearn-
ing [2]. In the NDP approacha scoringfunction approxi-

matesthe true costfunction,anda compactrepresentation

of thestatespacas usedwhich captureonly thesalientfea-
turesof the state . Anotherapproacho reducingthe size of

the statespacen the underlyingMarkov DecisionProcess

is foundin [9]. In their work, Songet. al. modelthe state
usingseparatéarkov processefor eachvariable.Whena

changeof stateoccursin oneprocessa probabilisticmech-
anismbaseddnthecorrelationbetweerthevariablesffects
achangean theotherprocessWe arecurrentlyexperiment-
ing with thesemethodsn orderto solve largerinstance of

theleasingproblem.

Algorithm 1: DP Algorithm for Resourcd.easing

input  : Numberof time periodsN

input  : Totalnumberof resourcesvailableR
input  : Deploymentcostsc; andc;, leasingcosth
input  : Arrival Rate

input  : ServiceRate

output : Optimalleasingpolicy J
for k = N-1:0
Computel (Xk; Yk ) for eat possiblestate
for x = OR
for y = O:R
Calculatethe expectectostfor each
admissibldeasingdecision
for u = y-xtR-x
Computethe expectechumberof dynamic
deployments
v = compute V(t, vy, Xx+u, mu,
lambda) ;
Computethe expectechumberof requests
in executionat the beginning of period
k+ 1;
y_new = compute .Y(t, y, mu,
lambda) ;
Computexx+1 sothatwecanlookup
Jk+1 (Xk+1 5 Yk+1 );
Xx_new = max(y _-new, Xx+u) ;
cost _to _.go = lookup(x _new,
y_new, K);
Computethe expectectost
g = cl*max(0, u) + c2*v +
h*(x+u) + cost _to _go;
Stoe g if it is theminimumcostfoundso
far andkeeptradk of theassociatediy ;
if g < min_cost then
min _cost = g;
ustar = u;
end
end
Stoe theleasingdecisionuy thatachieved
theminimumcost
J(row, col, k) = ustar ;
end
end
end
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6. Results

In this section,we presentresultsfrom a simulation
study The resultsshawv that by usingthe policy obtained
from the DP algorithm, we can reducenot only the de-
ploymentandleasingcosts but alsothe variability of those
costs.As a consequencehe SP canreducethe amountof
uncertaintyin the costof hostinga grid service.Figure 3
shavs how the leasingdecisionvarieswith the state.This
graphrepresentshe optimalleasingdecision,u, , for asin-
gleperiod.As shavn in the gure, whenthe numberof out-
standingleases Xk, increasesthe numberof new leases,
Uk, decreasesAlso, asthe numberof requestsn execu-
tion atthe beginning of a period,yx, increasesthe number
of new leasesuy, increases.

In our experiments,the largestcomponentof the cost
function was c;, the cost of unplanneddynamic deploy-
ments.Therefore we ran the DP algorithmfor increasing
valuesof ¢,. We thenran two separatesimulationsfor re-
sourceleasingfor eachvalueof c¢,. Oneof the simulations
madeuseof the resultsfrom the DP algorithm.We referto
this scenarioas DP leasing The other simulationdid not
usethe DP resultsatall. In this scenariowhich we referto
as Static leasing the numberof resourcesicquiredat the
beginningof eachperiodwaspre-determinety minimiza-
tion (over uy) of thecostfunction.In the Staticleasingsce-
nario the samenumberof plannedresourcesvere leased
in eachperiod,with unplannedlynamicdeploymentoccur
ring whenever necessaryl he speci ¢ parametersiseddur-
ing executionof the DP algorithm and during the subse-
quentsimulationswere
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Figure 4. Mean and Variance of Total Cost

N =10 Numberof time periods
R =20 Total numberof resourcesvailable
=1 Costof planneddeployment
c; = 1:::6 Costof unplannedlynamicdeployment
h=1 Costof holdingaleasefor oneperiod
=10 Averagearrival rate of servicerequests
(requestperperiod)
=1 Averageservicerateof computationate-

sourcegqrequestperperiod).

We performed100 repetitionsof eachsimulation.The
averagedresultsfor the meanand the varianceof the to-
tal costarepresentedn Figure4. Theplot ontheleft is the
meantotal cost.DP leasingresultsin anapproximatel0%
decreas@ averageotal costover StaticleasingMoreover,
anevengreaterbene t canbe seenin the plot on theright,
whichshawvsthevarianceof thetotal cost.We seethatasthe
costof unplannedlynamicdeploymentsincreasesthevari-
anceof thetotal costfor Staticleasingincreasestamuch
fasterratethanfor DP leasing.Thevariancefor Staticleas-
ing ceasedo increasewvhenit getsvery closeto the mean
value.(Thecostis alwayspositive.) Weinitially thoughtthat
thepercentagef total costattributedto unplannedlynamic
deploymentswouldbemuchgreateffor Staticleasingasop-
posedo DPleasingtherebycontributingto thegreatewari-
ancein total cost. Table 1 shawvs that this is not the case.
The percentagef costdueto unplanneddynamicdeploy-
mentsis only slightly greaterfor Staticleasing,andis not
enoughto accountfor theincreasedrariance.Thus,there-
ductionin variancefor DP leasingis dueto the useof the
policy derved from the DP algorithm. Table 1 was made
for the casewherec, = 3. The percentagearesimilar for
othervaluesof c,. We concludethatthe DP approachsig-
ni cantly reduceghe variability of the costof hostingof a
dynamicgrid service.



CostComponent DP Leasing Static Leasing
Planneddeployment 10% 8%
Dynamicdeployment 10% 15%
Costto hold lease 80% 7%

Table 1. Percentages of Total Cost

7. Conclusionand Futur e Work

This work introducesa stochastiaccontrol modelfor de-
ploymentand hostingof a dynamicgrid service.The ob-
jective of themodelis to producepoliciesfor leasingcom-
putationalresourcesothatquality of serviceis maintained
while thecostsof deploymentandleasingarekeptto amin-
imum. Themodelis usefulfor makingresourcdeasingde-
cisionsin thefaceof suchuncertaintieasrandomdemand
for the serviceand randomexecutiontimes of servicere-
guests By emplgying a dynamic programmingapproach,
we were able to obtain both a model and a solution. Our
costfunction captureswo typesof deployment costsand
the costto hold a lease Executionof the DP algorithmre-
sultedin leasingpoliciesthat were subsequentlysedin a
simulationstudy The resultsfrom the simulation experi-
mentsshav thatthe costof deploymentandleasing(host-
ing) is lower whenusingthe DP policies.Justasimportant,
we shav thatasthe costof unplannedlynamicdeployment
increasesyse of the DP policies considerablyreducethe
variability of thetotal costto the serviceprovider.

Theformulationandsolutionof theproblemin thiswork
arefor a nite-horizon problemin which the SPintendsto
deploy thegrid servicefor a particularlengthof time. Tem-
porary needfor high-performancesimulationsduring and
afternaturalor man-madealisastersypify suchservicesWe
alsowantto considerthe casewherea grid servicepersists
inde nitely. Our future work will include formulationsfor
in nite-horizon problemsof this type and experimentation
with differentsolutionmethods Associatedvith this work,
we will provide a stoppingcriterionwhichwill indicate,as
demandor the servicetrails off, whenit is moreeconom-
ical to take down the serviceandjust provide on-demand
dynamicdeployment.
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A. Computation of E vy andE yk

We use a probabilisticagumentto determinethe ex-
pectechumberof unplannedlynamicdeployments E vy
andthe expectednumberof servicerequestdn execution
at the beginning of a period,E yi . The analysisis based
ontheM=G=1L queueanin nite senerqueueingsystem
with aPoissorarrival processln reality, therewill notbean
in nite numberof resourcesvailable; howvever, for analy-
sispurposeswe assumehatadditionalresourcesreavail-
able (at a costof ¢, perresourcewheneer an unplanned



dynamicdeploymentoccurs.The arrival rate of the Pois-
sonprocesss andtheservicerateis . Althoughwe have
usedExponentialservicetimesin this work, the modelal-
lows for the servicetimesto comefrom a generalprobabil-
ity distribution.

service request arrival

0 s t 2t time

period k period k+1

Figure 5. Arriv al of a Service Request

Let usbegin by computingE yx+; . ConsiderFigure5
andlet theintenval (O; t] represenperiodk. We distinguish
betweentwo typesof servicerequeststhosethatarrive in
the intenal (0;t], andthosethat were alreadypresentand
executingat time zero. For both typesof servicerequests
we areconcernedvith computingthe probability thata re-
questis still in executionat the beginning of periodk + 1,
hencecontrituting to yi+1 . Considera requesthatarrives
attimes, 0 < s t. The probability thatthe requestn-
ishesexecutionby timet is, by de nition, F(t s), where
F is the cumulative probability distribution of the service
times (i.e. the Exponentialdistribution in our case.)Con-
sequentlythe probability that the requests still in execu-
tion attimetisl F(t s). Giventhatthe arrival oc-
curredin theintenval (0; t], oneresultaboutthe Poissorpro-
cessstateghatthetime of arrival s is uniformly distributed
on (0; t] (seefor example,Theorem6.2in [11]). Thus,for
anarbitraryarrival in periodk the unconditionalprobabil-
ity thatthe requests still in executionat the beginning of
periodk + 1is

Z, Z,

1 F(t s)ds=
0

1 F(x)dx
0 (2)

_ 1
Pe= 1

—

LetN (t) bethetotal numberrequestshatarrive duringthe
interval (0; t]. Eachrequeshasanindependergervicetime.
Thus,eachrequeshasanindependenprobabilityp; of still
beingin executionattimet. Let W (t) bethenumberof re-
questsstill in executionattimet. GivenN (t) = n, thecon-
ditional distribution of W (t) is binomialwith parameters
andp;. Thus,

PW({)=jjN®=n = J“ da p)" i

andthe unconditionaldistribution of W (t) is, by the theo-
remof total probability,

PW()=] = P W(®=]jN{=nP N{)=n
n=j
L et ()
- e tpt(tpt)j:

j!
Thus,thenumberof requestshatarrive duringperiodk and
thatarestill in executionatthe beginningof periodk + 1is
Poissordistributedwith parameter
= —(1 e ')

Now we mustconsiderthe othertype of servicerequest
that was mentionedearlier thatis, a requestthat was al-
readypresentand executingat the beginning of period k.
Denotethe numberof suchrequestghatarestill in execu-
tion at time t by Z(t). We notethat Z(t) is independent
of W (t) andthat eachof theserequestshasan indepen-
dentprobabilityof nishing executionby timet. Giventhat
y of theserequestarepresenitthe beginningof periodk,
theconditionaldistribution of Z (t) is binomialwith param-
etersy ande ! . Thus,

_ i R tj tyy .
Pz(t)=jjz0)=y = j e @a ety L
The conditionalprobability of Z (t) sufces sincewe may
obserethevalueof Z (0) (i.e.thevalueof yy) atthebegin-
ning of eachperiod.BecausaN (t) andZ (t) areindepen-
dentrandomvariableswe may computethe expectationof

their sumby takingthe sumof their expectationsThus,

E W(t)+ Z(t)
E W() +E Z(t)

E Yik+1

-1 e '")+ye ':

We now turn our attentionto the computatiorof E vy ,
the expectednumberof unplanneddynamic deployments
thatwill occurduringa periodk. For this analysiswe again
male useof resultsfrom queueingheoryfor theM =G=1
gueueaswell asresultsfrom the Poissonprocess.To be-
gin, let usclassifya servicerequestasoneof two possible
types.A Type 1 requests a requestthat executeson a re-
sourcethatwasacquiredhroughaplanneddeployment.So,
arequests aTypel requestf thereis afreeresourcevail-
able(andalreadyleased)vhenthe requestarrives.A Type
2 requestis one that executeson a resourcethat was ac-
quiredthroughanunplannediynamicdeployment.Thus,a
requestthat arrivesand nds that all leasedresourcesare



busyis a Type 2 requestlt is the Type 2 requestghatcon-
tributeto vy.

We have de ned two possibletypesof requestandwe
note that a requestmust be one of thesetwo types. Sup-
posethat a servicerequestarrivesattimes, 0 < st
(referringagain to Figure5.) Let P1(s) be the probability
thattherequesis a Type 1 requestSimilarly, Let P,(s) be
the probability that the requestis a Type 2 requestwhere
P1(s) + P2(s) = 1. Now let N,(t) bethe numberof Type
2 requestoccurringby time t, thatis, the numberof un-
planneddynamic deploymentsvy. A useful result of the
PoissormprocesstateghatN,(t) is a Poissorrandomvari-
ablewith mean

z t
E No(t) = E w = P,(s)ds 3)
0
(seeProposition3.3in[8], for example).The only remain-
ing taskis to derive anexpressiorfor P,(s), theprobability
thata servicerequestrrival nds all leasedesourcedusy
and thereforean unplanneddynamicdeploymentwill oc-
cur. In ary periodk the total numberof plannedieasede-
sourcess Xk + Uk. Soanunplanneddynamicdeplgyment
will occurwhenever arequestrrivesandxy + Uy or more
resourcegsrebusy Herewe make useof the previousde -

nitionsof W (t) andZ (t). Supposé¢hattherearej resources
busyattimes. ThenW (s) + Z(s) = j becausenexecut-
ing requesmusthave eitherbegunexecutionin theinterval
(O; 8], orit musthave alreadybeenin executionattime zero.
Giventhatwe begin periodk with y requestslreadyin ex-
ecution theexpressiorfor P,(s) is

Pa(s) = P W(s)+ Z(s) Xk+ ucjZ(0)=y
¥ HNRi) i
= PZ(s)=kP W(s)=j k ;
j=Xk+Uk k=0
where
PZ(=k = ) e@ ek
. e Ps(spg) X
PW(s)=j k =-—"———"72>"

andps is computedasin Equation(2). For numericalexe-
cutionof the DP algorithmthe evaluationof theintegralin

Equation(3) wasdoneusingthetrapz functionin mat-
lab. This function computesan approximationof the inte-

gral by constructingrapezoidsvhich approximatehe area
underthefunction.



