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Abstract

Weintroducea formalmodelfor deploymentandhosting
of a dynamicgrid servicewhereintheserviceprovidermust
pay a resource provider for the useof computationalre-
sources.Our modelproducespoliciesthatbalancethenum-
ber of requiredresourceswith thedesire to keepthecostof
hostingthe serviceto a minimum.Thetwo componentsof
costthat weconsiderare thedeploymentcostand thecost
to keeptheserviceactive, which weview asa lease. Wecast
theproblemin a dynamicprogrammingframework andwe
are able to showthat the modelmakesgoodleasingdeci-
sionsin the faceof such uncertaintiesas randomdemand
for the serviceand randomexecutiontimesof servicere-
quests.Theresultsshowthat thepoliciesobtainedfromthe
modelreducethecostof hostinga serviceandsigni�cantly
reducethevarianceof that cost.

1. Intr oduction

The successof web serviceshasin�uenced the way in
which grid applicationsarebeingwritten [10]. Grid appli-
cationdesignersarenow beginningto makeuseof software
servicesthat provide a speci�c functionality to the appli-
cation,suchassolving a systemof equationsor perform-
ing a simulationremotely. Grid applicationsthatmake use
of suchservicesrequireconsistentresponsetimesandhigh
availability from thoseservices.Theserviceprovider (SP),
whodevelopstheserviceandits interface,maychargeusers
throughsubscriptionsto theserviceor throughmeteredus-
age[4]. In turn,we assumethatthereis a costto theSPfor
maintainingthepresenceof aservicein thegrid.Thiscostis
chargedto theSPby theownerandmaintainerof thecom-
putationalresources,theresourceprovider [12]. This work
focuseson controllingsucha costto theSP. Thetwo com-
ponentsof costare:1) a deploymentcost,and2) a costto
keeptheserviceactive,whichwe modelasthecostto hold
alease.If therewerenocoststo maintainingthepresenceof
a grid service,thentheSPcouldsimply deploy theservice

in asmany placesaspossibleandleave it running.There-
fore, the SPmustbalancethe demandfor servicewith the
desireto keepthecostof providing it to aminimum.

Theamountof resourcesneededmayvaryover timeand
is afunctionof thedemandfor theserviceandthecompute-
intensive natureof the service.We addressthe situation
wherethe demandfor the serviceandthe executiontimes
to processtheservicerequestsareunknown, but canbees-
timated.Even thoughthe SPwill know the processingre-
quirementsfor a typical invocationof theservice,theexe-
cutiontimeof any particularinstantiationof theservicecan
varydueto inputdatadependenciesaswell asresourcecon-
tentionfrom otherservicesif, asis likely in a grid, theser-
vice is deployedin a time-sharingenvironment.Our model
allows for two typesof servicedeployments:plannedde-
ployments,which takeplacein accordancewith thenormal
leasingcycle,andunplanneddynamicdeployments,which
occur only in the presenceof excessdemandfor the ser-
vice.

In thisarticleweproposeamodelfor makingservicede-
ploymentandresourceleasingdecisionsin thepresenceof
randomdemandfor theserviceandrandomexecutiontimes
for processingservicerequests.Thedecisionsaremadepe-
riodically andarebasedon expectedaveragedemandand
expectedaverageexecutiontimes.Wemodelthearrival and
theprocessingof servicerequestsasa stochasticprocessin
which the inter-arrival timesandtheexecutiontimescome
from known probability distributions.The problemis cast
asa �nite-horizon dynamicprogrammingproblem.There-
sult is a leasingpolicy thatindicatesto theSPhow many re-
sourcesto leasein eachdecisionperiod.An importantresult
is thatourapproachgreatlyreducesthevarianceof thetotal
cost.Low varianceis importantfor maintainingconsistency
andpredictabilityin thenumberof servicedeploymentsand
hencein thenumberof leasedresources.Thecontributions
of this work aretwofold: 1) a mathematicalformulationof
the leasingproblem,the parametersof which may be ad-
justedto correspondto differenteconomicscenarios,and2)
thereductionin costswhicharearesultof themodel's leas-
ing policies.



2. RelatedWork

A numberof works have proposedservice-orientedar-
chitecturesandhave testedhigh-performanceapplications
in thoseenvironments[4, 13, 14, 12]. In [14], Weissman
and Lee presentan architectureand middleware for dy-
namicreplicaselectionandcreationin responseto service
demand.Their work answersthe questionsof when and
whereto deploy a grid service.In contrast,this work fo-
cuseson the questionof how many resourcesarerequired
to hostagrid servicein thepresenceof randomdemandand
executiontimes.

Buyya et. al. [3] and Wolski et. al. [15, 16] examine
the useof supplyanddemand-basedeconomicmodelsfor
thepurposeof pricing andallocatingresourcesto thecon-
sumersof grid services.In this work we assumea supply
and demand-basedeconomyin which both software ser-
vicesandcomputationalresourcesarein demand.In partic-
ular, weassumeaseparationof interestsbetweentheservice
providerandtheresourceprovider. Theserviceproviderob-
tainsthe necessarycomputationalresourcesat a cost.The
userthen,is only concernedwith thesoftwareservicesthat
arerequiredfor theapplication,ratherthannegotiatingdi-
rectlywith a resourceownerfor computingtime.

3. Dynamic Programming

Dynamicprogramming(DP),or stochasticoptimalcon-
trol, is anapproachfor modellingandfor solvingoptimiza-
tion problemsin whichperiodicdecisionsmustbemadeun-
dersomelevel of uncertainty. The ideaof DP is to solve a
minimization problemin eachperiod,beginning with the
lastperiodandendingwith the initial period[1]. Theopti-
mal decisiondependson thestateof thesystem,which we
de�ne to bethenumberof previously leasedresourcesand
thenumberof currentlyexecutingservicerequests.In each
decisionperiod the expectedcostsof all admissibledeci-
sionsarecomputed.An admissibledecisionis one that is
valid giventhecurrentstateof thesystem,e.g.we maynot
leasemoreresourcesthanarecurrentlyavailablein there-
sourcepool. The overall solutionprovidesan optimal pol-
icy for leasingadditionalresourcesin eachperiod1.

4. ServiceDeploymentand ResourceLeasing

We usethe DP approachto modelandsolve a stochas-
tic decisionproblemfor leasingcomputationalresources.
The grid serviceis thendeployed andhostedon thosere-
sourcesfor acertainlengthof time.Thetotal lengthof time
for which the serviceis to be deployed is divided into N

1 The policy is optimal in a probabilisticsensedueto the randomde-
mandandexecutiontimes.
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Figure 1. Leasing Decision

periods,with the index of the current period labelled k,
k = 0: : : N . The zerothperiodrepresentsthe initial start-
ing stateof the systemjust beforethe �rst period.At the
beginningof eachperiod,theSPmustdecidehow many re-
sourcesareneeded.Figure1 shows how the leasingdeci-
sion is appliedin anarbitraryperiod.Thevariablesin Fig-
ure1 arede�ned in thefollowing subsectionsandthemodel
is fully discussed.

4.1. State

We now de�ne a representationof the stateof the sys-
tem.The stateshouldbe a compactsummaryof theavail-
ableinformationthataffectsthedecisionto deploy theser-
vice. A tenetof DP is that the informationthata decision-
maker usesshouldonly dependon the currentstate,and
not on pasthistory [1]. We describethe stateof the grid
serviceby a pair of variables(xk ; yk ) de�ned as follows.

xk numberof currentlyleasedresourcesat thebe-
ginningof periodk.

yk numberof currentlyexecutingservicerequests
at thebeginningof periodk.

4.2. DecisionVariable

In our modelthereis a singledecisionvariable,uk , that
representsthe numberof (additional)resourcesto leaseat
the beginning of a period k. We use the quali�er “addi-
tional” becauseat the beginning of periodk, thereareal-
readyxk resourcesheld in leaseandsomeor all of those
leasesmayberenewed.uk maybenegative, in which case
the decisionis to “take down” the grid serviceon uk re-
sources.Thestateof thesystemevolvesaccordingto

xk+1 = max(yk+1 ; xk + uk ): (1)

Notethatyk+1 is a randomvariableandis a functionof the
numberof servicerequestsandtheir executiontimesin pe-



riod k. Speci�cally, for thenumberof requestsin execution
at thebeginningof aperiod,wewrite

yk+1 = yk + ak � dk ;

whereak is the numberof requestsfor the grid servicein
periodk anddk is thenumberof requeststhat�nished exe-
cutionin periodk.

We mentionherethatthedecisionvariableuk mayonly
take on admissiblevalues.An admissiblevalueis onethat
is valid for thecurrentstateof thesystem.If, at thebegin-
ning of periodk, thereareyk servicerequestsin execution,
thenwemustleaseat leastyk � xk additionalresourcesjust
to cover thecurrentload.Also, we maynot leasemorere-
sourcesthanareavailable.Thus,

yk � xk � uk � R � xk ;

whereR is themaximumnumberof resourcesthatcouldbe
leased,thatis, thetotalnumberof resourcesavailableto the
SP.

4.3. Demand

Requestsfor thegrid servicearrive at randompointsin
time. We model the arrivals as a Poissonprocessdue to
its practicality. ThePoissonprocesscloselymatchesmany
arrival processesin real computing systemsand is also
amenableto analyticalanalyses.In theappendixwepresent
a probabilistic argument for the computationof the ex-
pectedvaluesof two randomvariablesthat are neededin
our model.The tractability of the result depends,in part,
on theassumptionthat thedemandfor thegrid servicefol-
lows a Poissonprocess.We denotethe demandin period
k by � k , which representsthe averagearrival rate of ser-
vice requests.Thearrival ratemayvary with time, indicat-
ing anon-stationaryPoissonprocess.

4.4. ExecutionTimes

Weassumethattheexecutiontimeof aservicerequestis
unknown until therequest�nishes execution.Althoughthe
SPwill know theperformancecharacteristicsof theservice,
weassertthatexactexecutiontimescannotbepredictedbe-
cause1) the input datawill be different for any particular
request,and 2) requestsmay needto competewith other
applicationsandservicesfor processingtime. The execu-
tion time is thereforemodelledasa randomvariable.For
the modelitself, we make no assumptionson the distribu-
tion of executiontimes.However, for ourcomputationalex-
perimentswith theDP algorithm,we modeltheexecutions
times as Exponentialrandomvariableswith parameter� .
Modelling the state,decisionvariables,demand,andexe-
cution timesin this mannerresultsin thediscrete-timedy-
namicsystemshown in Figure2.

period k+1period k

(xk; yk)
uk

(xk + uk) total pre-deployedresources

servicerequestarrivalsat rate � k

vk dynamicdeployments

yk+1 = yk + ak � dk

uk+1
xk+1 = max(yk+1 ; xk + uk)

time

Figure 2. Discrete-time Dynamic System

4.5. Cost

Hostinga grid serviceis not free.Thereareboth direct
and indirect costsfor the useof computationalresources:
deploying agrid servicerequiresbandwidthanddiskspace,
processingservicerequestsrequiresCPUcyclesandmem-
ory. Ourmodelemploysatwo-tiercoststructurefor deploy-
mentof a grid service,plusa separatecostto thekeepthe
serviceactive for morethanoneperiodafter the initial de-
ployment.Thetwo typesof deploymentare

1. planneddeploymentwith costc1max(0; uk ), and

2. unplanneddynamicdeploymentwith costc2vk .

A planneddeploymentmeansthat the serviceprovider
deploys thegrid serviceat thebeginningof a leasingcycle
in anticipationof servicerequestarrivals.An unplanneddy-
namicdeploymentoccurswhenever a servicerequestcan-
not be processedbecauseall resourcesare busy serving
otherrequests2. Wedenotethenumberof suchdeployments
during a period k as vk . Unplanneddeploymentsrequire
on-demandleasingof resources.Our experimentsassume
that theresourceprovider will chargemorefor on-demand
leases(i.e. c1 � c2) becausethe serviceprovider is will-
ing to pay the cost in orderto maintainquality of service.
However, no suchassumptionis requiredby the modelit-
self andothereconomicscenarioscanbe accommodated.
Anotherreasonfor the highercostof on-demandleasesis
the single-servicenatureof the deployment.With planned
deployment,oneinstantiationof thegrid servicemayserve
multiple consecutive requests,but not multiple simultane-
ousrequests.

Thecostto keepthegrid active onceit is deployed,that
is, thecostto hold the leaseon a resource,is h perperiod.
The total cost, gk , charged by the resourceprovider in a
givenperiodis thesumof thethreecostcomponents3. Since
vk andxk arerandomvariables,we mustcomputetheex-

2 We assumethatthereis noqueueingof servicerequests.
3 Theunitsof c1 , c2 , andh aremonetary.



pectedcost,E
�
gk

�
, duringexecutionof theDP algorithm.

E
�
gk

�
= E

�
c1max(0; uk ) + c2vk + h(xk + uk )

�

= c1max(0; uk ) + c2E
�
vk

�
+ h(E

�
xk

�
+ uk ):

From Equation(1) we seethat the computationof E
�
xk

�

amountsto thecomputationof E
�
yk

�
. Thecomputationsof

bothE
�
vk

�
andE

�
yk

�
aredescribedin theappendix.

5. DP Algorithm

TheDPalgorithmproceedsin stagesfrom periodN � 1
backward in time to period0. At eachstage,thealgorithm
computesthe expectedcost to get to the last stage,which
is theexpectedcostfor thecurrentstageplus theexpected
costsfor all future stages.This is known asthe cost-to-go
andis denotedby Jk (xk ; yk ).

Jk (xk ; yk ) = min
yk � x k � u k � R � x k

h
c1max(0; uk ) + c2E

�
vk

�

+ h(E
�
xk

�
+ uk )

i
+ Jk+1 (xk+1 ; yk+1 )

In the equationabove, the index k goesfrom N � 1 to
0. The cost at the end of the last period,JN (xN ; yN ), is
calledtheterminalcost.Traditionally, theterminalcostrep-
resentsthe cost of having unusedresourcesat the end of
the planninghorizon.For our model, the terminal cost is
max(0; xN � yN ). At every other stage,the cost-to-gois
computedfor every possiblestate(xk ; yk ) and for every
admissibleleasingdecisionuk . The optimal deployment
andleasingdecisionfor a given stateis the onethat min-
imizes the cost-to-go.We denotethe optimal decisionas
u�

k , andtheoptimal cost-to-goasJ �
k (xk ; yk ). Algorithm 1

is the DP algorithmfor the resourceleasingproblem.The
pseudo-codeis presentedin matlab-likenotation.Thefunc-
tionscompute V andcompute Y correspondto thecom-
putationsof E

�
vk

�
andE

�
yk

�
givenin theappendix.Algo-

rithm 1 resultsin a lookuptablefor eachperiod.The table
for any periodk givestheoptimal leasingdecisionfor ev-
erypossiblestate(xk ; yk ) thatcouldoccur.

Onedrawbackof usingthestandardDPalgorithmin this
way is that thesizeof thestatespacenecessarilylimits the
sizeof the problemthat we may consider. However, there
exist suboptimaltechniquesthat canbe usedto overcome
the combinatorialexplosion in the sizeof the statespace.
One suchapproachis basedon neuro-dynamicprogram-
ming (NDP), which is alsoknown asreinforcementlearn-
ing [2]. In the NDP approacha scoringfunction approxi-
matesthe truecostfunction,anda compactrepresentation
of thestatespaceisusedwhichcapturesonly thesalientfea-
turesof thestate.Anotherapproachto reducingthesizeof
thestatespacein theunderlyingMarkov DecisionProcess
is found in [9]. In their work, Songet. al. model the state
usingseparateMarkov processesfor eachvariable.Whena

changeof stateoccursin oneprocess,aprobabilisticmech-
anismbasedonthecorrelationbetweenthevariableseffects
achangein theotherprocess.Wearecurrentlyexperiment-
ing with thesemethodsin orderto solve largerinstancesof
theleasingproblem.

Algorithm 1: DPAlgorithm for ResourceLeasing

input : Numberof timeperiodsN
input : Total numberof resourcesavailableR
input : Deploymentcostsc1 andc2 , leasingcosth
input : Arrival Rate�
input : ServiceRate�
output : Optimalleasingpolicy J
for k = N-1:0

ComputeJk (xk ; yk ) for each possiblestate;
for x = 0:R

for y = 0:R
Calculatetheexpectedcostfor each
admissibleleasingdecision;
for u = y-x:R-x

Computetheexpectednumberof dynamic
deployments;
v = compute V(t, y, x+u, mu,
lambda) ;

Computetheexpectednumberof requests
in executionat thebeginningof period
k + 1;
y new = compute Y(t, y, mu,
lambda) ;

Computexk +1 sothatwecanlookup
Jk +1 (xk +1 ; yk +1 );
x new = max(y new, x+u) ;
cost to go = lookup(x new,
y new, k) ;

Computetheexpectedcost;
g = c1*max(0, u) + c2*v +
h*(x+u) + cost to go;

Storeg if it is theminimumcostfoundso
far andkeeptrack of theassociateduk ;
if g < min cost then

min cost = g;
u star = u;

end
end
Store theleasingdecisionuk thatachieved
theminimumcost;
J(row, col, k) = u star ;

end
end

end
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6. Results

In this section,we presentresults from a simulation
study. The resultsshow that by using the policy obtained
from the DP algorithm, we can reducenot only the de-
ploymentandleasingcosts,but alsothevariability of those
costs.As a consequence,the SPcanreducetheamountof
uncertaintyin the costof hostinga grid service.Figure3
shows how the leasingdecisionvarieswith the state.This
graphrepresentstheoptimalleasingdecision,u�

k , for asin-
gleperiod.As shown in the�gure, whenthenumberof out-
standingleases,xk , increases,the numberof new leases,
uk , decreases.Also, as the numberof requestsin execu-
tion at thebeginningof a period,yk , increases,thenumber
of new leases,uk , increases.

In our experiments,the largestcomponentof the cost
function was c2, the cost of unplanneddynamicdeploy-
ments.Therefore,we ran the DP algorithmfor increasing
valuesof c2. We thenran two separatesimulationsfor re-
sourceleasingfor eachvalueof c2. Oneof thesimulations
madeuseof theresultsfrom theDP algorithm.We referto
this scenarioasDP leasing. The othersimulationdid not
usetheDP resultsat all. In this scenario,which we referto
asStatic leasing, the numberof resourcesacquiredat the
beginningof eachperiodwaspre-determinedby minimiza-
tion (overuk ) of thecostfunction.In theStaticleasingsce-
nario the samenumberof plannedresourceswere leased
in eachperiod,with unplanneddynamicdeploymentoccur-
ring whenevernecessary. Thespeci�c parametersuseddur-
ing executionof the DP algorithm and during the subse-
quentsimulationswere
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Figure 4. Mean and Variance of Total Cost

N = 10 Numberof timeperiods
R = 20 Total numberof resourcesavailable
c1 = 1 Costof planneddeployment
c2 = 1: : : 6 Costof unplanneddynamicdeployment
h = 1 Costof holdinga leasefor oneperiod
� = 10 Averagearrival rate of servicerequests

(requestsperperiod)
� = 1 Averageservicerateof computationalre-

sources(requestsperperiod).

We performed100 repetitionsof eachsimulation.The
averagedresultsfor the meanand the varianceof the to-
tal costarepresentedin Figure4. Theplot on theleft is the
meantotal cost.DP leasingresultsin anapproximate10%
decreasein averagetotalcostoverStaticleasing.Moreover,
anevengreaterbene�t canbeseenin theplot on theright,
whichshowsthevarianceof thetotalcost.Weseethatasthe
costof unplanneddynamicdeploymentsincreases,thevari-
anceof thetotal costfor Staticleasingincreasesat a much
fasterratethanfor DP leasing.Thevariancefor Staticleas-
ing ceasesto increasewhenit getsvery closeto the mean
value.(Thecostisalwayspositive.)Weinitially thoughtthat
thepercentageof totalcostattributedto unplanneddynamic
deploymentswouldbemuchgreaterfor Staticleasingasop-
posedtoDPleasing,therebycontributingto thegreatervari-
ancein total cost.Table1 shows that this is not the case.
The percentageof costdueto unplanneddynamicdeploy-
mentsis only slightly greaterfor Static leasing,andis not
enoughto accountfor theincreasedvariance.Thus,there-
ductionin variancefor DP leasingis dueto the useof the
policy derived from the DP algorithm.Table1 was made
for thecasewherec2 = 3. Thepercentagesaresimilar for
othervaluesof c2. We concludethat theDP approachsig-
ni�cantly reducesthevariability of thecostof hostingof a
dynamicgrid service.



CostComponent DP Leasing Static Leasing
Planneddeployment 10% 8%
Dynamicdeployment 10% 15%
Costto hold lease 80% 77%

Table 1. Percenta ges of Total Cost

7. Conclusionand Futur e Work

This work introducesa stochasticcontrolmodelfor de-
ployment andhostingof a dynamicgrid service.The ob-
jective of themodelis to producepoliciesfor leasingcom-
putationalresourcessothatqualityof serviceis maintained
while thecostsof deploymentandleasingarekeptto amin-
imum.Themodelis usefulfor makingresourceleasingde-
cisionsin thefaceof suchuncertaintiesasrandomdemand
for the serviceandrandomexecutiontimesof servicere-
quests.By employing a dynamicprogrammingapproach,
we were able to obtain both a model anda solution.Our
cost function capturestwo typesof deploymentcostsand
thecostto hold a lease.Executionof theDP algorithmre-
sultedin leasingpoliciesthat weresubsequentlyusedin a
simulationstudy. The resultsfrom the simulationexperi-
mentsshow that thecostof deploymentandleasing(host-
ing) is lowerwhenusingtheDPpolicies.Justasimportant,
weshow thatasthecostof unplanneddynamicdeployment
increases,useof the DP policies considerablyreducethe
variability of thetotal costto theserviceprovider.

Theformulationandsolutionof theproblemin thiswork
arefor a �nite-horizon problemin which theSPintendsto
deploy thegrid servicefor aparticularlengthof time.Tem-
porary needfor high-performancesimulationsduring and
afternaturalor man-madedisasterstypify suchservices.We
alsowantto considerthecasewherea grid servicepersists
inde�nitely. Our future work will includeformulationsfor
in�nite-horizon problemsof this typeandexperimentation
with differentsolutionmethods.Associatedwith thiswork,
we will provide a stoppingcriterionwhich will indicate,as
demandfor theservicetrails off, whenit is moreeconom-
ical to take down the serviceand just provide on-demand
dynamicdeployment.
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A. Computation of E
�
vk

�
and E

�
yk

�

We use a probabilistic argumentto determinethe ex-
pectednumberof unplanneddynamicdeployments,E

�
vk

�
,

and the expectednumberof servicerequestsin execution
at the beginningof a period,E

�
yk

�
. The analysisis based

on theM =G=1 queue,an in�nite server queueingsystem
with aPoissonarrival process.In reality, therewill notbean
in�nite numberof resourcesavailable;however, for analy-
sispurposes,we assumethatadditionalresourcesareavail-
able(at a costof c2 per resource)whenever an unplanned



dynamicdeployment occurs.The arrival rate of the Pois-
sonprocessis � andtheservicerateis � . Althoughwehave
usedExponentialservicetimesin this work, themodelal-
lows for theservicetimesto comefrom ageneralprobabil-
ity distribution.

period k period k+1

0 ts

service request arrival

time2t

Figure 5. Arriv al of a Service Request

Let usbegin by computingE
�
yk+1

�
. ConsiderFigure5

andlet theinterval (0; t] representperiodk. We distinguish
betweentwo typesof servicerequests:thosethat arrive in
the interval (0; t], andthosethat werealreadypresentand
executingat time zero.For both typesof servicerequests
we areconcernedwith computingtheprobability thata re-
questis still in executionat thebeginningof periodk + 1,
hencecontributing to yk+1 . Considera requestthatarrives
at time s, 0 < s � t. The probability that the request�n-
ishesexecutionby time t is, by de�nition, F (t � s), where
F is the cumulative probability distribution of the service
times (i.e. the Exponentialdistribution in our case.)Con-
sequently, the probability that the requestis still in execu-
tion at time t is 1 � F (t � s). Given that the arrival oc-
curredin theinterval (0; t], oneresultaboutthePoissonpro-
cessstatesthatthetime of arrival s is uniformly distributed
on (0; t] (see,for example,Theorem6.2 in [11]). Thus,for
an arbitraryarrival in periodk the unconditionalprobabil-
ity that the requestis still in executionat the beginningof
periodk + 1 is

pt =
1
t

Z t

0
1 � F (t � s)ds =

1
t

Z t

0
1 � F (x)dx

=
1 � e� �t

�t
:

(2)

Let N (t) bethetotalnumberrequeststhatarriveduringthe
interval (0; t]. Eachrequesthasanindependentservicetime.
Thus,eachrequesthasanindependentprobabilitypt of still
beingin executionat time t. Let W (t) bethenumberof re-
questsstill in executionat timet. GivenN (t) = n, thecon-
ditionaldistribution of W (t) is binomialwith parametersn
andpt . Thus,

P
�
W (t) = j j N (t) = n

�
=

�
n
j

�
pj

t (1 � pt )n � j ;

andtheunconditionaldistribution of W (t) is, by the theo-
remof total probability,

P
�
W (t) = j

�
=

1X

n = j

P
�
W (t) = j j N (t) = n

�
P

�
N (t) = n

�

=
1X

n = j

�
n
j

�
pj

t (1 � pt )n � j e� �t (�t )n

n!

= e� �tp t
(�tp t ) j

j !
:

Thus,thenumberof requeststhatarriveduringperiodk and
thatarestill in executionat thebeginningof periodk + 1 is
Poissondistributedwith parameter

�tp t =
�
�

(1 � e� �t ):

Now we mustconsidertheothertypeof servicerequest
that was mentionedearlier, that is, a requestthat was al-
readypresentandexecutingat the beginning of periodk.
Denotethenumberof suchrequeststhatarestill in execu-
tion at time t by Z (t). We note that Z (t) is independent
of W (t) and that eachof theserequestshasan indepen-
dentprobabilityof �nishing executionby timet. Giventhat
y of theserequestsarepresentat thebeginningof periodk,
theconditionaldistributionof Z (t) is binomialwith param-
etersy ande� �t . Thus,

P
�
Z (t) = j j Z (0) = y

�
=

�
y
j

�
e� �tj (1 � e� �t )y� j :

The conditionalprobability of Z (t) suf�ces sincewe may
observethevalueof Z (0) (i.e. thevalueof yk ) at thebegin-
ning of eachperiod.BecauseW (t) andZ (t) areindepen-
dentrandomvariableswe maycomputetheexpectationof
their sumby takingthesumof their expectations.Thus,

E
�
yk+1

�
= E

�
W (t) + Z (t)

�

= E
�
W (t)

�
+ E

�
Z (t)

�

=
�
�

(1 � e� �t ) + yk e� �t :

We now turn our attentionto thecomputationof E
�
vk

�
,

the expectednumberof unplanneddynamicdeployments
thatwill occurduringaperiodk. For thisanalysisweagain
make useof resultsfrom queueingtheoryfor theM =G=1
queueaswell as resultsfrom the Poissonprocess.To be-
gin, let usclassifya servicerequestasoneof two possible
types.A Type 1 requestis a requestthat executeson a re-
sourcethatwasacquiredthroughaplanneddeployment.So,
arequestis aType1 requestif thereis a freeresourceavail-
able(andalreadyleased)whentherequestarrives.A Type
2 requestis one that executeson a resourcethat was ac-
quiredthroughanunplanneddynamicdeployment.Thus,a
requestthat arrives and �nds that all leasedresourcesare



busyis a Type2 request.It is theType2 requeststhatcon-
tributeto vk .

We have de�ned two possibletypesof requestsandwe
note that a requestmust be one of thesetwo types.Sup-
posethat a servicerequestarrives at time s, 0 < s � t
(referringagain to Figure5.) Let P1(s) be the probability
thattherequestis a Type1 request.Similarly, Let P2(s) be
the probability that the requestis a Type 2 request,where
P1(s) + P2(s) = 1. Now let N2(t) bethenumberof Type
2 requestsoccurringby time t, that is, the numberof un-
planneddynamicdeploymentsvk . A useful result of the
PoissonprocessstatesthatN2(t) is a Poissonrandomvari-
ablewith mean

E
�
N2(t)

�
= E

�
vk

�
= �

Z t

0
P2(s)ds (3)

(seeProposition3.3 in[8], for example).Theonly remain-
ing taskis to deriveanexpressionfor P2(s), theprobability
thata servicerequestarrival �nds all leasedresourcesbusy
and thereforean unplanneddynamicdeployment will oc-
cur. In any periodk the total numberof plannedleasedre-
sourcesis xk + uk . Soanunplanneddynamicdeployment
will occurwhenever a requestarrivesandxk + uk or more
resourcesarebusy. Herewe make useof thepreviousde�-

nitionsof W (t) andZ (t). Supposethattherearej resources
busyat time s. ThenW (s) + Z (s) = j becauseanexecut-
ing requestmusthaveeitherbegunexecutionin theinterval
(0; s], or it musthavealreadybeenin executionattimezero.
Giventhatwe begin periodk with y requestsalreadyin ex-
ecution,theexpressionfor P2(s) is

P2(s) = P
�
W (s) + Z (s) � xk + uk j Z (0) = y

�

=
1X

j = x k + u k

hmin(y ;j )X

k=0

P
�
Z (s) = k

�
P

�
W (s) = j � k

� i
;

where

P
�
Z (s) = k

�
=

�
y
k

�
e� �sk (1 � e� �s )y� k ;

P
�
W (s) = j � k

�
=

e� �sp s (�sp s) j � k

(j � k)!
;

andps is computedasin Equation(2). For numericalexe-
cutionof theDP algorithmtheevaluationof theintegral in
Equation(3) wasdoneusingthe trapz function in mat-
lab. This function computesan approximationof the inte-
gral by constructingtrapezoidswhichapproximatethearea
underthefunction.


