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Abstract

Clustering large data sets is distinctly more di�cult when the data sets b ecome large enough

so that they will not �t in to memory at once. In this pap er w e presen t a v arian t of Principal

Direction Divisiv e P artitioning (PDDP) whic h is applicable to large data bases. PDDP w as

designed to b e applied to the en tire data set at once, and for go o d p erformance required the

en tire data set b e presen t in core memory . In this v arian t, piecemeal PDDP , the original data is

brok en up in to sections whic h will �t in to memory and clustered. The cluster cen ters are used

to create appro ximations to the original data items. The appro ximations are designed to tak e

lo w memory , but they are not otherwise designed to satisfy an y particular goal. The piecemeal

algorithm is uniquely able to tak e adv an tage of the appro ximations, since it accesses the data

only through matrix-v ector pro ducts. W e ev aluated the p erformance of piecemeal PDDP on

three real data sets. The results of our exp erimen ts sho w that the p erformance of piecemeal

PDDP is comparable to standard PDDP for the data examined.

k eyw ords: clustering, large data sets, PDDP , data mining, principal directions
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1 In tro duction

It is w ell accepted that data is b eing generated at a pro digious rate in science and tec hnology

researc h and dev elopmen t, on the W orld-wide W eb, b y go v ernmen t agencies, etc. There is to o

m uc h data to b e organized en tirely b y hand and hence automated or semi-automated metho ds

are required to organize data, at least as a �rst step. Therefore, fast and e�ectiv e metho ds for

unsup ervised clustering are form a critical step in the pro cessing of data. These metho ds can gather

the data in to groupings, or clusters , whic h are comp osed of data items with similar attributes. The

clusters can help with classi�cation since, if something is kno wn ab out one sample, or a few samples,

of data in the cluster, the other items in the cluster will ha v e a similar prop erties. Applying more

precise sup ervised classi�cation metho ds, or ev en simple h uman exploring of the data will b e m uc h

easier if one kno ws one can fo cus one's atten tion to a few clusters.

One fast, scalable clustering algorithm is Principal Direction Divisiv e P artitioning (PDDP)[3 ].

W e c ho ose the PDDP metho d b ecause it o�ers unique opp ortunities to tak e adv an tage of reduced or-

der represen tations that can b e constructed from the original data. Cen tral to the PDDP algorithm

is the calculation of the principal direction of the data. This is done using a Lanczos pro cedure,

and a critical part of the Lanczos pro cedure is the calculation of a matrix-v ector pro duct. Using

the appro ximation to the original data results in the matrix-v ector pro duct b eing replaced b y a

matrix-matrix-v ector pro duct. If this pro duct is calculated in the correct order, no additional space

(with resp ect to the usual matrix-v ector pro duct) is needed.

The usual clustering algorithms dep end on b eing able to scan through the en tire dataset man y

times. This b ecomes impractical when w e reac h the enormous sizes of datasets to da y . The prop osed

solution to this problem is to break the original data in to smaller pieces, called se ctions , whic h will

�t in to memory . Eac h section is clustered using PDDP , and the cen ters of the clusters are extracted.

The cen ters are then used to compute a least-squares appro ximation to the data comprising the

section. Once this is done for eac h section of data, the results for all sections are collected and

used to p erform one more PDDP clustering op eration. This �nal clustering will b e an appro ximate

clustering of the en tire original data set. Also, since PDDP is used in eac h phase, the algorithm

remains scalable, with the additional cost of calculating the least-squares appro ximation. Since the

size of eac h section can b e arbitrarily small, the cost of computing the least-squares appro ximation

need not b e signi�can t o v erall.

The appro ximations to the original data can b e made as accurate as a v ailable memory allo ws.

The n um b er of cen troids calculated for eac h section of data, and the n um b er of cen troids used to

appro ximate eac h original data item, are completely user-determined. Generally , the more cen troids

calculated for eac h section, and the more cen ters used to appro ximate eac h original data p oin t, the

more accurate the �nal appro ximation. Ho w ev er, more memory will b e necessary to con tain a more

accurate appro ximation as compared to a cruder appro ximation.

Reducing the original data to appro ximations allo ws PDDP to pro cess the dataset in a reason-

able amoun t of time using relativ ely mo dest amoun ts of memory . The metho d examines ev ery data

item during the pro cess of creating the classi�cation, and will not miss or ignore the presence of

outliers. It can do the most exp ensiv e w ork without ha ving to examine the en tire data set at once.

It could b e used as an incremen tal metho d b y pro cessing a set of new data as a new section without

the need to examine the original old data. The amoun t of memory required b y the appro ximation

can b e set b y the user, and the only tradeo� is the accuracy of the appro ximation and, to a lesser

exten t, the accuracy of the clustering. There are no parameters whic h need to b e selected or tuned.

The ultimate ob jectiv e of this w ork is to dev elop a metho d that will scale w ell to v ery large data

sets while retaining a small memory fo otprin t.
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2 Previous W ork

The problem of clustering large data sets has b een addressed often in the past. Hierarc hical

agglomeration [12 ] and k -means [9, p201] are t w o p opular starting p oin ts for dev eloping scalable

clustering metho ds. Hierarc hical agglomeration assem bles clusters b y recursiv ely joining the t w o

closest clusters, where the distance is computed with resp ect to all p oin ts in all clusters. K -means

starts with a �xed set of cluster cen ters, and go es through an iterativ e pro cess of assigning the data

to the closest cen ter and then using the data in a giv en cluster to calculate a new cen ter. Other

metho ds reduce the original data set to a smaller set of represen tativ es. Sampling ma y also b e used

to reduce the amoun t of time and memory a giv en metho d requires.

Tw o metho ds based on hierarc hical agglomeration are Scatter/Gather [7 ] and CURE [13 ]. Scat-

ter/Gather reduces the running time b y only applying agglomeration to smaller sets of the data,

and then b y agglomerating the cen ters resulting from the previous op eration. The metho d is O ( p

2

),

where p is the n um b er of data p oin ts agglomerated at an y giv en time, and careful c hoice of pa-

rameters is necessary to insure that the o v erall running time do es not c hange from rectangular to

quadratic. CURE reduces the running time b y measuring the in ter-cluster distance using a small

�xed n um b er of wel l-sc atter e d p oin ts, and b y sampling the data. This reduces the o v erall running

time to O ( p

2

log p ), where p is the total n um b er of w ell-scattered p oin ts c hosen to represen t the

data.

CLARANS [16 ] is a k -cen ters algorithm whic h �nds a set of k cluster me doids , whic h are lik e

the cen troids in k -means except they are mem b ers of the data set. V arious clusterings are examined

b y replacing one existing medoid b y a randomly c hosen medoid. Only a small n um b er of alternate

clusterings are examined in order to k eep the running time rectangular.

The problem of k -means requiring re-starts due to con v ergence to lo cal optima is addressed in

[6 ]. This metho d is designed to �nd go o d initial cen ters for large data sets, suc h that the k -means

algorithm will not ha v e to b e rep eated. It do es this b y clustering indep enden t samples of the data,

and then clustering the resulting cen troids. The �nal set of cen troids b ecomes the starting cen ters

for k -means. The applicabilit y to large data sets can b e further enhanced b y the metho d outlined

in [5 ]. The metho d applies k -means to as m uc h data as can �t in to memory and uses the cluster

cen ters to represen t the data. The cluster cen troids are used to represen t the data whic h has b een

clustered, new data is loaded in to memory , and the pro cess con tin ues. Both solutions to scaling

k -means to large data sets retain the same O ( k n ) running time that k -means needs.

BIR CH [18 ] is a metho d whic h is used to pre-cluster large data sets. BIR CH incremen tally

groups the data as tigh tly as p ossible based on similarit y in their attributes, and in the pro cess

constructs as man y represen tativ es of the original data as the a v ailable memory will con tain. If

the amoun t of space tak en b y the data runs out during the BIR CH pro cess, the tigh tness of

the groupings is relaxed, the groupings are in ternally re-assigned, and the pro cessing of the data

con tin ues. Since BIR CH examines ev ery data p oin t, it runs in O ( n ) time. Another algorithm m ust

b e applied to obtain the actual clustering of the data.

Using represen tativ es and/or sampling app ears to b e a common metho d of clustering large data

sets. BIR CH [18 ] w as designed to pro duce represen tativ es whic h are lik e cluster cen troids along

with the n um b er of data p oin ts represen ted b y the v ector. The represen tativ es in [5 ] p erform a

similar task. The latter metho d used sampling to a v oid memory limitations, but w ould still allo w

exp osure to the en tire data set, as did BIR CH. CURE [13 ], on the other hand, made all of its

clustering decisions using one �xed sample of data. This w ould b e true of an y tec hnique whic h uses

sampling.

In the metho d outlined in this w ork, w e allo w more than one represen tativ e for eac h data p oin t,
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and the relationship b et w een eac h data p oin t and it represen tativ e(s) is uniquely represen ted. W e

also examine ev ery data p oin t when constructing our appro ximation. W e b eliev e this metho d ma y

ha v e some adv an tages when compared with the clustering algorithms previously prop osed for large

data sets.

3 Clustering

The w ord cluster is de�ned di�eren tly dep ending on the domain of in terest. In this w ork, a cluster

is de�ned as a group of data items that ha v e similar v alues for a certain subset of their attributes.

It follo ws that clustering is de�ned as the creation of clusters, with the goal b eing that ev ery item

in a giv en cluster is more similar to other items in that cluster than they are to the items in an y

other cluster.

Since clustering is done in this case using the v ector space mo del, the v ector space mo del is

describ ed �rst. Then, a more formal mathematical de�nition of clustering is giv en, follo w ed b y the

description of a few measuremen ts appropriate to clustering.

3.1 V ector Space Mo del

The v ector space mo del is v ery common in clustering and data mining applications. In the v ector

space mo del, an individual data item is represen ted b y a column v ector of its attributes. The

in terpretation of the attributes is dep enden t on the t yp e of data in v olv ed. In the case of do cumen t

data, the do cumen t v ector x can b e a coun t of w ord o ccurrences or frequencies. If w ord j app ears

in the i -th do cumen t l times , then x

ij

= l (b efore it is scaled). F or other kinds of data a giv en

attribute is di�eren t. F or example, an attribute of astronomical data could b e p osition, brigh tness,

the red-shift v alue, etc. The imp ortan t p oin t is that eac h attribute, b e it a w ord or measuremen t,

has a unique ro w assigned to it in the column v ector represen ting the data item, and that eac h

attribute has a n umerical v alue.

The en tire data set can b e though t of as a matrix of attribute v ectors. If w e ha v e a data set

con taining the attribute v ectors x

i

, then w e can de�ne

M

def

= [ x

1

x

2

: : : x

n

] ; (1)

where M is an m x n matrix, m is the n um b er of attributes in eac h v ector x

i

, and n is the n um b er

of items in the data set. Since the clustering and appro ximation metho ds outlined in this prop osal

use linear algebraic tec hniques, this represen tation is v ery con v enien t.

3.2 Clustering Mo del

There are man y instances in whic h data m ust b e classi�ed, but the classes are initially unde�ned,

meaning that the data is not lab eled. This is the usual case when an unsup ervised clustering

metho d is applied. The clustering is a re-arrangemen t of the original data suc h that the data is

group ed using some measure of similarit y . Let M = f x

1

x

2

: : : x

n

g , whic h is just the set of attribute

v ectors from the matrix M in (1). Then clustering can b e in terpreted as the result of the partition

of the set M in to subsets suc h that

M =

K

[

i =1

M

i

; M

i

\ M

j

= ; ; i 6= j (2)

3



where K is the total n um b er of clusters. The partitioning tak es place using only in ternal information

and without an y prior kno wledge of the data. The goal of a clustering metho d is to maximize the

similarit y among the elemen ts of eac h subset M

i

and minimize the similarit y of the elemen ts in

M

i

with resp ect to an y other subset M

j

. The v ectors in the set M

C

i

can used to de�ne the matrix

M

i

suc h that

M

i

def

= [ x

j

] ; x

j

2 M

i

: (3)

In this w ork, a cluster C will usually b e referred to using its matrix of attribute v ectors M

C

.

3.3 Measuremen ts

There are a few standard measuremen ts asso ciated with clusters and clustering algorithms. One

common measuremen t when ev aluating scalar data is the mean v alue. The mean v alue describ es

the data in a compact w a y . In the case of a cluster, where the data items ha v e m ultiple attributes,

the mean is called the c entr oid . The cen troid w

C

of a cluster M

C

is de�ned as:

w

C

def

=

1

k

C

X

j 2 C

x

j

(4)

where k

C

is the n um b er of items in cluster M

C

and x

j

is the j

th

column of M

C

.

The most commonly used in trinsic measure of the qualit y of a cluster is the ScatterValue . The

ScatterValue is a measure of the cohesiv eness of the data items in a cluster with resp ect to the

cen troid of the cluster, and is analogous to the v ariance of scalar data. The ScatterValue of a

cluster M

C

is de�ned as:

ScatterValue

C

def

=

X

j 2 C

( x

j

� w

C

)

2

= k M

C

� w

C

e

T

k

2

F

; (5)

where e is the m -dimensional v ector [1 1 : : : 1]

T

and k k

F

is the F rob enius norm. The F rob enius

norm is the square-ro ot of the sum of the squares of ev ery en try in the matrix. A lo w ScatterValue

indicates go o d cluster qualit y , but it should b e noted that this is a relativ e measure of qualit y , since

it is dep enden t on the n um b er of items in the cluster. Normalizing with resp ect to the n um b er of

items in the giv en cluster w ould �x this problem.

Another useful clustering p erformance measure is en trop y . The en trop y measures the coherence

of a cluster with resp ect to ho w a cluster is lab elled. An en trop y calculation assumes that the

lab elling is p erfect, whic h is not a go o d assumption in ev ery case since an y lab elling p erformed b y

a h uman can b e sub jectiv e. Since the data m ust b e lab elled, en trop y cannot b e used when the data

ha v e not b een classi�ed prior to clustering.

The en trop y of cluster j is de�ned b y:

e

j

def

= �

X

i

�

c ( i; j )

P

i

c ( i; j )

�

� log

�

c ( i; j )

P

i

c ( i; j )

�

; (6)

where c ( i; j ) is the n um b er of times lab el i o ccurs in cluster j . If all of the lab els of the items in

a giv en cluster are the same, then the en trop y of that cluster is zero. Otherwise, the en trop y is

p ositiv e. The total en trop y for the PDDP tree is the w eigh ted a v erage of the cluster en tropies:

e

total

def

=

1

m

X

i

e

i

� k

i

: (7)

The lo w er the en trop y , the b etter the qualit y of the clustering.
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4 The PDDP Algorithm

PDDP [3 ] is a clustering algorithm dev elop ed using tec hniques from n umerical linear algebra.

PDDP is a top-do wn metho d whic h recursiv ely divides the data in to smaller and smaller clusters,

assem bling all the clusters in to a binary tree. Starting with the ro ot no de represen ting the en tire

dataset, PDDP computes the h yp erplane whic h b est divides the data. All the data on one side of

the h yp erplane is asso ciated with one branc h, and the data on the other side of the h yp erplane

is asso ciated with the other branc h. The pro cess con tin ues on eac h branc h in turn un til some

stopping criteria is met, whic h can b e based on in trinsic measures of the data in the no des or on a

�nal desired n um b er of leaf no des (clusters). This metho d w as originally dev elop ed as part of the

W ebA CE Pro ject [4] in the con text of text do cumen ts where eac h do cumen t is represen ted b y a

scaled v ector of w ord coun ts. Ho w ev er, this algorithm is not restricted to text domains and here it

is describ ed in general terms.

Algorithm PDDP .

0. Start with n � m matrix M of v ectors, one for eac h data sample,

and a desired n um b er of clusters k

f

.

1. Initialize Binary T ree with a single Ro ot No de.

2. F or c = 2 ; 3 ; : : : ; k

f

do

3. Select leaf no de C with largest ScatterValue (5),

and L & R := left & righ t c hildren of C [step (a) in the text].

4. Compute v

C

= g

C

( M

C

) � u

T

C

( M

C

� w

C

e

T

)

5. F or i 2 C , if v

i

� 0, then assign data sample i to L ,

else assign it to R [step (b) in the text].

6. Result: A binary tree with k

f

leaf no des forming a partitioning

of the en tire data set.

Figure 1: PDDP . M

C

is the matrix of data vecto rs fo r the data samples in cluster C , and w

C

; u

C

a re the

centroid and p rincipal direction vecto rs, resp ectively fo r C .

The clustering via PDDP is a recursiv e pro cess that op erates directly on the matrix M . PDDP

starts with a single \cluster" encompassing the en tire data set and divides this cluster in to sub-

clusters recursiv ely using a t w o step pro cess. A t eac h stage, PDDP (a) selects a cluster to split,

and (b) splits that cluster in to t w o sub clusters whic h b ecome c hildren of the original cluster. The

result is a binary tree hierarc h y imp osed on the data collection. A t ev ery stage, the leaf no des in

the tree form a partition of the en tire data collection. In the pro cess of going to the next stage, one

of those leaf no des is selected and split in t w o. The b eha vior of the algorithm is con trolled b y the

metho ds used to accomplish steps (a) and (b), and these metho ds are indep enden t of one another.

F or step (a), PDDP usually selects the cluster with the largest ScatterValue , though an y suitable

criterion can b e used.

Once selected in step (a), the no de is split in step (b), and this splitting pro cess is the single

most exp ensiv e step in the whole computation. The k ey to the computational e�ciency of the

en tire approac h is the e�cien t computation of the v ectors needed in this step. Supp ose PDDP

w ere to split cluster C consisting of k data samples of attribute v alues. It places eac h data sample

x in the left or righ t c hild of cluster C according to the sign of the linear discriminan t function

g

C

( x ) = u

T

C

( x � w

C

) =

X

i 2 C

u

i

( x

i

� w

i

) ; (8)
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where u

C

; w

C

are v ectors asso ciated with C to b e determined. If g

C

( x ) � 0, the data sample x is

placed in the new left c hild, otherwise x is placed in the new righ t c hild. Th us the b eha vior of

the algorithm at eac h no de in the binary tree is determined en tirely b y the t w o v ectors u

C

; w

C

asso ciated with the cluster C .

The v ector w

C

is the me an or c entr oid v ector, as de�ned in (4). The v ector u

C

is the direction

of maximal v ariance, also kno wn as the leading left singular v ector for the matrix M

C

� w

C

e

T

.

This direction corresp onds to the largest eigen v alue of the sample co v ariance matrix for the cluster.

Here M

C

is the matrix of columns of data samples in cluster C . The computation of u

C

is the most

costly part of this step. It can b e p erformed quic kly using a Lanczos-based solv er for the singular

v alues of the data matrix (see [3 ]). This algorithm is v ery e�cien t, esp ecially since lo w accuracy is

all that is required, and can tak e full adv an tage of an y sparsit y presen t in the data.

The o v erall metho d is summarized in Fig. 1. As the metho d is \divisiv e" in nature, splitting

eac h cluster in to exactly t w o pieces at eac h step, the result is a binary tree whose leaf no des are

the sough t-after clusters.

5 Matrix Appro ximation Using Cluster Cen ters

An appro ximation to a matrix A can b e though t of as a system whic h captures the most \imp ortan t"

information in A . Obtaining the appro ximation usually in v olv es a tradeo� among accuracy , the

memory space o ccupied b y the appro ximation, and the time required to obtain the appro ximation.

These three asp ects of the appro ximation are usually in con
ict, and m ust b e tailored to �t the

desired application. Unlik e the recen t lo w-rank appro ximation metho ds in [1 , 2 , 14 , 19 ], this

appro ximation is not used to extract directly the essen tial concepts that p erv ade an en tire dataset,

in whic h eac h new \concept v ector" is forced to b e indep enden t (orthogonal in some cases) of

the preceding \concept v ectors." Rather, w e are in terested in using it only as a low-memory

appro ximation whic h can b e used in place of the original data in the matrix v ector pro ducts needed

b y the PDDP algorithm. Hence w e can a�ord to use a faster metho d to generate the appro ximation.

One basis for appro ximation whic h has pro v en to b e useful is the cen troids resulting from a

clustering op eration. The follo wing description w as tak en from [8] and has b een sligh tly mo di�ed.

Sa y that y ou ha v e a clustering of a data set with k clusters. The cen troids of the clusters can b e

gathered in to a n � k matrix C suc h that:

C = [ c

1

c

2

: : : c

k

] : (9)

Giv en the original matrix M represen ting the data, it is p ossible to construct an appro ximation to

M :

M � C Z ; (10)

where Z is a k � m matrix suc h that, for a giv en column z

i

of Z ,

z

i

= arg min

z

k x

i

� C z k

2

; (11)

where x

i

is the i

th

column of M . The direct w a y to solv e for eac h z

i

is to use a least-squares appro xi-

mation. In the con text of [8 ] Z w as dense, and this w as called a c onc ept de c omp osition . The concept

decomp osition w as designed to b e a lo w-cost alternativ e to the singular v alue decomp osition.

The amoun t of memory o ccupied b y the appro ximation is v ariable. Assuming a reasonably

small n um b er of cen troids in C and a dense M , the bulk of the memory will b e tak en up b y Z .

If Z is allo w ed to b e dense, then the memory sa vings will b e minimal. The solution is to enforce
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a sparsit y condition on Z , using a small, �xed n um b er of the cen troids in C to appro ximate eac h

original column of M .

This appro ximation is designed to tak e up as little memory space as p ossible while repro ducing

the columns of M with enough accuracy to allo w go o d clustering. It will probably not satisfy an y

requiremen ts whic h migh t normally b e imp osed on a matrix appro ximation used in a traditional

linear algebraic application, suc h as the linear indep endence of the basis v ectors.

6 Clustering Large Data Sets with Appro ximations

Recall that our problem is to cluster data sets that are to o large to �t in to memory . One solution to

this problem is to divide the original data set in to smaller pieces whic h will �t in to memory , cluster

them, and obtain an appro ximation to eac h piece of data. Once this is done, the appro ximations

can b e gathered in to one system and then clustered. A more formal description of the metho d

follo ws.

A matrix M can b e divided in to k

s

disjoin t se ctions suc h that:

M = [ M

1

M

2

: : : M

k

s

] : (12)

The partitioning of M is assumed to b e virtual or arbitrary (e.g. only the data for one section is

in memory at a giv en time), and the ordering of the columns of M is assumed to b e unimp ortan t.

Once a section M

j

is a v ailable, an appro ximation to M

j

can b e constructed:

M

j

� C

j

Z

j

; (13)

where C

j

is an n � k

c

matrix of the form (9) and Z

j

is has the form (10, 11) with k

c

ro ws. Eac h

column of Z

j

has at most k

z

nonzero es. The cen troids in eac h C

j

are obtained through some kind

of clustering algorithm.

Once an appro ximation is a v ailable for eac h section of data, they can b e assem bled in to an

appro ximation of the en tire data set M :

M � C

M

Z

M

; (14)

where

C

M

= [ C

1

C

2

: : : C

k

s

] (an n � k

s

k

c

matrix) (15)

and

Z

M

=

2

6

6

6

6

4

Z

1

Z

2

.

.

.

Z

k

s

3

7

7

7

7

5

; (16)

(a k

s

k

c

� m matrix with k

z

nonzero es p er column). No w that an appro ximation to M is a v ailable,

and will �t in to memory (b ecause it w as designed to �t in to memory through judicious c hoice of

the total n um b er of cen troids in eac h C

j

and the n um b er of nonzero elemen ts in eac h Z

j

), it can

b e used to cluster the en tire original data set. The algorithm for the metho d describ ed in (12-16)

is sho wn in Fig. 2.

PDDP is an ideal c hoice of algorithm to cluster the data using this appro ximation. Cen tral to

PDDP is the calculation of the principal direction of the data to determine the splitting h yp erplane.

The principal direction is calculated using the iterativ e pro cedure dev elop ed b y Lanczos, and this
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Algorithm Piecemeal PDDP .

0. Start with a n � m matrix M of v ectors, one v ector for eac h data sample, and a

desired n um b er of �nal clusters k

f

. Set the v alues for k

s

(the desired n um b er of

sections), k

c

(the n um b er of clusters pro duced for eac h section), and k

z

(the n um b er of cen troids used to appro ximate eac h data p oin t).

1. P artition M in to k

s

disjoin t sections, j M

1

M

2

; : : : ; M

k

s

j .

2. F or j = 1 ; 2 ; : : : ; k

s

do

3. Compute the PDDP tree for the section M

j

with k

c

clusters.

4. Assem ble the k

c

cen troids from the leaf clusters in to an n � k

c

matrix C

j

.

5. Compute the k

c

� m matrix Z

j

minimizing the quan tit y k M

j

� C

j

Z

j

k

F

sub ject to the constrain t on the n um b er of nonzero elemen ts k

z

in eac h

column of Z

j

.

6. Assem ble the matrices C

M

and Z

M

as in (15, 16) in the text, using all the

matrices C

j

and Z

j

from all passes through steps 2-5.

7. Compute the PDDP tree for the system C

M

Z

M

with k

f

clusters.

8. Result: A binary tree with k

f

leaf no des forming a partitioning of the en tire data set.

Figure 2: Piecemeal PDDP algo rithm.

iterativ e pro cedure is based on the formation of the matrix-v ector pro duct Mv . F or an y giv en split,

the matrix M can b e replaced b y the quan tit y C

M

Z

M

, resulting in the formation of the pro duct

C

M

( Z

M

v ). Note that b y calculating the matrix-matrix-v ector pro duct in this order, the pro duct

of C

M

Z

M

nev er needs to b e formed explicitly . The increase in the computational cost shouldn't

b e sev ere, and there w on't b e an y increase in the memory requiremen ts with resp ect to standard

PDDP .

Man y other clustering algorithms w ould not b e able to tak e full adv an tage of the memory sa vings

giv en b y C

M

Z

M

. An y metho d whic h requires a similarit y measure b et w een t w o data p oin ts in order

to mak e a clustering decision w ould require either that C

M

Z

M

b e formed explicitly (most lik ely

negating m uc h of the memory sa vings), or that individual columns of C

M

Z

M

b e calculated ev ery

time they are needed, whic h w ould result in a large increase in computational cost. Hierarc hical

agglomeration and k -means are t w o algorithms whic h w ould not b e suitable for this appro ximation,

and an y deriv ativ e algorithms of the t w o w ould most lik ely not b e appropriate either.

7 Data

There are three real data sets whic h will b e used to measure the p erformance of piecemeal PDDP .

Tw o of them are scien ti�c data sets, and one of them is a do cumen t data set.

The astronomical data w as deriv ed from the Minnesota Automated Plate Scan (APS) [17 ].

This is a pro ject to digitize the con ten ts of photographic plates of the hea v ens from the P alomar

Observ atory Sky Surv ey (POSS I) originally pro duced in the 1950s, b efore the adv en t of arti�cial

satellites. The sample used consists of 212089 galactic ob jects, eac h with 26 attribute v alues. An

attribute migh t b e co ordinate information, color, brigh tness, etc. The attributes w ere generated b y

analyzing the blobs in the images, and the v alues w ere normalized so they lie on the in terv al [0 ; 1].

The ISOLET (Isolated Letter Sp eec h Recognition) data w as generated b y ha ving 150 sub jects

sp eak the name of eac h letter of the alphab et t wice. The attributes w ere extracted from recordings

of the sp eak ers, and include con tour features, sonoran t features, pre-sonoran t features, and p ost-
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sonoran t features. A total of 617 attributes w ere extracted from the pron unciation of eac h letter,

and w ere scaled so they all lie on the in terv al [ � 1 : 0 ; 1 : 0]. There are a total of 7797 items a v ailable

when the training and test sets are com bined. The data �rst app eared in [10 ], and is in the UCI

rep ository [15 ].

The k1 data set [4 ] consists of text do cumen ts selected from 20 news categories from the Y AHOO

w eb site. This data set has b een included to demonstrate the e�ectiv eness of the algorithms on

do cumen t collections that migh t t ypically b e retriev ed from the W orld-wide W eb. The data set

consists of 2340 do cumen ts spanning 21839 w ords. The w ords w ere stemmed using P orter's su�x

stripping algorithm [11 ], and the stop w ords w ere remo v ed. The do cumen t v ectors w ere scaled to

un til length, but no other scaling w as p erformed.

dataset astro isolet k1

n um b er of samples m 212089 7997 2340

n um b er of attributes p er sample n 26 617 21839

sparsit y (p ercen tage nonzero es) dense dense 0.68%

n um b er of columns in assem bled C

M

(15) k

s

k

c

10000 750 250

n um b er of cen ters in �nal clustering k

f

2000 150 50

Figure 3: Datasets and pa rameter values used fo r exp eriments.

8 Exp erimen tal Results

The metho d w as ev aluated through a series of exp erimen ts. The exp erimen ts w ere designed to

demonstrate that piecemeal PDDP will giv e a clustering whic h is as go o d as standard PDDP while

allo wing more data to b e clustered due to the reduced memory requiremen ts. In ev ery case, the

least-squares problem (11) w as solv ed using the normal equations applied to the k

z

closest (in terms

of Euclidean distance) cen ters.

F or the �rst exp erimen ts, the n um b er of sections k

s

(see Fig. 2) w as v aried o v er a range of 1 to

20. The pro duct k

s

k

c

w as �xed, and the v alue of k

z

w as 5. Giv en the di�eren t sizes for the datasets,

w e used di�eren t v alues for the v arious parameters. These are summarized in Fig. 3. The results

sho wn in the �gures w ere normalized with resp ect to standard PDDP (Fig. 1) using the same v alue

for k

f

as w as used in piecemeal PDDP . Recall that eac h data item is b eing appro ximated b y k

z

cen ters c hosen out of a p o ol of k

c

cen ters from its o wn section. As the n um b er of sections gro ws,

the pro duct k

s

k

c

remains �xed, hence few er cen ters are a v ailable to appro ximate eac h data item

in step 5 of Fig. 2. As a result, the qualit y of the appro ximations w ould b e exp ected to go do wn

as the n um b er of sections increases. There are no results for the astronomical data for k

s

= 1,

k

c

= 10000, since there w as not enough memory a v ailable to pro duce 10000 clusters.

The results for the normalized scatter v alues are sho wn in Fig. 4(a). In some cases, applying

piecemeal PDDP to the en tire data set together ( k

s

= 1) unexp ectedly impro v ed the qualit y of

the clustering. This migh t b e the result of the data b eing somewhat \smo othed" b y the a v eraging

op eration whic h results from using the cen troids to appro ximate the data. The results are w orse as

the n um b er of sections increases, whic h is most lik ely the result of ha ving few er cen ters to c ho ose

from when selecting the �v e closest cen ters while obtaining the least-squares appro ximation (step

5 of Fig. 2).

The results for the normalized en trop y v alues are sho wn in Fig. 4(b). Note that since the

astronomical data is not lab eled, no en trop y v alues can b e calculated. The en trop y v alues again
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Figure 4: Results fo r the scatter (a) and entrop y (b) values fo r a va rying numb er of sections k

s

, k

z

= 5

using the pa rameters in Fig. 3 no rmalized with resp ect to standa rd PDDP (Fig. 1) using the same value

fo r k

f

. The astronomical data is unlab eled, so no entrop y can b e calculated.

indicate a reduction in qualit y as the n um b er of sections increases, but for the isolet data the

en trop y is b etter than standard PDDP un til the n um b er of sections is 5 or more. The results

for the k1 do cumen t data are not as fa v orable, but are still comparable with the standard PDDP

results. It could b e that the metho d do es not p erform as w ell for do cumen t data, or it could b e

that the lab eling of the do cumen t data w as not accurate.

The results for the normalized time v alues are sho wn in Fig. 5. The time cost is the one category

in whic h piecemeal PDDP su�ers compared with standard PDDP . The exp ectation from [3] is that

PDDP should b e appro ximately linear in the n um b er of samples b eing clustered, dep ending on

the con v ergence of the singular v alue solv er. Since the piecemeal algorithm m ust compute a large

collection of in termediate cen ters, w e w ould exp ect a corresp onding increase in the time cost. The

co de for standard PDDP has b een highly optimized, while the co de for piecemeal PDDP is not as

mature. There is the additional exp ense in obtaining more singular v alues than in standard PDDP ,

obtaining the least-squares appro ximations, and in the additional matrix m ultiplication required

for ev ery Lanczos iteration when the �nal clustering is obtained. These commen ts apply when the

data set is small enough to b e pro cessed b y the standard algorithm. The piecemeal metho d can b e

applied to data sets that are to o large to b e pro cessed b y the standard algorithm, and in these cases

the piecemeal metho d w ould b ecome comp etitiv e with an y \out-of-core" v arian t of the standard

metho d.

In the case of the astronomical data, piecemeal PDDP v aries from ten times to �ft y-t w o times

slo w er than standard PDDP . The relativ e time required for piecemeal PDDP on the other t w o data

sets is not as high, with the k1 data set taking a relativ ely steady six times longer, and the isolet

data taking from three to at most �v e times longer.

Since the pro duct k

s

k

c

w as a �xed v alue, the size of b oth C

M

and Z

M

remained constan t

throughout these exp erimen ts. The memory used b y the appro ximation for the astronomical data

w as ab out 32 p ercen t of the memory used b y the original data. The size of the appro ximation of

the isolet data w as roughly 11 p ercen t of the size of the original data, and the appro ximation to

the k1 data w as ab out 58 p ercen t of the size of the original data. These results seem to indicate
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Figure 5: Results fo r the time values fo r a va rying numb er of sections k

s

, k

z

= 5 , and using the

pa rameters in Fig. 3, no rmalized with resp ect to standa rd PDDP (Fig. 1) using the same value fo r k

f

.

that dense data will ha v e the most memory sa vings when using this tec hnique, and that the higher

the attribute dimension of a dense data set, the more signi�can t the memory sa vings.

F or the exp erimen ts in �gs. 6{7, the n um b er of cen troids k

z

used to appro ximate eac h data p oin t

w as v aried from 1 to 26, and the v alues of the other v ariables w ere �xed at k

c

= 1000, k

f

= 2000,

k

s

= 10 for the astronomical data, k

c

= 150, k

f

= 150, k

s

= 5 for the isolet data, and k

c

= 50,

k

f

= 50, k

s

= 5 for the k1 data. The v alues rep orted in the �gures w ere normalized with resp ect

to standard PDDP using the same v alue for k

f

as w as used in piecemeal PDDP .

The results for the scatter v alues are sho wn in Fig. 6(a). Using more cen ters to appro ximate

eac h data item impro v ed the result for the astronomical and isolet data sets, while the k1 data did

not seem to b e sensitiv e to the n um b er of cen ters used. The most dramatic impro v emen t in scatter

v alue w as for mo ving from using 1 cen ter to using 2 cen ters to appro ximate eac h data item in the

astronomical data set.

The results for the en trop y v alues are sho wn in Fig. 6(b). The en trop y v alues v ary quite a

bit o v er the range of the n um b er of cen ters sho wn, but are alw a ys comparable to those from the

standard PDDP algorithm. In some cases, they are ev en b etter. The most dramatic impro v emen t

seems to o ccur when going from using 1 cen ter to appro ximate eac h data item to using 2 cen ters.

The results for the time tak en b y the algorithm are sho wn in Fig. 7(a). As w ould b e exp ected,

increasing the v alue of k

z

increases the amoun t of time needed to compute the appro ximation and

the �nal clustering. The time v alues for the astronomical data w ere compiled from di�eren t runs,

and the di�eren t op erating conditions, suc h as a v ailable fast memory and user load, in
uenced the

results. W e w ould exp ect that under ideal conditions the curv e w ould b e more 
at b et w een the

data p oin ts for k

z

= 15 and k

z

= 23. They indicate a v ery high time p enalt y for the astronomical

data as k

z

increases b ey ond 8 or so. The increase app ears to b e appro ximately linear for the isolet

and k1 data sets. The isolet data set had the least increase in computation time and a fairly 
at

curv e. The k1 data falls in b et w een the t w o, requiring more time than the isolet data but still

ha ving a linear increase in cost.

The memory used b y the appro ximations C

M

Z

M

normalized with resp ect to M is sho wn in

Fig. 7(b). The v alues for the k1 data are the actual n um b er of nonzero es returned b y MA TLAB,

while the v alues for the astronomical and isolet data w ere calculated exp erimen tally . In all cases,
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Figure 6: Results fo r the scatter (a) and entrop y (b) values fo r k

z

va rying from 1 to 26, with (i)

k

s

= 10 , k

c

= 1000 , k

f

= 2000 (astronomical), (ii) k

s

= 5 , k

c

= 150 , k

f

= 150 (isolet), and (iii)

k

s

= 5 , k

c

= 50 , k

f

= 50 (k1), no rmalized with resp ect to standa rd PDDP using the same k

f

. The

astronomical data is unlab eled, so no entrop y can b e calculated.

the amoun t of memory used b y the appro ximation increases linearly with the n um b er of cen ters

used to appro ximate eac h data item. This is exp ected. The results for the astronomical data sho w

that using more than 17 cen ters to appro ximate eac h data item is a break-ev en prop osition as far

as memory is concerned. This is not surprising since the astronomical data has only 26 attributes.

Recall that the sparse arra y con taining the matrix Z

M

has more o v erhead p er en try than a dense

matrix. The isolet data sa v es a signi�can t amoun t of memory when it is appro ximated. The k1

do cumen t data sa v es some memory , but the e�ect is not as striking b ecause the original dataset is

already v ery sparse. Ho w ev er, it is in teresting to note that ev en with the sparsit y of the original

data, it is still p ossible to obtain en tropies as go o d as the original with less memory .

T o test the sensitivit y of the metho d to the ordering of the data, the exp erimen t with k

s

= 10,

k

c

= 1000, k

f

= 2000, k

z

= 5 for the astronomical data, k

s

= 5, k

c

= 150, k

f

= 150, k

z

= 5

for the isolet data, and k

s

= 5, k

c

= 50, k

f

= 50, k

z

= 5 for the k1 data, w as rep eated 10 times

with a di�eren t random ordering of the data set. The results for the scatter v alues, normalized

with resp ect to standard PDDP using the same k

f

, are sho wn in Figure 8(a). The graph seems

to indicate that while there is some sensitivit y to data ordering, it is not sev ere. It also seems to

indicate that the data already had some ordering presen t.

A confusion matrix w as constructed from a sample run for eac h data set. A confusion matrix for

the astronomical data set with k

z

= 5, k

s

= 10, k

c

= 1000, and k

f

= 2000, using standard PDDP

with k

f

= 2000 as the ground truth, is sho wn in Fig. 8(b). A confusion matrix for the isolet data

with k

z

= 5, k

s

= 5, k

c

= 150, and k

f

= 150, using standard PDDP with k

f

= 150 as the ground

truth, is sho wn in Fig. 9(a), and a confusion matrix for the k1 data with k

z

= 5, k

s

= 5, k

c

= 50,

and k

f

= 50, using standard PDDP with k

f

= 50 as the ground truth, is sho wn in Fig. 9(b). The

ro ws of the confusion matrix w ere p erm uted so that the most similar clusterings are lo cated on the

diagonal. As can b e seen, the clusterings computed b y the t w o metho ds are similar.
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Figure 7: Results fo r the time tak en (a) and memo ry used (b) fo r k

z

va rying from 1 to 26, with the

same pa rameters as in Fig. 6, no rmalized with resp ect to standa rd PDDP using the same k

f

.

9 Conclusions

The exp erimen ts demonstrate that piecemeal PDDP w orks for the data sets examined. The p er-

formance indicated b y the scatter and en trop y v alues do es not su�er signi�can tly with resp ect to

standard PDDP when the appro ximations to the data are used to cluster the original data. The

amoun t of memory tak en b y the appro ximation can b e v aried to suit the application. In general, it

app ears that as m uc h memory as p ossible should b e used to con tain the appro ximation, since the

accuracy of the clustering generally increases with the n um b er of cen troids used to appro ximate

eac h data item.

Piecemeal PDDP app ears to b e able to compute clusterings of a qualit y almost as go o d as

that from the standard PDDP , and in some cases b etter, while using signi�can tly less memory .

Piecemeal PDDP do es su�er from an increased time cost due to the man y in termediate clusters to

b e computed and the in termediate least squares problems encoun tered. So the use of the piecemeal

metho d is a trade-o� b et w een the memory a v ailable and the size of the dataset.

Most of the metho ds for large data sets in v olv e some kind of sampling of the data. Piecemeal

PDDP examines ev ery data p oin t and creates an appro ximation to ev ery data p oin t. Birc h [18 ]

examines ev ery data p oin t as w ell, but it still uses one v ector to represen t eac h data p oin t. Piecemeal

PDDP is more 
exible in that it can use as man y cen troids to represen t eac h data p oin t as memory

allo ws. The result is a metho d whic h will cluster large data sets to go o d accuracy in a reasonable

amoun t of time.
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