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Abstract

W e pro v e sev eral results ma jorizing the sequences of Kronec k er and/or Jordan indices ob-

tainable after small p erturbations to a giv en matrix p encil. The pro ofs are simple consequences

of a theory of ma jorization for semi-in�nite in teger sequences, dev elop ed in this pap er. In par-

ticular, new simple b ounds are pro v ed on the indices obtainable after app ending a single ro w or

column to a matrix p encil. This corresp onds to b ounding the con trollabilit y and/or observ abil-

it y indices after adding a single input or a single output to a linear time-in v arian t dynamical

system.

1 In tro duction

The close links b et w een the concepts of Con trollabilit y , Reac habilit y , and Observ abilit y of linear

time-in v arian t dynamical systems on the one hand, and Kronec k er, Jordan indices of appropriate

matrix p encils on the other hand ha v e b een w ell established in the literature (see e.g. [7 , 12 ]).

Though the complete structure of the Kronec k er canonical form (K CF) is often not required, it

has b een found that the detailed structure of the K CF is needed in order to compute transmission

zero es or to kno w whic h zero es ma y b e placed b y suitable inputs [5 , 1 ]. Recen tly , sev eral pap ers

ha v e app eared discussing the Kronec k er/Jordan structure of matrix p encils under p erturbations to

the p encils and/or orbits of a giv en p encil. W e de�ne the orbit of the p encil

b

E � �

b

F as the set of

all p encils of the form fP (

b

E � �

b

F ) Qg suc h that P ; Q are an y nonsingular matrices of appropriate

dimensions. Then E � � F is in the closure of the orbit of

b

E � �

b

F if and only if an arbitrarily small

p erturbation to E � � F yields a p encil

e

E � �

e

F with exactly the same Kronec k er canonical form

as

b

E � �

b

F , whic h is equiv alen t to the condition that

e

E � �

e

F = P (

b

E � �

b

F ) Q for some nonsingular

P ; Q [10 ].

Man y of the results alluded to ab o v e are based on pro ving relations b et w een the sequences

of Jordan or Kronec k er indices to sequences of n ullities of sp ecial matrices with blo c k T o eplitz

structure de�ned as follo ws. Let E � � F b e an N

ro ws

� N

cols

p encil. W e form the sequence of
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constan t blo c k T o eplitz matrices (\Gan tmac her matrices" [6 ])
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and their corresp onding righ t n ullities A = f A

1

; A

2

; A

3

; A

4

; : : : g . By constructing the same ma-

trices for the N

cols

� N

ro ws

p encil E

T

� � F

T

, w e obtain the corresp onding left n ullities A

L

=

f A

L

1

; A

L

2

; A

L

3

; A

L

4

; : : : g .

W e form also the follo wing blo c k T o eplitz matrices

G

1

= ( E ) ; G

2

=

�

E

F E

�

; G

3

=

0

@

E

F E

F E

1

A

; G

4

=

0

B

B

@

E

F E

F E

F E

1

C

C

A

; � � � (2)

and their corresp onding righ t n ullities G = f G

1

; G

2

; G

3

; G

4

; : : : g .

Then w e de�ne the follo wing quan tities used throughout this pap er.

K refers to a righ t Kronec k er blo c k,

L refers to a Left kronec k er blo c k,

J refers to a Jordan blo c k for eigen v alue zero, and

E refers to the remaining rEgular part.

Sp eci�cally:

K

i

refers to an i � ( i +1) K-blo c k (K for Kronec k er blo c k),

L

j

refers to a ( j + 1) � j L-blo c k (L for Left Kronec k er blo c k),

J

j

refers to a j � j Jordan blo c k for eigen v alue 0 (J for Jordan), and

and

N

K

= n um b er of ro ws o ccupied b y all the K-blo c ks,

N

L

= n um b er of columns o ccupied b y all the L-blo c ks,

N

J

= n um b er of columns o ccupied b y all the J-blo c ks for eigen v alue 0, and

N

E

is the dimension of the en tire remaining rEgular part (except for eigen v alue 0).

n

K

; n

L

; n

J

= total n um b er of K, L, J, blo c ks, resp ectiv ely .

F or example, the algebraic and geometric m ultiplicities for eigen v alue zero are N

J

; n

J

, resp ec-

tiv ely , and N

J

+ N

E

is the dimension of the en tire regular part. W e also ha v e the follo wing iden tities

for N

ro ws

� N

cols

p encils:

(a) N

ro ws

= N

K

+ N

L

+ n

L

+ N

J

+ N

E

(b) N

cols

= N

K

+ n

K

+ N

L

+ N

J

+ N

E

(c) N

cols

� N

ro ws

= n

K

� n

L

(3)

In this pap er, w e try to unify man y of these results b y dev eloping a theory of ma jorization for

in�nite in teger sequences, completely indep enden t of an y application to matrices or linear op erators.

Our theory is an extension of the theory of ma jorization for �nite sequences in [9]. The semi-in�nite

sequences w e will use are de�ned as follo ws. Let a = f a

1

; a

2

; : : : g denote a semi-in�nite sequence

of in tegers. W e implicitly de�ne a

i

= 0 for all i � 0. W e de�ne the set S as the set of all suc h

sequences. W e include sequences whose en tries are in�nite as w ell as ordinary in tegers. W e de�ne
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S

0

� S as the set of all sequences with non-ne gative entries . On S w e de�ne the di�er enc e op er ator

� as follo ws. Let a = f a

1

; a

2

; : : : g 2 S . Then
_

a � �a = f _a

1

; _a

2

; : : : g 2 S is the sequence de�ned

b y _a

i

= a

i

� a

i � 1

. W e use this di�erence op erator to de�ne the sets S

k

for k > 0 as follo ws:

S

k

= f a : �a 2 S

k � 1

g . F or example, S

1

is the set of asc ending (i.e. non-decreasing) non-negativ e

sequences. W e use the sp ecial notation S

d

to denote the set consisting of non-negativ e desc ending

(i.e. non-increasing) sequences a : a 2 S

d

� S

0

if and only if a

1

� a

2

� � � � 0.

A w ord on notation: w e use b old letters (b oth upp er and lo w er case) to denote sequences whose

en tries are giv en b y the correspnding roman letter: viz. a = f a

1

; a

2

; : : : g . W e use roman letters

(b oth upp er and lo w er case) to denote scalar quan tities: viz. n; N . W e use calligraphic upp er case

letters to denote matrices: viz. A ; E ; M , except that the letter S is used to denote sets of sequences.

The iden tit y matrix is denoted I . The greek letters �; � denote scalar quan tities; all the other greek

letters are used to denote op erators on sequences.

In this pap er w e �nd that man y of the results on the sequences of Kronec k er and Jordan indices

are simple consequences of this theory . Regarding the theory of Kronec k er/Jordan indices under

p erturbations, this disco v ery helps separate those results whic h dep end on the particulars of the

linear op erators from those results whic h are just prop erties inheren t to the in teger indices. W e also

use the theory of in teger sequences to pro v e some new results b ounding the Jordan or Kronec k er

indices obtainable when a single ro w or column is added to a p encil. In Con trol Theory , this

corresp onds to determining the reac habilit y or observ abilit y indices obtainable b y adding a single

input or a single output.

The Jordan indices, when collected for eac h eigen v alue in descending order, are kno wn as the

Segr � e c haracteristics [11 , p79-81] The relation of these to the so-called W eyr c haracterstics (the

n ullities of ( M � s I )

k

, for k = 1 ; 2 ; 3 ; : : : , where M is a square matrix, [11 ]) w as extended in [8 ]

to the case of semi-regular p encils, based on the fact that the W eyr c haracterstics are also exactly

the n ullities of the blo c k T o eplitz matrices (2). A semi-r e gular p encil is a p encil whose normal rank

equals min f N

ro ws

; N

cols

g , or equiv alen tly a p encil for whic h E � s F ac hiev es full ro w or column rank

for some v alue of s . A semi-regular p encil is one whic h has righ t Kronec k er blo c ks or left Kronec k er

blo c ks, but not b oth. The analogous construction (1) w as used earlier b y [6 ] to pro v e man y basic

prop erties for the Kronec k er canonical form, including its existence. In Sec. 4 b elo w, w e presen t

these results, extending the results of [8 ] to general p encils, not necessarily semi-regular.

Sev eral pap ers discuss the e�ect of p erturbations of p encils on the indices, or the structure of

the Kronec k er indices reac hable in the closure of the orbit of a p encil. In [2 ], the e�ect on the

Jordan indices for the eigen v alues of a matrix lying within a region of the complex plane under

p erturbations to a p encil w as discussed. It w as found that the sequence of Jordan indices for the

p erturb ed p encil w ere ma jorized b y the indices for the original p encil, in the sense that the leading

sums of the former w ere b ounded b y the leading sums of the latter. In [10 ], the structure of the

Kronec k er indices within the closure of the orbit of a giv en p encil w as analysed. It w as found that

one could apply a sequence of elemen tary p erturbations to a p encil, eac h making a simple c hange

to the Kronec k er indices, to ac hiev e an y structure reac hable within the closure of the orbit of the

giv en p encil. In the last section of this pap er, w e illustrate those p erturbations, sho wing that eac h

one corresp onds to a simple c hange to the sequence of n ullities of the blo c k T o eplitz matrices. In

[3 ], the results of [10 ] and [4 ] w ere com bined to de�ne a strati�cation of the p ossible Kronec k er

structures, where eac h la y er consisted of the structures reac hable via arbitrarily small p erturbations

and/or within the closure of the orbit of a p encil in the neigh b oring la y er.

The rest of this pap er is organized as follo ws. In Sec. 2 w e giv e explicit statemen ts of the

principal previous results on whic h this pap er is based. In Sec. 3 w e brie
y sk etc h the basic results
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Figure 1: Sequences of n ullities (14) with corners mark ed. The arro ws indicate the distances

according to equations (8) and (11).

needed from the algebra of in teger sequences. In Sec. 4 w e revisit and extend the theory relating

the Jordan and Kronec k er indicies to the n ullities of the blo c k T o eplitz matrices, expressed in terms

of the notation of Sec. 3. In Sec. 5 w e com bine the ma jorization results of the previous section

with the relations of Sec. 4 to pro v e our principal new ma jorization results for matrix p encils under

v arious mo di�cations. In Sec. 6 w e discuss previous results regarding admissible p erturbations in

terms of the in teger sequences. W e collect in to an App endix the pro ofs of some of the theorems on

in teger sequences.

2 Bac kground

In this section, w e summarize the principal previous results on whic h this pap er is based. The

normal r ank of a p encil E � � F is the maxim um v alue attained b y r ank ( E � s F ) o v er all s on

the extended complex plane. It is w ell kno wn that this maxim um rank is attained for all but

�nitely man y v alues of s ; these sp ecial v alues of s are the eigenvalues of the p encil. In terms of the

Kronec k er canonical form, the normal rank is equal to N

K

+ N

L

+ N

J

+ N

E

.

In pro ving the existence of the Kronec k er canonical form for an arbitrary p encil, Gan tmac her

[6 , p30] pro v ed that the order k of the smallest righ t Kronec k er blo c k is the smallest k suc h that

the rank of A

k +1

(1) is strictly less than ( k + 1) N

cols

. Note that if there are an y zero eigen v alues,

w e m ust replace the p encil E � � F with ( E � s F ) � � F where the rank of ( E � s F ) is equal to the

normal rank of the p encil. Since ( k + 1) N

cols

is exactly the n um b er of columns in A

k +1

, This result
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is equiv alen t to

Theorem 1 [6] . If the r ank ( E � s F ) equals the normal rank of the p encil E � � F , then the order

of the smallest Kronec k er blo c k is the smallest k suc h that the righ t n ullit y of A

k +1

is bigger than

zero.

This is illustrated in Fig. 1, where the sequence of n ullities of the matrices fA

k

g

k > 0

are repre-

sen ted b y the A curv e. The �rst nonzero n ullit y app ears for k + 1 = 4. This \corner" in the A curv e

at k = 3 corresp onds to the order of the smallest righ t Kronec k er blo c k, namely 3. F ollo wing the

pro of in [6], w e can de
ate out the smallest Kronec k er blo c k, remo ving the \corner" in Fig. 1 at

k = 3; the e�ect on the curv e is to subtract k � 3 from A

k

for all k > 3. Then the next Kronec k er

blo c k will corresp ond to the next \corner" in the A curv e at k = 7. The remaining features sho wn

in Fig. 1 will b e dev elop ed in Sec. 4

In [8 ], a similar construction w as used to relate the Jordan indices for eigen v alue zero to the blo c k

T o eplitz matrices (2). An y other eigen v alue can b e handled b y a suitable shift s as in ( E � s F ) � � F .

Analogous to the ab o v e discussion for Kronec k er blo c ks, the smallest Jordan blo c k for eigen v alue

zero is the smallest k suc h that the rank of G

k +1

is strictly gr e ater than ( k + 1) � r ank ( E ). In [8 ], this

result w as used to pro v e relations b et w een the Segr � e c haracteristics and the W eyr c haracteristics

for a semi-regular p encil. There are man y w a ys to describ e the relationships b et w een the b et w een

the Segr � e c haracteristics and the W eyr c haracteristics, but p erhaps the simplest is the follo wing.

Theorem 2 [8 ] . The W eyr c haracteristics, f G

k

g

k > 0

, for a semi-regular p encil satisfy the prop ert y

that G

k +1

� G

k

is exactly the n um b er of elemen tary divisors for eigen v alue zero of degree at least

k (equiv alen tly the n um b er of Jordan blo c ks for zero of dimension at least k ).

A separate set of pap ers w as dev oted to analyses of the p ossible structures ac hiev able through

arbitrarily small p erturbations. An imp ortan t example comes from [10 ], where the follo wing result

is pro v ed.

Theorem 3 [10]. Consider the p encil E � � F with _a

k

righ t Kronec k er blo c ks of dimension k � 1,

_a

L

k

left Kronec k er blo c ks of dimension k � 1, and h

k

( s ) Jordan blo c ks for eigen v alue s of dimension

k , for all k = 0 ; 1 ; : : : . Consider a second p encil

b

E � �

b

F with corresp onding indices f

b

_a

k

g , f

b

_a

L

k

g ,

f

b

h

k

( s ) g . Then E � � F lies in the closure of the orbit of

b

E � �

b

F if and only if the follo wing conditions

hold:

P

j

k =0

p os ( j � k )

b

_a

k +1

�

P

j

k =0

p os ( j � k ) _ a

k +1

P

j

k =0

p os ( j � k )

b

_a

L

k +1

�

P

j

k =0

p os ( j � k ) _ a

L

k +1

j

b

n

K

+

P

1

k =0

min f j; k g

b

h

k +1

( s ) � j n

K

+

P

1

k =0

min f j; k g h

k +1

( s )

for all s:

(4)

The pro of of this theorem in [10 ] consists of the decomp osition of an y p erturbation from the orbit

of a giv en p encil in to a sequence of \elemen tary p erturbations" of one of small set of t yp es. These

elemen tary p erturbations are discussed at greater length in Sec. 6. W e remark that the �rst t w o

conditions in (4) (in v olving
_

a

k

,
_

a

L

k

) w ere also pro v ed in [3 ]. In fact, Elmroth and K � agstrom [4 ]

used this theory to pro duce a strati�cation of all the p ossible structures of 2 � 3 p encils. This

strati�cation is used to determine whic h structures are reac hable b y arbitrarily small p erturbations

to giv en p encils and furthermore to pro duce the sp eci�c p erturbation needed for eac h case.

In [2 ], they consider the sequence of Jordan indices in descending order for a matrix M , or actu-

ally a general class of (linear) op erators. Let s

1

( �; M ) � � � � � s

n

J

( �; M ) denote the the dimensions

of the Jordan blo c ks corresp onding to the eigen v alue � in descending order, with s

j

( �; M ) = 0 for

j > n

J

. Here n

J

is the geometric m ultiplicit y of the eigen v alue � . If � is a con tour in the complex
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plane suc h that there is no eigen v alue on �, then de�ne s

j

(�) =

P

�

s

j

� where the sum is tak en

o v er all eigen v alues � inside the con tour �. A t ypical result, expressed for matrix p olynomials, is

Theorem 4[2] . If M ( � ) is a N

ro ws

� N

cols

matrix p olynomial with N

ro ws

� N

cols

with no eigen v alues

on the con tour �, then there exists an � > 0 and a matrix p olynomial

f

M ( � ) suc h that kM �

f

Mk < �

on � and

X

j � l

s

j

(� ;

f

M ) �

X

j � l

s

j

(� ; M ) for all natural n um b ers l : (5)

F urthermore, if N

ro ws

= N

cols

, then w e ha v e equalit y for l = 1. Con v ersely , if M is as giv en ab o v e,

and w e ha v e a sequence of prosp ectiv e indices s

j

(� ;

f

M ) satisfying (5), then for ev ery � > 0 there

exists a corresp onding matrix p olynomial

f

M with the giv en indices s

j

(� ;

f

M ), with no eigen v alues

on �, and suc h that kM �

f

Mk < � .

All the results summarized in this section in v olv e relations b et w een v arious sequences of in te-

gers, di�erences b et w een consecutiv e en tries in suc h in teger sequences, and leading partial sums of

in tegers in suc h sequences. This motiv ated us to study the prop erties in trinsic to in teger sequences

indep enden t of the relation b et w een suc h sequences and an y underlying matrix en tit y . In the next

section w e sk etc h the results arising from in teger sequences and revisit the results of this section in

ligh t of the next in Sec. 4.

3 In teger Sequences

W e sk etc h an algebra on semi-in�nite in teger sequences, de�ning sev eral op erations and transfor-

mations on suc h sequences. Though motiv ated b y its application to linear algebra, this theory is

completely indep enden t of an y particular application.

3.1 Basic Prop erties and De�nitions

W e de�ne sev eral op erators on semi-in�nite sequences of in tegers in T able 1 and summarize a

few elemen tary prop erties in T able 2. W e will also use the follo wing unit c o or dinate sequences.

De�ne the sp ecial sequence e = f 1 ; 1 ; 1 ; 1 ; 1 ; : : : g as a constan t sequence, the sequence e

1

= �e =

f 1 ; 0 ; 0 ; 0 ; : : : g , and E = �e = f 1 ; 2 ; 3 ; 4 ; : : : g . W e also de�ne the shifted co ordinate sequence

�

k � 1

e

1

= f 0 ; : : : ; 0 ; 1 ; 0 ; : : : g where the single \1" en try app ears in the k -th p osition. W e remark

that if 0 � i < j , then �

i

e

1

+ �

i +1

e

1

+ � � � + �

j � 1

e

1

= �

i

e � �

j

e .

Lemma 5 . T ables 2 and 3 summarize some basic relations b et w een the v arious op erators de�ned

in T able 1.

Pro of: These prop erties are simple consequences of the de�nitions, as illustrated b y the examples.

Lemma 6 . The op erators �; � ; � ; � are all linear in the sense that 2 ( � a + b ) = � 2 a + b for all

scalars � and sequences a ; b , where 2 = � , � , � , or � .

Pro of: By direct calculation from the de�nitions.

W e no w sho w the corresp ondance of our notation with the results of [10 ].

Lemma 7 . Let a = f a

1

; a

2

; a

3

; : : : ; a

i

; : : : g b e an y sequence, and let p os( x ) = max f 0 ; x g b e de�ned

{ 6 {



op er ator description example

op er ators for al l inte ger se quenc es

x an y in teger sequence 1 ; 1 ; 3 ; 5 ; 5 ; 5 ; : : :

X = � x running sum 1 ; 2 ; 5 ; 10 ; 15 ; 20 ; : : :

_
x = �x �rst di�erence 1 ; 0 ; 2 ; 2 ; 0 ; 0 ; : : :

� x left shift 1 ; 3 ; 5 ; 5 ; 5 ; 5 ; : : :

� x righ t shift 0 ; 1 ; 1 ; 3 ; 5 ; 5 ; : : :

op er ators for asc ending inte ger se quenc es

a an ascending sequence 1 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : :

a

#

conjugate of an ascending sequence 0 ; 2 ; 2 ; 4 ; 1 ; 1 ; : : :

[ a

#

k

is the no. of a

i

's less than k ]

op er ators for desc ending inte ger se quenc es

g a descending sequence 4 ; 4 ; 3 ; 1 ; 1 ; 0 ; : : :

g

�

conjugate of a descending sequence 5 ; 3 ; 3 ; 2 ; 0 ; 0 ; : : :

[ g

�

k

is the no. of g

i

's greater than or equal to k ]

sc alar values derive d fr om se quenc es

x

1

�nal v alue (if it exists) 5

( a

#

)

1

n um b er of �nite en tries in a 1

G

1

sum of all en tries in g 12

g

�

1

n um b er of p ositiv e en tries in g 5

T able 1: Op erators on Sequences.

Expr ession = this expr ession Example

If a is an y in teger sequence a = f 1 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : : g

(a) �a = a � � a = f 1 ; 0 ; 2 ; 0 ; 1 ; 0 ; 0 ; : : : g

(b) ��a = ��a = a = f 1 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : : g

(c) � � a = a = f 1 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : : g

(d) �� a = a � a

1

e

1

= f 0 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : : g

(e) � �a = � � a = f 0 ; 1 ; 2 ; 5 ; 8 ; 12 ; 1 6 ; : : : g

(f ) � �a = � � a = f 0 ; 1 ; 0 ; 2 ; 0 ; 1 ; 0 ; : : : g

(g) � �a = � � a + a

1

e = f 2 ; 5 ; 8 ; 12 ; 16 ; 2 0 ; : : : g

(h) � � a = � � a � a

1

e

1

= f 0 ; 2 ; 0 ; 1 ; 0 ; 0 ; : : : g

T able 2: Basic Prop erties of shift, sum, and di�erence op erators.
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Expr ession = this expr ession Example

If a is ascending but b ounded a = f 1 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : : g

(i) Neg a = a

max

e � a = f 3 ; 3 ; 1 ; 1 ; 0 ; 0 ; : : : g

(j) neg Neg a = a � a

1

e = f 0 ; 0 ; 2 ; 2 ; 3 ; 3 ; : : : g

(k) ( a + e )

#

= � ( a

#

) = f 0 ; 0 ; 2 ; 2 ; 4 ; 1 : : : : g

(l) ( Neg a )

�

= f 4 ; 2 ; 2 ; 0 ; 0 ; 0 ; : : : g

[rev erse of the �nite en tries of a

#

, follo w ed b y 0's]

If g is descending with g

1

= 0 g = f 4 ; 4 ; 3 ; 1 ; 1 ; 0 ; 0 ; : : : g

(m) neg g = g

1

e � g = f 0 ; 0 ; 1 ; 3 ; 3 ; 4 ; 4 ; : : : g

(n) Neg neg g = g � g

1

e = f 4 ; 4 ; 3 ; 1 ; 1 ; 0 ; 0 ; : : : g

(o) ( g + e )

�

= � g

�

+ 1 e

1

= f1 ; 5 ; 3 ; 3 ; 2 ; 0 ; 0 ; : : : g

(p) g

�

+ e

1

= ( g + �

g

�

1

e

1

)

�

= f 4 ; 4 ; 3 ; 1 ; 1 ; 1 ; 0 ; : : : g

�

= f 6 ; 3 ; 3 ; 2 ; 0 ; 0 ; : : : g

(q) ( neg g )

#

= f 2 ; 3 ; 3 ; 5 ; 1 ; 1 ; : : : g

[rev erse of the nonzero en tries of g

�

, follo w ed b y 1 's]

T able 3: Basic Prop erties of conjugate and negation op erators.

as the p ositive p art of x . Then the i -th en try of the double sum of a is

[ �

2

a ]

i

=

1

X

k =0

p os ( i � k ) a

k +1

:

Also, let x and y

1

; y

2

; : : : ; y

m

b e a collection of m + 1 non-negativ e in tegers (setting y

k

= 0 for

k > m ), let Y = y

1

+ y

2

+ � � � + y

m

, and de�ne the sequence z = f x + Y ; � y

1

; � y

2

; : : : ; � y

m

; 0 ; 0 ; : : : g .

Then the i -th en try of �

2

z is [ �

2

z ]

i

= ix +

P

1

k =1

min f i; k g y

k

.

Pro of: By direct calculation b y noting that

�

2

a = f a

1

;

2 a

1

+ a

2

;

3 a

1

+ 2 a

2

+ a

3

;

: : : ;

ia

1

+ ( i � 1) a

2

+ � � � + a

i

;

: : : g ;

and

[ �

2

z ]

i

= ix + y

1

+ 2 y

2

+ � � � + iy

i

+ iy

i +1

+ � � � + iy

m

:

3.2 F errer's Diagrams

The sequences can b e illustrated b y so called F errers diagrams [11 , 8 ]. Consider the sequence a

de�ned in T able 1. It can b e mo deled b y the histogram in (6a) in whic h the k -th column has a

k
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X 's. Lik ewise, the descending sequence g from T able 1 can b e represen ted b y (6b).

a

k

"

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

6 o o o o o o � � �

5 o o o o o o � � �

4 o o o o X X � � �

3 o o X X X X � � �

2 o o X X X X � � �

1 X X X X X X � � �

1 2 3 4 5 6 ! k

(a)

g

k

"

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

6 o o o o o o � � �

5 o o o o o o � � �

4 X X o o o o � � �

3 X X X o o o � � �

2 X X X o o o � � �

1 X X X X X o � � �

1 2 3 4 5 6 ! k

(b)

F errer's Diagrams

(6)

F rom (6) w e can also read the conjugate sequence b y reading across. F rom (6a) w e can read

b = a

#

b y reading the n um b er of o 's across, and from (6b) w e can read o� the sequence g

�

b y

reading the n um b er of X 's across in eac h ro w. F rom (6a) w e can also see that the en tries of a and

b �ll up leading rectangles anc hored at the origin. This particular prop ert y can b e formalized in

the follo wing Lemma.

Lemma 8 . Supp ose w e ha v e sequences a 2 S

1

, b = a

#

, A = � a , B = � b . Then B

k

+ A

b

k

= k b

k

,

where A , B are an y sequences in the space S

2

related b y b = �B = ( � A )

#

. Analogously ,

A

k

+ B

a

k

= k a

k

.

Pro of: in the app endix.

Remark . Let f ( x ) b e a strictly increasing non-negativ e function of x , de�ned for all non-

negativ e x , and g ( y ) b e its conjugate, i.e. g ( f ( x )) = x and f ( g ( y )) = y for all non-negativ e x; y .

Then Lemma 8 is analogous to the con tin uous theorem

R

x

0

f ( x ) dx +

R

y

0

g ( y ) dy = xy . This remark

is easily pro v ed via in tegration b y parts, and indeed the pro of of Lemma 8 can b e though t of as a

discrete analog to in tegration b y parts.

3.3 Comparison and Ma jorization of Sequences

W e de�ne what it means to for a sequence to b e less than another or to b e majorize d b y another

sequence.

Comp arison of se quenc es : Giv en t w o sequences A , B , w e sa y that A � B if A

i

� B

i

for all i .

W e sa y that A = B if A

i

= B

i

for all i . W e sa y that A < B if A � B and A 6= B .

Majorization of se quenc es : Let a and b b e t w o sequences in S

0

. W e sa y that b w eakly ma jorizes

a , denoted b y b �

w

a or a �

w

b , if �a � �b . If in addition, the sum of all the en tries of the t w o

sequences a and b agree and are �nite, then w e sa y that b strictly ma jorizes a , written b � a . In

other w ords, b � a i� � b � � a and max f �b g = max f �a g < 1 .

Since ma jorization of sequences pla ys a critical role in the results of this pap er, w e state here

the t w o fundamen tal results w e will use.

Theorem 9 . Supp ose w e ha v e the sequences

a 2 S

1

; A = � a ; b = a

#

; B = �b ;

as w ell as

g 2 S

1

; G = �g ; h = g

#

; H = �h :
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If g �

w

a , then (a) the coun ts ( a

#

)

1

� ( g

#

)

1

, and (b) h �

w

b . If the �rst ma jorization is strict,

then so is the second, among the �nite en tries.

Pro of: in the app endix.

An analog of this theorem for descending sequences app eared in [9] for the case of \strong"

ma jorization. This case can b e pro v ed as a sp ecial case of Theorem 9, or pro v ed directly using

the analog of Lemma 8. W e no w state and pro v e a theorem on w eak ma jorization for descending

sequences. W e see that the conjugate sequences m ust b e adjusted sligh tly in order to satisfy the

inequalities.

Theorem 10 . ([9 , p174] for strong ma jorization). If x ; y are sequences in S

d

, then their conjugates

x

�

; y

�

are also in S

d

. F or an y suc h sequences, x � y i� y

�

� x

�

. If x �

w

y , then ( x + �

k

e

1

+

� � � �

k + j � 1

e

1

) � y and y

�

� x

�

+ j e

1

, where k = x

�

1

and j = Y

1

� X

1

� 0.

Pro of: in the app endix.

Unlik e ascending sequences in Theorem 9, the precedence relation for descending sequences

requires adjustmen t to the sequences if the sequence sums di�er: X

1

6= Y

1

. W e giv e a example

to illustrate what happ ens when w e w eak en � to �

w

. Consider the follo wing sequences x ; y , eac h

with 7 p ositiv e en tries, with their sums and conjugates:

x

b

x y �x �

b

x �y x

�

b

x

�

y

�

�

b

x

�

�y

�

� x

�

6 6 6 06 = 06 = 06 7 8 7 08 > 07 = 07

4 4 6 10 = 10 < 12 4 4 3 12 > 10 < 11

4 4 5 14 = 14 < 17 4 4 3 16 > 13 < 15

3 3 1 17 = 17 < 18 3 3 3 19 > 16 < 18

1 1 1 18 = 18 < 19 1 1 3 20 > 19 = 19

1 1 1 19 = 19 < 20 1 1 2 21 = 21 > 20

1 1 1 20 = 20 < 21 0 0 0 21 = 21 > 20

0 1 0 20 < 21 = 21 0 0 0 21 = 21 > 20

0 0 0 20 < 21 = 21 0 0 0 21 = 21 > 20

0 0 0 20 < 21 = 21 0 0 0 21 = 21 > 20

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

(7)

W e see that x �

w

y , but x

�

and y

�

do not ma jorize eac h other in either direction. But w e do

obtain ma jorization with the mo di�ed sequence: (

b

x )

�

= x

�

+ e

1

� y , whic h limits the amoun t b y

whic h x

�

misses ma jorizing y

�

. A further example is giv en later in (16), where

e

g ;

b

e

g ; g there pla y

the role of x ;

b

x ; y here, resp ectiv ely .

4 Jordan, Kronec k er Indices and Sequences of Nullities

W e review some results relating the Jordan and Kronec k er indices and the W eyr c haracteristics to

the n ullities of the blo c k T o eplitz matrices. W e illustrate some of these results with some examples

in v olving the sequences of n ullities.

4.1 Notation and Basic Results

W e state the follo wing theorem regarding the Kronec k er indices.
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Theorem 11 . De�ne the sequences

a = �A ;
_

a = �

2

A and b = ( �A )

#

;

where A

i

is the n ullit y of A

i

in (1). Then _a

k

= [ �

2

A ]

k

is exactly the n um b er of Kronec k er indices

e qual to k � 1 and a

k

is the n um b er of indices less than k . Hence a

1

= n

K

is the total n um b er of

Kronec k er indices. The �rst n

K

en tries of b : b

1

; : : : ; b

n

K

, are the non-negativ e in tegers consisting

of the righ t Kronec k er indices in ascending order, and b

k

= 1 for all k > n

K

.

Corollary 12 . F or an y in teger k , the K-blo c ks up to size ( k � 1) � k o ccup y k � a

k

� A

k

=

( k � 1) A

k

� k A

k � 1

ro ws and ( k +1) � a

k

� A

k

columns. In particular, if q is the order of the largest

K-blo c k and n

K

is the total n um b er of K-blo c ks, then the en tire righ t Kronec k er part of the p encil

o ccupies, for an y k > q ,

N

K

= k � n

K

� A

k

= ( k � 1) A

k

� k A

k � 1

(8)

ro ws and ( k +1) � n

K

� A

k

= k A

k

� ( k +1) A

k � 1

columns (illustrated in Fig. 1).

Pro of:

A

k

= a

1

+ a

2

+ � � � + a

k

= _a

1

+ ( _ a

1

+ _ a

2

) + � � � + ( _ a

1

+ � � � + _ a

k

)

= k � _a

1

+ ( k � 1) � _a

2

+ � � � + 1 � _a

k

= k � a

k

� [0 � _a

1

+ 1 � _a

2

+ � � � + ( k � 1) � _a

k

]

= k � ( A

k

� A

k � 1

) � [0 � _a

1

+ 1 � _a

2

+ � � � + ( k � 1) � _a

k

] :

(9)

But in the last expression, the part within square brac k ets is exactly the ro ws o ccupied b y the

K-blo c ks up to size ( k � 1) � k . The total n um b er of suc h K-blo c ks is _a

1

+ � � � + _a

k

= a

k

. Hence the

n um b er of columns o ccupied is exactly a

k

more than the n um b er of ro ws. Also, if k > q , w e ha v e

a

k

= n

K

yielding (8), and the corollary is pro v ed.

W e remark that (8) is equiv alen t to sa ying

N

K

= [ n

K

E � A ]

1

= sum of all the en tries in [ n

K

e � a ] (10)

W e also remark that w e could also de�ne the sequence of left n ullities G

L

of the matrices (2),

but this is equiv alen t to G since they di�er only b y a sequence �xed b y the dimensions of the o v erall

p encil, b y (5c):

G � G

L

= ( n

K

� n

L

) E = ( N

cols

� N

ro ws

) E :

W e no w turn our atten tion to the Jordan indices. W e pro v e that the n ullities G = f G

1

; G

2

; : : : g

of the matrices (2) yield the dimensions of the Jordan c hains asso ciated with the zero eigen v alue of

the p encil E � � F , indep enden t of the presence of an y Kronec k er blo c ks. Without loss of generalit y ,

w e can examine the p encil E + � F .

Theorem 13 . The Jordan indices for eigen v alue zero for the p encil E + � F are related to the

n ullities G of the matrices (2) as follo ws. De�ne g = �G . Let n

K

b e the total n um b er of righ t

Kronec k er blo c ks for the p encil, and let h

i

b e the n um b er of Jordan blo c ks (indices) e qual to i , for

i = 1 ; 2 ; : : : . Let n

J

= h

1

+ h

2

+ � � � b e the total n um b er of Jordan blo c ks for eigen v alue 0. Then

n

K

= g

1

= a

1

and w e ha v e the follo wing sequences (di�eren t w a ys of expressing the same result):
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(a) G � n

K

E Extended W eyr Characteristics

(a) g � n

K

e

(Num b er of Jordan indices greater than or equal to i , for i = 1 ; 2 ; 3 ; : : : )

(b) s = ( g � n

K

e )

�

Jordan indices in descending order, follo w ed b y 0's

(Segr � e c haracteristics for eigen v alue 0 [11 , 8])

(c) neg g Num b er of Jordan indices less than i , for i = 1 ; 2 ; 3 ; : : :

(d) d = ( neg g )

#

Jordan indices in ascending order, follo w ed b y 1 's

(e)
_

g = f n

K

+ n

J

; � h

1

; � h

2

; : : : ; � h

r

; 0 ; 0 ; : : : g = ( n

K

+ n

J

) e

1

� � h ,

where r is the largest Jordan index.

W e also state the follo wing result regarding the tail of the sequence of n ullities:

Corollary 14. Let r b e the index of the largest J-blo c k and n

K

= g

1

b e the total n um b er of

K-blo c ks. Then the en tire part corresp onding to eigen v alue zero has order

N

J

= G

k

� k � n

K

= k G

k � 1

� ( k � 1) G

k

; (11)

for an y k > r (illustrated in Fig. 1).

Pro of: By (9), w e ha v e for an y k

G

k

= k � ( G

k

� G

k � 1

) � [0 � _g

1

+ 1 � _g

2

+ 2 � _g

3

+ � � � + ( k � 1) _ g

k

]

= k � ( G

k

� G

k � 1

) + [1 � h

1

+ 2 � h

2

+ � � � + ( k � 1) h

k � 1

]

= k � ( g

k

) + [1 � h

1

+ 2 � h

2

+ � � � + ( k � 1) h

k � 1

]

= k � ( _ g

1

+ : : : + _g

k

) + [1 � h

1

+ 2 � h

2

+ � � � + ( k � 1) h

k � 1

]

= k � ( n

K

+ n

J

� h

1

� : : : � h

k � 1

) + [1 � h

1

+ 2 � h

2

+ � � � + ( k � 1) h

k � 1

]

(b y part (e) of Theorem 13),

where the h

i

are de�ned as in Theorem 13. When k > r , the second line ab o v e b ecomes G

k

=

k � ( G

k

� G

k � 1

) + N

J

, and the last line b ecomes G

k

= k � ( n

K

+ n

J

� n

J

) + N

J

, pro ving the corollary .

W e remark that (11) is equiv alen t to

N

J

= [ G � n

K

� E ]

1

= sum of all the en tries in [ g � n

K

� e ] : (12)
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4.2 Example

W e illustrate the relation b et w een the Jordan/Kronec k er indices and the sequences of n ullities with

an example. Consider the p encil (where : 's denote zero es), corresp onding to Fig. 1:

E + s F =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

s 1 0 0 : : : : : : : : : : : : : : :

0 s 1 0 : : : : : : : : : : : : : : :

0 0 s 1 : : : : : : : : : : : : : : :

: : : : s 1 0 0 0 0 0 0 : : : : : : :

: : : : 0 s 1 0 0 0 0 0 : : : : : : :

: : : : 0 0 s 1 0 0 0 0 : : : : : : :

: : : : 0 0 0 s 1 0 0 0 : : : : : : :

: : : : 0 0 0 0 s 1 0 0 : : : : : : :

: : : : 0 0 0 0 0 s 1 0 : : : : : : :

: : : : 0 0 0 0 0 0 s 1 : : : : : : :

: : : : : : : : : : : : s 1 0 0 0 : :

: : : : : : : : : : : : 0 s 1 0 0 : :

: : : : : : : : : : : : 0 0 s 1 0 : :

: : : : : : : : : : : : 0 0 0 s 1 : :

: : : : : : : : : : : : 0 0 0 0 s : :

: : : : : : : : : : : : : : : : : s 1

: : : : : : : : : : : : : : : : : 0 s

: : : : : : : : : : : : : : : : : : :

( M + s N )

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

; (13)

where M + s N is regular with no zero eigen v alues, or is empt y (equiv alen tly , M is a square

nonsingular matrix, or empt y). This p encil has righ t Kronec k er blo c ks of sizes 3 � 4 and 7 � 8, a

left Kronec k er blo c k of size 1 � 0, and t w o Jordan blo c ks for eigen v alue 0 of orders 5 and 2. In this

p encil, there are

n

K

= 2 righ t Kronec k er blo c ks o ccup ying N

K

= 10 ro ws,

n

L

= 1 left Kronec k er blo c ks o ccup ying N

L

= 0 columns, and

n

J

= 2 Jordan blo c ks for eigen v alue 0 o ccup ying N

J

= 7 ro ws.

N

E

is the dimension of M .

The n ullities of the blo c k T o eplitz matrices (1) and (2) are the follo wing, together with the

n ullities (1) corresp onding to ( E + s F )

T

whic h yield the left n ullities:

A = f 0 0 0 1 2 3 4 6 8 10 12 14 16 � � � g ;

G = f 4 8 11 14 17 19 21 23 25 27 29 31 33 � � � g ;

A

L

= f 1 2 3 4 5 6 7 8 9 10 11 12 13 � � � g :

(14)

The �rst t w o sequences ab o v e are pictured in Fig. 1. Notice that the A sequence is conca v e up,

the G sequence is conca v e do wn (except for the virtual corner at the origin). The �nal slop e of

b oth sequences are the same (b oth equal to n

K

= 2, whic h is also exactly the n um b er of corners

in the A sequence, coun ting m ultiplicities), and when the sequences reac h this �nal slop e, they are

N

K

+ N

J

= 17 apart. The reader will notice the corners in the A 's in en tries 3 and 7, and in the g 's

in en tries 2 and 5 (plus an implicit one at the origin), mark ed b y A and G in the Figure, resp ectiv ely .

The corners corresp ond exactly to the nonzero en tries in the second di�erences: _a

4

; _a

8

, _g

3

; _g

6

, and
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_a

L

1

:

_
a = f 0 0 0 1 0 0 0 1 0 0 0 0 0 � � � g ;

_
g = f 4 0 � 1 0 0 � 1 0 0 0 0 0 0 0 � � � g ;

_
a

L

= f 1 0 0 0 0 0 0 0 0 0 0 0 0 � � � g :

So one sees that the righ t Kronec k er and Jordan indices in the p encil represen ted b y these sequences

are, resp ectiv ely f 3 ; 7 g and f 2 ; 5 g (one less than the corresp onding subscripts). The Kronec k er and

Jordan indices app ear in the conjugate sequences:

a

#

= f 3 7 1 1 1 � � � g Kronec k er indices (ascending),

( g � g

1

e )

�

= f 5 2 0 0 0 � � � g Jordan indices (descending),

( neg g )

#

= f 2 5 1 1 1 � � � g Jordan indices (ascending),

( a

L

)

#

= f 0 1 1 1 1 � � � g left Kronec k er indices (ascending).

5 E�ect of Mo difying P encils

In this section, w e use some of the theory ab o v e to extend some results regarding the e�ects of

p erturbations on the Kronec k er and on the Jordan indices.

5.1 P erturbations

Let A b e the sequence of n ullities of (1), b b e the sequence of the Kronec k er indices in ascending

order (follo w ed b y 1 's), and let B = �b . Hence also B

1

; : : : ; B

n

K

are also non-negativ e in tegers

and B

n

K

+1

= B

n

K

+2

= � � � = 1 . With this iden ti�cation, w e immediately obtain a result on the

initial sums of the Kronec k er indices as the matrices are p erturb ed, using Theorem 9. W e use

A

1

; A

2

; : : : to denote the n ullities of the matrices (1), corresp onding to the p encil E � � F . Denote

b y

e

E � �

e

F a sligh tly p erturb ed p encil and let

e

A = f

e

A

1

;

e

A

2

; : : : g b e the sequence of n ullities of

the resulting p erturb ed matrices of the form (1). Denote the sequence of Kronec k er indices of the

p erturb ed p encil b y

e

b = f

e

b

1

;

e

b

2

; : : : g . If the p erturbation is su�cien tly small, the n ullities will

satisfy

e

A � A so that Theorem 3 yields the result

e

B � B . This yields one of the basic theorems

linking the p erturbations of p encils to ma jorization of sequences of n ullities.

Theorem 15 . Let b b e the sequence of righ t Kronec k er indices in ascending order for the p encil

E � � F (follo w ed b y 1 's), and

e

b b e lik ewise for the new p encil

e

E � �

e

F . If the new p encil

e

E � �

e

F is

formed from E � � F b y taking a su�cien tly small p erturbation, b y app ending an additional ro w,

or b y deleting a column, or if E � � F lies in the closure of the orbit of

e

E � �

e

F , then

e

a �

w

a :

Pro of: F or the case of orbits or p erturbations, this has b een pro v ed in [10 , 3]. The pro of dep ends

on the fact that for a su�cien tly small p erturbation, the n ullities of the matrices (1) can only

decrease. Since the n ullities are a�ected in the same w a y b y the addition of a ro w or deletion of a

column, w e can arriv e at the same conclusion for these cases to o.

By a similar argumen t, w e ha v e the similar theorem for the Jordan indices, where d is the

sequence of Jordan indices in ascending order (follo w ed b y 1 's), and G is the sequence of n ullitites

of the matrices (2).

Theorem 16. Under the same conditions as Theorem 15,

e

g �

w

g :

{ 14 {



Theorem 17. Under the same conditions as Theorem 15,

b �

w

e

b ;

where b ;

e

b are, resp ectiv ely , the sequences of righ t Kronec k er indices in ascending order for the

original and p erturb ed p encils. F urthermore, ( G

1

�

e

G

1

) � 0 and

�

( G

1

�

e

G

1

)

e

d �

w

d ;

where d and G

1

= n

K

+ n

J

are the sequence of Jordan indices in asc ending order and the com bined

coun t of righ t Kronec k er and Jordan blo c ks, resp ectiv ely , for the original p encil; and

e

d and

e

G

1

=

e

n

K

+

e

n

J

are the corresp onding items for the p erturb ed p encil.

Pro of: F or the case of b �

w

e

b , this is a simple consequence of the theorems 15 and 9. F or the rest,

w e go through the follo wing deriv ation, using the iden tities neg g = g

1

e � g and neg

e

g + ( g

1

�

e

g

1

) e =

g

1

e �

e

g :

e

g �

w

g b y assumption

neg

e

g + ( g

1

�

e

g

1

) e �

w

neg g

( neg

e

g + ( g

1

�

e

g

1

) e )

#

�

w

( neg g )

#

b y Theorem 9

( neg

e

g + ( g

1

�

e

g

1

) e )

#

= �

( g

1

� e g

1

)

(( neg

e

g )

#

) b y item (p) of Fig. 3.

W e remark that this theorem w as pro v ed in [2 ] for the case where

e

n

K

= n

K

, but generalized to

eigen v alues lying within a con tour of the complex plane.

The follo wing example illustrates this theorem, in whic h g

1

�

e

g

1

= 1 and

e

n

K

= n

K

= 0.

e

G G

e

g g ( neg

e

g ) ( neg g )

e

d �

e

d d � �

e

d �d �

e

d

06 < 07 6 7 0 0 1 0 1 00 < 01 = 01

10 < 13 4 6 2 1 1 1 2 01 < 03 > 02

11 < 13 1 0 5 7 2 1 2 02 < 05 > 04

12 < 13 1 0 5 7 2 2 2 04 < 07 > 06

12 < 13 0 0 6 7 2 2 2 06 < 09 > 08

12 < 13 0 0 6 7 4 2 2 08 < 11 < 12

12 < 13 0 0 6 7 1 4 2 12 < 13 < 1

12 < 13 0 0 6 7 1 1 1 1 1 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

(where G = �g = n ullities of (2) ; d = ( neg g )

#

= Jordan indices (ascending))

(15)

It is easy to construct a 7 � 7 matrix M in Jordan Canonical F orm whose Jordan indices are giv en

b y the sequence d in (15), and for whic h an arbitrarily small p erturbation yields a matrix

f

M whose

Jordan indices are

e

d . In the small p erturbation, one 2 � 2 Jordan blo c k of that matrix is c hanged

to:

�

0 1

0 0

�

= )

�

0 1

0 �

�

;

and t w o 2 � 2 Jordan blo c ks coalesce in to one 4 � 4 blo c k. W e see that for this case, the n um b er

of Jordan blo c ks for eigen v alue zero has b een reduced b y 1, so the new sequence of Jordan indices

has b een shifted 1 p osition. The last column in (15) sho ws that the shift is necessary to ac hiev e

ma jorization.
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W e remark in the ab o v e theorem that g

1

� g

1

,

e

g

1

�

e

g

1

are, resp ectiv ely , the n um b er of �nite

en tries in d ,

e

d . Hence �

( g

1

� e g

1

)

e

d has g

1

�

e

g

1

�nite en tries, exactly g

1

�

e

g

1

more than d has. It

alw a ys the case that g

1

�

e

g

1

(otherwise it w ould b e that G

k

<

e

G

k

for some su�cien tly large

index k ).

But the case where the n um b er of righ t Kronec k er blo c ks remains unc hanged is of particular

in terest. This w as the case pro v ed in [2 ], but generalized to eigenalues within a con tour on the

complex plane. A particular example of this is the ordinary eigen v alue problem in whic h there are

no Kronec k er indices, as illustrated ab o v e with M . Then d and �

( g

1

� e g

1

)

e

d ha v e the same n um b er of

�nite en tries. In other w ords, the sequence of Jordan indices in ascending order for the p erturb ed

p encil m ust b e shifted to line up its last Jordan index with that of the original p encil. Then this

theorem states that when so lined up, the original Jordan indices in ascending order ma jorizes the

shifted p erturb ed Jordan indices.

In the general case where the n um b er of righ t Kronec k er blo c ks do es c hange, the last Jordan

index for the p erturb ed p encil is lined up g

1

�

e

g

1

> 0 p ositions p ast the last Jordan index of

the original p encil. Then this theorem states that when so lined up, the original Jordan indices in

ascending order ma jorizes the shifted p erturb ed Jordan indices.

No w w e consider the Jordan indices in descending order. If n

K

=

e

n

K

then

e

G �

e

n

K

E � G � n

K

E .

W e obtain the follo wing more limited theorem regarding the Jordan indices in descending order, as

a simple consequence of Theorem 10.

Theorem 18.. Under the assumptions of Theorem 17, if n

K

=

e

n

K

then N

J

�

e

N

J

, and

(

b

e

g )

�

� (

e

g � n

K

e )

�

+ ( N

J

�

e

N

J

) e

1

� ( g � n

K

e )

�

;

where ( g � n

K

e )

�

, (

e

g � n

K

e )

�

are the sequences of Jordan indices in desc ending order for the original

and new p encil, resp ectiv ely , and

b

e

g is de�ned to b e the result of app ending ( N

J

�

e

N

J

) \1"'s to the

end of

e

g � n

K

e .

W e remark that this adjustmen t (app ending ( N

J

�

e

N

J

) \1"'s) is needed follo wing the result

of Theorem 10. Essen tially , w e implicitly increase the order of the largest Jordan blo c k to mak e

the sums coincide. An example of this e�ect is giv en b y (7), in whic h x ;

b

x ; y there pla y the role of

(

e

g � n

K

e ) ;

b

e

g ; ( g � n

K

e ) here. W e giv e another example in (16) for whic h a matrix example ha ving

the appropriate Jordan indices, (

e

g �

e

n

K

e )

�

; ( g � n

K

e )

�

, can b e easily constructed, where w e assume

for simplicit y that n

k

=

e

n

k

= 0 (or equiv alen tly w e compute these sequences for just the regular

part of the p encil). W e see in (16) that though

e

g

�

do es not ma jorize g

�

, the discrepancy is limited

b y N

J

�

e

N

J

.

e

g

b

e

g g �

e

g �

b

e

g �g

e

g

�

b

e

g

�

g

�

� (

b

e

g

�

) � ( g

�

) � (

e

g

�

)

6 6 7 06 = 06 < 07 3 5 2 05 > 02 < 03

4 4 6 10 = 10 < 13 2 2 2 07 > 04 < 05

1 1 0 11 = 11 < 13 2 2 2 09 > 06 < 07

0 1 0 11 < 12 < 13 2 2 2 11 > 08 < 09

0 1 0 11 < 13 = 13 1 1 2 12 > 10 = 10

0 0 0 11 < 13 = 13 1 1 2 13 > 12 > 11

0 0 0 11 < 13 = 13 0 0 1 13 = 13 > 11

0 0 0 11 < 13 = 13 0 0 0 13 = 13 > 11

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

(where G = �g = n ullities of (2) with n

K

= 0; g

�

= Jordan indices (descending) )

(16)
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5.2 App ending a Single Ro w or Column

Finally w e state and pro v e t w o new corollaries that pro vide b ounds on the Kronec k er indices when a

single ro w or column are app ended to a p encil, or a rank-one c hange is made to one of the matrices.

Corollary 19. Consider a p encil E � � F with corresp onding blo c k T o eplitz matrices (1) whose

n ullities form the sequence A , and let b b e the ascending sequence of Kronec k er indices for this

p encil. If a single ro w is app ended to the p encil E � � F to obtain the p encil

b

E � �

b

F , then the

corresp onding new sequence of Kronec k er indices

b

b satis�es

b + e

1

�

w

�

b

b �

w

� b or equiv alen tly B + e � �

b

B � � B ;

where B = �b . If the ro w app ended is constan t (i.e. the ro w app ended to F is zero) then

b

b satis�es

b �

w

�

b

b �

w

� b : or equiv alen tly B � �

b

B � � B :

In either case, the n um b er of righ t Kronec k er blo c ks (

b

n

K

) in the new p encil is either the same or

one less than that in the original p encil:

n

K

� 1 �

b

n

K

� n

K

:

Pro of: In going from the original p encil to the mo di�ed p encil, the n ullities of the blo c k T o eplitz

matrices (1) cannot go up, and cannot go do wn b y more than the n um b er of ro ws app ended to

eac h individual matrix A

i

. Hence w e ha v e the inequalit y

A � f 2 ; 3 ; 4 ; 5 ; : : : g �

b

A � A :

W e can then apply a sequence of iden tities just using the algebra of in teger sequences, b eginning

with the ab o v e inequalit y , using the de�nition b = a

#

:

A � � E �

b

A � A

� A � E � �

b

A � � A

� A � �

b

A + E � � A + E

� a �

w

�

b

a + e �

w

� a + e

( b + e ) �

w

�

b

b + � e �

w

� b + � e

( B + E ) � �

b

B + � E � � B + � E

( B + e ) � �

b

B � � B ;

where w e ha v e used the iden tit y from item (k) of Fig. 3:

( � a + e )

#

= � [( � a )

#

]

= � [( a

#

+ e )]

= � b + � e :

If the ro w app ended to the F matrix is zero, then the n ullities of the matrices (1) can go do wn b y

at most one less than the general case, so w e ha v e the iden tities

A � E �

b

A � A

A � E �

b

A � A

A �

b

A + E � A + E

a �

w

b

a + e �

w

a + e

b �

w

�

b

b �

w

� b

B � �

b

B � � B :
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As for the n um b er of Kronec k er blo c ks, from the ab o v e and (8) w e ha v e

A � � E �

b

A � A k � n

K

� N

K

� ( k + 1) = A

k

� ( k + 1) �

b

A

k

= k �

b

n

K

�

b

N

K

� A

k

= k � n

K

� N

K

for all k su�cien tly large. Extracting the terms in k yields

k � ( n

K

� 1) � k �

b

n

K

� k � n

k

;

for all k su�cien tly large, yielding the result.

Corollary 20. Under the same conditions and notation as the previous theorem, if the new p encil

b

E � �

b

F is formed b y app ending an extra column, then the new sequence of Kronec k er indices

satis�es b �

w

b

b �

w

� b . The n um b er of the Kronec k er blo c ks satis�es n

K

�

b

n

K

� n

k

+ 1.

Pro of: The n ullities of the matrices (1) cannot go do wn, and can go up only b y the the n um b er of

columns app ended, so w e obtain the iden tities

A �

b

A � A + E

a �

w

b

a �

w

a + e

b �

w

b

b �

w

( a + e )

#

= � b

B �

b

B � � B :

The b ound on n

K

is pro v ed b y the same tec hnique as in the previous Corollary , using (8).

6 Admissible P erturbations

6.1 General Result

W e no w examine the con v erse of theorems 15, 16, 17, pro v ed in [10 ]. That is, w e restate a result

whic h guaran tees when giv en Kronec k er structure is reac hable from a giv en p encil via arbitrarily

small p erturbations in terms of conditions on the sequences of n ullities. Equiv alen tly , the result

guaran tees when a p encil lies in the closure of the orbit of a second p encil in terms of conditions

on the sequences of n ullities. This is presen ted for completeness and to illustrate the simple e�ect

on the sequences of n ullities of the blo c k T o eplitz matrices (1) and (2).

T o do this, w e extend our notation as follo ws. Let s b e a scalar complex-v alued parameter,

whic h can tak e the v alue 1 . Then w e can de�ne the sequence of n ullities G ( s ) corresp onding to

the n ullities of the matrices of the form (2), but formed from the mo di�ed p encil ( E � s F ) � � F .

That is, G ( s ) is the sequence of n ullities corresp onding to the (p ossibly empt y) sequence of Jordan

indices for eigen v alue s , where s can b e an y complex n um b er or in�nit y .

Theorem 21. Consider t w o p encils E � � F , and

b

E � �

b

F , with corresp onding con�gurations of

Kronec k er blo c ks leading to the corresp onding sequences of n ullities A ; B ; G ( s ), and

b

A ;

b

B ;

b

G ( s ).

If the sequences of n ullities satisfy

b

A � A ,

b

B � B , and

b

G ( s ) � G ( s ) for all complex s , then

E � � F lies in the closure of the orbit of

b

E � �

b

F , or equiv alen tly , an arbitrarily (in�nitesimally)

small p erturbation to E � � F su�ces to obtain a p encil with the same Kronec k er con�guration as

that of

b

E � �

b

F .

Pro of: Theorem 3 states that E � � F lies in the closure of the orbit of

b

E � �

b

F if and only if

the conditions (4) hold. But b y Lemma 7, the righ t hand sides in (4) are exactly the sequences of

n ullities A ; , A

L

; , G ( s ), and the left hand sides are the sequences

b

A ; ,

b

A

L

; ,

b

G ( s ), resp ectiv ely . So

w e can rewrite the ab o v e conditions as

b

A � A ,

b

A

L

� A

L

,

b

G ( s ) � G ( s ) for all s , resp ectiv ely
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W e remark that the �rst t w o conditions (in v olving A , A

L

) w ere pro v ed in [3 ].

W e also remark that in computing the n ullities in the example (14), w e used a zero tolerance

(set b y MA TLAB) equal to the � � N � kMk , where � = 2

� 52

is the unit round-o� of the mac hine,

N is the dimension of the blo c k T o eplitz matrix, and kMk < 2 is the norm of the matrix in v olv ed.

An y singular v alue less than this tolerance w as considered zero. W e further remark that in this

example, the smallest singular v alue considered nonzero for an y blo c k T o eplitz matrix encoun tered

w as .2091, w ell separated from the zero singular v alues. This smallest nonzero singular v alue is a

lo w er b ound on the p erturbation necessary to incr e ase the n ullit y of an y blo c k T o eplitz matrix. In

view the Theorem 26, this v alue is also a lo w er b ound on the p erturbation to (13) needed to obtain

a p encil whose orbit-closure do es not con tain the original giv en p encil (13). This deserv es further

in v estigation.

6.2 T yp es of F undamen tal T ransitions

The pro of in [10 ] of the result cited ab o v e w as based on pro ving that one can alw a ys apply at least

one of the tr ansitions describ ed b elo w to the original p encil suc h that the sequences of n ullities of

the resulting in termediate p encil still ma jorize the corresp onding sequences of the target p erturb ed

p encil. Hence, after a sequence of suc h transitions, one m ust ev en tually reac h a p encil whose se-

quences of n ullities exactly matc h those of the target p encil. In other w ords, the p erturbations

need to reac h an attainable Kronec k er structure can b e decomp osed in to a sequence of fundamental

tr ansitions listed in this section. W e will see that eac h transition corresp onds to a simple mo di�-

cation to the sequence of n ullities, illustrated b y a simple mo v emen t of one or t w o corners in the

curv es sho wn in Fig. 1.

In what follo ws, w e denote the starting \source" p encil E � � F , the target p encil

b

E � �

b

F , and

the in termediate p encil after a transition

e

E � �

e

F . W e denote b y A ; etc. the sequence of n ullities of

(1) b efore the transition, together with
_

a = �

2

A , and

b

A ;

b

_
a ; etc. the corresp onding desired target

sequences after the transition. and

e

A ;

e

_
a ; etc. the sequences after one transition.

W e no w list the di�eren t t yp es of transitions one can apply to a p encil. Eac h transition can b e

applied to a p encil using an arbitrarily small p erturbation, yielding a new p encil with the indicated

new structure of n ullities. W e claim that giv en a source p encil E � � F with sequence of n ullities

A ; G , and target p encil

b

E � �

b

F with corresp onding sequence of n ullities

b

A ;

b

G , b oth ma jorized b y

the source sequences, one can alw a ys �nd one of these transitions to apply to A and/or G suc h

that the resulting sequences

e

A ;

e

G still ma jorize the target sequences, unless the source and target

sequences are iden tical. Eac h transition corresp onds to a simple c hange to the sequence of n ullities

as illustrated in Figures 2, 3.

1. (KL->J) K

i

+ L

j

are replaced b y J

i + j +1

(i.e. a left & a righ t Kronec k er blo c k coalesce to form

a new Jordan blo c k for eigen v alue zero.) The sequences are then a�ected as follo ws:

e

_
a =

_
a � �

i

e

1

=
_

a + f 0 ; : : : ; 0 ; � 1 ; 0 ; 0 ; 0 ; : : : g

e

A =
_

a � �

i

E = A + f 0 ; : : : ; 0 ; � 1 ; � 2 ; � 3 ; � 4 ; : : : g

e

_
g =

_
g � �

i + j +1

e

1

=
_

g + f 0 ; : : : ; 0 ; � 1 ; 0 ; 0 ; 0 ; : : : g

e

G = G � �

i + j +1

E = G + f 0 ; : : : ; 0 ; � 1 ; � 2 ; � 3 ; � 4 ; : : : g

where the leading string of zero es migh t b e empt y . A similar e�ect o ccurs on the sequence B

corresp onding to the L-blo c ks.
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A = original corners; a = new corners after KK->KK

Figure 2: The A sequence together with the e�ect of certain transitions.

2. (KE->K) K

i

+ ( N

E

) are replaced b y K

i +1

+ ( N

E

� 1) (i.e. the regular part is reduced b y 1

dimension, whic h is app ended to one Kronec k er blo c k) The L part is left unc hanged. The

sequences are then a�ected as follo ws:

e

_
a =

_
a + �

i +1

e

1

� �

i

e

1

=
_

a + f 0 ; : : : ; 0 ; � 1 ; +1 ; 0 ; 0 ; : : : g

e

A = A � �

i

e = A + f 0 ; : : : ; 0 ; � 1 ; � 1 ; � 1 ; � 1 ; : : : g

e

_
g =

_
g

e

G = G

where the leading string of zero es migh t b e empt y .

3. (KK->KK) K

i

+ K

j

are replaced b y K

i +1

+ K

j � 1

where i +1 � j � 1. (i.e. t w o K-blo c ks are

replaced with t w o other more generic K-blo c ks) The L and E parts remain unc hanged. The

sequences are then a�ected as follo ws:

if j > i + 2

e

_
a =

_
a � �

i

e

1

+ �

i +1

e

1

+ �

j � 1

e

1

� �

j

e

1

=
_

a + f 0 ; : : : ; 0 ; � 1 ; +1 ; 0 ; : : : ; 0 ; +1 ; � 1 ; 0 ; : : : g

e

A = A � �

i

e + �

j

e = A + f 0 ; : : : ; 0 ; � 1 ; � 1 ; � 1 ; : : : ; � 1 ; 0 ; 0 ; 0 ; : : : g

or if j = i + 2

e

_
a =

_
a � �

i

e

1

+ 2 �

i +1

e

1

� �

i +2

e

1

=
_

a + f 0 ; : : : ; 0 ; � 1 ; +2 ; � 1 ; 0 ; : : : g

e

A = A � �

i

e

1

= A + f 0 ; : : : ; 0 ; � 1 ; 0 ; 0 ; 0 ; : : : g

and in either case

e

_
g =

_
g

e

G = G
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where the leading string of zero es migh t b e empt y .

4. (LE->L) L

i

+ N

E

are replaced b y L

i +1

+ ( N

E

� 1) (i.e. the rEgular part is reduced b y 1

dimension, whic h is app ended to one Kronec k er blo c k) The K part is left unc hanged. Only

the sequences corresp onding to the L-blo c ks are a�ected in a w a y analogous to the t yp e 2

(KE->K) .

5. (LL->LL) L

i

+ L

j

are replaced b y L

i +1

+ L

j � 1

where i +1 � j � 1 (i.e. t w o L-blo c ks are

replaced with t w o other more generic L-blo c ks) The K and E parts remain unc hanged. Only

the sequences corresp onding to the L-blo c ks are a�ected in a w a y analogous to the t yp e 3

(KK->KK) .

The e�ect of these transitions on the example of Sec. 4.2 is illustrated b y Fig. 2. Notice that

transition KL->J remo v es a corner in the A sequence, the transition KE->K mo v es a corner one

p osition to the left, and the transition KK->KK mo v es t w o corners eac h one step to w ard the other.

The remaining transition t yp es apply sp eci�cally to the Jordan c hains.

6. (JJ->JJ) J

i

+ J

j

are replaced b y J

i � 1

+ J

j +1

(i.e. t w o J-blo c ks are replaced with t w o other

more generic J-blo c ks), lea ving the K- and L-blo c ks unc hanged. The sequences are then

a�ected as follo ws:

if j > i

e

_
g =

_
g � �

i � 1

e

1

+ �

i

e

1

+ �

j

e

1

� �

j +1

e

1

=
_

g + f 0 ; : : : ; 0 ; � 1 ; +1 ; 0 ; : : : ; 0 ; +1 ; � 1 ; 0 ; : : : g

e

G = G � �

i � 1

e + �

j

e = G + f 0 ; : : : ; 0 ; � 1 ; � 1 ; � 1 ; : : : ; � 1 ; 0 ; 0 ; 0 ; : : : g

else if j = i

e

_
g =

_
g � �

i � 1

e

1

+ 2 �

i

e

1

� �

i +1

e

1

=
_

g + f 0 ; : : : ; 0 ; � 1 ; +2 ; � 1 ; 0 ; : : : g

e

G = G � �

i � 1

e

1

= G + f 0 ; : : : ; 0 ; � 1 ; 0 ; 0 ; 0 ; : : : g

where the leading strings of zero es has at least one en try (i.e. j � i � 2).

7. (JJ1->J) J

i

+ J

1

are replaced b y J

i +1

(i.e. a 1 � 1 Jordan blo c k is absorb ed in to another

Jordan blo c k, increasing the latter's dimension b y one). The sequences are then a�ected as

follo ws:

if i > 1

e

_
g =

_
g � e

1

+ � e

1

+ �

i

e

1

� �

i +1

e

1

=
_

g + f� 1 ; +1 ; 0 ; : : : ; 0 ; +1 ; � 1 ; 0 ; : : : g

e

G = G � e + �

i

e = G + f� 1 ; � 1 ; � 1 ; : : : ; � 1 ; 0 ; 0 ; 0 ; : : : g

else if i = 1

e

_
g =

_
g � e

1

+ 2 � e

1

� �

2

e

1

=
_

g + f� 1 ; +2 ; � 1 ; 0 ; : : : g

e

G = G � e

1

= G + f� 1 ; 0 ; 0 ; 0 ; : : : g

where latter case o ccurs when t w o J

1

blo c ks coalesce to form a J

2

blo c k.

8. (J->JE) J

i

+ ( N

E

) are replaced b y J

i � 1

+ ( N

E

+1) (i.e. one zero eigen v alue b ecomes nonzero,

reducing the order of one Jordan blo c k for zero). The sequences are then a�ected as follo ws:

e

_
g =

_
g � �

i � 1

e

1

+ �

i

e

1

=
_

g + f 0 ; : : : ; 0 ; � 1 ; +1 ; 0 ; 0 ; : : : g

e

G = G � �

i � 1

e = G + f 0 ; : : : ; 0 ; � 1 ; � 1 ; � 1 ; � 1 ; : : : g

where the leading strings of zero es has at least one en try .
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Figure 3: The G sequence together with the e�ect of the JJ->JJ transition.

9. (J1->E) J

1

+ ( N

E

) is replaced b y ( N

E

+1) (i.e. the zero eigen v alue in a 1 � 1 Jordan blo c k

b ecomes nonzero). The sequences are then a�ected as follo ws:

e

_
g =

_
g � e

1

+ � e

1

=
_

g + f� 1 ; +1 ; 0 ; 0 ; 0 ; : : : g

e

G = G � e = G + f� 1 ; � 1 ; � 1 ; � 1 ; � 1 ; : : : g

The e�ect of transition JJ->JJ on the example of Sec. 4.2 is illustrated b y Fig. 3. Notice that

this transition mo v es t w o corners eac h one step a w a y from eac h other. This transition is mark ed

b y the solid line. The transition KL->J (not sho wn) w ould ha v e the e�ect of adding a new corner

to the G sequence. The other transitions w ould ha v e e�ect analogous to those for the A sequence,

mo ving corners around in appropriate w a ys.

T o pro v e Theorem 3, P okrzyw a [10 ] pro v ed that if one is giv en \source" and \target" sequences

of n ullities corresp onding to t w o v alid p encil con�gurations, where the source sequence ma jorizes

the target sequence, then a sequence of transitions of exactly the t yp es outlined ab o v e can b e

applied to the source p encil to reac h the target p encil. Another w a y to state this is: as long as

the target sequences are ma jorized b y the source sequences, one can alw a ys apply one of the giv en

transition t yp es in rev erse to �nd a new set of sequences, also ma jorized b y the source sequence and

also corresp onding to a v alid p encil con�guration. The existence of a transition is a consequence of

the fact that ev ery v alid transition m ust mo dify the sequence at the corners, and that the sequences

delimit con v ex regions in the plane.
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App endix { Pro ofs of Ma jorization Theorems

W e pro v e some of the theorems from Sec. 3.

Pro of of Theorem 8. W e pro v e the second form A

k

+ B

a

k

= k a

k

. De�ne
_

a = �a = �

2

A .

A

k

= a

1

+ � � � + a

k

= _a

1

+ _a

1

+ _a

2

.

.

.

+ _a

1

+ _a

2

+ � � � + _a

k

:
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Rearrange terms to get

A

k

= k _a

1

+ ( k � 1) _ a

2

+ � � � + 2 _ a

k � 1

+ _a

k

= k ( _ a

1

+ � � � + _a

k

) �

X

1 � j � k

( j � 1) _ a

j

:

Eac h term in the last summation is just the sum of all the b

i

's that are exactly equal to j � 1.

Hence the last summation is just the sum of all the b

j

's that are less than k . But a

k

is exactly the

n um b er of suc h b

j

's, so the summation equals

X

1 � j � k

( j � 1) _ a

j

= b

1

+ � � � + b

a

k

= B

a

k

:

Hence w e ha v e the result A

k

= k a

k

� B

a

k

.

Pro of of Theorem 9. Let m b e the n um b er of �nite en tries in the sequence b , i.e. b

m

< 1 = b

m +1

,

and let n b e the corresp onding n um b er for the sequence h . W e m ust sho w that H

k

� B

k

is not

negativ e, for an y k , and strictly p ositiv e if G < A . In order to do this, w e m ust divide the pro of

in to sev eral cases. W e pro v e the theorem for k � n , pro ving in the pro cess that n � m . This case

also applies if n = 1 . F or k > n , H

k

= 1 so the theorem is v acuously true.

Let k � n . W e ha v e that h

k

= l < 1 . Then it m ust b e that b

k

< 1 . F or if b

k

w ere in�nite, w e

w ould ha v e from Lemma 7 that

k � g

j

for all j > l ; but a

j

� � � � < k for all j:

Hence for large enough j , G

j

> A

j

, con tradicting the assumption. Hence k � m and so n � m .

Next w e use Theorem 8 to sho w that H

k

� B

k

cannot b e negativ e. W e ha v e that

H

k

� B

k

= k ( h

k

� b

k

) + A

b

k

� G

h

k

= [ k ( h

k

� b

k

)] + [ A

b

k

� G

b

k

] + [ G

b

k

� G

h

k

]

= x + y + z ;

where x = [ k ( h

k

� b

k

)], y = [ A

b

k

� G

b

k

], and z = [ G

b

k

� G

h

k

]. By assumption y � 0. If w e ha v e

the strict inequalit y G > A , then y > 0. W e then sho w that x + z � 0 and hence B

k

� B

k

� 0,

with strict inequalit y if G > A .

Case I: b

k

= h

k

. Then x = z = 0.

Case I I: b

k

< h

k

. Then w e use the fact that G is the summation of g to obtain the expression

� z = g

b

k

+1

+ � � � + g

h

k

. Since g = f g

i

g is a nondecreasing ( asc ending ) nonnegativ e sequence, this

expression m ust b e less than the last term times the n um b er of terms: � z � g

h

k

� ( h

k

� b

k

). F rom

Lemma 7 w e ha v e that g

h

k

� k , so w e ma y conclude that � z � x .

Case I I I: b

k

> h

k

. Then z = g

h

k

+1

+ � � � + g

b

k

. As in case 2, w e obtain the inequalit y z �

g

h

k

� ( b

k

� h

k

) � k � ( b

k

� h

k

) � � x .

Pro of of Theorem 10. De�ne l = y

�

1

, the n um b er of p ositiv e en tries in y . Assume that l is �nite,

otherwise this theorem is v acuous. This implies that k (the n um b er of p ositiv e en tries in x ) is also

�nite.

If Y

1

= X

1

, then �

w

�� . In this case this theorem is iden tical to F act B.5 in [9, p174], or can

b e pro v ed using tec hniques similar to ab o v e. So let us supp ose that x �

w

y , but Y

1

6= X

1

.
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The precedence relation implies that Y

1

> X

1

and j > 0. F orm the sequence

b

x = x + �

k

e

1

+

� � � + �

k + j � 1

e

1

. This consists of app ending j ones after the last p ositiv e en try (the k -th en try) in

x . It is clear that

b

X

1

= Y

1

b y construction.

W e claim that

b

x � y . T o see this, note that the �rst k en tries of

b

X = �

b

x and X = � x coincide.

Denote Y = �y . F or all the terms b ey ond the l -th, w e ha v e

b

X

i

� Y

1

= Y

i

, for i � l . So if l � k ,

the claim is true. So supp ose l > k . Then w e m ust examine the terms from the k -th to the l -th.

F or the k -th term, w e ha v e

b

X

k

= X

1

� Y

k

< Y

1

. F or all the terms b et w een the k -th and the l -th,

w e ha v e y

k + i

� 1, and hence X

1

+ i � ( Y

k

) + i � Y

k + i

� Y

1

, for 1 � i � l � k . This implies that

j � Y

1

� X

1

� l � k , b y setting i = l � k . This in turn implies that for ev ery i = 1 ; 2 ; � � � ; l � k ,

b

x

k + i

= 1, and

b

X

k + i

= X

1

+ i and hence

b

X

k + i

� Y

k + i

. W e conclude that

b

X

i

� Y

i

for all i .

F or the e�ect on the conjugate sequences, w e note that �

k

e � �

k + j

e = �

k

e

1

+ � � � + �

k + j � 1

e

1

,

and apply Fig. 3 (p) to see that

b

x

�

= x

�

+ j e

1

.
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