
Recursiv e T otal Least Squares: An Alternativ e to the

Discrete Kalman Filter

Daniel L. Boley and Karen T. Sutherland

Computer Science Departmen t

Univ ersit y of Minnesota

Minneap olis, MN 55455

Abstract

The discrete Kalman �lter, whic h is b ecoming a common to ol for reducing

uncertain t y in rob ot na vigation, su�ers from some basic limitations when used for

suc h applications. In this pap er, w e describ e a recursiv e total least squares estimator

(R TLS) as an alternativ e to the Kalman �lter, and compare their p erformances in three

sets of exp erimen ts in v olving problems in rob ot na vigation. In all cases, the R TLS �lter

con v erged faster and to more accuracy than the Kalman �lter.

1 In tro duction

The discrete Kalman �lter [14 ], commonly used for prediction and detection of signals

in comm unication and con trol problems, has more recen tly b ecome a p opular metho d of

reducing uncertain t y in rob ot na vigation. One of the main adv an tages of using the �lter

is that it is recursiv e, eliminating the necessit y for storing large amoun ts of data. The

�lter is basically a recursiv e w eigh ted least squares estimator of the state of a dynamical

system using a giv en transition rule. Supp ose w e ha v e a discrete dynamical system
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is the giv en data matrix and �
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is measuremen t noise.

The Kalman �lter is used to �nd an estimate of the state v ector x

i

from the measuremen t

data that minimizes the noise in a least squares sense. The Kalman �lter equations and

a sc hematic diagram of the �lter are in App endix I. A complete description of the �lter

can b e found in [9]. It requires an initial estimate of the solution and assumes that noise is

w eigh ted white gaussian. The discrete Kalman �lter is guaran teed to b e optimal in that it

is guaran teed to �nd the b est solution in the least squares sense.

Although originally designed as an estimator for dynamical systems, the �lter is used in

man y applications as a static state estimator [19 ]. In the static problem, the state transition

matrix F

i � 1

is the iden tit y matrix I , so the problem is reduced to �nding the state v ector

x minimizing the w eigh ted Euclidean norm of the measuremen t noise

k W �

i

k

2

= k W ( b

i

� A

i

x

i

) k

2

;

where W is an optional w eigh ting matrix (usually the in v erse of the co v ariance matrix of

measuremen t noise).

Also, due to the fact that functions are frequen tly non-linear, the extended Kalman

�lter (EKF) is used [2, 15]. The EKF formalism linearizes the function b y taking a �rst

order T a ylor expansion around the curren t estimate of the state v ector [9 ]. Assuming that
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the function is represen ted b y a set of non-linear equations of the form f
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, are tak en, the �rst order T a ylor expansion is giv en b y:
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This linear appro ximation function is then used as the Kalman �lter equation.

There are t w o basic problems whic h can o ccur when using either the Kalman or extended

Kalman �lter in rob ot na vigation applications:

� The �lter w as dev elop ed for applications suc h as those in signal pro cessing in whic h

man y measuremen ts are tak en [14]. Sensing in rob ot na vigation is often done using

camera images. The gathering and pro cessing of eac h image is a time consuming

pro cess so a successful metho d m ust mak e do with relativ ely few readings.

� An underlying assumption in least squares estimation is that the en tries in the data

matrix are error-free [10 ]. In man y actual applications, the errors in the data matrix

can b e at least as great as the measuremen t errors. In suc h cases, the Kalman �lter

can giv e p o or results.

Tw o additional problems o ccur when using the EKF:

� The linearization pro cess itself has the p oten tial to in tro duce signi�can t error in to

the problem.

� The EKF is not guaran teed to b e optimal or to ev en con v erge [20 ]. It can easily fall

in to a lo cal minim um when an initial estimate of the solution is p o or, often the t yp e

of situation faced b y rob ot na vigators.

Our w ork in outdo or na vigation [23 ], where measuremen ts are exp ensiv e to obtain and

ha v e v ery signi�can t error inheren t to the system, motiv ated us to lo ok for another �ltering

metho d, preferably one whic h w ould not require n umerous measuremen ts to con v erge and

w as not dep enden t on an error-free data matrix.

As the in teresting recen t w ork b y Min tz et al [11 , 18] in robust estimation and mo deling

of sensor noise has demonstrated, the criterion of optimalit y dep ends critically on the

sp eci�c mo del b eing used. Giv en t w o metho ds, the �rst ma y pro duce optimalit y in one

sense but not do as w ell as the second in another sense. When error exists in b oth the

measuremen t and the data matrix, the b est solution in the le ast squar es sense is often not

as go o d as the b est solution in the eigenve ctor sense, where the sum of the squares of the
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Fig. 1. (a) In an LS solution, the sum of the squar e d vertic al distanc es to the line of b est �t

is minimize d. (b) In a TLS solution, the sum of the squar e d p erp endicular distanc es to the line of

b est �t is minimize d.

p erp endicul ar distances from the p oin ts to the lines are minimized [8 ] (Fig. 1). This second

metho d is kno wn in the statistical literature as ortho gonal r e gr ession and in n umerical

analysis as total le ast squar es (TLS) [24].

The TLS problem, in its simplest form, is to �nd a matrix E and v ector f that minimizes

k ( E ; f ) k

2

suc h that ( A + E ) x = b + f for some v ector x . The v ector x corresp onding to

the optimal ( E ; f ) is called the TLS solution . Figure 1 giv es a graphical comparison of

the t w o tec hniques when �tting a straigh t line. If v = ( v

1

; : : : ; v

p

)

T

is a righ t singular

v ector corresp onding to the smallest singular v alue of ( A; b ), then it is w ell kno wn that

the TLS solution can b e obtained b y setting x = � ( v

1

; : : : ; v

p � 1

)

T

=v

p

. If the smallest

singular v alue is m ultiple, then there are m ultiple TLS solutions, in whic h case one usually

seeks the solution of smallest norm. If v

p

is to o small or zero, then the TLS solution ma y

b e to o big or nonexisten t, in whic h case an appro ximate solution of reasonable size can

b e obtained b y using the next smallest singular v alues(s) [24 ]. The TLS approac h has

receiv ed a lot of atten tion in the n umerical analysis literature, partly b ecause it arises in so

man y applications (see e.g. [10 , 24]). The most common algorithms to compute the TLS

solution are based on the Singular V alue Decomp osition (SVD), a non-recursiv e matrix

decomp osition whic h is computationally exp ensiv e to up date.

Recen tly , some recursiv e TLS �lters ha v e b een dev elop ed for applications in signal

pro cessing [4, 5, 7 , 27]. Da vila [4] used a Kalman �lter to obtain a fast up date for

the eigen v ector corresp onding to the smallest eigen v alue of the co v ariance matrix. This

eigen v ector w as then used to solv e a symmetric TLS problem for the �lter. It w as not

explained ho w the algorithm migh t b e mo di�ed for the case where the smallest eigen v alue

is m ultiple (i.e., corresp onding to a noise subspace of dimension higher than one), or v ariable

(i.e., of unkno wn m ultiplicit y). In [27 ], Y u describ ed a metho d for the fast up date of an

appro ximate eigendecomp osition of a co v ariance matrix. He replaced all the eigen v alues in

the noise subspace with their \a v erage", and did the same for the eigen v alues in the signal

subspace, obtaining an appro ximation whic h w ould b e accurate if the exact eigen v alues

could b e group ed in to t w o clusters of kno wn dimensions. Ho w ev er, if the eigenproblem for

the co v ariance matrix is replaced b y the singular v alue problem on the signals, the condition
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n um b ers in v olv ed in the least squares solution can b e reduced to their square ro ots [10 , 12 ],

p oten tially doubling the n um b er of digits of accuracy in the computed solutions. In [5, 7],

DeGroat and Do wling used this approac h com bined with the a v eraging tec hnique used in

[27 ], again assuming that the singular v alues could b e group ed in to t w o clusters. Recen tly ,

Bose et al.[3] applied Da vila's algorithm to reconstruct images from noisy , undersampled

frames after con v erting complex-v alued image data in to equiv alen t real data. All of these

metho ds made some assumptions that the singular v alues or eigen v alues could b e w ell

appro ximated b y t w o tigh t clusters, one big and one small. In this pap er, w e presen t a

recursiv e algorithm that mak es v ery few assumptions ab out the distribution of the singular

v alues.

The pap er is organized as follo ws: In section 2 w e describ e the UL V Decomp osition, a

recursiv e analog to the SVD whic h can b e easily up dated as new data arriv es. In section 3 w e

sho w ho w the UL V can b e used to design a recursiv e total least squares (R TLS) estimator.

In section 4, w e presen t some exp erimen ts comparing this estimator with recursiv e least

squares (i.e. the Kalman �lter in the static sense). In all the exp erimen ts w e p erformed,

the R TLS �lter con v erged faster and to greater accuracy than did the Kalman �lter.

2 The UL V Decomp osition

In this section, w e describ e the UL V Decomp osition, �rst in tro duced b y Stew art [21 , 22 ].

This is a metho d whic h rev eals the noise subspace (i.e., the subspace corresp onding to

the smaller singular v alues), and whic h is easily up dated when new data arriv es without

making an y a priori assumptions ab out the o v erall distribution of the singular v alues. W e

describ e ho w this metho d can b e used to v ary the cut b et w een large and small singular

v alues, and later sho w ho w this metho d ma y b e applied to a TLS problem. W e decomp ose

the algorithm in to a new set of primitiv e op erations, making it p ossible to easily adapt the

UL V Decomp osition to new applications for whic h the SVD has b een, un til no w, the only

alternativ e.

The SVD is, in most cases, the matrix decomp osition used to isolate and extract the

smallest singular v alues and their asso ciated singular v ectors. The SVD is not easily

up dated when new data arriv es; suc h up dates generally require O ( p

3

) op erations (where p

is the length of one ro w). The UL V Decomp osition accomplishes the same task, at least

appro ximately , but is designed so that when a new ro w is app ended to the original matrix,

it can b e up dated in O ( p

2

) op erations, m uc h faster than the SVD.

The SVD is t ypically used to isolate the smallest singular v alues, and the success of an y

metho d based on the SVD dep ends critically on ho w that metho d decides whic h singular

v alues are \small" enough to b e isolated. The decision as to ho w man y singular v alues

to isolate ma y b e based on a threshold v alue (�nd those v alues b elo w the threshold), b y

a coun t (�nd the last k v alues), or b y other considerations dep ending on the application.

Ho w ev er, in extracting singular v alues one often w an ts to k eep clusters of those v alues

together as a unit. F or example, if all v alues in a cluster are b elo w a giv en threshold except

one, whic h is sligh tly ab o v e the threshold, it is often preferable to c hange the threshold

than split up the cluster. In the SVD, this extraction is easy . Since all the singular v alues

are \displa y ed", one can easily tra v erse the en tire sequence of singular v alues to isolate

whic hev er set is desired. In this pap er, w e prop ose a set of primitiv e pro cedures to pro vide

these same capabilities with the less computationally exp ensiv e UL V Decomp osition.

As an example, in the T otal Least Squares (TLS) problem it is necessary to de
ate

and isolate the smaller singular v alues based not only on the magnitude of the singular
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v alues, but also on the size or existence of the computed TLS solution, determined b y

the en tries in the singular ve ctors . By isolating the de
ation pro cedure from the criterion

selection pro cedure, it is p ossible to use criteria p eculiar to the TLS problem while directly

in tegrating the UL V pro cedures in to the TLS computation.

2.1 Data Structure

The UL V Decomp osition of a real n � p matrix A (where n � p ) is a triple of 3 matrices

U , L , V plus a rank index r , where A = U LV

T

, V is p � p and orthogonal, L is p � p and

lo w er triangular, U has the same shap e as A with orthonormal columns, and the leading

r � r part of L has a F rob enius norm appro ximately equal to the norm of a v ector of the r

leading singular v alues of A . That is, A = U LV

T

with

L =

�

C 0

E F

�

(1)

where k C k

2

F

� �

2

1

( A ) + � � � + �

2

r

( A ) encapsulates the \large" singular v alues of L . This

implies that ( E ; F ) (the trailing p � r ro ws of L ) appro ximately encapsulate the p � r

smallest singular v alues, and the last p � r columns of V encapsulate the corresp onding

trailing righ t singular v ectors.

In the data structure actually used for computation, L is needed to determine the rank

index at eac h stage as new ro ws are app ended, but the U is not needed to obtain the righ t

singular v ectors. Therefore, a giv en UL V Decomp osition can b e represen ted just b y the

triple [ L; V ; r ].

2.2 Primitiv e Pro cedures

W e ha v e dev elop ed �v e primitiv e pro cedures to use in up dating the UL V Decomp osition.

Three of them, the b asic pro cedures, do not use an y tolerances, fudge factors or

appro ximations of zero that migh t ha v e to b e supplied b y the user. All of these are isolated

in the t w o outer pro cedures. None of the basic pro cedures in v olv e an y heuristic op erations,

except that Extract Info requires the use of a condition n um b er estimator, whic h is b y

its nature a heuristic pro cedure, alb eit a classical, w ell-tested one.

2.2.1 Basic Pro cedures The basic pro cedures are designed to allo w easy up dating of

the UL V Decomp osition as new ro ws are app ended. Eac h basic pro cedure costs O ( p

2

)

op erations. The basic pro cedures consist of a series of simple annihilation op erations. Eac h

annihilation op eration is accomplished with a sequence of plane (Giv ens) rotations [10 ],

whic h are orthogonal matrices of the form

Q =

0

B

B

@

I 0 0 0

0 c s 0

0 � s c 0

0 0 0 I

1

C

C

A

where c

2

+ s

2

= 1 and the I 's represen t iden tit y matrices of appropriate dimensions. If l

ij

denotes an en try of L to b e annihilated, and l

i;j � 1

denotes the neigh b oring en try in the

same ro w absorbing the length lost, then Q is constructed just so that when applied to L

from the righ t, w e exp ose the zero in the i; j p osition:

( i -th ro w of L ) � Q = ( : : : ; l

i;j � 1

; l

ij

; : : : ) � Q = ( : : : ; � ; 0 ; : : : ) :
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C . . . . C + . . . C . . . . C . . . .

C C . . . rotate C C + . . rotate C C . . . rotate C C . . .

C C C . . from => C C C + . from => C C C . . once => C C C . .

e e e f . right e e e f + left E E E F . from E E E F .

e e e f f e e e f f e e e f f left e e e f f

R R R R R R . . . . R . . . . . . . . .

chop away row of zeroes and increment rank index:

C . . . .

C C . . .

=> C C C . .

C C C C .

e e e e f

Fig. 2. Sketch of Absorb One pr o c e dur e. Upp er c ase letters denote lar ge entries, lower c ase

letters smal l entries in the UL V p artitioning, R denotes an entry of the new r ow, + a temp or ary �l l,

and . a zer o entry.

Analogously , if the en try absorbing the length lost lies in the same column, then the Q is

constructed similarly , but applied from the left. By using a sequence of suc h rotations in

a v ery sp ecial order, w e can annihilate desired en tries while �lling in as few zero en tries as

p ossible, and then restoring the few zero es that are �lled in. In the diagrams (�gures 2 &

3), upp er case letters denote larger v alues to b e treated as part of the leading r � r part,

and lo w er case letters denote smaller v alues to b e treated as part of the trailing part. W e

sho w the op erations on L , partitioned as in (1). Eac h rotation applied from the righ t is

also accum ulated in V , to main tain the iden tit y A = U LV

T

, where the U is not sa v ed.

� Absorb One :

Absorb a new ro w. The matrix A is augmen ted b y one ro w, obtaining

�

A

a

T

�

=

�

U 0

0 1

� �

L

a

T

V

�

V

T

:

Then the L , V are up dated to restore the UL V structure, and the rank index r is

incremen ted b y 1. No determination is made if the rank has really increased b y 1;

this is done elsewhere.

The pro cess b egins b y applying p Giv ens rotations [10 ] from the righ t to rotate all the

nonzero es in the new ro w all the w a y to the left. Then p rotations are applied from

the left to restore L to lo w er triangular. Finally , a single rotation from the righ t is

used to completely annihilate the last nonzero remaining in the extra ro w. Once the

extra ro w is all zero, it can b e c hopp ed a w a y . Since eac h rotation mo di�es at most 2 p

en tries of L plus (for the righ t rotations) 2 p en tries of V , the total cost is O ( p

2

). In

Figure 2, w e illustrate the pro cess on a 5 � 5 example going from rank 3 to rank 4.

� Extract Info :

The follo wing information is extracted from the UL V Decomp osition: (a) the

F rob enius norm of ( E ; F ) (i.e., the last p � r ro ws of L ), (b) an appro ximation of

the last singular v alue of C (i.e., the leading r � r part of L ), and (c) a left singular

v ector of C corresp onding to this singular v alue. If the rank index w ere to b e reduced
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v v v v . . . v

C . . . . C + . . . C . . . . C . . . .

C C . . . rotate C C + . . rotate C C . . . decrement C C . . .

C C C . . from => C C C + . from => C C C . . rank => C C C . .

C C C C . left c c c c . right c c c c . index e e e f .

e e e e f e e e e f e e e e f e e e f f

Fig. 3. Sketch of Deflate One pr o c e dur e. The lower c ase c 's denote entries of C of smal l

norm exp ose d by the r otations c onstructe d to annihilate the entries v of the left singular ve ctor v .

b y 1, the singular v alue (item (b)) w ould b e mo v ed to the trailing part, and item (c) is

needed to accomplish that. This op eration do es not c hange the UL V Decomp osition.

Items (b) and (c) are obtained b y using a c ondition numb er estimator essen tially

a metho d designed to estimate the norm of the in v erse of a matrix and to yield a

v ector that exhibits that norm, with a cost comparable to that of bac k-substitution,

O ( p

2

). There ha v e b een man y condition n um b er estimators prop osed in the literature,

di�ering on their accuracy and on whic h matrix norm they are based, and a large

b o dy of computational exp erience exists [13 ]. In our implemen tation w e c hose the

one of V an Loan [26 ], whic h is based on the Euclidean norm and usually yields go o d

accuracy esp ecially for w ell separated singular v alues. But one could also use the ones

in LINP A CK [6 ], LAP A CK [1 ], or an y in Higham's excellen t surv ey [13 ].

� Deflate One :

De
ate the UL V Decomp osition b y one (i.e., apply transformation and decremen t

the rank index b y one so that the smallest singular v alue in the leading r � r part

of L is "mo v ed" to the trailing ro ws). Sp eci�cally , transformations are applied to

isolate the smallest singular v alue in the leading r � r part of L in to the last ro w of

this leading part. Then the rank index is decremen ted b y 1, e�ectiv ely mo ving that

smallest singular v alue from the leading part to the trailing part of L . This op eration

do es not c hec k whether the singular v alue mo v ed is close to zero or an y other singular

v alue.

The pro cess b egins b y applying r rotations to C from the left to exp ose a small ro w

at the b ottom. These rotations are constructed b y annihilating all but the leftmost

en try of an appro ximate left singular v ector corresp onding to a small singular v alue,

previously supplied b y Extract Info . Then r rotations are applied from the righ t

to restore the lo w er triangular form of L , and the rank index is decremen ted. As in

Absorb One , eac h rotation mo di�es at most 2 p en tries of L and (just for the righ t

rotations) 2 p en tries of V , so the total cost is O ( r p ) � O ( p

2

). In Figure 3, w e

illustrate this with a 5 � 5 example going from rank 4 to rank 3. The �rst reduction

is to transform the C so as to exp ose a ro w of small norm at the b ottom whic h can

then b e \mo v ed" to the trailing part. The v 's denote the elemen ts of the trailing left

singular v ector of C . The rotations (call them Q 's) are determined b y main taining

the in v ariance of the expression v

T

QQ

T

C , while annihilating the r � 1 leading en tries

of v

T

.

2.2.2 Outer Pro cedures



8

� Deflate To Gap : This pro cedure uses a heuristic to decide whether or not the rank

b oundary , represen ted b y the rank index r is in the middle of a cluster of singular

v alues. That is, is the smallest singular v alue of the leading part of L w ell separated

from the singular v alues in the trailing part? If the heuristic sa ys no, this pro cedure

de
ates rep eatedly un til the heuristic �nds a gap in the singular v alues marking the

end of the cluster. The cost of this pro cedure is O ( p

2

k ), where k is the n um b er of

de
ations needed, whic h is limited b y the dimension of the largest cluster.

Let s b e the smallest singular v alue of the leading r ro ws of L , and let f b e the

F rob enius norm of the trailing part. Then the heuristic is simply that a gap exists if

s > d f , where d is a user c hosen Spread . In order to allo w for round-o� or other small

noise, w e pretend that the trailing part has an extra p + 1-th singular v alue equal to

a user c hosen Zero Tolerance b . Then the heuristic actually used is

s

2

> d

2

( f

2

+ b

2

) :

Hence, an y singular v alue that is b elo w b or within a cluster of b will b e treated as part

of the trailing part. The only t w o user de�ned parameters needed for this heuristic

are the Spread d and the Zero Tolerance b .

� Update

This pro cedure encompasses the en tire pro cess. It tak es an old UL V Decomp osition

and a new ro w to app end, and incorp orates the ro w in to the UL V Decomp osition.

The new ro w is absorb ed, and the rank is de
ated if necessary to �nd a gap among

the singular v alues. The smallest singular v alue is alw a ys isolated, so the trailing part

is nev er empt y (i.e. w e alw a ys ha v e r < p ). The absorption of the new ro w implicitly

incremen ts the rank index, so this pro cedure allo ws the rank to either go up b y one,

or b e de
ated to its original v alue, or b e de
ated to an y smaller v alue. This pro cess

calls Absorb One and Deflate To Gap once. If the rank index r = n after the new

ro w has b een absorb ed, it is also necessary to call Deflate One once to isolate at least

one singular v alue. Hence the cost will b e b ounded b y O ( p

2

k ), as in Deflate To Gap .

W e remark that one could optimize the metho d b y a constan t b y incorp orating in to

Absorb One a c hec k to see if the rank has really increased, b y supplying Absorb One

with the user de�ned tolerances.

3 The R TLS Algorithm

W e can adapt the UL V Decomp osition to solv e the T otal Least Squares (TLS) problem

A x � b , where new measuremen ts b are con tin ually b eing added. The adaptation of the

UL V to the TLS problem has also b een analyzed indep enden tly in great detail in [25 ], though

the recursiv e up dating pro cess w as not discussed at length. F or our sp eci�c purp oses, let

A b e an n � ( p � 1) matrix and b b e an n -v ector, where p is �xed and n is gro wing as

new measuremen ts arriv e. Then giv en a UL V Decomp osition of the matrix ( A; b ) and an

appro ximate TLS solution to A x � b , our task is to �nd a TLS solution

b

x to the augmen ted

system

b

A

b

x �

b

b , where

b

A =

�

�A

a

T

�

and

b

b =

�

� b

�

�

;

and � is an optional exp onen tial forgetting factor [12 ].

The algorithm presen ted here is deriv ed from the SVD-based TLS algorithm (Algorithm

3.1 of [24 ]), but simpli�ed for a single righ t hand side for the sak e of clarit y . Multiple righ t



9

hand sides can b e handled in a similar fashion. The main computation cost of that algorithm

o ccurs in the computation of the SVD. That cost is O ( p

3

) for eac h up date. W e replace that

with a up dating UL V computation, so the total cost is reduced to only O ( p

2

) p er input.

The R TLS Algorithm:

� Start with [ L; V ; r ], the UL V Decomp osition of ( A; b ), and the co e�cien ts a

T

; � for

the new incoming equation a

T

x = � .

� Call Update with the old UL V Decomp osition [ �L; V ; r ] and the new ro w ( a

T

; � ) to

compute the up dated UL V Decomp osition for the augmen ted matrix

(

b

A;

b

b ) =

�

�A � b

a

T

�

�

=

b

U

b

L

b

V ;

The new UL V Decomp osition is [

b

L;

b

V ;

b

r ] (note that the new

b

U is thro wn a w a y).

� P artition

b

V =

�

b

V

11

b

V

12

b

V

21

b

V

22

�

;

where

b

V

22

is 1 � ( p �

b

r ).

If k

b

V

22

k is to o close to zero (according to a user supplied tolerance), then call

Deflate To Gap to obtain a new UL V Decomp osition with a smaller rank index.

Denote the new UL V Decomp osition [

b

L;

b

V ;

b

r ] and rep eat this step un til k

b

V

22

k is large

enough.

� Find an orthogonal matrix Q suc h that

b

V

22

Q = (0 ; : : : ; 0 ; � ), and let v b e the last

column of

b

V

12

Q . Then compute the new appro ximate TLS solution according to the

form ula

b

x = � v =� .

This R TLS Algorithm mak es v ery few assumptions ab out the underlying system, though

the user m ust supply a zero tolerance for k

b

V

22

k , plus a Spread and Zero Tolerance for the

de
ations b y Deflate To Gap . The metho d dep ends on the use of the primitiv e op erations

Update and Deflate To Gap in a w a y v ery analogous to the use of the SVD in the standard

algorithm in [24 ]. F or our application of rob ot na vigation, it su�ced to set b oth zero

tolerances to zero and the Spread to 1.5.

4 Exp erimen tal Results

In our �rst set of exp erimen ts, w e compared p erformance of the Kalman, EKF, and R TLS

using a v ery simple line �tting problem. W e �t straigh t lines to groups of 20 p oin ts tak en

from lines of v arying slop es. Random noise w as added to b oth x and y co ordinates of the

p oin ts. Since all p oin t co ordinates w ere in teger, error w as in tro duced with a discretized

normal distribution of v ariance 4. The linear equation used for b oth the Kalman and R TLS

�lters w as:

y = mx + c

with m the slop e and c the y in tercept of the line. W e form ulated the problem so that the

i -th measuremen t consisted of

A

i

=

h

x

i

1

i

; b

i

= y

i
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where A

i

is the data matrix and b

i

is the measuremen t v ector. The estimated state v ector

x

i

=

"

m

c

#

;

is up dated. The non-linear equation used for the EKF w as:

f ( y ; x ) = y

1

cos� + y

2

sin� � �

where y =

h

y

1

y

2

i

T

is the measuremen t v ector and x =

h

� �

i

T

is the state v ector.

This equation w as linearized and form ulated as outlined in section 1.

20 40 60 80 100
0

20

40

60

80

100

20 40 60 80 100
0

20

40

60

80

100

20 40 60 80 100
0

20

40

60

80

100

Fig. 4. Lines �t to noisy p oints. Solid line is the true line. Dark gr ey line is the �t with

R TLS. Light gr ey line is the �t with the Kalman �lter. Slop es of lines shown ar e 0, 1, and 5.

Figure 4 sho ws the results of three trials with the Kalman and R TLS �lters. The

EKF often failed to con v erge to the global minim um, ev en for this simple problem. Initial

estimate for the Kalman �lter w as the line passing through the �rst t w o data p oin ts. The

R TLS �lter do es not require an initial estimate. T o accoun t for the fact that the righ tmost

column of the data matrix has no error, w e to ok adv an tage of the unique 
exibilit y of the

R TLS approac h to scale that column b y a factor of � so that the errors mo deled b y R TLS

w ere reduced b y 1 =� . After trying sev eral larger v alues of � , and comparing with the mixed

LS-TLS metho d [10 , 24 ], a nonrecursiv e algorithm capable of treating certain columns as

exact, w e found it su�ced to use � = 100 for all exp erimen ts.

The R TLS �lter p erforms b etter as the lines b ecome more v ertical. This is to b e

exp ected since the v ertical distance to the line, minimized b y the Kalman �lter, approac hes

the p erp endicul ar distance to the line, minimized b y R TLS, as the slop e of the line

approac hes zero. T en trials w ere run with eac h algorithm with lines of di�eren t slop es.

Figure 5 sho ws the resulting slop e and y in tercepts of all ten trials for lines of actual slop e

0, 1 and 5.

In our second set of exp erimen ts, w e sim ulated a simple rob ot na vigation problem

t ypical of that faced b y an actual mobile rob ot [2 , 15 , 16, 17 ]. The rob ot has iden ti�ed a

single landmark in a t w o-dimensional en vironmen t and kno ws landmark lo cation on a map.

It do es not kno w its o wn p osition. It mo v es in a straigh t line and with a kno wn uniform

v elo cit y . Its goal is to estimate its o wn start p osition relativ e to the landmark b y measuring
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* * *

*

*

+

Fig. 5. Slop e and y inter c ept in al l ten trial runs with lines of slop es 0, 1 and 5 and y

inter c epts of 50, 0 and -200, r esp e ctively. The * 's r epr esent r esults of the R TLS �lter. The O 's

r epr esent r esults of the Kalman �lter. The + 's r epr esent r esults of the EKF. The + 's ar e missing

at values wher e the EKF r esult was o� the gr aph or faile d to c onver ge.

the visual angle � b et w een its direction of heading and the landmark. Measuremen ts are

tak en p erio dically as it mo v es. Figure 6 sho ws a diagram of the problem. F or simpli�cation,

it is assumed that the landmark is lo cated at (0,0), that the y co ordinate of the rob ot's

start p osition do es not c hange as the rob ot mo v es, and that the rob ot kno ws what side of

the landmark it is on. Although these assumptions ma y seem restrictiv e, it can easily b e

sho wn that kno wing the actual lo cation of t w o landmarks on the map and �nding rob ot

start p osition relativ e to b oth of them in this w a y will allo w one to uniquely determine

actual rob ot start p osition on the map.

1

1

This pro cess can, of course, b e extended to estimate in termediate and curren t rob ot p osition.
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Robot Moves

1 2 3 4

a 1 a 2

Landmark

(x,y)

Fig. 6. Diagr am of simulate d r ob ot navigation pr oblem. The r ob ot moves along the horizontal

line. L andmark lo c ation and velo city ar e known. A ngle �

i

is the angle fr om r ob ot he ading to the

landmark at time i . Go al is to estimate initial r ob ot lo c ation (x,y).

In our exp erimen ts, it w as assumed that the y co ordinate of the rob ot path w as negativ e

(i.e., the path, as sho wn in Figure 6, w as on the side b elo w the landmark), that rob ot

v el ocity w as 20 p er unit of time and that measuremen ts of � w ere tak en at unit time

in terv als. A t an y time t

i

:

cot ( �

i

) =

x + t

i

� v el ocity

y

where ( x; y ) is rob ot start p osition and �

i

is the angle from rob ot heading to the landmark.

W e are not assuming an y particular sensing device for this set of exp erimen ts, only that

measuremen ts of the angles �

i

are made. Random error with a uniform distribution w as

added to the angle measures and a normally distributed random error w as added to the

time measuremen t. W e again form ulated the problem so that the data matrix, as w ell as

the measuremen t v ector con tained error:

A

i

=

h

1 � cot ( �

i

)

i

; x

i

=

"

x

y

#

; b

i

= � t

i

� v el ocity

where, at time t

i

, A

i

is the data matrix, b

i

is the measuremen t v ector, and x

i

is the

estimated state v ector consisting of the co ordinates ( x; y ) of rob ot start p osition. The

Kalman �lter w as giv en an estimated start of (0,0). The R TLS algorithm had no estimated

start p osition pro vided. As in the previous R TLS exp erimen t, the leading column of the

data matrix w as scaled b y � = 100 to reduce the allo w ed errors. Results are summarized in

Figure 7. The mean deviations d (of 10 trials) of the estimates from the actual start lo cation

of (-460, -455) are compared for six di�eren t error amoun ts. The top three graphs ha v e

uniformly distributed error in � of � 2

�

and normally distributed error in t with standard

deviation sd=0, .05, and .1. The b ottom three graphs ha v e uniformly distributed error in

� of � 4

�

and normally distributed error in t with sd=0, .05 and .1. The jump in the R TLS

distance at the second measure is due to the fact that R TLS do es not require, and is not

giv en, an initial estimate of lo cation. The v elo cit y/time in terv al used, com bined with the
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error distribution used, pro duced error on some runs that ga v e readings of �

2

< �

1

(see

Figure 6). Since there w ere only t w o measuremen ts tak en at this p oin t, the system w as

not y et o v erdetermined, and the erroneous measures w ere giv en signi�can t w eigh t. This

demonstrates ho w quic kly the R TLS �lter can reco v er from suc h errors. T able 1 giv es mean

deviation from actual lo cation after 15 measuremen ts. F or all six groups of exp erimen ts,

the R TLS �lter con v erged more quic kly than the Kalman �lter. After 15 measuremen ts,

the R TLS estimate w as closer to the actual lo cation than w as the Kalman in �v e of the six

groups.
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600

d
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t
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800

d

Fig. 7. Comp arison of me an deviations fr om estimate d to actual start p osition. Me asur ements

wer e taken at unit time intervals (horizontal axis). V ertic al axis gives me an deviation d . T op thr e e

gr aphs have uniformly distribute d err or in � of � 2

�

and normal ly distribute d err or in t with sd=0, .05

and .1. Bottom thr e e gr aphs have uniformly distribute d err or in � of � 4

�

and normal ly distribute d

err or in t with sd=0, .05 and .1. R esults using the R TLS algorithm ar e shown in black. R esults

using the Kalman �lter ar e shown in gr ey.

Error in � Error in t 0 .05 .1

� 2

�

Kalman 32.47 20.27 24.54

R TLS 20.24 15.90 24.81

� 4

�

Kalman 21.01 31.80 34.63

R TLS 10.11 24.97 32.13

T able 1

Me an deviation of estimate fr om actual lo c ation after 15 me asur ements.

The third set of exp erimen ts consisted of a sequence of indo or rob ot runs with our

TR C Labmate rob ot. As in the second set of exp erimen ts, the rob ot did not kno w its o wn

p osition on the map, but did kno w the lo cation of a single landmark. Its task w as to tak e

an image, �nd the landmark in the image, and use the result to determine its start p osition

relativ e to the landmark.

A P anasonic WV-BL202 camera with a 6mm lens w as moun ted at an angle of 90

�

to rob ot b earing. Horizon tal �eld of view w as 56

�

47

0

. Images w ere grabb ed on a Sun
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Landmark

Labmate

Camera

b

Movement

1 2b

Fig. 8. TR C L abmate with c amer a mounte d at 90

�

to b e aring and diagr am showing how angles

to landmark ar e me asur e d. A ngle me asur e is b ound by � 25

�

22

0

for the given �eld of view.

SP AR Cstation IPX using Sun's VideoPix. In order to a v oid the distortion caused b y Sun's

con v ersion of the 480 v ertical b y 720 horizon tal pixels grabb ed to the 480 v ertical b y 640

pixels stored, the initial 480 b y 720 image w as pro cessed. F ort y pixels w ere cropp ed o�

eac h end of the image, resulting in a 480 b y 640 pixel image with a horizon tal �eld of view

of 50

�

44

0

. \Landmarks" w ere mini Maglite high in tensit y 
ashligh t candles.

The angular p osition of the landmark w as measured in a sequence of images tak en while

the rob ot mo v ed across the ro om at a constan t v elo cit y . Not only w as there error in angle

measure, but error o ccurred in v elo cit y , rob ot b earing and in the times at whic h the images

w ere tak en. It is not p ossible to predict and mo del these errors. F or example, v elo cit y w as

set at 20mm/second, but a v erage true v elo cit y across runs ranged from 21.4mm/second to

22.5mm/second. In addition, the supp osed constan t v elo cit y w as not constan t throughout

a single run, v arying in an unpredictable manner. It w ould b e unrealistic to assume an y

of these errors or their com bined result to ha v e a gaussian distribution. Th us, it should b e

noted that the assumption of gaussian distribution of noise cannot b e made in this set of

exp erimen ts. Figure 8 sho ws the Labmate with camera and a diagram of ho w the angles

are measured. When the landmark is in the left of the camera image, the angle ( �

1

in the

diagram) is negativ e. When the landmark is in the righ t of the camera image, the angle

( �

2

in the diagram) is p ositiv e. Angle measure is th us b ound b y � 25

�

22

0

for the giv en �eld

of view.

It is again assumed that the landmark is lo cated at (0,0), that the y co ordinate of the

rob ot's p osition do es not c hange as the rob ot mo v es, and that the rob ot kno ws whic h side

of the landmark it is on. A t an y step i :

tan ( �

i

) =

x + ( t

0

+ i � inter v al ) � v el ocity

y

where ( x; y ) is rob ot start p osition, �

i

is the measured angle, t

0

is rob ot start time, inter v al

is the in terv al at whic h images are grabb ed and v el ocity is rob ot v elo cit y . The problem
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Fig. 9. Comp arison of �lters with actual r ob ot runs: Images wer e gr abb e d at time intervals

t (horizontal axis) 12 se c onds ap art. V ertic al axis gives deviation of estimate d start p osition fr om

actual start p osition in mil limeters. L andmark was plac e d at a di�er ent lo c ation for e ach run.

R esults using the R TLS algorithm ar e shown in black. R esults using the Kalman �lter ar e shown in

gr ey.

w as expressed as a linear function so that no accuracy w as lost b y linearizing. Ho w ev er,

the data matrix as w ell as the measuremen t v ector con tained error:

A

i

=

h

1 � tan ( �

i

)

i

; x

i

=

"

x

y

#

; b

i

= � ( t

0

+ i � inter v al ) � v el ocity

where at an y step i , A

i

is the data matrix, b

i

is the measuremen t v ector and x

i

is the

estimated state v ector consisting of the co ordinates ( x; y ) of rob ot start p osition. As in

the previous set of exp erimen ts, the Kalman �lter w as giv en an estimated start p osition of

(0,0) and the leading column of the data matrix w as w eigh ted b y � = 100.

Figure 9 sho ws a comparison of four of the rob ot runs. Rob ot v elo cit y w as set to

20mm/sec. Fiv e images w ere grabb ed 12 seconds apart. Rob ot start p osition relativ e

to the landmark used for lo calization w as di�eren t in eac h run. The deviations d of the

estimate of start lo cation from actual start lo cation at eac h 12 second time in terv al t are

compared. As in the sim ulated runs, the R TLS �lter con v erges faster and to more accuracy

than do es the Kalman.

5 Conclusion

In this pap er, w e ha v e presen ted the Recursiv e T otal Least Squares (R TLS) �lter. This

�lter is easily up dated as new data arriv es, y et mak es v ery few assumptions ab out the data
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or the problem b eing solv ed. The metho d w as based on a new reorganization of the UL V

Decomp osition. W e suggested its use as an alternativ e to the Kalman �lter in reducing

uncertain t y in rob ot na vigation. In this con text R TLS do es not require an initial state

estimate, a v oids mo deling errors in tro duced b y the extended Kalman �lter, do es not su�er

the traps of lo cal minima, and con v erges quic kly . W e ha v e illustrated the metho d using

three di�eren t sets of exp erimen ts. It has b een seen that ev en on a simple line �tting

example, the R TLS can b e a m uc h more e�ectiv e recursiv e algorithm. It is demonstrated

that in the domain of rob ot na vigation the R TLS can easily pro vide more accurate estimates

than the Kalman �lter, and in few er time steps, esp ecially when errors are presen t in b oth

the measuremen t v ector and the data matrix.

App endix I

Kalman �lter equations:

System Mo del x

i

= F

i � 1

x

i � 1

+ e

i � 1

Measuremen t Mo del b

i

= A

i

x

i

+ �

i

Initial Conditions x

0

= ( A

T
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� 1
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P
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T
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V
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0

A

0

)
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State Estimate Extrap olation x

i

( � ) = F

i � 1

x

i � 1

(+)
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i

( � ) = F

i � 1
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i
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i

[ b

i

� A

i

x

i

( � )]
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i
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i
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� 1

i

A

i

Kalman Gain Matrix K

i

= P

i

(+) A

T

i

V

� 1

i

T able 2

Discr ete Kalman Filter Equations wher e B is the me asur ement ve ctor, A is the data matrix, F

is the state tr ansition matrix, x is the state ve ctor, and e

i

� N (0 ; U

i

) , �

i

� N (0 ; V

i

)
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A F
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+
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Fig. 10. Schematic diagr am of Kalman �lter
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