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1 in tro duction

Rounding errors are the errors arising from the use of 
oating p oin t arithmetic on digital computers. Since

the computer w ord has only a �xed and �nite n um b er of bits or digits, only a �nite n um b er of real n um b ers

can b e represen ted on a computer, and the collection of those real n um b ers that can b e represen ted on the

computer is called the 
o ating p oint system for that computer. Since only �nitely man y real n um b ers can

b e represen ted exactly , it is p ossible, indeed lik ely , that the exact solution to an y particular problem is not

part of the 
oating p oin t system and hence cannot b e represen ted exactly . Ideally , one w ould hop e that one

could obtain the r epr esentable numb er closest to the true exact answ er. When doing simple computations

this is usually p ossible, but is more problematical after long or complicated computations. Ev en the four

basic op erations, addition, subtraction, m ultiplication, and division, cannot b e carried out exactly , so the

in termediate results in an y computation will su�er from con tamination of r ounding err ors , and the �nal

results will su�er from the accum ulated e�ects of all the in termediate rounding errors. The �eld of numeric al

analysis is the study of the b eha vior of v arious algorithms when implemen ted in the 
oating p oin t system

sub ject to rounding errors. In this article, w e describ e the main features t ypically found in 
oating p oin t

systems in computers to da y , and giv e some examples of un usual e�ects that are caused b y the presence of

rounding errors.

2 represen tation of 
oating p oin t n um b ers.

2.1 man tissa + exp onen t

All computers to da y represen t 
oating p oin t n um b ers in the form mantissa � base

exponent

, where the

mantissa is t ypically a n um b er less than 2 in absolute v alue, and the exponent is a small in teger. The base

is �xed for all n um b ers and hence is not actually stored at all. Except for hand-held calculators, the base

is usually 2 except for a few older computers where the base is 8 or 16. The mantissa and exponent are

represen ted in binary with a �xed n um b er of bits for eac h. Hence a t ypical represen tation is
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bits for the mantissa . If the base is �xed at 2, then the n um b er represen ted b y the bits (1) is
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where the exponent is an 8-bit signed in teger. In this example, w e ha v e �xed the n um b er of bits for the

mantissa and the exponent to 24 and 8, resp ectiv ely , but in general these v ary from computer to computer,

and ev en within the computer v ary from single to double pr e cision . Notice that the mantissa represen ted in

(2) has the \binary p oin t" (analog to the usual decimal p oin t) righ t after the leftmost digit. Regarding the

exponent as a signed in teger, it is not t ypically represen ted as a ones or t w os complemen t n um b er but more

often in exc ess 127 notation, whic h is essen tially an unsigned in teger represen ting the n um b er 127 larger

than the true exp onen t. Again, if w e ha v e k bits instead of 8 as in this example, then the 127 is replaced b y

2

k � 1

� 1.
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W e illustrate this with a few examples, where w e shorten the man tissa to 7 bits plus a sign and the

exp onen t to 4 bits. Hence the exp onen t is in exc ess 7 notation:

decimal binary bits remarks

+5 = 2 +1 : 01 � 2

1

0 1000 1 010000

� 5 = 2 � 1 : 01 � 2

1

1 1000 1 010000

+20 +1 : 01 � 2

4

0 1011 1 010000

1 = 3 +1 : 010101 � 2

� 2

0 0101 1 010101 inexact

1 = 10 +1 : 100110 � 2

� 3

0 0100 1 100110 inexact

(3)

W e remark that this represen tation, using normalized man tissas and excess notation for the exp onen ts,

allo ws one to compare t w o p ositiv e 
oating p oin t n um b ers using the usual in teger compare instructions on

the bit patterns.

2.2 normalization

Notice that in (3) there can b e m ultiple w a ys to represen t an y particular decimal n um b er. If the leading digit

of the mantissa is zero, then the n um b er if said to b e unnormalize d , otherwise it is said to b e normalize d .

So w e could also use the represen tation

decimal binary bits remarks

+20 +0 : 00101 � 2

7

0 1110 0001010 unnormalized

1 = 3 +0 : 101010 � 2

� 1

0 0110 0101010 inexact & unnorm.

(4)

When unnormalized, w e lose space for signi�can t digits, hence 
oating p oin t n um b ers are alw a ys stored in

normalized fashion. W e see that in (3), the normalized represen tation for the n um b er 1/3 captures more

nonzero bits than the unnormalized represen tation (4). When the base is equal to 2, then the leading digit

of the mantissa is just a bit whose only p ossible nonzero v alue is 1, and hence it is not ev en stored. So in

the represen tation (1), the bit m

23

is alw a ys 1 and is not actually stored in the computer. When not stored

in this w a y , the bit m

23

is called an implicit bit . These bits are written in italics in (3).

2.3 sp ecial n um b ers, o v er
o w, under
o w

The represen tation (1) with the implicit bit m

23

do es not admit the n um b er 0, since 0 w ould ha v e an all zero

mantissa that m ust b e unnormalized. T o accommo date this, certain sp ecial bit patterns are reserv ed to

zero and certain other sp ecial \n um b ers". A zero is often represen ted b y a w ord of all zero bits, whic h w ould

otherwise represen t the smallest represen table p ositiv e 
oating p oin t n um b er. If a calculation giv es rise to

an answ er less than the smallest represen table n um b er (in absolute v alue), then an under
ow condition is

said to exist. In the past, the result w as simply set to zero, but more recen tly , the result w as denormalized.

The use of gradually denormalized n um b ers in v olv es those 
oating p oin t n um b ers whic h are less (in

absolute v alue) than the smallest represen table normalized n um b er. As discussed in [3], there is a relativ ely

big gap b et w een the the smallest represen table normalized n um b er and zero. T o �ll this gap, the IEEE

decided to allo w for the use of unnormalized n um b ers. W e can illustrate this with the represen tation in (3).

The smallest normalized n um b er represen table in (3) is +1 : 00

binary

� 2

� 7

. Ho w ev er w e can represen t smaller

n um b ers in an unnormalized manner, suc h as +0 : 10

binary

� 2

� 7

. Since w e ha v e adopted the con v en tion

of using the implicit bit, suc h an unnormalized n um b er cannot b e enco ded in this format. The solution is

to pro vide that the smallest represen table normalized n um b er b e actually +1 : 00

binary

� 2

� 6

, reserving the

smallest p ossible exp onen t v alue for unnormalized n um b ers. This w as what has b een adopted in the IEEE

standard (see b elo w). Since this smallest exp onen t v alue has all its bits equal to zero, the represen tation

of the n um b er zero in this format b ecomes just a sp ecial case of suc h unnormalized n um b ers. As p oin ted

out b y [3], the use of denormalized n um b ers also guaran tees that the computed di�erence of t w o unequal

n um b ers will nev er b e zero.

A more serious problem o ccurs if the result of the calculation is larger than the largest represen table

n um b er. This is called an over
ow condition, and in most older computers this w ould generate an error.

Ho w ev er in the recen t IEEE 
oating p oin t standard (discussed b elo w), suc h a result w ould b e replaced with

a sp ecial bit pattern represen ting plus-in�nity or minus-in�nity . When t w o suc h in�nities are com bined, the

result can b e totally unde�ned, so y et another sp ecial bit pattern is reserv ed for suc h a result. This last

result is called Not A Numb er , and is often prin ted b y most computer systems as NaN . By not generating an

exception up on o v er
o w, programs ma y fail more gracefully .
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2.4 rounding vs c hopping

Another issue a�ecting rounding errors is the c hoice of rounding strategy . Giv en an y particular real n um b er,

whic h nearb y 
oating p oin t n um b er should one use? F or example in (3), when w e represen ted 1/3 as an

unnormalized n um b er w e c hopp ed a w a y the last bit, but an alternativ e c hoice w ould b e to round up to

the next higher n um b er to yield +0 : 101011

binary

� 2

� 1

. The error committed in c hopping in this case

is .0052 but in rounding is only .0026. But rounding requires sligh tly more computation since the digits

b eing remo v ed m ust b e examined. This issue arises when con v erting a n um b er from an external decimal

represen tation and when trying to �t the result of an in termediate arithmetic op eration in to a memory w ord.

This is b ecause the arithmetic logic unit on most computers actually op erate on more digits than can �t in

a w ord, the extra digits b eing called guar d digits discussed b elo w.

The IEEE Standard actually pro vides that the default rounding strategy should b e a \round to ev en"

strategy . The \round to ev en" mo de is exactly the rounding strategy describ ed ab o v e, except when the

n um b er b eing rounded lies exactly half w a y b et w een t w o represen table n um b ers, as in rounding 12.5 to an

in teger. The default \round to ev en" strategy selects the represen table n um b er whose last digit is ev en, so

that 12.5 w ould round to 12 and not 13. If the rounding in this case w ere alw a ys up, then more n um b ers

w ould end up b eing increased than decreased during the rounding pro cess. If the com binations of trailing

digits o ccur equally lik ely , it is generally desirable that the n um b er of times the rounding is up is ab out equal

to the n um b er of times the rounding is do wn, to try to cancel out their e�ect as m uc h as p ossible.

2.5 guard digits

Guard digits are extra digits k ept only within the Arithmetic Logic Unit during the course of individual


oating p oin t op erations. They are nev er stored in memory . The Arithmetic Logic Unit carries out the

op eration using at least one extra guar d digit , then the result is rounded to �t in the register of memory

w ord. W e illustrate the e�ect of guard digits using the simple addition of t w o decimal 
oating p oin t n um b ers

1 : 01 � 10

+1

and � 9 : 93 � 10

0

(this example is from [3]), where w e k eep 3 decimal digits in the man tissa.

T o accomplish this, the �rst step for the arithmetic logic unit is to shift the decimal p oin t in the second

op erand to mak e the exp onen ts matc h, yielding � : 993 � 10

+1

. Then the man tissas ma y b e added together

directly . The accuracy of the answ er is greatly a�ected b y the n um b er of digits k ept for the computation.

The simplest approac h is to use simple c hopping and to k eep only the digits corresp onding to the larger

op erand. The result in this case is 1 : 01 � 10

+1

� 0 : 99 � 10

+1

= 2 : 00 � 10

� 1

. If, ho w ev er, w e k eep at least

one extra guar d digit , then w e obtain 1 : 010 � 10

+1

� 0 : 993 � 10

+1

= 1 : 70 � 10

� 1

. The latter answ er is exact

whereas the former result has no correct digits.

The reader ma y ask whether k eeping just one guard digit su�ces to mak e a signi�can t enhancemen t to

the accuracy of 
oating p oin t arithmetic op erations. The answ er can b e found in [3] in whic h it is pro v ed

that if no guard digit is k ept during additions, then the error could b e so large as to yield no correct digits

in the answ er, whereas if just one guard digit is k ept during the op eration, the result b eing rounded to �t

in the memory w ord, then the error will b e at most the equiv alen t of 2 units in the last signi�can t digit. In

this con text, the \correct answ er" is regarded as the answ er computed using all a v ailable digits and k eeping

\in�nite precision" for the in termediate results.

2.6 IEEE standard

The previous discussion has sho wn that there are man y c hoices to b e made in represen ting 
oating p oin t

n um b ers, and in the past di�eren t man ufacturers ha v e made di�eren t, incompatible, c hoices. The result is

that the b eha vior of 
oating p oin t algorithms can v ary from computer to computer, ev en if the precision

(n um b er of bits used for exponent and mantissa ) sta ys the same. In an attempt to mak e the b eha vior

of algorithms more uniform across platforms, as w ell as impro ving the p erformance of suc h algorithms, the

IEEE has established a 
o ating p oint standar d whic h sp eci�ed some of these c hoices [6, 7]. This standard

sp eci�es the kind of rounding that m ust b e used, the use of guard digits, the b eha vior when under
o w or

o v er
o w o ccurs, etc. The �rst standard [6] w as limited to 32 and 64 bit 
oating p oin t w ords, and pro vided

for optional extended formats for computers with longer w ords. The second standard [7] extended this to

general length w ords and bases. The principal c hoices made in [6] include the follo wing:

� rounding to nearest (also kno wn as round to ev en).

� base 2 with a sign bit and an implicit bit.
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� single precision with 8 bit exp onen t and 23 bit man tissa �elds (not including the implicit bit).

� double precision with 11 bit exp onen t and 52 bit man tissa �elds (not including the implicit bit).

� the presence of �1 and NaN (Not a Num b er), as w ell as � 0.

� gradually denormalized n um b ers for those n um b ers unrepresen table as normalized n um b ers.

� user-settable bits to turn on exception handling for o v er
o w, under
o w, etc. and to v ary the rounding

strategies.

W e ha v e tried to motiv ate some of these c hoices with the ab o v e discussion, but detailed formal analyses of

these c hoices can b e found in [3].

2.7 usual mo del for round-o� error

In order to analyse the b eha vior of algorithms in the presence of round-o� errors, a mathematical mo del

for round-o� errors is de�ned. The usual mo del is as follo ws, where � represen ts an y of the four arithmetic

op erations:

f l ( a � b ) = ( a � b ) � (1 + � )

where j � j � macheps , and macheps is called the unit r ound-o� or machine epsilon for the giv en computer.

The motiv ation b ehind this mo del is that the b est an y computer could do is to p erform an y individual

arithmetic op eration exactly , and then round or c hop to the nearest 
oating p oin t n um b er when �nished.

The rounding or c hopping in v olv es c hanging the last bit in the (base 2) mantissa , and hence the macheps

is the v alue of this last bit { alw a ys relativ e to the size of the n um b er itself. Needless to sa y , this mo del can

b e exp ensiv e to implemen t, so some computer man ufacturers ha v e designed arithmetic op erations whic h do

not ob ey this mo del, but one can sho w that one or t w o guard digits su�ce to b e consisten t with this mo del.

F or most users of higher lev el languages, the details of the 
oating p oin t represen tation (esp ecially the

length of a computer w ord) are generally hidden from the user. Hence the macheps has a de�nition that can

b e computed in a higher lev el language, not sp eci�cally b y the n um b er of bits in a w ord. The macheps is

de�ned b y the v alue of � yielding the minim um in

min

�> 0

f l (1 + � ) > 1 : (5)

This form ula can b e used to calculate macheps b y trying a sequence of trial v alues for � , eac h en try one

half the previous, un til equalit y in (5) is ac hiev ed. The sp eci�c v alue of macheps dep ends on the rounding

strategy . This can b e most easily illustrated with 3 digit decimal 
oating p oin t arithmetic. The smallest s

suc h that f l (1 + s ) > 1 is 1 : 00 � 10

� 3

in c hopping, 5 : 00 � 10

� 4

if a traditional rounding strategy is used, and

5 : 01 � 10

� 4

if rounding to ev en is used. In general, macheps in rounding is appro ximately half that obtained

using c hopping.

3 examples of catastrophic e�ects of round-o� error

T o illustrate ho w rounding errors can accum ulate catastrophically in unexp ected w a ys, w e giv e t w o exam-

ples adapted from [9]. An extensiv e in tro ductory discussion on the e�ects of rounding error in scien ti�c

computations in v olving the use of 
oating p oin t can b e found in [9, 4].

Of the four arithmetic op erations, subtraction and addition are really the same op eration. Most loss

of signi�cance and cancellation errors describ ed b elo w arise from these t w o op erations. Multiplication and

division giv e rise to problems only if the results o v er
o w, under
o w or m ust b e denormalized. An un usual

e�ect of the fact that 
oating p oin t n um b ers are discrete in nature is that the op erations no longer ob ey the

usual la ws of the real n um b ers. F or example, the asso ciativ e la w for addition do es not hold for the 
oating

p oin t n um b ers. If s is a p ositiv e n um b er less that macheps , but more that macheps = 2, then 1 + ( s + s ) will b e

strictly bigger than 1, but (1 + s ) + s will equal 1. This is an extreme case, but the order in whic h n um b ers

are added up can a�ect the computed sum mark edly . This is further illustrated b y the �rst example b elo w.

It has b een p oin ted out that the use of the denormalized n um b ers mean that programs can dep end on

the fact f l ( a � b ) = 0 implies a = b . Ho w ev er, it can still happ en that f l ( a � b ) = a when a 6= 0 and b 6= 1.

This can happ en, for example, when a is the smallest represen table 
oating p oin t n um b er, and b is a n um b er

b et w een : 6 and 1, when rounding is used. Programs whose logic dep end on f l ( a � b ) b eing alw a ys di�eren t
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from a can su�er v ery m ysterious failures. Ho w ev er, generally , m ultiplication and division do not giv e rise

to catastrophic rounding errors unless n um b ers near the ends of the exp onen t range are in v olv ed, or when

com bined with other op erations.

3.1 ta ylor series for exp(-40)

A simple algorithm to compute the exp onen tial function e

x

is to use the w ell kno wn T a ylor series for it:

e

x

=

X

i � 0

x

i

i !

:

When x � 0, this can yield accurate results if one is willing to tak e enough terms, but if used when x < 0,

this can yield to catastrophic results, all due to the �nite w ord length of the mac hine. T o tak e an extreme

case, let x = � 40. Then all the terms after the 140-th term are m uc h less than 10

� 16

and deca y rapidly , and

the result is also v ery small: e

� 40

= 4 : 2484 � 10

� 18

. But simply adding up the terms of the T a ylor series will

yield 1 : 8654, whic h is no where near the true answ er. The problem is the terms in this series alternate in

sign, and the in termediate terms reac h 1 : 4817 � 10

+16

in magnitude, and w e end up subtracting v ery large

n um b ers that are almost equal and opp osite. This results in sev ere cancellation.

3.2 n umerical deriv ativ e of exp(x) @ x=1

Supp ose w e tak e the naiv e approac h to appro ximate the n umerical deriv ativ e of a function f :

f

0

( x ) =

f ( x + h ) � f ( x )

h

;

for some suitable small h . Applying this to f ( x ) = e

x

and taking the deriv ativ e at x = 1, w e �nd that w e

get as m uc h accuracy with h = 2 � 10

� 6

as with h = 10

� 10

on a mac hine with appro ximately 16 decimal

digits in the man tissa. In b oth cases, the error is ab out 3 � 10

� 6

, and less than half the computed digits

are go o d. Here again w e ha v e sev ere cancellation from subtracting n um b ers that are almost equal. Hence

simply making the stepsize h smaller do es not lead to more accuracy .

4 E�ect on algorithms

4.1 round-o� causes p erturbation to data and to in termediate results

The examples ab o v e are extreme cases sho wing that catastrophic loss of accuracy can result if 
oating p oin t

arithmetic is not used carefully . The e�ect of round-o� error is applied to eac h in termediate result and is

guaran teed to b e small relativ e to those in termediate results. Ho w ev er, in some cases those in termediate

results can b e larger than the �nal desired results, leading to errors m uc h larger than w ould b e exp ected

from just the sizes of the input and �nal output of a particular algorithm. Ho w ev er, in some algorithms

suc h as when sim ulating an ordinary di�eren tial equation (suc h as a con trol system) _x = Ax + f where f is

a forcing function, the in termediate results ma y not b e an y larger than than the �nal or initial v alues, y et

sev ere loss of accuracy can result. One source of error is the propagation of in termediate errors, and in nast y

cases the e�ect of those in termediate errors can gro w b ecoming more and more signi�can t as the algorithm

pro ceeds

4.2 algorithm stabilit y vs conditioning of problem

In an attempt to analyse and alleviate the e�ects of rounding errors, n umerical analysts ha v e dev elop ed

paradigms for the analysis of the b eha vior of n umerical algorithms and ha v e used these paradigms to dev elop

algorithms themselv es for whic h one can pro v e that the e�ect of rounding errors is b ounded. It is useful

to describ e these paradigms. The �rst and most fundamen tal is the concept of algorithm stabilit y v ersus

conditioning of the problem. The latter refers to the ill-p osedness of the problem. If a problem is ill-p osed,

then sligh t v ariations to the co e�cien ts in the problem will yield massiv e c hanges to the exact solution. In

this case, no 
oating p oin t algorithm will b e able to compute a solution with high accuracy . If the problem is

w ell-p osed, then one w ould exp ect a go o d algorithm to compute a solution with full accuracy . An algorithm

that fails that requiremen t is called unstable . An algorithm that is able to compute solutions with reasonable

accuracy for w ell-p osed problems, and do es not lose more accuracy on ill-p osed problems than the ill-p osed

problems deserv e, is called stable .
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4.3 relev ance to fault tolerance

The study of rounding errors is relev an t to fault tolerance in t w o w a ys. A t the most elemen tary lev el,

the presence of rounding errors means that no computed solution will b e exact, and w e cannot c hec k for

the presence of faults b y c hec king if the computed solution satis�es some condition exactly . An y fault

detection system w ould ha v e to allo w for the presence of errors in the solution arising naturally from normal

rounding errors. This th us leads to the di�cult task of distinguishing b et w een errors arising from natural

rounding errors and errors arising from faults. If the underlying problem is ill-p osed to an y degree (called

il l-c onditione d ) then one is also faced with the issue that the accuracy of the computed solution will b e v ery

p o or, ev en if that solution w ere computed correctly .

On the other hand, man y n umerical algorithms ha v e b een sho wn to b e stable in a certain sense. Al-

gorithms arising in matrix computations ha v e b een esp ecially w ell studied. In particular, in the domain of

solving systems of linear equations, certain algorithms ha v e b een sho wn to compute the exact solution to a

system within a small m ultiple of macheps of the original system of equations, ev en when the system is mo d-

erately ill-p osed. In some cases, precise b ounds on the p ossible discrepancy ha v e b een deriv ed. These can

b e used to dev elop conditions that can b e used to c hec k for faults. Note that ev en if the computed solution

exactly satis�es a nearb y system of equations, that do es not imply that the error in the solution is small,

unless the system of equations are v ery w ell conditioned. As a consequence, an y v alidation pro cedure for

fault detection can only c hec k for the correctness of the computed solutions indirectly , and not b y computing

the accuracy of the solution itself.

The result of this analysis has b een the dev elopmen t of conditions to c hec k the correctness n umerical

computations, mainly in the domain of matrix computations and signal pro cessing. These conditions all

in v olv e the determination of a set of precise tolerances that are tigh t enough to enforce su�cien t accuracy

in the solutions, y et guaran teed to b e lo ose enough to b e satis�able ev en when solving problems that are

mo derately ill-p osed. Principal approac hes in this area in v olv e the use of c hec ksums, the use of bac kw ard error

assertions and the use of man tissa c hec ksums. In all cases, it has b een found that applying these tec hniques

to series of op erations instead of c hec ksumming eac h individual op eration has b een most successful.

Instead of using tolerances, an alternativ e approac h that has b een used with some success is in terv al

arithmetic. Space do es not p ermit a full treatmen t here, since most soft w are, languages, compilers and

arc hitectures do not pro vide in terv al arithmetic as part of their built-in features. A synopsis of in terv al

arithmetic, including its uses and applications can b e found in [10]. In this article w e limit our discussion to

a short description. The easiest w a y to view in terv al arithmetic is to consider replacing eac h real n um b er or


oating p oin t n um b er in the computer with t w o n um b ers represen ting an in terv al [ a; b ] in whic h the \true"

result is supp osed to lie. Arithmetic op erations are p erformed on the in terv als. F or example, addition w ould

result in [ a

1

; b

1

] + [ a

2

; b

2

] = [ a

1

+ a

2

; b

1

+ b

2

]. If all endp oin ts are p ositiv e, then m ultiplication of in terv als

w ould b e computed b y [ a

1

; b

1

] � [ a

2

; b

2

] = [ a

1

� a

2

; b

1

� b

2

]. All the other arithmetic op erations and more general

situations can b e de�ned similarly . Ho w ev er, if no sp ecial precautions are tak en, the size of the in terv als can

gro w to o large to giv e useful b ounds on the lo cation of the \true" answ ers. So most successful applications

in v olv e more sophisticated analysis of whole series of arithmetic op erations suc h as an inner pro duct rather

than analysing eac h individual op eration, or else use some statistical tec hniques to narro w the in terv als. As

p oin ted out in [3], in order to main tain the guaran tee that computed in terv als con tain the \true" answ er, it

is necessary to round do wn the left endp oin t and round up the righ t end p oin t of eac h computed in terv al.

This requires the user to v ary the rounding strategy used within the computer. The IEEE standards pro vide

that the hardw are pro vide a w a y for the user to v ary the rounding strategy as w ell as some other parameters

of the arithmetic, but as p oin ted out b y Prof. Kahan [8] most compilers and systems to da y do not actually

pro vide the user access to that lev el of hardw are.

The remaining part of this article is dev oted to a discussion of some of these fault tolerance tec hniques.

5 Synopsis of fault tolerance tec hniques for Linear Algebra

W e presen t a short synopsis of v arious tec hniques that ha v e b een prop osed for the v eri�cation of 
oating p oin t

computations, mostly in the area of linear algebra. The use of c hec ksums w as made p opular b y Abraham

[5]. This metho d tak es adv an tage of the fact that the result of most computations in linear algebra b ears

a linear relation to the argumen ts originally supplied. So a linear com bination of those results b ears the

same linear relation to that same linear com bination of the original data. F or example, the ro w op erations

in Gaussian Elimination (used to solv e systems of linear equations) can b e c hec ksummed b y taking linear

com binations of the en tries in eac h ro w. When t w o ro ws are added in a ro w op eration, the c hec ksums are
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also added and compared with the c hec ksum generated from scratc h from the new computed ro w. In a


oating p oin t en vironmen t, the c hec ksums will b e corrupted b y round-o� error, and hence a tolerance m ust

b e sued to decide if they matc h. This tolerance dep ends on the condition n um b er of the matrix of che cksum

c o e�cients [2].

Diskless Chec kp oin t [11] metho ds are an alternativ e approac h based on sa ving simple com binations of

preselected in termediate states (e.g. c hec ksums) on sev eral indep enden t pro cessors. They can sa v e informa-

tion at lo w cost so that once an error has b een detected, a correction can easily b e applied. The simplest

approac h is the generate p erio dic c hec kp oin ts of the state of eac h pro cessor, and k eep an \exclusiv e or" of

those c hec kp oin ts on y et another pro cessor. If one pro cessor has a failure, the c hec kp oin t that w as on that

pro cessor can b e reconstructed from all the other c hec kp oin ts. This pro cess is generally indep enden t of the


oating p oin t represen tation.

Another class of metho ds in v olv e comparing the results with certain error tolerances. F or matrix m ul-

tiplication the error tolerances are forw ard error b ounds (\ho w far is the computed answ er from the true

answ er?") [12]. F or solving systems of linear equations, the error tolerances are bac kw ard error b ounds

(\ho w w ell do es the computed answ er �t the original problem" or more precisely \ho w m uc h m ust the orig-

inal problem b e c hanged so that the computed answ er �ts it exactly?") [1]. In these metho ds, the error

b ounds used dep end critically on the prop erties of the arithmetic, particularly the macheps , and in some

cases on the conditioning of the underlying system b eing solv ed. Hence these tec hniques can sometimes

detect violations of the mathematical assumptions of solv abilit y due to ill-p osedness of the problem.

Y et a third class of metho ds is deriv ed b y considering only the man tissas alone. It turns out that for

certain 
oating p oin t op erations (lik e addition), one can compute c hec ksums of the man tissas alone treating

them as in tegers [ref ?] . Then the c hec ksum computed the same w a y deriv ed from the man tissa of the result

m ust matc h the com bination of the original man tissa c hec ksums. Since the c hec ksums are computed using

in teger arithmetic, round-o� errors do not apply . The only limitation to this approac h is that this tec hnique

cannot b e applied to all 
oating p oin t op erations (lik e m ultiplication), but can b e used to c hec k the addition

part of inner pro ducts.
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