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Abstract

In the r ob ot navigation pr oblem, noisy sensor data

must b e �lter e d to obtain the b est estimate of the r ob ot

p osition. We pr op ose using a R e cursive T otal L e ast

Squar es algorithm to obtain estimates of the r ob ot p osi-

tion. We avoid sever al we aknesses inher ent in the use

of the Kalman and extende d Kalman �lters, achieving

much faster c onver genc e without go o d initial (a pri-

ori) estimates of the p osition. The p erformanc e of the

metho d is il lustr ate d b oth by simulation and on an ac-

tual mobile r ob ot with a c amer a.

1 In tro duction

The purp ose of this pap er is to prop ose a simple

sc heme for estimating the p osition of a rob ot from rel-

ativ ely few sensor readings measuring some asp ect of

the en vironmen t. Our algorithms are in tended for ap-

plications where sensor readings are exp ensiv e or oth-

erwise limited so that only relativ ely few can obtained,

and the readings that are tak en are sub ject to consid-

erable errors or noise. W e prop ose a metho d capable

of con v erging to a p osition estimate with greater ac-

curacy using few er measurmen ts than other metho ds

often used for this application, suc h as the Kalman

and extended Kalman �lter. Our approac h is v ali-

dated using a mobile rob ot on whic h a camera is used

to obtain b earing information with resp ect to one or

more landmarks in the en vironmen t.

The Kalman �lter is often used when estimating

the v alues of some dynamic quan tit y from noisy data

[8], and also when trying to estimate a static quan-

tit y [12 ]. Its application to the rob ot na vigation prob-

lem addressed in this pap er w as also discussed in [2 ].

�
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Giv en the nonlinearit y of the relationships b et w een the

b earings and the rob ot p ositions, often the extended

Kalman �lter is used [1 , 10 ], b y using a T a ylor ex-

pansion to obtain a lo cal linear appro ximation to the

true relation. But the extended Kalman �lter su�ers

from lac k of robustness. It can often fail to con v erge

en tirely [13 ]. This led us to dev elop a linear form u-

lation of the estimation problem that is not a lo cal

appro ximation, but holds through the en tire range of

parameter v alues.

Although limited mo di�cations can b e made to the

Kalman approac h to impro v e robustness to noise [11 ],

our w ork in outdo or na vigation [16 ], where measure-

men ts are exp ensiv e to obtain and ha v e signi�can t er-

ror inheren t to the system, motiv ated us to lo ok for

another �ltering metho d, preferably one whic h w ould

not require n umerous measuremen ts to con v erge and

did not assume an error-free data matrix. As demon-

strated b y Min tz et al. [7], the sense in whic h a metho d

is said to b e \optimal" dep ends critically on the sp e-

ci�c mo del b eing used. When error exists in b oth the

measuremen t and the data matrices, the b est solution

in the le ast squar es sense is often not as go o d as the

b est solution in the eigenve ctor sense. This second

metho d is kno wn in the statistical literature as or-

tho gonal r e gr ession and in n umerical analysis as total

le ast squar es (TLS) [17 ].

T o demonstrate the algorithms, w e use a mobile

rob ot platform on whic h is moun ted a camera. The

sensor readings are obtained b y viewing one or more

landmarks in the visual images obtained as the rob ot

mo v es. The images yield sev eral b earings to the land-

marks, whic h are then used to estimate the p osition

of the rob ot. The b earings are sub ject to considerable

noise, b oth from the coarseness of the image resolu-

tion and from o dometry error in �xing the base line.

In spite of the noise in the data, lo cation of the rob ot

could b e �xed with relativ ely high accuracy .

In this pap er, w e sho w ho w the task of estimating



rob ot p ositions from b earing data can b e form ulated

directly as a simple, linear matrix problem, whic h is

not a lo cal linearized appro ximation, but is v alid glob-

ally . W e prop ose using a T otal Least Squares ap-

proac h, whic h has the adv an tage o v er the Kalman

�lter of admitting errors an ywhere in the equations.

This pap er is organized as follo ws. After this in tro-

duction, w e discuss the Recursiv e TLS algorithm in

section 2, our exp erimen tal results in section 3, and

some concluding remarks in section 4.

2 Recursiv e T otal Least Squares Algo-

rithm

Giv en an o v erdetermined system of equations A x =

b , the TLS problem, in its simplest form, is to �nd the

smallest p erturbation to A and b to mak e the system

of equations compatible. Sp eci�cally , w e seek a ma-

trix E and v ector f that minimizes k ( E ; f ) k

2

suc h that

( A + E ) x = b + f for some v ector x . The v ector x

corresp onding to the optimal ( E ; f ) is called the TLS

solution . Recen tly , some recursiv e TLS �lters ha v e

b een dev elop ed for applications in signal pro cessing

[4, 5 , 19 ]. Da vila [4] used a Kalman �lter to obtain a

fast up date for the eigen v ector corresp onding to the

smallest eigen v alue of the co v ariance matrix. This

eigen v ector w as then used to solv e a symmetric TLS

problem for the �lter. It w as not explained ho w the

algorithm migh t b e mo di�ed for the case where the

smallest eigen v alue is m ultiple (i.e., corresp onding to

a noise subspace of dimension higher than one), or

v ariable (i.e., of unkno wn m ultiplicit y). In [19], Y u

describ ed a metho d for the fast up date of an appro x-

imate eigendecomp osition of a co v ariance matrix. He

replaced all the eigen v alues in the noise subspace with

their \a v erage", and did the same for the eigen v al-

ues in the signal subspace, obtaining an appro xima-

tion whic h w ould b e accurate if the exact eigen v alues

could b e group ed in to t w o clusters of kno wn dimen-

sions. In [5], DeGroat used this approac h com bined

with the a v eraging tec hnique used in [19 ], again as-

suming that the singular v alues could b e group ed in to

t w o clusters. Recen tly , Bose et al.[3 ] applied Da vila's

algorithm to reconstruct images from noisy , under-

sampled frames after con v erting complex-v alued im-

age data in to equiv alen t real data. All of these meth-

o ds made some assumptions that the singular v alues or

eigen v alues could b e w ell appro ximated b y t w o tigh t

clusters, one big and one small. In this pap er, w e

presen t a recursiv e algorithm that mak es v ery few as-

sumptions ab out the distribution of the singular v al-

ues.

The most common algorithms to compute the TLS

solution are based on the Singular V alue Decomp o-

sition (SVD), a non-recursiv e matrix decomp osition

whic h is computationally exp ensiv e to up date. The

TLS problem can b e solv ed b y the SVD using Al-

gorithm 3.1 of [17 ]. The main computation cost of

that algorithm o ccurs in the computation of the SVD.

That cost is O ( p

3

) for eac h up date. The basic solution

metho d is sk etc hed as follo ws. If v = ( v

1

; : : : ; v

p

)

T

is a righ t singular v ector corresp onding to the small-

est singular v alue of ( A; b ), then it is w ell kno wn

that the TLS solution can b e obtained b y setting

x = � ( v

1

; : : : ; v

p � 1

)

T

=v

p

. If the smallest singular

v alue is m ultiple, then there are m ultiple TLS solu-

tions, in whic h case one usually seeks the solution of

smallest norm. If v

p

is to o small or zero, then the

TLS solution ma y b e to o big or nonexisten t, in whic h

case an appro ximate solution of reasonable size can b e

obtained b y using the next smallest singular v alues(s)

[17 ].

In cases suc h as the applications considered in this

pap er where the exact TLS solution is still corrupted

b y external e�ects suc h as noise, it su�ces to obtain

an appro ximate TLS solution at m uc h less cost. W e

seek a metho d that can obtain a go o d appro ximation

to the TLS solution, but whic h admits rapid up dat-

ing as new data samples arriv e. One suc h metho d

is the so-called UL V Decomp osition, �rst in tro duced

b y Stew art [14 ] as a means to obtain an appro ximate

SVD whic h can b e easily up dated as new data arriv es,

without making an y a priori assumptions ab out the

o v erall distribution of the singular v alues. The UL V

Decomp osition of a real n � p matrix A (where n � p )

is a triple of 3 matrices U , L , V plus a rank index r ,

where A = U LV

T

, V is p � p and orthogonal, L is

p � p and lo w er triangular, U has the same shap e as A

with orthonormal columns, and where L has the form

L =

�

C 0

E F

�

where C ( r � r ) encapsulates the \large" singular v al-

ues of A , ( E ; F ) (( p � r ) � p ) appro ximately encapsu-

late the p � r smallest singular v alues of A , and the

last p � r columns of V encapsulate the corresp onding

trailing righ t singular v ectors. T o solv e the TLS prob-

lem, the U matrix is not required, hence w e need to

carry only L , V , and the e�ectiv e rank r . Therefore, a

giv en UL V Decomp osition can b e represen ted just b y

the triple [ L; V ; r ].

The feature that mak es this decomp osition of in-

terest is the fact that, when a new ro w of co e�cien ts



is app ended to the A matrix, the L , V and r can

b e up dated in only O ( p

2

) op erations, with L restored

to the standard form ab o v e, as opp osed to the O ( p

3

)

cost for an SVD. In this w a y , it is p ossible to trac k

the leading r -dimensional \signal subspace" or the re-

maining \noise subspace" relativ ely c heaply . Details

on the up dating pro cess can b e found in [14 , 9].

W e can adapt the UL V Decomp osition to solv e the

T otal Least Squares (TLS) problem A x � b , where

new measuremen ts b are con tin ually b eing added, as

prop osed in [2]. The adaptation of the UL V to the

TLS problem has also b een analyzed indep enden tly

in great detail in [18 ], though the recursiv e up dating

pro cess w as not discussed at length. F or our sp eci�c

purp oses, let A b e an n � ( p � 1) matrix and b b e

an n -v ector, where p is �xed and n is gro wing as new

measuremen ts arriv e. Then giv en a UL V Decomp o-

sition of the matrix ( A; b ) and an appro ximate TLS

solution to A x � b , our task is to �nd a TLS solution

b
x to the augmen ted system

b

A
b

x �

b

b , where

b

A =

�

�A

a

T

�

and

b

b =

�

� b

�

�

;

and � is an optional exp onen tial forgetting factor [8 ].

The R TLS Algorithm:

� Start with [ L; V ; r ], the UL V Decomp osition of

( A; b ), and the co e�cien ts a

T

; � for the new in-

coming equation a

T

x = � .

� Compute the up dated UL V Decomp osition for the

system augmen ted with the new incoming equa-

tion. Denote the new decomp osition b y [

b

L ;

b

V ; br ].

� P artition

b

V =

�

b

V

11

b

V

12

b

V

21

b

V

22

�

;

where

b

V

22

is 1 � ( p � br ).

If k

b

V

22

k is to o close to zero (according to a user

supplied tolerance), then w e can adjust the rank

b oundary br do wn to obtain a more robust, but

appro ximate solution [2, 9].

� Find an orthogonal matrix Q suc h that

b

V

22

Q =

(0 ; : : : ; 0 ; � ), and let v b e the last column of

b

V

12

Q .

Then compute the new appro ximate TLS solution

according to the form ula
b

x = � v =� .

This R TLS Algorithm mak es v ery few assumptions

ab out the underlying system, though the user m ust

supply a zero tolerance and a gap tolerance for k

b

V

22

k .

F or the application here, it su�ced to set the zero

tolerance to zero and dep end on just the gap tolerance

of 1.5.

3 Exp erimen tal Results

T o compare the p erformance of the Kalman �lter

and R TLS in practice, w e ran t w o sets of exp erimen ts,

the �rst with a ph ysical mobile rob ot and camera and

a single landmark, and the second in sim ulation with

t w o landmarks. The setup in the �rst set w as mo deled

after the problems faced b y an actual mobile rob ot

[1 , 6, 10 ]. The rob ot did not kno w its o wn p osition

on the map, but did kno w the lo cation of a single

landmark. The rob ot mo v ed in a straigh t line taking

a series of images. Its task w as to �nd the landmark in

eac h image, and use the results to determine its start

p osition relativ e to the landmark.

Landmark

(x,y) a a

b b

2

2

1

1

1 2 3 4

Figure 1: Diagram illustrating angles to landmark. TR C

Labmate had camera moun ted at 90

�

, yielding b earing � ,

whic h w as b ounded b y � 25

�

22

0

for the giv en �eld of view.

A P anasonic WV-BL202 camera w as moun ted on

a TR C Labmate at an angle of 90

�

to rob ot b earing,

so that eac h image yields an angle �

i

, as sho wn in

Figure 1. Horizon tal �eld of view w as 50

�

44

0

, limit-

ing the angles � to the range � 25

�

22

0

. \Landmarks"

w ere mini Maglite high in tensit y 
ashligh t candles.

The angular p osition of the landmark w as measured

in a sequence of images tak en while the rob ot mo v ed

across the ro om at a constan t v elo cit y . In addition

to the error in angle measure, error also o ccurred in

v elo cit y , rob ot b earing and in the times at whic h the

images w ere tak en. It is not p ossible to predict and

mo del these errors. F or example, v elo cit y w as set at

20mm/second, but a v erage true v elo cit y across runs

ranged from 21.4mm/second to 22.5mm/second. In

addition, the supp osed constan t v elo cit y w as not con-

stan t throughout a single run, v arying in an unpre-

dictable manner. It w ould b e unrealistic to assume

an y of these errors or their com bined result to ha v e a

gaussian distribution.

It is assumed that the landmark is lo cated at (0,0),
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Figure 2: P erformance of R TLS (blac k) and Kalman �lter

(grey) on runs using the TR C Labmate starting with 4

di�eren t landmark lo cations. Images w ere grabb ed at time

in terv als t (horizon tal axis) 12 seconds apart. The v ertical

axis giv es the deviation of the estimated start p osition from

the actual start p osition in millimeters.

that the y co ordinate of the rob ot's p osition do es not

c hange as the rob ot mo v es, and that the rob ot kno ws

whic h side of the landmark it is on. A t an y step i :

tan ( �

i

) =

x + ( t

0

+ i � inter v al ) � v el ocity

y

where ( x; y ) is the rob ot start p osition, �

i

is the mea-

sured angle, t

0

is rob ot start time, inter v al is the in-

terv al at whic h images are grabb ed and v el ocity is the

rob ot v elo cit y . The problem w as expressed as a linear

function so that no accuracy w as lost b y linearizing.

Ho w ev er, the data matrix as w ell as the measuremen t

v ector con tained error:

A

i

=

�

1 � tan ( �

i

)

�

; x

i

=

�

x

y

�

;

b

i

= � ( t

0

+ i � inter v al ) � v el ocity

where at an y step i , A

i

is the data matrix, b

i

is the

measuremen t v ector and x

i

is the estimated state v ec-

tor consisting of the co ordinates ( x; y ) of the rob ot

start p osition. The Kalman �lter w as giv en an esti-

mated start p osition of (0,0), so that the deviation at

time 0 for the Kalman �lter is just the initial distance

from the rob ot to the landmark. The leading column

of the data matrix w as w eigh ted b y � = 100 (to ac-

coun t for the fact that this column has no error).

Figure 2 sho ws a comparison of four of the rob ot

runs. The rob ot v elo cit y w as set to 20mm/sec. Fiv e

images w ere grabb ed 12 seconds apart. The rob ot

start p osition relativ e to the landmark used for lo cal-

ization w as di�eren t in eac h run. The deviations d of

the estimate of start lo cation from actual start lo ca-

tion at eac h 12 second time in terv al t are compared.

The R TLS �lter con v erged faster and to more accu-

racy than did the Kalman, often requiring only 2 or 3

steps to ac hiev e full accuracy .

The second set of exp erimen ts w as run in sim ula-

tion, but used t w o landmarks without assuming an y

prior kno wledge of the rob ot's heading. W e assume

that the rob ot has no instrumen t suc h as a compass

whic h could b e used to register its compass heading.

Suc h instrumen ts can giv e v arying, incorrect readings

in outdo or, unstructured en vironmen ts [16 ], so that

it is useful to design and ev aluate metho ds to ob-

tain heading information from external sources. Suc h

heading information could b e used indep enden tly or

as corrections to estimates from in ternal sources. The

rob ot kno ws the lo cation of the t w o landmarks on a

map (ground co ordinate system). A co ordinate sys-

tem is arbitrarily cen tered at one landmark. The goal

is to determine the rob ot start p osition plus the lo ca-

tion of the second landmark. Kno wing whic h land-

mark is whic h in the view will allo w the rob ot to

uniquely determine its starting p osition from m ultiple

readings along a baseline of unkno wn direction, ex-

cept for certain degenerate con�gurations. Ev en if the

rob ot do es not kno w the order of the t w o landmarks

in its view, it can limit its start p osition to only t w o

p ossible lo cations in the ground co ordinate system,

symmetrically lo cated on either side of the line join-

ing the landmarks, without an y a priori kno wledge of

direction.

The rob ot co ordinate system is de�ned b y placing

landmark 1 at (0 ; 0) and landmark 2 at co ordinates

( l ; m ) to b e determined b y the �lter. The x -axis is

de�ned b y the direction of the rob ot heading. The

computed co ordinates ( l ; m ) p ermit mapping this co-

ordinate system to the ground co ordinate system. W e

let �

1 i

, �

2 i

b e the angles from the rob ot heading to

eac h of the landmarks at time t

i

. This is illustrated

for eac h individual landmark in Fig. 1. W e ha v e the

follo wing relationships:

� sin ( �

1 i

) � x + cos ( �

1 i

) � y = t

i

� v el ocity � sin ( �

1 i

)

� sin ( �

2 i

) � ( x � l ) + cos ( �

2 i

) � ( y � m )

= t

i

� v el ocity � sin ( �

2 i

)

where ( x; y ) is the rob ot start p osition. Random er-

ror with a uniform distribution w as added to the angle

measures and a normally distributed random error w as

added to the time measuremen t. As in the previous

exp erimen ts, the problem w as expressed as a linear

function with the data matrix as w ell as the measure-

men t v ector con taining error:



TLS Deviation: no error

Kalman Deviation       

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 0deg, time 0%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 0deg, time 5%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 0deg, time 10%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 2deg, time 0%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 2deg, time 5%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 2deg, time 10%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 4deg, time 0%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 4deg, time 5%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

TLS Deviation   

Kalman Deviation

2 4 6 8 10 12 14 16 18 20
10

0

10
1

10
2

10
3

10
4

Deviations: angle 4deg, time 10%

Number of Measurements

T
ot

al
 D

ev
ia

tio
n

Figure 3: Mean deviations ( d on v ertical axis) b et w een estimated and actual start p ositions, v ersus time steps ( t on

horizon tal axis). Eac h ro w of plots sho ws the results with uniform errors in the angles of 0 ; � 2

�

; � 4

�

, resp ectiv ely , and

eac h column sho ws the results with normally distributed errors in t with standard deviations 0 ; 5% ; 10% , resp ectiv ely .

A

i

=

�

� sin ( �

1 i

) cos ( �

1 i

) 0 0

� sin ( �

2 i

) cos ( �

2 i

) sin ( �

2 i

) � cos ( �

2 i

)

�

;

x

i

=

2

6

4

x

y

l

m

3

7

5

; b

i

=

�

t

i

� v el ocity � sin ( �

1 i

)

t

i

� v el ocity � sin ( �

2 i

)

�

where at an y step i , A

i

is the data matrix, b

i

is the

measuremen t v ector and x

i

is the estimated state v ec-

tor consisting of the co ordinates ( x; y ) of the rob ot

start p osition and the co ordinates ( l ; m ) of the sec-

ond landmark. Figure 3 summarizes the results in an

example where the t w o landmarks and the rob ot w ere

placed at p ositions ( � 200 ; 0), (0 ; 0), and ( � 200 ; � 200),

resp ectiv ely , in the ground co ordinate system. When

the angle error is negligible, the TLS metho d pro vides

uniformly go o d estimates. When the angle error is

mo derate, the error from TLS metho d su�ers from an

initial jump, but quic kly reco v ers b ecause it needs no

initial estimate. F urthermore, in the regions where

the R TLS error exceeds the Kalman �lter error, nei-

ther �lter yields an y accuracy at all, since b oth errors

are larger than the v alues b eing estimated.

4 Conclusion

In this pap er, w e ha v e prop osed a Recursiv e T o-

tal Least Squares (R TLS) �lter. This �lter is easily

up dated as new data arriv es, y et mak es v ery few as-

sumptions ab out the data or the problem b eing solv ed.

The metho d w as based on the UL V Decomp osition.

W e ha v e suggested its use as an alternativ e to the



Kalman �lter in reducing uncertain t y in rob ot na viga-

tion. In this con text R TLS do es not require an initial

state estimate, a v oids mo deling errors in tro duced b y

the extended Kalman �lter, do es not su�er the traps

of lo cal minima, and con v erges quic kly . W e ha v e il-

lustrated the metho d with sim ulated as w ell as actual

rob ot runs. It is demonstrated that in the domain of

rob ot na vigation the R TLS can often pro vide more ac-

curate estimates in few er time steps than the Kalman

�lter, esp ecially when errors are presen t in b oth the

measuremen t v ector and the data matrix. F uture w ork

includes utilizing the �lter in na vigation problems with

actual outdo or terrain data and com bining its use with

the higher lev el reasoning describ ed in [15 ].
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