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Abstract

The con v ergence rate of the Least Mean Squares (LMS) algorithm is p o or whenev er the adaptiv e

�lter input auto-correlation matrix is ill-conditioned. In this pap er w e prop ose a new LMS algorithm

to alleviate this problem. It uses a data dep enden t signal transformation. The algorithm trac ks the

subspaces corresp onding to clusters of eigen v alues of the auto-correlation matrix of the input to the

adaptiv e �lter, whic h ha v e the same or der of magnitude . The algorithm up-dates the pro jection of the

tap w eigh ts of the adaptiv e �lter on to eac h subspace using LMS algorithms with di�er ent step sizes.

The tec hnique also p ermits adaptation only in those subspaces, whic h con tain strong signal comp onen ts

leading to a lo w er excess Mean Squared Error (MSE) as compared to traditional algorithms.

1 In tro duction

The LMS adaptiv e algorithm is the most p opular algorithm for adaptiv e �ltering b ecause of its sim-

plicit y and robustness. Ho w ev er, its main dra wbac k is slo w con v ergence whenev er the adaptiv e �lter input

auto-correlation matrix is ill-conditioned i.e. the eigen v alue spread of this matrix is large [1 ], [2 ]. A class of

adaptiv e �lters kno wn as the transform domain �lters ha v e b een dev elop ed for the purp ose of con v ergence

rate impro v emen t [1]. All transform domain adaptiv e �lters try to appro ximately de-correlate and scale

the input to the adaptiv e �lter in the transform domain, in order to obtain an auto correlation matrix with

zero eigen v alue spread in that domain.

The use of �xed parameter orthogonal transforms will not result in optimal con v ergence rates for

all t yp es of input signals. A transform whic h ac hiev es optimal con v ergence rates for all inputs is the

Karhounen-Lo � euv e T ransform (KL T), whic h is data dep enden t. The KL T forms the in v erse of the input

auto correlation matrix and uses this in v erse to obtain a zero eigen v alue spread in the transform domain

auto correlation matrix. Ho w ev er when the input is v ery ill-conditioned, forming the in v erse is not recom-

mended. Also the excess MSE of the LMS adaptiv e �lter is prop ortional to its step size. Increasing the

step size tends to increase the rate of con v ergence of the algorithm but at the same time increases the

excess MSE. In the case of transform domain �lters, to ac hiev e zero eigen v alue spread and hence increase

con v ergence sp eed, the de-correlated mo des are scaled in the transform domain. This scaling pro cess is

equiv alen t to using a larger step size for mo des whic h con tain little or no signal energy . As these mo des

essen tially con tain noise, the excess MSE increases.

Our goal in this pap er is to dev elop an adaptiv e signal transformation whic h can b e used to sp eed up

the con v ergence rate of the LMS algorithm, and at the same time pro vide a w a y of adapting only to the

strong signal mo des, in order to decrease the excess MSE. The transform should also b e able to trac k the
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signal b eha vior in a non-stationary en vironmen t. W e dev elop suc h a data adaptiv e transform domain LMS

algorithm, using a generalization of the rank rev ealing UR V decomp osition, �rst in tro duced b y Stew art [8].

In the next section, w e in tro duce the rank rev ealing UR V decomp osition and the idea of trac king

subspaces corresp onding to clusters of singular v alues. Section 3 generalizes the UR V decomp osition and

in tro duces the idea of subspace domain LMS �ltering. Sim ulation results are giv en in Section 4. Conclusions

and future w ork are presen ted in the �nal section.

2 Subspace T rac king

Recen tly , some subspace up dating tec hniques ha v e b een suggested in the con text of total least squares

(TLS) [3] - [7 ]. A Kalman �lter w as used to up date the eigen v ector corresp onding to the smallest eigen-

v alue in [3]. Ho w ev er it w as not suggested ho w to mo dify the algorithm in case of m ultiple eigen v alues

corresp onding to noise. [4] discusses a strategy to obtain a fast eigen-decomp osition of a co v ariance ma-

trix. The eigen v alues in the noise subspace are replaced b y their a v erage v alue and the same is done to

the signal eigen v alues. This tec hnique could w ork w ell if the exact eigen v alues could b e group ed together

in t w o tigh t clusters. In [5], [6], the eigen-problem on the co v ariance matrix is replaced b y the singular

problem, thereb y reducing the condition n um b ers to their square ro ots and increasing n umerical accuracy ,

and using the a v eraging tec hnique of [4]. Again the assumption that the eigen v alues could b e group ed in to

t w o tigh t clusters is made. In normal signal scenarios this assumption is generally not v alid.

The UR V decomp osition w as �rst in tro duced b y Stew art [8 ], to break the eigenspace of R

N

, where N

is the length of the impulse resp onse of the adaptiv e �lter, in to t w o subspaces, one corresp onding to the

cluster of largest singular v alues and the other corresp onding to the n ull subspace.

The UR V decomp osition of a rank k matrix A is a decomp osition of the form

A = U

�

R 0

0 0

�

V

H

(1)

where U and V are orthogonal matrices and R is an upp er triangular matrix of order k . The singular v alue

decomp osition can b e considered as a sp ecial case of the UR V decomp osition where the upp er triangular

matrix R is diagonal.

The UR V decomp osition is r ank r eve aling in the follo wing sense. If A is nearly of rank k , i.e., if the

�rst k singular v alues of A are m uc h larger than the remaining singular v alues, then it can b e sho wn that

there exists a UR V decomp osition of A of the form

A = U

�

R F

0 G

�

V

H

(2)

where R and G are upp er triangular, the smallest en try in R is on the order of the k

th

singular v alue of

A and the sum of squares of the F rob enius norms of F and G is on the order of the sum of squares of the

( k + 1)

st

through the last singular v alues of A . Hence, if the singular v alues of A satisfy

�

1

� � � � � �

k

> �

k +1

� � � � � �

N

where �

k

is large compared to �

k +1

, then

inf ( R )

�

=

�

k

p

k F k

2

+ k G k

2

�

=

q

�

2

k +1

+ � � � + �

2

N

:

Th us, this decomp osition immediately pro vides us with the sub-spaces corresp onding to a group of

largest singular v alues and another corresp onding to the group of smallest singular v alues.

The UR V up dating pro cedure up dates the UR V decomp osition of the data matrix corresp onding to

the input pro cess, as additional data v ectors b ecome a v ailable. In essence, it up dates the subspaces
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corresp onding to the group of large eigen v alues and that of small eigen v alues of the correlation matrix of

the input to the adaptiv e �lter.

The UR V up dating algorithm consists of a series of plane (Giv ens) rotations [9], whic h are m ultiplica-

tions b y orthogonal matrices of the form

Q =

0

B

B

B

@

I 0 0 0 0

0 c 0 s 0

0 0 I 0 0

0 � s 0 c 0

0 0 0 0 I

1

C

C

C

A

where c

2

+ s

2

= 1 and the I 's represen t iden tit y matrices of appropriate dimensions. Pre-m ultiplication

b y a plane rotation op erates on the ro ws of the matrix while p ost-m ultiplication op erates on its columns.

By using a sequence of plane rotations, appropriately constructed, in a sp ecial order, w e can annihilate

desired en tries while �lling in as few zero en tries as p ossible, and then restoring the few zeros �lled in.

Eac h rotation applied from the righ t is accum ulated in V , to main tain A = UR V

H

, where U is not sa v ed.

The UR V up dating pro cedure used is similar to that used in [7] and can b e describ ed as follo ws :-

� A bsorb a new r ow : The matrix A is replaced b y ( � A

H

x )

H

i.e a new ro w is augmen ted to the

matrix A and � < 1 is the forgetting factor that damps out the e�ect of previous data. This problem

can b e rewritten as the problem of up dating the matrix

0

@

R F

0 G

y

H

z

H

1

A

where [ y

H

z

H

] = x

H

V . When absorbing the ro w, the matrices R and V are up dated. This is done b y

reducing y

H

so that only one nonzero comp onen t and G remain upp er triangular b y applying plane

rotations from the righ t. The en tire matrix is then reduced to an upp er triangular form. The rank

is automatically incremen ted b y one. No determination is made if the rank is actually increased.

� De
ate and R e�ne : It is p ossible for the matrix not to c hange rank or the rank could decrease.

The F rob enius norms of F and G and an appro ximation of the last singular v alue of R and the

corresp onding singular v ector are estimated using a c ondition numb er estimator [9]. One can also use

an y of the man y condition n um b er estimators prop osed in literature [10 ]. The UR V decomp osition is

then de
ated b y one, i.e., transformations are applied to decrease the rank index b y one so that the

smallest singular v alue of R is mo v ed in to the trailing columns. This is done b y isolating the smallest

singular v alue of R in to its last column. A heuristic is used to determine if the rank b oundary is in

the middle of a cluster of singular v alues. If the answ er to the heuristic is negativ e, de
ation is done

rep eatedly till the heuristic �nds a gap in the singular v alues, marking the end of the cluster. If s b e

the smallest singular v alue of R , and f is the F rob enius norm of the trailing part, then according to

the heuristic, a gap exists if s > d f , where d is a user c hosen spr e ad . In order to allo w for round o�

or other small noise, w e pretend that the trailing part has an extra singular v alue equal to the user

c hosen zer o toler anc e b . The heuristic actually used is

s

2

> d

2

( f

2

+ b

2

)

Th us an y singular v alue b elo w b or within a cluster of b will b e treated as part of the trailing part.

The user de�ned parameters are only the spr e ad d and the zer o toler anc e b .

3 Generalized UR V-LMS Algorithm

The UR V up dating pro cedure dev elop ed in the previous section, main tains and up dates only t w o

groups of singular v alues. If the input auto correlation matrix has eigen v alues whic h could b e so classi�ed.
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One can easily generalize the UR V up dating pro cedure describ ed in the previous section to trac k

subspaces corresp onding to more than t w o singular v alue clusters. Eac h step of the generalized pro cedure

ma y b e view ed as a recursiv e application of the UR V decomp osition on the R matrix computed at the

previous stage within the same step.

3.1 Generalized UR V Up dation

The idea of a generalized UR V decomp osition, whic h divides the singular v alues in to more than t w o

clusters can b e in tro duced with the simple example where there are three groups of singular v alues. No w

there are t w o singular v alue b oundaries whic h ha v e to b e main tained and up dated prop erly . When a

new ro w is added and the up dating is done, the pro cedure just pretends that w e ha v e an ordinary UR V

decomp osition using the second singular v alue b oundary . Because of the w a y the ro w is absorb ed in the

�rst step, the rank b oundaries are automatically incremen ted b y one. During the de
ation step, the second

b oundary is mo v ed left b y one. This increases the dimension of the �rst b oundary b y one. Therefore a

second de
ation step is carried out to restore the separation of the �rst and the second cluster of singular

v alues. This step do es not a�ect the second b oundary . In cases where one needs to cluster the eigen v alues

in to more than three groups, a similar pro cedure is follo w ed.

Using the generalized UR V decomp osition, w e can group the singular v alues of an y matrix A in to an

arbitrary n um b er of groups. The n um b er of groups or clusters is determined automatically b y the largest

condition n um b er that can b e tolerated in eac h cluster. This implies that if one c ho oses the clustering to

b e done in suc h a w a y that eac h cluster has singular v alues of the same order of magnitude, the condition

n um b er in eac h cluster is impro v ed whic h in turn implies a faster con v ergence of the LMS �lter applied to

a pro jection of w eigh ts in the corresp onding subspace. The largest condition n um b er is the maxim um of

the ratio of the largest singular v alue in eac h cluster to its smallest singular v alue. This v alue dep ends on

the spread and zero tolerance, sp eci�ed b y the user.

3.2 The UR V-LMS Algorithm

Let the input signal v ector at time n b e giv en as

x

n

= [ x ( n ) ; x ( n � 1) ; � � � ; x ( n � N + 1)]

T

(3)

and let the w eigh t v ector at this time b e h

n

. The corresp onding �lter output is

z

n

= x

T

n

h

n

(4)

The output error e

n

is the di�erence b et w een the desired resp onse d ( n ) and the output of the adaptiv e

�lter at time n , z

n

.

e

n

= d ( n ) � z

n

(5)

The LMS algorithm tries to minimize the mean squared v alue of the error e

n

, up dating the w eigh t v ector

h

n

with eac h new data sample receiv ed as

h

n +1

= h

n

+ 2 � x

n

e

n

(6)

where the step size � is a p ositiv e constan t.

The con v ergence of the LMS algorithm dep ends on the condition n um b er of the input auto correlation

matrix R

x

4

= E [ x

n

x

T

n

]. If the input v ector is transformed as x

n

to u

n

= E

H

x

n

, where E is the unitary

eigen v ector matrix of R

x

, then the output pro cess z

n

w ould b e de-correlated. Ho w ev er, this implies that

w e need to p erform an eigen decomp osition of the auto correlation matrix or a singular v alue decomp osition

of the data matrix at ev ery adaptation, implying a computational computational complexit y of O ( N

3

) for

ev ery adaptation.

Instead of transforming the input using the eigen matrix, w e could transform the input using the

unitary matrix V obtained b y the generalized UR V decomp osition. This w ould imply a sa vings in the
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computational costs as the UR V decomp osition can b e up dated with eac h new data at a relativ ely lo w

computational cost. The input data v ector x

n

is transformed in to the v ector y

n

,

y

n

= V

H

x

n

(7)

These transformed co e�cien ts are then w eighed using the subspace domain adaptiv e �lter co e�cien t

v ector g

n

. The output signal z

n

is giv en as

z

n

= g

T

n

y

n

(8)

The corresp onding error signal e

n

is giv en as

e

n

= d ( n ) � z

n

The w eigh t up date equation is giv en b y

g

n +1

= g

n

+ 2 M e

n

y

n

(9)

where M is a diagonal matrix of step sizes used. The diagonal elemen ts of M can usually b e clustered

in to v alues of equal step sizes, corresp onding to the subspaces isolated using the generalized UR V. This

clustering is due to the fact that eac h subspace is selected to minimize the condition n um b er in that

subspace. Hence adaptation of all the pro jected tap w eigh ts within eac h subspace has nearly the same

con v ergence sp eed and one only needs to matc h the con v ergence sp eeds of the slo w con v erging subspace

pro jections of the tap w eigh ts to those of the fast con v erging subspace pro jections. This can b e done b y

using larger step sizes for those subspace pro jections of the tap w eigh ts whic h con v erge slo wly , to increase

their con v ergence sp eed. Also the clusters obtained using the generalized UR V are v ery w ell organized,

with the largest singular v alue cluster �rst, making construction of M is v ery straigh tforw ard. The diagonal

v alues of the upp er triangular matrix generated in the generalized UR V decomp osition re
ect the a v erage

magnitude of the singular v alues in eac h cluster. This information can also b e used in the selection of the

step sizes and hence in the construction of M

An increase in step size usually implies an increase in the misadjustmen t error. The subspaces whic h

b elong to small singular v alues are dominated b y noise and w ould tend to increase the noise in the solution.

Th us b y not adapting in those subspaces, w e can reduce the misadjustmen t error. This can b e simply done

b y setting those diagonal en tries of M , whic h corresp ond to pro jections of the tap w eigh ts on to these

subspaces, to zero.

4 Sim ulation Results

W e illustrate the p erformance of our pro cedure with a simple example in whic h a white noise random

sequence a ( n ) that can tak e the v alues � 1 with equal probabilit y is �ltered with a 3 tap FIR �lter whose

impulse resp onse is a raised cosine h ( n ) = (1 + cos (2 � ( n � 2) =W )) = 2, n = 1 ; 2 ; 3. White Gaussian noise

is added to the output and an 11 tap equalizer is adaptiv ely constructed using the LMS and UR V LMS

algorithms (Figs. 4 and 4). Note that whereas the sp eed of con v ergence of the traditional LMS algorithm

dep ends hea vily on the eigen v alue spread of the input co v ariance matrix as determined b y W , the UR V

LMS algorithm has no problem adapting to the en vironmen t ev en when W is large ( W = 3 : 5) and the

condition n um b er of the input co v ariance matrix is corresp ondingly large ( �

max

=�

min

= 47 : 4592).

An Adaptiv e Line Enhancer (ALE) exp erimen t w as also conducted to illustrate the p erformance of the

algorithm when the adaptation is done only in the signal subspaces. The input to the ALE w as c hosen to b e

0 : 1 cos (

�

15

n ) + cos (

5 �

16

n ) corrupted b y white Gaussian noise of v ariance 0 : 0001. The auto correlation matrix

of the input to the ALE has only four signi�can t eigen v alues, whic h could b e group ed in to t w o clusters.

The ALE w as adapted using b oth the LMS and the UR V-LMS algorithms. The UR V-LMS algorithm

w as adapted only in the subspaces corresp onding to the t w o large singular v alue clusters. The sup erior

p erformance of the UR V-LMS algorithm can b e seen from the learning curv es are plotted in Fig. 4.
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5 Conclusions

In this pap er w e dev elop ed a new LMS algorithm to impro v e the con v ergence rate whenev er the input

auto correlation matrix is ill-conditioned. The algorithm is data adaptiv e and uses a generalization of the

UR V up dation pro cedure of Stew art. The rate of con v ergence dep ends on the w orst conditioned subspace,

whose condition n um b er dep ends on the user de�ned spr e ad and zer o toler anc es . Ho w ev er, there is a

tradeo� b et w een the con v ergence sp eed, whic h dep ends on the condition n um b er of eac h subspace and the

computational exp ense of the generalized UR V algorithm. As w e noted in Section 3 and demonstrated

using sim ulations, this algorithm can b e used to adapt only in subspaces whic h con tain signal comp onen ts

of signi�can t strength, th us lo w ering the excess MSE. Our presen t w ork in v olv es in v estigating the tradeo�s

b et w een error due to non-adaptation in noisy subspaces and the reduction in the excess MSE. W ork on

reducing the computational complexit y and impro ving the qualit y of the subspaces estimated using the

generalized UR V decomp osition is also in progress.
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