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Abstract. It is sho wn that an in�nite Hank el matrix of a �nite rank

(or a �nite Hank el matrix) admits a generalized V andermonde decomp o-

sition H = V

T

D V , where V is a generalized V andermonde matrix, and

D is a blo c k diagonal matrix. The full structure of this decomp osition

w as �rst fully discussed b y V andev o orde [9 ], but the dev elopmen t here is

based solely on linear algebra considerations, sp eci�cally the use of the

Jordan Canonical F orm.

1 In tro duction

W e consider an in�nite-dimensional Hank el matrix of a �nite rank r
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where the en tries f h

k

g

1

k =0

are complex-v alued scalars. In signal pro cessing, these

scalars represen t a signal generated b y a sum of a �nite n um b er of exp onen tials

h

k

=

r

X

l =1

�

k

l

d

l

; for k = 0 ; 1 ; 2 ; � � � : (2)

The goal is to �nd the underlying mo des �

l

and w eigh ts d

l

corresp onding to

this signal, when the signal is corrupted b y noise. In the theory of orthogonal

p olynomials, the en tries h

l

represen t momen ts with resp ect to an inner pro duct

or pseudo inner pro duct. If this pseudo inner pro duct is a w eigh ted sum o v er

a �nite set of knots: h f ; g i =

P

r

l =1

f ( �

l

) g ( �

l

) d

l

, then h

k

= h 1 ; x

k

i . The goal in

this case is to determine the knots and w eigh ts of the inner pro duct from the

momen ts.

If all the mo des �

l

are distinct, then equation (2) is equiv alen t to the V an-

dermonde decomp osition of the original Hank el matrix: H

1

= V

T

1

D V

1

where

?
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D

4

= diag( d

1

; � � � ; d

r

) and

V
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(3)

In this pap er, w e deriv e the general structure of the V andermonde decomp osition

of H

1

in the case of m ultiple mo des using only linear algebra considerations,

and discuss the case of �nite dimensional Hank el matrices. W e b egin with some

preliminaries, then sho w ho w the general structure of the decomp osition can b e

deriv ed using the Jordan canonical form, and conclude with a discussion of the

�nite dimensional case.

Regarding in�nite Hank el matrices of �nite rank, w e ha v e the follo wing the-

orem from Gan tmac her [4, v ol. 2, p207]:

Theorem 1 . Let H

1

b e an in�nite Hank el matrix of rank r . Then the en tries

of H

1

satisfy an r -term recurrence of the form (for k = r ; r + 1 ; � � � ):

h

k

= a

r � 1

h

k � 1

+ a

r � 2

h

k � 2

+ � � � + a

0

h

k � r

: (4)

F urthermore, the mo des �

l

generating the en tries in (2) are the ro ots of the

p olynomial of degree r :

p ( � )

4

= �

r

� a

r � 1

�

r � 1

� � � � � a

0

�

0

; (5)

and the leading r � r principal submatrix of H

1

has full rank r .

It is also w ell kno wn that (4) is a di�erence equation whose general solution

[ h

0

; h

1

; h

2

; � � � ] is a linear com bination of solutions of the form [6 , p. 33]:

( 1 �

l

�

2

l

�

3

l

� � � ) = ( 1 �

l

�

2

l

�

3

l

� � � )

d

d �

l

( 1 �

l

�

2

l

�

3

l

� � � ) = ( 0 1 2 �

l

3 �

2

l

� � � )

1

2!

d

2

d �

2

l

( 1 �

l

�

2

l

�

3

l

� � � ) = ( 0 0 1 3 �

l

� � � )

.

.

.

.

.

.

1

( m

l

� 1)!

d

m

l

� 1

d �

m

l

� 1

l

( 1 �

l

�

2

l

�

3

l

� � � ) = ( 0 � � � 0 1

�

m

l

1

�

�

l

� � � ) ;

(6)

where m

l

is the m ultiplicit y of �

l

as a ro ot of (5). In (6), the general ( j + 1)-st

en try in the ( i + 1)-st solution (for i; j = 0 ; 1 ; � � � ) is

1

i !

d

i

d �

i

l

�

j

l

=

�

0 if i > j

�

j

i

�

�

j � i

l

if i � j;

where

�

j

i

�

=

j !

i !( j � i )!

is the binomial co e�cien t. This naturally leads one to exp ect

that the generalization of the V andermonde decomp osition H

1

= V

T

1

D V

1

will

consist of a con
uen t V andermonde matrix [5] whose ro ws ha v e the form in (6).

That still lea v es op en the structure arising in D . This w e dev elop in the next

section.

2



2 General V andermonde Decomp osition

Assume the matrix H

1

of equ. (1) has rank r . Let H

r

consist of the �rst r ro ws

of H

1

, whic h from Theorem 1 has full rank r . Denote the �rst column of H

r

b y h

0

4

= ( h

0

� � � h

r � 1

)

T

. Then the di�erence equation (4) can b e written in

matrix form

H

r

= ( h

0

C h

0

C

2

h

0

� � � )

( r �1 )

where

C

4

=

0

B

B

B

B

B

B

B

@

0 1

0 1

.

.

.

.

.

.

.

.

.

.

.

.

0 1

a

0

a

1

a

2

� � � a

r � 2

a

r � 1

1

C

C

C

C

C

C

C

A

is the companion matrix corresp onding to the p olynomial (5). The eigen v alues

of C are the ro ots of (5), and w e denote them b y �

l

, eac h of m ultiplicit y m

l

,

for l = 1 ; � � � ; s , where m

1

+ � � � + m

s

= r . The Jordan form of C will ha v e the

form J = diag f J

1

; � � � ; J

s

g where J

l

is shorthand for J

l

= J

m

l

� m

l

( �

l

) (viz. the

m

l

� m

l

Jordan blo c k corresp onding to eigen v alue �

l

).

De�ne

V

4

= ( v J

T

v ( J

T

)

2

v � � � ( J

T

)

r � 1

v ) ;

where v

T

=

�

e

[ m

1

] T

1

� � � e

[ m

s

] T

1

�

is a v ector partitioned conformally with J

and e

[ m

l

]

1

= ( 1 0 � � � 0 )

T

is the m

l

dimensional unit co ordinate v ector. F or

example, if the ro ots w ere 2, 3, 1, with m ultiplicities 1, 1, 3, resp ectiv ely , then

J ; v ; V w ould b e

J =

0

B

B

B

B

@

2 0 0 0 0

0 3 0 0 0

0 0 1 1 0

0 0 0 1 1

0 0 0 0 1

1

C

C

C

C

A

; v =

0

B

B

B

B

@

1

1

1

0

0

1

C

C

C

C

A

; V =

0

B

B

B

B

@

1 2 4 8 16

1 3 9 27 81

1 1 1 1 1

0 1 2 3 4

0 0 1 3 6

1

C

C

C

C

A

:

Then w e ha v e b y the de�nition of V :

V C

T

= ( v J

T

v ( J

T

)

2

v � � � ( J

T

)

r � 1

v ) C

T

= ( J

T

v ; � � � ; ( J

T

)

r � 1

v ; ( a

0

I + � � � + a

r � 1

J

r � 1

)

T

v )

= ( J

T

v ; � � � ; ( J

T

)

r � 1

v ; ( J

T

)

r

v ) (*)

= J

T

V ;

(7)

where the line (*) follo ws from the fact that J satis�es the c haracteristic equa-

tion of C : p ( J ) = 0 (the Ca yley-Hamilton Theorem). Th us w e ha v e the Jordan

decomp osition of C = V

T

J V

� T

. It is necessary to justify the nonsingularit y of

V ; one w a y is to note that the �

l

's are distinct and eac h ro w of V is one of the

general solutions (6) to the di�erence equation (4), and hence V has r linearly

indep enden t ro ws.
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W e can no w express H

r

in terms of the Jordan canonical decomp osition

C V

T

= V

T

J :

H

r

= ( h

0

C h

0

C

2

h

0

� � � )

= V

T

( w J w J

2

w � � � ) ;

(8)

where w

4

= V

� T

h

0

. W e claim that there exists a blo c k diagonal matrix D =

diag f D

1

; � � � ; D

s

g [partitioned conformally with J ] satisfying the t w o conditions

(a) D v = w

(b) D J

T

= J D ;

(9)

so that

H

r � r

= V

T

( D v J D v J

2

D v � � � J

r � 1

D v )

= V

T

D ( v J

T

v ( J

T

)

2

v � � � ( J

T

)

r � 1

v )

= V

T

D V :

(10)

Here H

r � r

denotes the leading r � r principal submatrix of H

1

.

W e no w construct the matrix D to satisfy the conditions (9). Since D and

J are b oth blo c k diagonal with conformal blo c ks, and also conformal with the

partitioning of v , it su�ces to lo ok at the l -th blo c k D

l

, for eac h l = 1 ; � � � ; s .

W e partition w

T

= ( w

1

� � � w

s

) conformal with v and J . The condition (9a)

determines the �rst column of eac h D

l

: D

l

e

[ m

l

]

1

= w

l

. The condition (9b) means

that D

l

J

T

l

= J

l

D

l

, whic h is equiv alen t to

D

l

( J

l

� �

l

I )

T

= ( J

l

� �

l

I ) D

l

: (11)

But the matrix ( J

l

� �

l

I ) has the sp ecial form of a nilp oten t \shift-up" matrix

N whose ( i; j )-th en try is giv en b y

[ J

l

� �

l

I ]

i;j

= N

i;j

=

�

1 if i = j � 1

0 otherwise

; (12)

for i; j = 2 ; � � � ; m

l

. This means that [ D

l

]

i;j � 1

= [ D

l

]

i � 1 ;j

for i; j = 1 ; � � � ; m

l

.

F urthermore, the last ro w of (11) [righ t side] is zero, so [ D

l

]

i;j

= 0 for i = m

l

and

j = 2 ; � � � ; m

l

. So w e conclude that the conditions D v = w and D J

T

= J D imply

that D

l

is upp er an titriangular and Hank el, and furthermore suc h a D

l

satisfying

these t w o conditions exists and is uniquely de�ned b y these t w o conditions. This

can b e illustrated with an example represen ting a 3 � 3 D

l

:

0

@

D

11

D

12

D

13

D

21

D

22

D

23

D

31

D

32

D

33

1

A

0

@

0 0 0

1 0 0

0 1 0

1

A

=

0

@

0 1 0

0 0 1

0 0 0

1

A

0

@

D

11

D

12

D

13

D

21

D

22

D

23

D

31

D

32

D

33

1

A

whic h means that

0

@

D

11

D

12

D

13

D

21

D

22

D

23

D

31

D

32

D

33

1

A

=

0

@

D

1

D

2

D

3

D

2

D

3

0

D

3

0 0

1

A

is Hank el and upp er an ti-triangular.

Hence w e ha v e the follo wing:
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Theorem 2 . Supp ose H

1

is an in�nite matrix of rank r , and let �

1

; � � � ; �

s

b e the ro ots of the r -term di�erence equation generating the en tries of H

1

,

where eac h �

l

has m ultiplicit y m

l

, l = 1 ; � � � ; s . Then H

1

admits a generalized

V andermonde decomp osition H

1

= V

T

1

D V

1

where V

1

is the r � 1 con
uen t

V andermonde matrix

V

1

=

0

B

@

V

[1]

1

.

.

.

V

[ s ]

1

1

C

A

r �1

where eac h blo c k ro w V

[ l ]

1

has m

l

ro ws with the form

V

[ l ]

1

=

0

B

B

B

B

B

B

B

B

B

B

@

1 �

l

�

2

l

�

3

l

�

4

l

� � � �

m

l

� 1

l

� � �

0 1 2 �

l

3 �

2

l

4 �

3

l

� � �

�

m

l

� 1

1

�

�

m

l

� 2

l

� � �

0 0 1 3 �

l

6 �

2

l

� � �

�

m

l

� 1

2

�

�

m

l

� 3

l

� � �

0 0 0 1 4 �

1

l

� � �

�

m

l

� 1

3

�

�

m

l

� 4

l

� � �

0 0 0 0 1 � � �

�

m

l

� 1

4

�

�

m

l

� 5

l

� � �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 0 0 � � � 1 � � �

1

C

C

C

C

C

C

C

C

C

C

A

m

l

�1

; (13)

and D is a blo c k diagonal matrix whose l -th diagonal blo c k is m

l

� m

l

(partitioned

conformally with V ) and is Hank el and upp er an ti-triangular. The ( i + 1 ; j + 1) -st

en try of V

[ l ]

1

is giv en b y

[ V

[ l ]

1

]

i +1 ;j +1

=

�

0 if i > j

�

j

i

�

�

j � i

if i � j;

for i = 0 ; � � � ; m

l

� 1 and j = 0 ; 1 ; � � � .

Pro of: The decomp osition of the leading r � r principal submatrix H

r � r

=

V

T

D V where V

4

= ( v J

T

v ( J

T

)

2

v � � � ( J

T

)

r � 1

v ), follo ws from the ab o v e

discussion. De�ning the r � 1 matrix V

1

4

= ( v J

T

v ( J

T

)

2

v � � � ) , equation

(8) leads to:

H

r

= V

T

( D v J D v J

2

D v � � � )

= V

T

( D v D J

T

v D ( J

T

)

2

v � � � )

= V

T

D V

1

:

Because of the symmetry of H

1

, w e ha v e

H

1

=

0

B

B

@

I

( C

T

)

r

( C

T

)

2 r

.

.

.

1

C

C

A

V

T

D V

1

=

0

B

B

@

V

T

V

T

J

r

V

T

J

2 r

.

.

.

1

C

C

A

D V

1

= V

1

T D V

1

:
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The sp eci�c structure of eac h blo c k ro w V

[ l ]

1

can b e deriv ed from the follo wing.

The ( j + 1)-st column of V

[ l ]

1

is [ V

[ l ]

1

]

: ;j +1

= ( J

T

l

)

j

e

[ m

l

]

1

where

( J

T

l

)

j

=

0

B

B

B

B

B

@

�

j

l

�

j

1

�

�

j � 1

l

�

j

l

0

�

j

2

�

�

j � 2

l

�

j

1

�

�

j � 1

l

�

j

l

.

.

.

.

.

.

.

.

.

.

.

.

�

j

m

l

� 1

�

�

j � m

l

+1

l

�

j

m

l

� 2

�

�

j � m

l

+2

l

�

j

m

l

� 3

�

�

j � m

l

+3

l

� � � �

j

l

1

C

C

C

C

C

A

:

and e

[ m

l

]

1

= ( 1 0 0 � � � 0 )

T

(an m

l

-v ector), where if �

j

= 0 w e use the

con v en tion that 0

0

= 1, 0

k

= 0 for an y k 6= 0. The form ula for the p o w ers of

the Jordan blo c k ( J

T

l

)

j

can b e v eri�ed b y applying the binomial theorem to

J

j

l

= ( N + �

l

I )

j

=

P

i

�

j

i

�

N

i

�

j � i

l

, where N is the nilp oten t matrix (12).

3 Finite Dimensional Hank el Matrix

Let H

r � r

b e an order r nonsingular Hank el matrix:

H

r � r

=

0

B

B

B

B

@

h

0

h

1

h

2

� � � h

r � 1

h

1

h

2

h

3

� � � h

r

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

h

r � 2

h

r � 1

h

r

� � � h

2 r � 3

h

r � 1

h

r

h

r +1

� � � h

2 r � 2

1

C

C

C

C

A

If w e can �nd an r term recurrence of the form (2) generating the h

k

, then w e

ha v e the V andermonde decomp osition (10) for this �nite dimensional Hank el

matrix. An y suc h recurrence can b e completely determined b y c ho osing an extra

parameter 
 = h

2 r � 1

b y means of the \Y ule-W alk er" equations (originally found

in Pron y [8]):

0

B

B

B

B

@

h

0

h

1

h

2

� � � h

r � 1

h

1

h

2

h

3

� � � h

r

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

h

r � 2

h

r � 1

h

r

� � � h

2 r � 3

h

r � 1

h

r

h

r +1

� � � h

2 r � 2

1

C

C

C

C

A

0

B

B

B

B

@

a

0

a

1

a

2

.

.

.

a

r � 1

1

C

C

C

C

A

=

0

B

B

B

B

@

h

r

h

r +1

.

.

.

h

2 r � 2




1

C

C

C

C

A

(14)

for the co e�cien ts of the r term recurrence. Since H

r � r

is assumed to b e nonsin-

gular, w e �nd that there is a one-parameter family of r -term recurrence relations

and hence a one-parameter family of r � r V andermonde decomp ositions. A fur-

ther analysis of this family is as follo ws. Consider the system of equations

0

B

B

B

B

@

h

0

h

1

h

2

� � � h

r � 1

h

1

h

2

h

3

� � � h

r

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

h

r � 2

h

r � 1

h

r

� � � h

2 r � 3

h

r � 1

h

r

h

r +1

� � � h

2 r � 2

1

C

C

C

C

A

0

B

B

B

B

@

b

0

c

0

b

1

c

1

b

2

c

2

.

.

.

.

.

.

b

r � 1

c

r � 1

1

C

C

C

C

A

=

0

B

B

B

B

@

h

r

0

h

r +1

0

.

.

.

.

.

.

h

2 r � 2

0

0 1

1

C

C

C

C

A

(15)
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and de�ne the t w o p olynomials (not iden tically zero)

b ( x ) = x

r

� b

r � 1

x

r � 1

� � � � � b

0

and

c ( x ) = � c

r � 1

x

r � 1

� � � � � c

0

:

Then the p olymomial p ( x ) of equ. (5) corresp onding to the solution of (14) can

b e written as p ( x ) = b ( x ) + 
 c ( x ), where 
 denotes a free parameter. Supp ose

w e are giv en a v alue � to whic h w e wish to set one ro ot of p ( x ). If c ( � ) 6= 0, w e

can ac hiev e this b y setting 
 := � b ( � ) =c ( � ). But c ( � ) = 0 only at up to r � 1

distinct lo cations. So w e ha v e pro v ed the follo wing result.

Theorem 3 . Let H

r � r

b e a nonsingular r � r Hank el matrix. Then H

r � r

admits

a family of r � r V andermonde decomp ositions of the form (10) parametrized b y

a single complex-v alued parameter 
 = h

2 r � 1

whic h can b e c hosen arbitrarily .

F urthermore, giv en an y complex � (except for up to r � 1 isolated p oin ts in the

complex plane) there exists a V andermonde decomp osition suc h that one of the

blo c k ro ws (13) of the V andermonde matrix is generated b y � (i.e., � is a ro ot

of the p olynomial (5)).

W e illustrate this result with the follo wing example, where the ro ots are 2,

3, 1 with resp ectiv e m ultiplicities 1, 1, 3:

0

B

B

B

B

@

6 8 17 43 114

8 17 43 114 310

17 43 114 310 863

43 114 310 863 2453

114 310 863 2453 7088

1

C

C

C

C

A

= V

T

D V =

=

0

B

B

B

B

@

1 1 1 0 0

2 3 1 1 0

4 9 1 2 1

8 27 1 3 3

16 81 1 4 6

1

C

C

C

C

A

0

B

B

B

B

@

2 0 0 0 0

0 1 0 0 0

0 0 3 2 1

0 0 2 1 0

0 0 1 0 0

1

C

C

C

C

A

0

B

B

B

B

@

1 2 4 8 16

1 3 9 27 81

1 1 1 1 1

0 1 2 3 4

0 0 1 3 6

1

C

C

C

C

A

No w w e brie
y consider the case of an n � n Hank el matrix whic h is singular.

In this case w e can em b ed this matrix in an r � r nonsingular Hank el matrix.

This can b e done b y extending the \signal" f h

k

g

2 n � 2

k =0

. There are man y c hoices for

suc h an extension, and an op en question is ho w to c ho ose the extension to obtain

the smallest p ossible rank r

min

that su�ces to construct suc h an em b edding. W e

remark that w e use the term em b edding lo osely , since it is p ossible that r < n ,

whic h o ccurs when the leading r � r principal submatrix of H

n � n

has full rank

r = rank f H

n � n

g . In fact, w e ha v e the follo wing result

Theorem 4 . If the leading r � r principal submatrix of an n � n Hank el matrix

H is nonsingular, where r is the rank of H , then H admits the V andermonde

decomp osition H = ( V

r � n

)

T

D

r � r

V

r � n

, where the matrices ha v e the indicated

dimensions.

Pro of: Let H

r � r

denote the leading r � r principal submatrix, and let 
 =

H

r ;r +1

= H

r +1 ;r

= h

2 r � 1

. It su�ces to sho w that all the en tries f h

k

g

2 n � 2

k =0

satisfy the r -th order di�erence equation (4) for k = r ; : : : ; 2 n � 2. Because then

7



it w ould follo w from Theorem 1 that H is the leading principal submatrix of an

in�nite dimensional Hank el matrix H

1

of rank r , and hence w e could obtain

the V andermonde decomp osition of H as the leading part of the decomp osition

of H

1

.

Let h

k � 1

denote the k -th column of H , as an extension to the notation h

0

denoting the �rst column of H . The �rst r columns are linearly indep enden t but

not the �rst r + 1 columns, so

h

k

= a

r � 1

h

k � 1

+ a

r � 2

h

k � 2

+ � � � + a

0

h

k � r

(16)

holds for k = r , where the a 's are the solution to (14). W e claim that (16) holds

also for k = r + 1: certainly this is true for the �rst n � 1 ro ws of (16) b ecause

of the Hank el structure. Since the last ro w is a linear com bination of the �rst

n � 1, the linear relation (16) m ust also hold for the last ro w. Rep eating the

same argumen t, (16) m ust hold for k = r + 2 ; r + 3 ; : : : ; n � 1. This implies that

the di�erence equation (4) m ust apply for k = r ; r + 1 : : : ; 2 n � 2.

W e can conclude that the length r

min

of the shortest recurrence generating the

en tries of H (and hence the order of the resulting V andermonde decomp osition)

will b e less than or equal to n if r is the rank of H and the leading r � r principal

submatrix of H is nonsingular. Otherwise r > n . W e illustrate these situations

with the follo wing:

0

@

0 0 0

0 0 1

0 1 0

1

A

has r

min

= 4, and

0

@

0 1 0

1 0 0

0 0 0

1

A

has r

min

= 2 :

4 Smallest Rank One P erturbation T o Reduce Rank

As an illustration of the theory presen ted ab o v e, w e address the question of

�nding the smallest rank-one c hange to a nonsingular Hank el matrix that will

reduce its rank. Sp eci�cally , w e address the follo wing problem:

Problem P1 . Giv en an r � r non-singular Hank el matrix H , �nd a Hank el

matrix

e

H suc h that rank (

e

H ) = r � 1 , rank ( H �

e

H ) = 1 , and k H �

e

H k is a

minim um.

W e remark that this problem di�ers from that of �nding the nearb y Han-

k el matrix of lo w er rank b y means of the algorithm of Cadzo w [3] in that the

di�erence matrix H �

e

H ma y not b e rank one, and generally has full rank.

Supp ose there is a solution to Problem P1. Since

b

H

4

= ( H �

e

H ) is also a Hank el

matrix, it m ust admit a V andermonde decomp osition, and since

b

H has rank one,

this V andermonde decomp osition m ust tak e on a v ery sp ecial form:

b

H =

b

V

T

b

d

b

V

where

b

V =

�

1

b

�

b

�

2

� � �

b

�

r � 1

�

consists of a single ro w generated b y

b

� , and

b

d is a scalar.

No w consider the p olynomials b ( x ), c ( x ) deriv ed from the system (15). If

c (

b

� ) 6= 0, w e can �nd a unique v alue for the scalar 
 suc h that p (

b

� ) = b (

b

� ) + 
 c (

b

� ),

8



whic h leads to a V andermonde decomp osition of the original matrix H in whic h

b

� app ears as one of the ro ots:

H = V

T

D V =

0

B

B

B

B

B

B

B

@

� � �

1

b

�

.

.

.

b

�

r � 2

b

�

r � 1

� � �

1

C

C

C

C

C

C

C

A

0

B

@

.

.

.

d

.

.

.

1

C

A

0

B

@

.

.

.

1

b

� � � �

b

�

r � 2

b

�

r � 1

.

.

.

1

C

A

:

(17)

W e can write the rank-one c hange as

b

H = V

T

b

D V , using the same V as in (17)

and with

b

D = diag f 0 ; : : : ; 0 ;

b

d; 0 : : : ; 0 g . Then the singularit y of

e

H = H �

b

H = V

T

( D �

b

D ) V

implies that

b

� m ust corresp ond to the scalar diagonal blo c k d =

b

d of D (i.e. it

m ust b e a simple ro ot of (5)). Therefore, the decomp osition of the reduced-rank

matrix

e

H will consist of the other r � 1 ro ws of V and the corresp onding r � 1

ro ws and columns of D , deriv ed from the ro ots other than

b

� . This in turn implies

that the leading ( r � 1) � ( r � 1) principal submatrix of

e

H is nonsingular, b y

Theorem 2.

Con v ersely , let

e

H b e the solution to problem P1 and supp ose that the leading

( r � 1) � ( r � 1) principal submatrix of

e

H is nonsingular. Then w e can obtain

the V andermonde decomp osition of H =

e

H +

b

H b y just taking the direct sum

of the decomp ositions of

e

H and

b

H . Sp eci�cally: if

e

H =

e

V

T

e

D

e

V and

b

H =

b

V

T

b

d

b

V

are V andermonde decomp ositions of order r � 1 and 1, resp ectiv ely , then

H =

�

e

V

T

b

V

T

� �

e

D

b

d

�

�

e

V

b

V

�

(18)

is a V andermonde decomp osition of the original H of order r .

So w e ha v e demonstrated that either there is a v alue of the parameter 


whic h will pro duce a V andermonde decomp osition (18) from whic h a solution to

Problem P1 ma y b e extracted, or the solution to Problem P1 will either fail to

exist or will ha v e a singular leading ( r � 1) � ( r � 1) principal submatrix.

5 Conclusions

W e ha v e deriv ed the general form of a V andermonde decomp osition for an in�-

nite Hank el matrix of �nite rank and of a �nite dimensional nonsingular Hank el

matrix. W e ha v e discussed some c hoices when decomp osing a singular �nite-

dimensional Hank el matrix, and sho w ed ho w this theory leads to a partial so-

lution to the \smallest rank-one c hange" problem. These latter t w o situations

deserv e further study and analysis. A later pap er will rep ort on a fast algorithm

to compute this decomp osition whic h has b een dev elop ed b y V andev o orde [9 ]

and brie
y describ ed in [1], based on the Lanczos tec hniques in [7, 2 ].
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