
Transpose-free Matrix Pad�e Via Lanczos MethodD. Boley� and M. Yeung�June 29, 1998AbstractA transpose-free two-sided nonsymmetric Lanczos method is developed for multiple starting vectorson both the left and right. The method is applied to the computation of the matrix Pad�e approximationto a linear dynamical system. The result is a method which can be labeled Transpose-Free Matrix Pad�eVia Lanczos. The method is mathematically equivalent to the two-sided methods, but avoids the useof the transpose of the system matrix, and under certain circumstances will actually reduce the totalnumber of matrix-vector products needed. The method is illustrated with some numerical examples.Key words: model reduction, Pad�e approximation, MPVL method, transpose-free Lanczos method.AMS subject classi�cations: Primary 65F15; Secondary 65G05.1 IntroductionWe consider the task of model reduction via Pad�e approximation on a multi-input multi-output (MIMO)linear dynamical system dxdt = Ax(t) + V̂ w(t); y(t) = ÛTx(t):where A 2 CN�N , V̂ 2 CN�m, Û 2 CN�n, and w(t); y(t) and x(t) are vector-valued functions of length m;nand N , respectively. See, for instance, [4, 5, 7, 8].Corresponding to this system is the matrix-valued transfer function F (z) mapping the input W (z) tothe output Y (z) in frequency domain:Y (z) = ÛT (zI �A)�1V̂ �W (z) � F (z) �W (z) = 1Xi=1 Mizi �W (z);where we show the expansion of the transfer function in a power series about z = 1. The techniques ofthis paper can be applied just as easily to expansions about other points, but for simplicity we develop thetheory for z =1. The Mi are call the moments or Markov parameters. We seek a new lower order systemd~xdt = ~A~x+ ~V w(t); ~y(t) = ~UT ~x(t)with frequency domain description~Y (z) = ~UT (zI � ~A)�1 ~V �W (z) = 1Xi=1 ~Mizi �W (z);that approximates the original. Speci�cally, we seek the matrix Pad�e approximant, which is a lower ordersystem for which the �rst l moments agree with the original: M̂i = Mi for i = 1; : : : ; l, for a given l. In�Computer Science and Engineering Department, University of Minnesota, Minneapolis, MN 55455. E-mail:fboley,yeungg@cs.umn.edu. This research was supported in part by NSF grants CCR-9405380 and CCR-9628786.1



[5, 7, 9] the MPVL method was proposed independently to compute this decomposition in a stable mannerusing the two-sided Lanczos algorithm with multiple starting vectors [1]. For convenience, we will refer tothis Lanczos method as a MIMO Lanczos algorithm. This Lanczos algorithm is applied to a matrix A, andright and left starting vectors V̂ and Û , respectively. It employs matrix-vector products involving both A andAT , and generates a block tridiagonal matrix which plays the role of Â in the reduced order system above.The close relationship between the Lanczos process, Pad�e approximants, moment matching, AsymptoticWaveform Evaluation, and Hankel system of equations has been explored extensively in the literature, seee.g. [2, 9, 8] and references therein. We give some speci�cs of this connection relevant to this paper in x2after we have de�ned some more notation.It is well known that the Lanczos process is intimately related to bi-conjugate gradient (BiCG) methodfor solving nonsymmetric systems of linear equations [10, 17]. Transpose-free versions, e.g., BiCGSTAB [22]for single starting vectors and ML(k)BiCGSTAB [23] for multiple left starting vectors, are methods derivedfrom BiCG which avoid the need for matrix-vector products involving AT , and in the process can actuallyreduce the total number of matrix-vector products necessary. These also enjoy improved stability properties[23] over the BiCG or CGS [20]. The goal of this paper is to apply the transpose free methods to thecomputation of the matrix Pad�e approximants for linear dynamical systems. In this way, the advantagesof the transpose-free methods that were found in the context of systems of linear equations will be enjoyedalso in the context of Pad�e approximants. To accomplish this, we extend the ML(k)BiCGSTAB method tohandle multiple starting vectors on both the left and right, and in the process re-develop the method in thecontext of the general two-sided Lanczos algorithm.The rest of this paper is organized as follows. In x2 we review the two-sided MIMO Lanczos algorithmand introduce our notation, in x3 we derive our transpose-free MIMO Lanczos procedure, in x4 we show howto use this Lanczos procedure to compute the Pad�e approximant, and in x5 we illustrate the methods withsome numerical experiments.2 Lanczos Procedure for Multiple Starting Vectors and the MPVLMethodAliaga, Boley, Freund and Hern�andez (ABFH) [1] recently developed a MIMO Lanczos-type procedure thathandles multiple starting vectors. Let A 2 CN�N and let n left starting vectors û1; û2; � � � ; ûn and m rightstarting vectors v̂1; v̂2; � � � ; v̂m be given. De�ne(a) pjn+i0 = �AT �j ûi0 ; (b) qjm+i = Aj v̂i (1)for i0 = 1; 2; � � � ; n; i = 1; 2; � � � ;m and j = 0; 1; 2; � � �. The ABFH Lanczos procedure generates two sequencesful0gl0=1;2;��� and fvlgl=1;2;��� of vectors such thatul0 2 Kl0 �AT ; Û� and ul0 ? Kl0�1 �A; V̂ � ;vl 2 Kl �A; V̂ � and vl ? Kl�1 �AT ; Û� ; (2)whereKl0 �AT ; Û� def= spanfp1; p2; � � � ; pl0g andKl �A; V̂ � def= spanfq1; q2; � � � ; qlg. The subspacesKl0 �AT ; Û�and Kl �A; V̂ � are referred to as the left block Krylov subspace and the right block Krylov subspace, respec-tively.The existence of such two sequences of vectors can be guaranteed if the matrices,Ws = 26664 pT1 q1 pT1 q2 � � � pT1 qspT2 q1 pT2 q2 � � � pT2 qs... ... ...pTs q1 pTs q2 � � � pTs qs 37775 ; for all s = 1; 2; � � � ; �are nonsingular for some �. 2



Lemma 2.1 If all the leading principal submatrices of W� are nonsingular, then there exist two sets ful0g�l0=1and fvlg�l=1 of linearly independent vectors which satisfy properties (2). Moreover,spanfu1; u2; � � � ; ul0g = Kl0 �AT ; Û� ; spanfv1; v2; � � � ; vlg = Kl �A; V̂ � ;where l0; l = 1; 2; � � � ; �.Proof. In fact, if we express vl asvl = 
(l)1 q1 + 
(l)2 q2 + � � �+ 
(l)l�1ql�1 + ql; (3)then (2) is equivalent to Wl�1
(l) = �f where 
(l) = [
(l)1 ; 
(l)2 ; � � � ; 
(l)l�1]T and f = [pT1 ql; pT2 ql; � � � ; pTl�1ql]T .Furthermore, vl de�ned by (3) satis�es vl 6? pl for l � � and hence v1; v2; � � � ; v� are linearly independent.The same arguments can be applied to the vectors ul0 . 2From the de�nition of ql, we note that ql = Aql�m for l > m. Applying (3) to itself recursively, we canwrite vl (l > m) in terms of the previous v1; v2; � � � ; vl�1 as follows,vl = Avl�m � �h(l�m)l�1 vl�1 � �h(l�m)l�2 vl�2 � � � � � �h(l�m)1 v1: (4)A similar equation for vectors ul0 (l0 > n) is also available.Lemma 2.2 The vectors vl and ul0 in Lemma 2.1 with l > m and l0 > n can be expressed with m+ n+ 1term recursion relationships of the formsvl = Avl�m � �h(l�m)l�1 vl�1 � �h(l�m)l�2 vl�2 � � � � � �h(l�m)�ml�m v �ml�m (5)and ul0 = ATul0�n � ~h(l0�n)l0�1 ul0�1 � ~h(l0�n)l0�2 ul0�2 � � � � � ~h(l0�n)~ml0�nu ~ml0�n ;where �ms = max(s� n; 1) and ~ms = max(s�m; 1).Proof. Noting that vs ? spanfp1; p2; � � � ; ps�1g; vs 6? ps and pTs Avl�m = pTs+nvl�m = 0 for s � l�m�n�1,and examining in turnpTs vl = pTs Avl�m � �h(l�m)l�1 pTs vl�1 � �h(l�m)l�2 pTs vl�2 � � � � � �h(l�m)1 pTs v1for s = 1; 2; � � � ; l �m� n� 1, we �nd all the coe�cients in (4) zero except �h(l�m)l�1 ; �h(l�m)l�2 ; � � � ; �h(l�m)�ml�m . 2Set Vs = [v1; v2; � � � ; vs] and set �H� = ��hij�i=1;���;�;j=1;���;��m, the � � (� � m) band matrix with�hj+m;j = 1; �hij = �h(j)i for �mj � i � j +m � 1; with �hij = 0 otherwise. Then the recurrence relations (5)can be written in matrix form as AV��m = V� �H� :Similar results can be drawn for the vectors ul0 . We collect the above results into the following.Theorem 2.3 Let vectors û1; û2; � � � ; ûn; v̂1; v̂2; � � � ; v̂m be given starting vectors and let ps's, qs's, Kl0 �AT ; Û�,Kl �A; V̂ � and W� be as de�ned above. If all the leading principal submatrices of W� are nonsingular, thenthere exist two sets ful0g�l0=1 and fvlg�l=1 of linearly independent vectors, an � � (� �m) band matrix �H� ,which has an upper bandwidth n and a lower bandwidth m and all the entries �hj+m;j = 1 in its lowestsubdiagonal, and an � � (� � n) band matrix ~H� , which has an upper bandwidth m and a lower bandwidth nand all the entries ~hj+n;j = 1 in its lowest subdiagonal, such thatspanfu1; u2; � � � ; ul0g = Kl0 �AT ; Û� ; spanfv1; v2; � � � ; vlg = Kl �A; V̂ � (6)3



and uTl0 vl8<: 6= 0 if l0 = l= 0 if l0 6= lfor all l0; l = 1; 2; � � � ; �. Moreover,ATU��n = U� ~H� and AV��m = V� �H� ;where Ul0 = [u1; u2; � � � ; ul0 ] and Vl = [v1; v2; � � � ; vl].The MPVL method [5, 7, 8] is an approach, theoretically based on the ABFH Lanczos procedure, toto compute matrix Pad�e approximations of matrix-valued functions of the formF (z) = ÛT (zI �A)�1 V̂ ; (7)where I is the N �N identity matrix.An l-th Pad�e approximant Fl(z) of F (z) is de�ned to be a function such thatFl(z) = F (z) +O(z�bl=mc�bl=nc�1):See, for instance, [5, 7]. With the given blocks Û and V̂ as the n left starting vectors and m right startingvectors respectively in the ABFH Lanczos procedure, we obtain data U� ; V� ; �H� and ~H� . Because of (6),there exist matrices � 2 Cn�n and � 2 Cm�m such that Û = Un� and V̂ = Vm�. Let Hl be the l� l principalblock of the matrix �H� , 0l0�l denote the l0 � l zero matrix and set Dl = UTl Vl. Then the following theorem[7, 8] provides us an l-th Pad�e approximant.Theorem 2.4 Let maxfm;ng � l. Then,Fl(z) = � DTn �0(l�n)�n �T (zI �Hl)�1 � �0(l�m)�m � (8)is an l-th Pad�e approximant of the function F (z).The MPVL method consists of two steps: (a) the ABFH Lanczos procedure is run for the �rst l stepsto obtain data Hl; Dn; � and �, then (b) the Lanczos-Pad�e connection (8) then yields coe�cient matrices forthe reduced order linear dynamical systemd~xdt = Hl~x(t) + � �0(l�m)�m �w(t); ~y(t) = � DTn �0(l�n)�n �T ~x(t):whose transfer function is exactly the l-th Pad�e approximant Fl(z) to the transfer function F (z). Observethat the ABFH Lanczos procedure generates not only the data Hl; Dn; �; � but Ul; Vl; ~Hl as well. However,the data Ul; Vl and ~Hl do not contribute directly to compute Fl(z) in (8). Instead, they are used only toobtain the matrix Hl in the Lanczos procedure itself. The question then arises as to whether or not it ispossible in the ABFH Lanczos procedure to bypass the computations of Ul; Vl and ~Hl and still generatethe quantities that are related to (8). In the next section, we will give a partial answer to this question byderiving a transpose-free version of a limited version of the ABFH Lanczos procedure which does not involveAT in its implementation.3 Transpose-free Lanczos Procedure for Multiple Starting VectorsAs mentioned in the Introduction, a number of articles in the literature have discussed Lanczos implemen-tations without accessing AT , see, for instance, [3, 6, 10, 13, 14, 17, 19, 20, 22, 23], mostly in the context ofsolving systems of linear equations. Techniques of avoiding matrix-vector multiplies with AT in the classicalLanczos procedure can be generalized to the current case. In this section, we will give a new variant of4



a limited ABFH Lanczos procedure which computes the quantities needed in (8) without using AT . Tosimplify the derivation, we will assume that the de
ation or look-ahead features in the full ABFH algorithmare not needed.We continue to use the notations introduced in x2 and suppose the assumption of Theorem 2.3 holds.Also, we assume m � n. Now, we consider the equation (5),vl+m = Avl � �h(l)�mlv �ml � �h(l)�ml+1v �ml+1 � � � � � �h(l)l+m�1vl+m�1;where l = 1; 2; � � � ; � �m. Because of the property (2), the coe�cients �h(l)s are determined by�h(l)s = pTs Avl � pTs Ps�1t= �ml �h(l)t vtpTs vs ; s = �ml; �ml + 1; � � � ; l +m� 1:Thus, we have the following procedure to compute the matrix �H� .Lanczos Procedure Version 1.1. Compute vectors fvlgml=1 such that vl ? spanfû1; � � � ; ûl�1g and vl 2 spanfv̂1; � � � ; v̂lg,and compute ps, s = 1; : : : ;m, according to (1a).2. For l = 1; 2; � � � ; � �m3. �ml = maxfl � n; 1g;4. For s = �ml; �ml + 1; � � � ; l +m� 15. �h(l)s = pTs Avl � pTs Ps�1t= �ml �h(l)t vtpTs vs ;6. End7. vl+m = Avl �Pl+m�1s= �ml �h(l)s vs;8. Compute (according to (1a)) pl+m = � ûl+m if l +m � nAT pl+m�n if l +m > n9. EndThe above procedure requires the use of AT to calculate pl+m in line 8. In order to remove the AT ,we rearrange the outer for loop of the procedure into a form more convenient for our development. Letl = jn+ i and let the index i vary from 1 to n and j start with 0. Moreover, we regard any quantity withnon-positive subscript as zero. Then we convert the loop in l (omitting lines 3 and 8) into doubly nestedloops in j and i respectively as follows.Lanczos Procedure Version 2.1. For j = 0; 1; 2; � � �2. For i = 1; 2; � � � ; n3. For s = (j � 1)n+ i; � � � ; jn+ i+m� 14. �h(jn+i)s = pTs Avjn+i � pTs Ps�1t=(j�1)n+i �h(jn+i)t vtpTs vs ;5. End6. vjn+i+m = Avjn+i �Pjn+i+m�1s=(j�1)n+i �h(jn+i)s vs;7. End8. EndWe split the range of the s loop and split the summations appearing in lines 4 and 6 to obtainLanczos Procedure Version 3.1. For j = 0; 1; 2; � � �2. For i = 1; 2; � � � ; n3. For s = (j � 1)n+ i; � � � ; (j � 1)n+ n4. �h(jn+i)s = pTs Avjn+i � pTs Ps�1t=(j�1)n+i �h(jn+i)t vtpTs vs ;5



5. End6. If i � n�m+ 17. For s = jn+ 1; � � � ; jn+ i+m� 18. �h(jn+i)s = pTs Avjn+i � pTs �P(j�1)n+nt=(j�1)n+i �h(jn+i)t vt +Ps�1t=jn+1 �h(jn+i)t vt�pTs vs ;9. End10. Else11. For s = jn+ 1; � � � ; jn+ n12. �h(jn+i)s = pTs Avjn+i � pTs �P(j�1)n+nt=(j�1)n+i �h(jn+i)t vt +Ps�1t=jn+1 �h(jn+i)t vt�pTs vs ;13. End14. For s = (j + 1)n+ 1; � � � ; (j + 1)n+ i+m� n� 115. �h(jn+i)s = �pTs Avjn+i � pTs �P(j�1)n+nt=(j�1)n+i �h(jn+i)t vt +Pjn+nt=jn+1 �h(jn+i)t vt+Ps�1t=(j+1)n+1 �h(jn+i)t vt��.pTs vs;16. End17. End18. If i � n�m19. vjn+i+m = Avjn+i � �P(j�1)n+ns=(j�1)n+i �h(jn+i)s vs +Pjn+i+m�1s=jn+1 �h(jn+i)s vs� ;20. Else21. vjn+i+m = Avjn+i � �P(j�1)n+ns=(j�1)n+i �h(jn+i)s vs +Pjn+ns=jn+1 �h(jn+i)s vs+Pjn+i+m�1s=(j+1)n+1 �h(jn+i)s vs� ;22. End23. End24. EndSince we have assumed that any quantity with non-positive subscript is zero, we can add a conditionalcontrol \ if j � 1 " to lines 3 - 5 without changing their meanings. Moreover, by shifting the s-loops properlyand replacing ps with the right-hand side of (1a), we haveLanczos Procedure Version 4.1. For j = 0; 1; 2; � � �2. For i = 1; 2; � � � ; n3. For s = i; � � � ; n and j � 14. �h(jn+i)(j�1)n+s = ûTs Ajvjn+i � ûTs Aj�1Ps�1t=i �h(jn+i)(j�1)n+tv(j�1)n+tûTs Aj�1v(j�1)n+s ;5. End6. If i � n�m+ 17. For s = 1; � � � ; i+m� 18. �h(jn+i)jn+s = ûTs Aj+1vjn+i � ûTs Aj �Pnt=i �h(jn+i)(j�1)n+tv(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t vjn+t�ûTs Ajvjn+s ;9. End10. Else11. For s = 1; � � � ; n12. �h(jn+i)jn+s = ûTs Aj+1vjn+i � ûTs Aj �Pnt=i �h(jn+i)(j�1)n+tv(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t vjn+t�ûTs Ajvjn+s ;13. End14. For s = 1; � � � ; i� n+m� 1 6



15. �h(jn+i)(j+1)n+s = �ûTs Aj+2vjn+i � ûTs Aj+1 �Pnt=i �h(jn+i)(j�1)n+tv(j�1)n+t+Pnt=1 �h(jn+i)jn+t vjn+t +Ps�1t=1 �h(jn+i)(j+1)n+tv(j+1)n+t��.ûTs Aj+1v(j+1)n+s;16. End17. End18. If i � n�m19. vjn+i+m = Avjn+i � �Pns=i �h(jn+i)(j�1)n+sv(j�1)n+s +Pi+m�1s=1 �h(jn+i)jn+s vjn+s� ;20. Else21. vjn+i+m = Avjn+i � �Pns=i �h(jn+i)(j�1)n+sv(j�1)n+s +Pns=1 �h(jn+i)jn+s vjn+s+Pi+m�n�1s=1 �h(jn+i)(j+1)n+sv(j+1)n+s� ;22. End23. End24. EndBased on the formulas listed in the above procedure, we are now ready to give a transpose-free procedureto compute �H� . For the purpose, we introduce auxiliary vectors �jn+i and  jn+i de�ned by�jn+i = Aj+1vjn+i;  jn+i = Ajvjn+i; (9)for i = 1; 2; � � � ; n and j = 0; 1; 2; � � �. Set �l =  l = 0for l � 0 for convenience. We will �nd that the coe�cients �h(jn+i)l can be expressed in terms of these vectorswhich in turn can be updated recursively. In fact, we have�h(jn+i)(j�1)n+s = ûTs Ajvjn+i � ûTs Aj�1Ps�1t=i �h(jn+i)(j�1)n+tv(j�1)n+tûTs Aj�1v(j�1)n+s= ûTs  jn+i � ûTs Ps�1t=i �h(jn+i)(j�1)n+t (j�1)n+tûTs  (j�1)n+s ;for 1 � i � n; 1 � j and i � s � n (line 4 of version 4);�h(jn+i)jn+s = ûTs Aj+1vjn+i � ûTs Aj �Pnt=i �h(jn+i)(j�1)n+tv(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t vjn+t�ûTs Ajvjn+s= ûTs �jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+t�(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t  jn+t�ûTs  jn+s ;for 1 � i � n�m+ 1; 0 � j and 1 � s � i+m� 1 (line 8 of version 4);�h(jn+i)jn+s = ûTs Aj+1vjn+i � ûTs Aj �Pnt=i �h(jn+i)(j�1)n+tv(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t vjn+t�ûTs Ajvjn+s= ûTs �jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+t�(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t  jn+t�ûTs  jn+s7



for n�m+ 2 � i � n; 0 � j and 1 � s � n (line 12 of version 4);�h(jn+i)(j+1)n+s = �ûTs Aj+2vjn+i � ûTs Aj+1 �Pnt=i �h(jn+i)(j�1)n+tv(j�1)n+t +Pnt=1 �h(jn+i)jn+t vjn+t+Ps�1t=1 �h(jn+i)(j+1)n+tv(j+1)n+t��.ûTs Aj+1v(j+1)n+s= �ûTs A�jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+tA�(j�1)n+t +Pnt=1 �h(jn+i)jn+t �jn+t+Ps�1t=1 �h(jn+i)(j+1)n+t (j+1)n+t��.ûTs  (j+1)n+sfor n�m+ 2 � i � n; 0 � j and 1 � s � i+m� n� 1 (line 15 of version 4).The vectors �l and  l themselves can be updated as follows, by adaptation of line 19 of version 4, jn+i+m = Ajvjn+i+m= Aj+1vjn+i � �Pns=i �h(jn+i)(j�1)n+sAjv(j�1)n+s +Pi+m�1s=1 �h(jn+i)jn+s Ajvjn+s�= �jn+i � �Pns=i �h(jn+i)(j�1)n+s�(j�1)n+s +Pi+m�1s=1 �h(jn+i)jn+s  jn+s� ;�jn+i+m = Aj+1vjn+i+m= A�jn+i � �Pns=i �h(jn+i)(j�1)n+sA�(j�1)n+s +Pi+m�1s=1 �h(jn+i)jn+s �jn+s� ;for 1 � i � n�m and 0 � j; and by adaptation of line 21 of version 4: jn+i+m = Aj+1vjn+i+m= A�jn+i � �Pns=i �h(jn+i)(j�1)n+sA�(j�1)n+s +Pns=1 �h(jn+i)jn+s �jn+s+Pi+m�1s=n+1 �h(jn+i)jn+s  jn+s� ;�jn+i+m = Aj+2vjn+i+m = A jn+i+m;for n�m+ 1 � i � n and 0 � j.We use the above formulas to eliminate the vectors vl from version 4 above to obtain the following.Lanczos Procedure Version 5.1. For j = 0; 1; 2; � � �2. For i = 1; 2; � � � ; n3. For s = i; � � � ; n and j � 14. �h(jn+i)(j�1)n+s = ûTs  jn+i � ûTs Ps�1t=i �h(jn+i)(j�1)n+t (j�1)n+tûTs  (j�1)n+s ;5. End6. If i � n�m+ 17. For s = 1; � � � ; i+m� 18. �h(jn+i)jn+s = ûTs �jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+t�(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t  jn+t�ûTs  jn+s ;9. End 8



10. Else11. For s = 1; � � � ; n12. �h(jn+i)jn+s = ûTs �jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+t�(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t  jn+t�ûTs  jn+s ;13. End14. For s = 1; � � � ; i+m� n� 115. �h(jn+i)(j+1)n+s = �ûTs A�jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+tA�(j�1)n+t+Pnt=1 �h(jn+i)jn+t �jn+t +Ps�1t=1 �h(jn+i)(j+1)n+t (j+1)n+t��.ûTs  (j+1)n+s;16. End17. End18. If i � n�m19.  jn+i+m = �jn+i � �Pns=i �h(jn+i)(j�1)n+s�(j�1)n+s +Pi+m�1s=1 �h(jn+i)jn+s  jn+s� ;20. �jn+i+m = A�jn+i � �Pns=i �h(jn+i)(j�1)n+sA�(j�1)n+s +Pi+m�1s=1 �h(jn+i)jn+s �jn+s� ;21. Else22.  jn+i+m = A�jn+i � �Pns=i �h(jn+i)(j�1)n+sA�(j�1)n+s +Pns=1 �h(jn+i)jn+s �jn+s+Pi+m�1s=n+1 �h(jn+i)jn+s  jn+s� ;23. �jn+i+m = A jn+i+m;24. End25. End26. Endin which lines 6 - 17 are equivalent toFragment 6.1. lmin = minfn; i+m� 1g;2. For s = 1; � � � ; lmin3. �h(jn+i)jn+s = ûTs �jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+t�(j�1)n+t +Ps�1t=1 �h(jn+i)jn+t  jn+t�ûTs  jn+s ;4. End5. For s = 1; � � � ; i+m� n� 16. �h(jn+i)(j+1)n+s = �ûTs A�jn+i � ûTs �Pnt=i �h(jn+i)(j�1)n+tA�(j�1)n+t +Pnt=1 �h(jn+i)jn+t �jn+t+Ps�1t=1 �h(jn+i)(j+1)n+t (j+1)n+t��.ûTs  (j+1)n+s;7. EndThe procedure version 5 can be further simpli�ed by noting that the summations in the numeratorsof lines 4, 8, 12, 15 of version 5 are exactly the leading terms in the summations in lines 19, 20, 22. So wecan accumulate the summations one term at a time into temporary vectors e ; e�; eA , and use the partialsums directly in lines 4, 8, 12, 15 as they are generated. This avoids e�ectively having to accumulate thesummations multiple times. The result is the following.Lanczos Procedure Version 7.1. For j = 0; 1; 2; � � �2. For i = 1; 2; � � � ; n3. e =  jn+i; e� = �jn+i;4. For s = i; � � � ; n and j � 15. �h(jn+i)(j�1)n+s = ûTs e ûTs  (j�1)n+s ; 9



6. e = e � �h(jn+i)(j�1)n+s (j�1)n+s;7. e� = e� � �h(jn+i)(j�1)n+s�(j�1)n+s;8. End9. lmin = minfn; i+m� 1g;10. e = e�; eA� = Ae�;11. For s = 1; � � � ; lmin12. �h(jn+i)jn+s = ûTs e ûTs  jn+s ;13. e = e � �h(jn+i)jn+s  jn+s;14. eA� = eA� � �h(jn+i)jn+s �jn+s;15. End16. For s = 1; � � � ; i+m� n� 117. �h(jn+i)(j+1)n+s = ûTs eA�ûTs  (j+1)n+s ;18. eA� = eA� � �h(jn+i)(j+1)n+s (j+1)n+s;19. End20. If i � n�m21.  jn+i+m = e ;22. �jn+i+m = eA�;23. Else24.  jn+i+m = eA�;25. �jn+i+m = A jn+i+m;26. End27. End28. EndSince the value of e� will no longer be used after line 10 in each double (i; j)-loop, we can store the valueof eA� in e� to save memory. Furthermore, since the new vectors �jn+i+m and  jn+i+m are computed atthe end of each (i; j)-loop, the values of e� and e again can be stored in �jn+i+m and  jn+i+m respectively.Moreover, we introduce a variable cjn+i de�ned by cjn+i = ûTi  jn+i to save some computational cost, wherei = 1; 2; � � � ; n; j = 0; 1; � � �. Thus, we arrive at the following algorithm which produces �H� without using AT .Algorithm 3.1 Transpose-free Multiple Lanczos Procedure Given m right starting vectors fv̂lgml=1and n left starting vectors fûl0gnl0=1 with m � n. Suppose the assumption of Theorem 2.3 holds. The followingalgorithm computes the matrix �H� in Theorem 2.3.1. Compute vectors fvlgml=1 such that vl ? spanfû1; � � � ; ûl�1g and vl 2 spanfv̂1; � � � ; v̂lg.2. Set  l = vl for l = 1; � � � ;m and compute �l = A l, cl = ûTl  l.3. For j = 0; 1; 2; � � �4. For i = 1; 2; � � � ; n5.  jn+i+m =  jn+i; �jn+i+m = �jn+i;6. For s = i; � � � ; n and j � 17. �h(jn+i)(j�1)n+s = ûTs  jn+i+m=c(j�1)n+s;8.  jn+i+m =  jn+i+m � �h(jn+i)(j�1)n+s (j�1)n+s;9. �jn+i+m = �jn+i+m � �h(jn+i)(j�1)n+s�(j�1)n+s;10. End11. lmin = minfn; i+m� 1g;12.  jn+i+m = �jn+i+m; �jn+i+m = A�jn+i+m;13. For s = 1; � � � ; lmin14. �h(jn+i)jn+s = ûTs  jn+i+m=cjn+s;15.  jn+i+m =  jn+i+m � �h(jn+i)jn+s  jn+s;16. �jn+i+m = �jn+i+m � �h(jn+i)jn+s �jn+s;10



17. End18. For s = 1; � � � ; i+m� n� 119. �h(jn+i)(j+1)n+s = ûTs �jn+i+m=c(j+1)n+s;20. �jn+i+m = �jn+i+m � �h(jn+i)(j+1)n+s (j+1)n+s;21. End22. If i � n�m+ 123.  jn+i+m = �jn+i+m;24. �jn+i+m = A jn+i+m;25. End26. cjn+i+m = ûTi+m�nb(i+m�1)=nc jn+i+m;27. End28. EndIt is often the case in practice that the norms k�lk2 and k lk2 become very large or very small as thealgorithm progresses and instability can occur in this situation. So, it is necessary to normalize the vectors�l and  l in order to make the algorithm more practicable. One way to do so is that we rede�ne the variablescl; �h(jn+i)l ;  l and �l in Algorithm 3.1 as follows�h(jn+i)l def= �h(jn+i)l k lk2=k jn+ik2; !l def=  l=k lk2;�l def= �l=k lk2; bl def= cl=k lk2: (10)With these new de�nitions, Algorithm 3.1 becomesAlgorithm 3.2 Scaled Transpose-free Multiple Lanczos Procedure Given m right starting vectorsfv̂lgml=1 and n left starting vectors fûl0gnl0=1 with m � n. Suppose the assumption of Theorem 2.3 holds. Thefollowing algorithm computes an � � (� �m) band matrix �H� = (�hij)i=1;���;�;j=1;���;��m with �hij = �h(j)i for�mj � i � j +m; �hij = 0 otherwise. �H� is similar to �H� computed in Algorithm 3.1.1. Compute vectors fvlgml=1 such that vl ? spanfû1; � � � ; ûl�1g and vl 2 spanfv̂1; � � � ; v̂lg.2. Set !l = vl=kvlk2 for l = 1; 2; � � � ;m and compute �l = A!l; bl = ûTl !l.3. For j = 0; 1; 2; � � �4. For i = 1; 2; � � � ; n5. !jn+i+m = !jn+i; �jn+i+m = �jn+i;6. For s = i; � � � ; n and j � 17. �h(jn+i)(j�1)n+s = ûTs !jn+i+m=b(j�1)n+s;8. !jn+i+m = !jn+i+m � �h(jn+i)(j�1)n+s!(j�1)n+s;9. �jn+i+m = �jn+i+m � �h(jn+i)(j�1)n+s�(j�1)n+s;10. End11. lmin = minfn; i+m� 1g;12. !jn+i+m = �jn+i+m; �jn+i+m = A�jn+i+m;13. For s = 1; � � � ; lmin14. �h(jn+i)jn+s = ûTs !jn+i+m=bjn+s;15. !jn+i+m = !jn+i+m � �h(jn+i)jn+s !jn+s;16. �jn+i+m = �jn+i+m � �h(jn+i)jn+s �jn+s;17. End18. For s = 1; � � � ; i+m� n� 119. �h(jn+i)(j+1)n+s = ûTs �jn+i+m=b(j+1)n+s;20. �jn+i+m = �jn+i+m � �h(jn+i)(j+1)n+s!(j+1)n+s;21. End22. If i � n�m+ 123. !jn+i+m = �jn+i+m; 11



item average count average countAlgorithm 3.2 Lanczos Version 1Matrix vectorproducts 1 + mn 2Saxpy's 2(m+ n)� m(m� 1)2n m+ n+ 1Dot products m+ n+ 2 m+ n+ 3Total Storagebeyond A; �H� (2m+ 3n+ 2)N +m+ n 2(m+ n+ 2)N+(m+ n)22 +m+ nTable 1: Average cost per column computation of Algorithm 3.2 and its storage requirement, compared tothe Lanczos Procedure Version 1, where in the latter we assume the results of matrix-vector products Avland dot products pTs vt are saved for re-use.24. �jn+i+m = A!jn+i+m;25. End26. �h(jn+i)jn+i+m = k!jn+i+mk2;27. !jn+i+m = !jn+i+m=�h(jn+i)jn+i+m;28. �jn+i+m = �jn+i+m=�h(jn+i)jn+i+m;29. bjn+i+m = ûTi+m�nb(i+m�1)=nc!jn+i+m;30. End31. EndWe remark that we did not compute �h(jn+i)jn+i+m in Algorithm 3.1 since it is equal to 1 there. However, ithas been scaled in Algorithm 3.2 and therefore we can not ignore it. Moreover, by (10) and the de�nitionsof the matrices �H� and �H� , they are related by�H� = �� �H���1��m; (11)where �l = diagfk 1k2; k 2k2; � � � ; k lk2g.Each pass through the j loop in Algorithm 3.2 calculates n columns of �H� and involves m+n matrix-vector multiplications, n(m+n+2) dot products, 2n(m+n)� 12m(m�1) saxpy's, and 2n scalar-vectormultipli-cations, ignoring lower order e�ects. We list the average cost to compute each new column in Table 3. More-over, in addition to the matrices A and �H� , the data f�(j�1)n+i; � � � ; �jn+i+mg, f!(j�1)n+i; � � � ; !jn+i+mg,fû1; � � � ; ûng and fb(j�1)n+i; � � � ; bjn+i+m�1g of storage are required in the process of each (i; j)-loop. Thereare many variants of the traditional Lanczos method, so we compare the costs for Algorithm 3.2 with thatestimated from the Lanczos Procedure Version 1. Of course Version 1 is not a version that one would actuallyuse for computation, but its costs and storage requirements approximate that of the ABFH method whenno de
ation or look-ahead occur.4 A Transpose-free Version of the MPVL MethodRecall from Theorem 2.4 thatFl(z) = � DTn �0(l�n)�n �T (zI �Hl)�1 � �0(l�m)�m �is an l-th Pad�e approximant of the transfer function F (z), where Hl is the l� l principal block of �H� . SinceDn = UTn Vn and Û = Un� from x2, we haveFl(z) = � V Tn Û0(l�n)�n �T (zI �Hl)�1 � �0(l�m)�m � :12



Let Hl be the l� l principal block of �H� . Because of (11), (9) and (10),Fl(z) = � V Tn Û0(l�n)�n �T �zI � ��1l Hl�l��1 � �0(l�m)�m �= � �Vn��1n �T Û0(l�n)�n �T (zI �Hl)�1 � �m�0(l�m)�m �= � �	n��1n �T Û0(l�n)�n �T (zI �Hl)�1 � �m�0(l�m)�m �= � 
Tn Û0(l�n)�n �T (zI �Hl)�1 � �m�0(l�m)�m � :
(12)

Here 	n = [ 1;  2; � � � ;  n], 
n = [!1; !2; � � � ; !n] and �m = diagfk 1k2; � � � ; k mk2g � diagfkv1k2; � � � ; kvmk2gby the de�nition of �m and (9). Thus, the function Fl(z) is expressed in terms of the quantities in Algorithm3.2. Regarding the m�m matrix �, it can be computed in Step 1 in Algorithm 3.2 via a modi�ed two-sidedGram-Schmidt-type process [16, 5]. We can now present a transpose-free implementation of the MPVLmethod in the following algorithm.Algorithm 4.1 Transpose-free MPVL (TFMPVL) Given m right starting vectors fv̂lgml=1 and nleft starting vectors fûl0gnl0=1 with m � n. Suppose the assumption of Theorem 2.3 holds. The followingalgorithm computes an l-th Pad�e approximant Fl(z) of the transfer function F (z).1. Compute � via a modi�ed two-sided Gram-Schmidt-type process2. Run l � jn+ i steps of the transpose-free Lanczos process with multiple starting vectors(Algorithm 3.2) to obtain �m;
n and Hl.3. Compute Fl(z) according to (12).This algorithm requires about (1 + m=n)l matrix vector products to get an l-th Pad�e approximantFl(z). When m < n, it is cheaper in terms of matrix vector products than MPVL which needs 2l matrixvector products to get Fl(z).5 Numerical ExperimentsThe �rst example is the DC operating point problem from [15, 21] and the test matrix was obtained from[18]. It is a representative of full-scale commercial design at Bell Laboratories. The problem is typicallyformulated as a system of equations which represents the application of Kircho�'s current and voltage lawsat various points in the circuit. The coe�cient matrix, denoted WATSON3 in [18], is of order 124 � 125with 780 nonzero entries. In this example, we arti�cially generate the matrix-valued function F (z) de�nedin (7). The matrix A is the matrix obtained from the WATSON3 matrix by deleting the last column. Ûand V̂ are matrices of order 124� 2 with independent and identically distributed (iid) entries from a normaldistribution with mean 0 and variance 1 (N(0; 1)). Figure 1 plots the frequency responses jF (1;1)(iw)j of thesystem and its 4-th, 8-th and 16-th Pad�e approximants computed by Algorithm 3.2, where F (1;1)(z) denotesthe (1; 1)-th scalar component of the matrix-valued function F (z) and where i = p�1. Note that the 16-thPad�e approximant has been very close to the response of the original system.Our second example is the 120 � 120 system from [11, 12] which describes the e�ects of a magneticactuator on the radial tracking arm of a portable compact disc player. The matrix A in this example is sparsewith nonzero entries only on its diagonal and anti-diagonal. The (input) matrix V̂ contains two columnswhich respectively correspond to the voltages applied to the radial arm and lens actuators. The (output)matrix Û contains two columns which respectively correspond to the positions of the radial arm and thefocusing lens [11]. In this example, we compare our TFMPVL method to an MPVL method using a two-sideLanczos procedure. Since ÛT V̂ � 0, the system is unstable when approximated with methods based on the13
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point: 16th Pade approximantFigure 1: Frequency responses for the �rst example.standard Lanczos procedure, see [9, 11, 12]. The di�culty applies to TFMPVL and MPVL. They almostsu�er breakdown in their �rst two iterations due to, say, in the case of TFMPVL, b1 and b2 near zero. Recallthat b1 and b2 are the dot products of V̂ -columns with Û-columns. To avoid the near-zero denominators b1and b2, we expanded the column-size of Û by adding some random vectors to Û . More precisely, we usedthe following Û matrix in our experiment for both TFMPVL and MPVLÛexp = [R1; û1; R2; û2];where R1 and R2 are N � (n=2 � 1) matrices with iid entries from N(0; 1) and û1 and û2 are the �rstand second columns of the original Û matrix respectively. Thus, b1 and b2 are now the dot products of V̂ -columns with random vectors. Moreover, by injecting random vectors into this CD player system in this way,both algorithms seem to be able to generate stable partial realizations for the system. Another remedy ofemploying the implicit restart technique to stabilize the Lanczos generated model has already been suggestedin [9, 11, 12] and our idea here seems to be a good alternative.We computed the 30-th and 34-th Pad�e approximants F30(z) and F34(z) with n = 20 left startingvectors by the TFMPVL and MPVL algorithms for the matrix-valued functionF (z) = �Ûexp�T (zI �A)�1V̂ :The magnitudes of the (n=2; 1)-th, (n=2; 2)-th, (n; 1)-th and (n; 2)-th scalar components of F30(iw); F34(iw)and F (iw) are showed in Figures 2 and 3. According to Theorem 2.4, F30(z) and F34(z) satisfy thatF30(z) = F (z) + O(z�17) and F34(z) = F (z) + O(z�19). In this experiment, TFMPVL used 34 and 38matrix-vector products with A to get F30(z) and F34(z) respectively, and MPVL used 38 to get F30(z).From both experiments, we can see that the computed Pad�e approximants via TFMPVL signi�cantlycapture the original systems at high frequency, but not at low frequency. It is because that Algorithm 3.2was derived based on the Taylor expansion of F (z) about z =1. Versions of the algorithm based on Taylorexpansion of F (z) about other z-values can be obtained similarly.6 Concluding RemarksWe have proposed a transpose free version of a Lanczos procedure for multiple starting vectors for the limitedcase of no de
ation and no look-ahead Lanczos process. Besides avoiding the need for carrying the transposeof the matrix A, this method may also reduce the average number of matrix-vector products per vectorgenerated from 2 to 1 +m=n, where m;n are the number of right, left starting vectors (respectively). The14
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method has been applied to the problem of computing a Pad�e approximation to a given transfer function.Since for the Pad�e approximation, the Lanczos vectors Vl is not needed, the method we have proposedgenerated only the banded coe�cient matrix Hl, but it is an easy matter to generate Vl as well. Numericalexperiments indicate that the method's numerical properties appear to be as favorable as those for theoriginal two-sided Lanczos method.In general, a practical multiple-vector Lanczos algorithm will have to include some de
ation procedure.For the transpose free algorithm, this may change the length of the required recurrences, requiring the storageof a few more vectors from step to step. This variant of this algorithm will be addressed in a future paper.However, the basic concept behind the transpose free Lanczos with de
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