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Abstract

A transp ose-free t w o-sided nonsymmetric Lanczos metho d is dev elop ed for m ultiple starting v ectors

on b oth the left and righ t. The metho d is applied to the computation of the matrix P ad � e appro ximation

to a linear dynamical system. The result is a metho d whic h can b e lab eled T ransp ose-F ree Matrix P ad � e

Via Lanczos. The metho d is mathematically equiv alen t to the t w o-sided metho ds, but a v oids the use

of the transp ose of the system matrix, and under certain circumstances will actually reduce the total

n um b er of matrix-v ector pro ducts needed. The metho d is illustrated with some n umerical examples.

Key w ords : mo del reduction, P ad � e appro ximation, MPVL metho d, transp ose-free Lanczos metho d.
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1 In tro duction

W e consider the task of mo del reduction via P ad � e appro ximation on a m ulti-input m ulti-output (MIMO)

linear dynamical system

dx

dt

= Ax ( t ) +

^

V w ( t ) ; y ( t ) =

^

U

T

x ( t ) :

where A 2 C

N � N

,

^

V 2 C

N � m

,

^

U 2 C

N � n

, and w ( t ) ; y ( t ) and x ( t ) are v ector-v alued functions of length m; n

and N , resp ectiv ely . See, for instance, [4, 5, 7 , 8 ].

Corresp onding to this system is the matrix-v alued transfer function F ( z ) mapping the input W ( z ) to

the output Y ( z ) in frequency domain:

Y ( z ) =

^

U

T

( z I � A )

� 1

^

V � W ( z ) � F ( z ) � W ( z ) =

1

X

i =1

M

i

z

i

� W ( z ) ;

where w e sho w the expansion of the transfer function in a p o w er series ab out z = 1 . The tec hniques of

this pap er can b e applied just as easily to expansions ab out other p oin ts, but for simplicit y w e dev elop the

theory for z = 1 . The M

i

are call the moments or Markov p ar ameters . W e seek a new lo w er order system

d ~x

dt

=

~

A ~x +

~

V w ( t ) ; ~y ( t ) =

~

U

T

~x ( t )

with frequency domain description

~

Y ( z ) =

~

U

T

( z I �

~

A )

� 1

~

V � W ( z ) =

1

X

i =1

~

M

i

z

i

� W ( z ) ;

that appro ximates the original. Sp eci�cally , w e seek the matrix P ad � e appro ximan t, whic h is a lo w er order

system for whic h the �rst l momen ts agree with the original:

^

M

i

= M

i

for i = 1 ; : : : ; l , for a giv en l . In

�
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[5, 7 , 9] the MPVL metho d w as prop osed indep enden tly to compute this decomp osition in a stable manner

using the t w o-sided Lanczos algorithm with m ultiple starting v ectors [1]. F or con v enience, w e will refer to

this Lanczos metho d as a MIMO Lanczos algorithm. This Lanczos algorithm is applied to a matrix A , and

righ t and left starting v ectors

^

V and

^

U , resp ectiv ely . It emplo ys matrix-v ector pro ducts in v olving b oth A and

A

T

, and generates a blo c k tridiagonal matrix whic h pla ys the role of

^

A in the reduced order system ab o v e.

The close relationship b et w een the Lanczos pro cess, P ad � e appro ximan ts, momen t matc hing, Asymptotic

W a v eform Ev aluation, and Hank el system of equations has b een explored extensiv ely in the literature, see

e.g. [2 , 9, 8 ] and references therein. W e giv e some sp eci�cs of this connection relev an t to this pap er in x 2

after w e ha v e de�ned some more notation.

It is w ell kno wn that the Lanczos pro cess is in timately related to bi-conjugate gradien t (BiCG) metho d

for solving nonsymmetric systems of linear equations [10 , 17 ]. T ransp ose-free v ersions, e.g., BiCGST AB [22 ]

for single starting v ectors and ML(k)BiCGST AB [23 ] for m ultiple left starting v ectors, are metho ds deriv ed

from BiCG whic h a v oid the need for matrix-v ector pro ducts in v olving A

T

, and in the pro cess can actually

reduce the total n um b er of matrix-v ector pro ducts necessary . These also enjo y impro v ed stabilit y prop erties

[23 ] o v er the BiCG or CGS [20 ]. The goal of this pap er is to apply the transp ose free metho ds to the

computation of the matrix P ad � e appro ximan ts for linear dynamical systems. In this w a y , the adv an tages

of the transp ose-free metho ds that w ere found in the con text of systems of linear equations will b e enjo y ed

also in the con text of P ad � e appro ximan ts. T o accomplish this, w e extend the ML(k)BiCGST AB metho d to

handle m ultiple starting v ectors on b oth the left and righ t, and in the pro cess re-dev elop the metho d in the

con text of the general t w o-sided Lanczos algorithm.

The rest of this pap er is organized as follo ws. In x 2 w e review the t w o-sided MIMO Lanczos algorithm

and in tro duce our notation, in x 3 w e deriv e our transp ose-free MIMO Lanczos pro cedure, in x 4 w e sho w ho w

to use this Lanczos pro cedure to compute the P ad � e appro ximan t, and in x 5 w e illustrate the metho ds with

some n umerical exp erimen ts.

2 Lanczos Pro cedure for Multiple Starting V ectors and the MPVL

Metho d

Aliaga, Boley , F reund and Hern� andez (ABFH) [1] recen tly dev elop ed a MIMO Lanczos-t yp e pro cedure that

handles m ultiple starting v ectors. Let A 2 C

N � N

and let n left starting v ectors ^u

1

; ^u

2

; � � � ; ^u

n

and m righ t

starting v ectors ^v

1

; ^v

2

; � � � ; ^v

m

b e giv en. De�ne

(a) p

j n + i

0

=

�

A

T

�

j

^u

i

0

; (b) q

j m + i

= A

j

^v

i

(1)

for i

0

= 1 ; 2 ; � � � ; n; i = 1 ; 2 ; � � � ; m and j = 0 ; 1 ; 2 ; � � � . The ABFH Lanczos pro cedure generates t w o sequences

f u

l

0

g

l

0

=1 ; 2 ; ���

and f v

l

g

l =1 ; 2 ; ���

of v ectors suc h that

u

l

0

2 K

l

0

�

A

T

;

^

U

�

and u

l

0

? K

l

0

� 1

�

A;

^

V

�

;

v

l

2 K

l

�

A;

^

V

�

and v

l

? K

l � 1

�

A

T

;

^

U

�

;

(2)

where K

l

0

�

A

T

;

^

U

�

def

= span f p

1

; p

2

; � � � ; p

l

0

g and K

l

�

A;

^

V

�

def

= span f q

1

; q

2

; � � � ; q

l

g . The subspaces K

l

0

�

A

T

;

^

U

�

and K

l

�

A;

^

V

�

are referred to as the left blo c k Krylo v subspace and the righ t blo c k Krylo v subspace, resp ec-

tiv ely .

The existence of suc h t w o sequences of v ectors can b e guaran teed if the matrices,

W

s

=

2

6

6

6

4

p

T

1

q

1

p

T

1

q

2

� � � p

T

1

q

s

p

T

2

q

1

p

T

2

q

2

� � � p

T

2

q

s

.

.

.

.

.

.

.

.

.

p

T

s

q

1

p

T

s

q

2

� � � p

T

s

q

s

3

7

7

7

5

; for all s = 1 ; 2 ; � � � ; �

are nonsingular for some � .
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Lemma 2.1 If al l the le ading princip al submatric es of W

�

ar e nonsingular, then ther e exist two sets f u

l

0

g

�

l

0

=1

and f v

l

g

�

l =1

of line arly indep endent ve ctors which satisfy pr op erties (2). Mor e over,

span f u

1

; u

2

; � � � ; u

l

0

g = K

l

0

�

A

T

;

^

U

�

; span f v

1

; v

2

; � � � ; v

l

g = K

l

�

A;

^

V

�

;

wher e l

0

; l = 1 ; 2 ; � � � ; � .

Pro of. In fact, if w e express v

l

as

v

l

= 


( l )

1

q

1

+ 


( l )

2

q

2

+ � � � + 


( l )

l � 1

q

l � 1

+ q

l

; (3)

then (2) is equiv alen t to W

l � 1




( l )

= � f where 


( l )

= [ 


( l )

1

; 


( l )

2

; � � � ; 


( l )

l � 1

]

T

and f = [ p

T

1

q

l

; p

T

2

q

l

; � � � ; p

T

l � 1

q

l

]

T

.

F urthermore, v

l

de�ned b y (3) satis�es v

l

6? p

l

for l � � and hence v

1

; v

2

; � � � ; v

�

are linearly indep enden t.

The same argumen ts can b e applied to the v ectors u

l

0

. 2

F rom the de�nition of q

l

, w e note that q

l

= Aq

l � m

for l > m . Applying (3) to itself recursiv ely , w e can

write v

l

( l > m ) in terms of the previous v

1

; v

2

; � � � ; v

l � 1

as follo ws,

v

l

= Av

l � m

�

�

h

( l � m )

l � 1

v

l � 1

�

�

h

( l � m )

l � 2

v

l � 2

� � � � �

�

h

( l � m )

1

v

1

: (4)

A similar equation for v ectors u

l

0

( l

0

> n ) is also a v ailable.

Lemma 2.2 The ve ctors v

l

and u

l

0

in L emma 2.1 with l > m and l

0

> n c an b e expr esse d with m + n + 1

term r e cursion r elationships of the forms

v

l

= Av

l � m

�

�

h

( l � m )

l � 1

v

l � 1

�

�

h

( l � m )

l � 2

v

l � 2

� � � � �

�

h

( l � m )

�m

l � m

v

�m

l � m

(5)

and

u

l

0

= A

T

u

l

0

� n

�

~

h

( l

0

� n )

l

0

� 1

u

l

0

� 1

�

~

h

( l

0

� n )

l

0

� 2

u

l

0

� 2

� � � � �

~

h

( l

0

� n )

~m

l

0

� n

u

~m

l

0

� n

;

wher e �m

s

= max ( s � n; 1) and ~m

s

= max( s � m; 1) .

Pro of. Noting that v

s

? span f p

1

; p

2

; � � � ; p

s � 1

g ; v

s

6? p

s

and p

T

s

Av

l � m

= p

T

s + n

v

l � m

= 0 for s � l � m � n � 1,

and examining in turn

p

T

s

v

l

= p

T

s

Av

l � m

�

�

h

( l � m )

l � 1

p

T

s

v

l � 1

�

�

h

( l � m )

l � 2

p

T

s

v

l � 2

� � � � �

�

h

( l � m )

1

p

T

s

v

1

for s = 1 ; 2 ; � � � ; l � m � n � 1, w e �nd all the co e�cien ts in (4) zero except

�

h

( l � m )

l � 1

;

�

h

( l � m )

l � 2

; � � � ;

�

h

( l � m )

�m

l � m

. 2

Set V

s

= [ v

1

; v

2

; � � � ; v

s

] and set

�

H

�

=

�

�

h

ij

�

i =1 ; ��� ;� ; j =1 ; ��� ;� � m

, the � � ( � � m ) band matrix with

�

h

j + m;j

= 1;

�

h

ij

=

�

h

( j )

i

for �m

j

� i � j + m � 1; with

�

h

ij

= 0 otherwise. Then the recurrence relations (5)

can b e written in matrix form as

AV

� � m

= V

�

�

H

�

:

Similar results can b e dra wn for the v ectors u

l

0

. W e collect the ab o v e results in to the follo wing.

Theorem 2.3 L et ve ctors ^u

1

; ^u

2

; � � � ; ^u

n

; ^v

1

; ^v

2

; � � � ; ^v

m

b e given starting ve ctors and let p

s

's, q

s

's, K

l

0

�

A

T

;

^

U

�

,

K

l

�

A;

^

V

�

and W

�

b e as de�ne d ab ove. If al l the le ading princip al submatric es of W

�

ar e nonsingular, then

ther e exist two sets f u

l

0

g

�

l

0

=1

and f v

l

g

�

l =1

of line arly indep endent ve ctors, an � � ( � � m ) b and matrix

�

H

�

,

which has an upp er b andwidth n and a lower b andwidth m and al l the entries

�

h

j + m;j

= 1 in its lowest

sub diagonal, and an � � ( � � n ) b and matrix

~

H

�

, which has an upp er b andwidth m and a lower b andwidth n

and al l the entries

~

h

j + n;j

= 1 in its lowest sub diagonal, such that

span f u

1

; u

2

; � � � ; u

l

0

g = K

l

0

�

A

T

;

^

U

�

; span f v

1

; v

2

; � � � ; v

l

g = K

l

�

A;

^

V

�

(6)
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and

u

T

l

0

v

l

8

<

:

6= 0 if l

0

= l

= 0 if l

0

6= l

for al l l

0

; l = 1 ; 2 ; � � � ; � . Mor e over,

A

T

U

� � n

= U

�

~

H

�

and AV

� � m

= V

�

�

H

�

;

wher e U

l

0

= [ u

1

; u

2

; � � � ; u

l

0

] and V

l

= [ v

1

; v

2

; � � � ; v

l

] .

The MPVL metho d [5, 7 , 8] is an approac h, theoretically based on the ABFH Lanczos pro cedure, to

to compute matrix P ad � e appro ximations of matrix-v alued functions of the form

F ( z ) =

^

U

T

( z I � A )

� 1

^

V ; (7)

where I is the N � N iden tit y matrix.

An l -th P ad � e appro ximan t F

l

( z ) of F ( z ) is de�ned to b e a function suc h that

F

l

( z ) = F ( z ) + O ( z

�b l=m c�b l=n c� 1

) :

See, for instance, [5 , 7]. With the giv en blo c ks

^

U and

^

V as the n left starting v ectors and m righ t starting

v ectors resp ectiv ely in the ABFH Lanczos pro cedure, w e obtain data U

�

; V

�

;

�

H

�

and

~

H

�

. Because of (6),

there exist matrices � 2 C

n � n

and � 2 C

m � m

suc h that

^

U = U

n

� and

^

V = V

m

� . Let H

l

b e the l � l principal

blo c k of the matrix

�

H

�

, 0

l

0

� l

denote the l

0

� l zero matrix and set D

l

= U

T

l

V

l

. Then the follo wing theorem

[7, 8] pro vides us an l -th P ad � e appro ximan t.

Theorem 2.4 L et max f m; n g � l . Then,

F

l

( z ) =

�

D

T

n

�

0

( l � n ) � n

�

T

( z I � H

l

)

� 1

�

�

0

( l � m ) � m

�

(8)

is an l -th Pad � e appr oximant of the function F ( z ) .

The MPVL metho d consists of t w o steps: (a) the ABFH Lanczos pro cedure is run for the �rst l steps

to obtain data H

l

; D

n

; � and � , then (b) the Lanczos-P ad � e connection (8) then yields co e�cien t matrices for

the reduced order linear dynamical system

d ~x

dt

= H

l

~x ( t ) +

�

�

0

( l � m ) � m

�

w ( t ) ; ~y ( t ) =

�

D

T

n

�

0

( l � n ) � n

�

T

~x ( t ) :

whose transfer function is exactly the l -th P ad � e appro ximan t F

l

( z ) to the transfer function F ( z ). Observ e

that the ABFH Lanczos pro cedure generates not only the data H

l

; D

n

; � ; � but U

l

; V

l

;

~

H

l

as w ell. Ho w ev er,

the data U

l

; V

l

and

~

H

l

do not con tribute directly to compute F

l

( z ) in (8). Instead, they are used only to

obtain the matrix H

l

in the Lanczos pro cedure itself. The question then arises as to whether or not it is

p ossible in the ABFH Lanczos pro cedure to b ypass the computations of U

l

; V

l

and

~

H

l

and still generate

the quan tities that are related to (8). In the next section, w e will giv e a partial answ er to this question b y

deriving a transp ose-free v ersion of a limited v ersion of the ABFH Lanczos pro cedure whic h do es not in v olv e

A

T

in its implemen tation.

3 T ransp ose-free Lanczos Pro cedure for Multiple Starting V ectors

As men tioned in the In tro duction, a n um b er of articles in the literature ha v e discussed Lanczos implemen-

tations without accessing A

T

, see, for instance, [3 , 6 , 10 , 13 , 14 , 17 , 19 , 20 , 22 , 23 ], mostly in the con text of

solving systems of linear equations. T ec hniques of a v oiding matrix-v ector m ultiplies with A

T

in the classical

Lanczos pro cedure can b e generalized to the curren t case. In this section, w e will giv e a new v arian t of

4



a limited ABFH Lanczos pro cedure whic h computes the quan tities needed in (8) without using A

T

. T o

simplify the deriv ation, w e will assume that the de
ation or lo ok-ahead features in the full ABFH algorithm

are not needed.

W e con tin ue to use the notations in tro duced in x 2 and supp ose the assumption of Theorem 2.3 holds.

Also, w e assume m � n . No w, w e consider the equation (5),

v

l + m

= Av

l

�

�

h

( l )

�m

l

v

�m

l

�

�

h

( l )

�m

l

+1

v

�m

l

+1

� � � � �

�

h

( l )

l + m � 1

v

l + m � 1

;

where l = 1 ; 2 ; � � � ; � � m . Because of the prop ert y (2), the co e�cien ts

�

h

( l )

s

are determined b y

�

h

( l )

s

=

p

T

s

Av

l

� p

T

s

P

s � 1

t = � m

l

�

h

( l )

t

v

t

p

T

s

v

s

; s = �m

l

; �m

l

+ 1 ; � � � ; l + m � 1 :

Th us, w e ha v e the follo wing pro cedure to compute the matrix

�

H

�

.

L anczos Pr o c e dur e V ersion 1.

1. Compute v ectors f v

l

g

m

l =1

suc h that v

l

? span f ^u

1

; � � � ; ^u

l � 1

g and v

l

2 span f ^v

1

; � � � ; ^v

l

g ,

and compute p

s

, s = 1 ; : : : ; m , according to (1a).

2. F or l = 1 ; 2 ; � � � ; � � m

3. �m

l

= max f l � n; 1 g ;

4. F or s = �m

l

; �m

l

+ 1 ; � � � ; l + m � 1

5.

�

h

( l )

s

=

p

T

s

Av

l

� p

T

s

P

s � 1

t = � m

l

�

h

( l )

t

v

t

p

T

s

v

s

;

6. End

7. v

l + m

= Av

l

�

P

l + m � 1

s = � m

l

�

h

( l )

s

v

s

;

8. Compute (according to (1a)) p

l + m

=

�

^u

l + m

if l + m � n

A

T

p

l + m � n

if l + m > n

9. End

The ab o v e pro cedure requires the use of A

T

to calculate p

l + m

in line 8. In order to remo v e the A

T

,

w e rearrange the outer for lo op of the pro cedure in to a form more con v enien t for our dev elopmen t. Let

l = j n + i and let the index i v ary from 1 to n and j start with 0. Moreo v er, w e regard an y quan tit y with

non-p ositiv e subscript as zero. Then w e con v ert the lo op in l (omitting lines 3 and 8) in to doubly nested

lo ops in j and i resp ectiv ely as follo ws.

L anczos Pr o c e dur e V ersion 2.

1. F or j = 0 ; 1 ; 2 ; � � �

2. F or i = 1 ; 2 ; � � � ; n

3. F or s = ( j � 1) n + i; � � � ; j n + i + m � 1

4.

�

h

( j n + i )

s

=

p

T

s

Av

j n + i

� p

T

s

P

s � 1

t =( j � 1) n + i

�

h

( j n + i )

t

v

t

p

T

s

v

s

;

5. End

6. v

j n + i + m

= Av

j n + i

�

P

j n + i + m � 1

s =( j � 1) n + i

�

h

( j n + i )

s

v

s

;

7. End

8. End

W e split the range of the s lo op and split the summations app earing in lines 4 and 6 to obtain

L anczos Pr o c e dur e V ersion 3.

1. F or j = 0 ; 1 ; 2 ; � � �

2. F or i = 1 ; 2 ; � � � ; n

3. F or s = ( j � 1) n + i; � � � ; ( j � 1) n + n

4.

�

h

( j n + i )

s

=

p

T

s

Av

j n + i

� p

T

s

P

s � 1

t =( j � 1) n + i

�

h

( j n + i )

t

v

t

p

T

s

v

s

;
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5. End

6. If i � n � m + 1

7. F or s = j n + 1 ; � � � ; j n + i + m � 1

8.

�

h

( j n + i )

s

=

p

T

s

Av

j n + i

� p

T

s

�

P

( j � 1) n + n

t =( j � 1) n + i

�

h

( j n + i )

t

v

t

+

P

s � 1

t = j n +1

�

h

( j n + i )

t

v

t

�

p

T

s

v

s

;

9. End

10. Else

11. F or s = j n + 1 ; � � � ; j n + n

12.

�

h

( j n + i )

s

=

p

T

s

Av

j n + i

� p

T

s

�

P

( j � 1) n + n

t =( j � 1) n + i

�

h

( j n + i )

t

v

t

+

P

s � 1

t = j n +1

�

h

( j n + i )

t

v

t

�

p

T

s

v

s

;

13. End

14. F or s = ( j + 1) n + 1 ; � � � ; ( j + 1) n + i + m � n � 1

15.

�

h

( j n + i )

s

=

�

p

T

s

Av

j n + i

� p

T

s

�

P

( j � 1) n + n

t =( j � 1) n + i

�

h

( j n + i )

t

v

t

+

P

j n + n

t = j n +1

�

h

( j n + i )

t

v

t

+

P

s � 1

t =( j +1) n +1

�

h

( j n + i )

t

v

t

�� .

p

T

s

v

s

;

16. End

17. End

18. If i � n � m

19. v

j n + i + m

= Av

j n + i

�

�

P

( j � 1) n + n

s =( j � 1) n + i

�

h

( j n + i )

s

v

s

+

P

j n + i + m � 1

s = j n +1

�

h

( j n + i )

s

v

s

�

;

20. Else

21.

v

j n + i + m

= Av

j n + i

�

�

P

( j � 1) n + n

s =( j � 1) n + i

�

h

( j n + i )

s

v

s

+

P

j n + n

s = j n +1

�

h

( j n + i )

s

v

s

+

P

j n + i + m � 1

s =( j +1) n +1

�

h

( j n + i )

s

v

s

�

;

22. End

23. End

24. End

Since w e ha v e assumed that an y quan tit y with non-p ositiv e subscript is zero, w e can add a conditional

con trol \ if j � 1 " to lines 3 - 5 without c hanging their meanings. Moreo v er, b y shifting the s -lo ops prop erly

and replacing p

s

with the righ t-hand side of (1a), w e ha v e

L anczos Pr o c e dur e V ersion 4.

1. F or j = 0 ; 1 ; 2 ; � � �

2. F or i = 1 ; 2 ; � � � ; n

3. F or s = i; � � � ; n and j � 1

4.

�

h

( j n + i )

( j � 1) n + s

=

^u

T

s

A

j

v

j n + i

� ^u

T

s

A

j � 1

P

s � 1

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

^u

T

s

A

j � 1

v

( j � 1) n + s

;

5. End

6. If i � n � m + 1

7. F or s = 1 ; � � � ; i + m � 1

8.

�

h

( j n + i )

j n + s

=

^u

T

s

A

j +1

v

j n + i

� ^u

T

s

A

j

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

v

j n + t

�

^u

T

s

A

j

v

j n + s

;

9. End

10. Else

11. F or s = 1 ; � � � ; n

12.

�

h

( j n + i )

j n + s

=

^u

T

s

A

j +1

v

j n + i

� ^u

T

s

A

j

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

v

j n + t

�

^u

T

s

A

j

v

j n + s

;

13. End

14. F or s = 1 ; � � � ; i � n + m � 1
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15.

�

h

( j n + i )

( j +1) n + s

=

�

^u

T

s

A

j +2

v

j n + i

� ^u

T

s

A

j +1

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

+

P

n

t =1

�

h

( j n + i )

j n + t

v

j n + t

+

P

s � 1

t =1

�

h

( j n + i )

( j +1) n + t

v

( j +1) n + t

� � .

^u

T

s

A

j +1

v

( j +1) n + s

;

16. End

17. End

18. If i � n � m

19. v

j n + i + m

= Av

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

v

( j � 1) n + s

+

P

i + m � 1

s =1

�

h

( j n + i )

j n + s

v

j n + s

�

;

20. Else

21.

v

j n + i + m

= Av

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

v

( j � 1) n + s

+

P

n

s =1

�

h

( j n + i )

j n + s

v

j n + s

+

P

i + m � n � 1

s =1

�

h

( j n + i )

( j +1) n + s

v

( j +1) n + s

�

;

22. End

23. End

24. End

Based on the form ulas listed in the ab o v e pro cedure, w e are no w ready to giv e a transp ose-free pro cedure

to compute

�

H

�

. F or the purp ose, w e in tro duce auxiliary v ectors �

j n + i

and  

j n + i

de�ned b y

�

j n + i

= A

j +1

v

j n + i

;  

j n + i

= A

j

v

j n + i

;
(9)

for i = 1 ; 2 ; � � � ; n and j = 0 ; 1 ; 2 ; � � � . Set

�

l

=  

l

= 0

for l � 0 for con v enience. W e will �nd that the co e�cien ts

�

h

( j n + i )

l

can b e expressed in terms of these v ectors

whic h in turn can b e up dated recursiv ely . In fact, w e ha v e

�

h

( j n + i )

( j � 1) n + s

=

^u

T

s

A

j

v

j n + i

� ^u

T

s

A

j � 1

P

s � 1

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

^u

T

s

A

j � 1

v

( j � 1) n + s

=

^u

T

s

 

j n + i

� ^u

T

s

P

s � 1

t = i

�

h

( j n + i )

( j � 1) n + t

 

( j � 1) n + t

^u

T

s

 

( j � 1) n + s

;

for 1 � i � n; 1 � j and i � s � n (line 4 of v ersion 4);

�

h

( j n + i )

j n + s

=

^u

T

s

A

j +1

v

j n + i

� ^u

T

s

A

j

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

v

j n + t

�

^u

T

s

A

j

v

j n + s

=

^u

T

s

�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

�

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

 

j n + t

�

^u

T

s

 

j n + s

;

for 1 � i � n � m + 1 ; 0 � j and 1 � s � i + m � 1 (line 8 of v ersion 4);

�

h

( j n + i )

j n + s

=

^u

T

s

A

j +1

v

j n + i

� ^u

T

s

A

j

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

v

j n + t

�

^u

T

s

A

j

v

j n + s

=

^u

T

s

�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

�

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

 

j n + t

�

^u

T

s

 

j n + s
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for n � m + 2 � i � n; 0 � j and 1 � s � n (line 12 of v ersion 4);

�

h

( j n + i )

( j +1) n + s

=

�

^u

T

s

A

j +2

v

j n + i

� ^u

T

s

A

j +1

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

v

( j � 1) n + t

+

P

n

t =1

�

h

( j n + i )

j n + t

v

j n + t

+

P

s � 1

t =1

�

h

( j n + i )

( j +1) n + t

v

( j +1) n + t

�� .

^u

T

s

A

j +1

v

( j +1) n + s

=

�

^u

T

s

A�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

A�

( j � 1) n + t

+

P

n

t =1

�

h

( j n + i )

j n + t

�

j n + t

+

P

s � 1

t =1

�

h

( j n + i )

( j +1) n + t

 

( j +1) n + t

�� .

^u

T

s

 

( j +1) n + s

for n � m + 2 � i � n; 0 � j and 1 � s � i + m � n � 1 (line 15 of v ersion 4).

The v ectors �

l

and  

l

themselv es can b e up dated as follo ws, b y adaptation of line 19 of v ersion 4,

 

j n + i + m

= A

j

v

j n + i + m

= A

j +1

v

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

A

j

v

( j � 1) n + s

+

P

i + m � 1

s =1

�

h

( j n + i )

j n + s

A

j

v

j n + s

�

= �

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

�

( j � 1) n + s

+

P

i + m � 1

s =1

�

h

( j n + i )

j n + s

 

j n + s

�

;

�

j n + i + m

= A

j +1

v

j n + i + m

= A�

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

A�

( j � 1) n + s

+

P

i + m � 1

s =1

�

h

( j n + i )

j n + s

�

j n + s

�

;

for 1 � i � n � m and 0 � j ; and b y adaptation of line 21 of v ersion 4:

 

j n + i + m

= A

j +1

v

j n + i + m

= A�

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

A�

( j � 1) n + s

+

P

n

s =1

�

h

( j n + i )

j n + s

�

j n + s

+

P

i + m � 1

s = n +1

�

h

( j n + i )

j n + s

 

j n + s

�

;

�

j n + i + m

= A

j +2

v

j n + i + m

= A 

j n + i + m

;

for n � m + 1 � i � n and 0 � j .

W e use the ab o v e form ulas to eliminate the v ectors v

l

from v ersion 4 ab o v e to obtain the follo wing.

L anczos Pr o c e dur e V ersion 5.

1. F or j = 0 ; 1 ; 2 ; � � �

2. F or i = 1 ; 2 ; � � � ; n

3. F or s = i; � � � ; n and j � 1

4.

�

h

( j n + i )

( j � 1) n + s

=

^u

T

s

 

j n + i

� ^u

T

s

P

s � 1

t = i

�

h

( j n + i )

( j � 1) n + t

 

( j � 1) n + t

^u

T

s

 

( j � 1) n + s

;

5. End

6. If i � n � m + 1

7. F or s = 1 ; � � � ; i + m � 1

8.

�

h

( j n + i )

j n + s

=

^u

T

s

�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

�

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

 

j n + t

�

^u

T

s

 

j n + s

;

9. End
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10. Else

11. F or s = 1 ; � � � ; n

12.

�

h

( j n + i )

j n + s

=

^u

T

s

�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

�

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

 

j n + t

�

^u

T

s

 

j n + s

;

13. End

14. F or s = 1 ; � � � ; i + m � n � 1

15.

�

h

( j n + i )

( j +1) n + s

=

�

^u

T

s

A�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

A�

( j � 1) n + t

+

P

n

t =1

�

h

( j n + i )

j n + t

�

j n + t

+

P

s � 1

t =1

�

h

( j n + i )

( j +1) n + t

 

( j +1) n + t

� � .

^u

T

s

 

( j +1) n + s

;

16. End

17. End

18. If i � n � m

19.  

j n + i + m

= �

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

�

( j � 1) n + s

+

P

i + m � 1

s =1

�

h

( j n + i )

j n + s

 

j n + s

�

;

20. �

j n + i + m

= A�

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

A�

( j � 1) n + s

+

P

i + m � 1

s =1

�

h

( j n + i )

j n + s

�

j n + s

�

;

21. Else

22.

 

j n + i + m

= A�

j n + i

�

�

P

n

s = i

�

h

( j n + i )

( j � 1) n + s

A�

( j � 1) n + s

+

P

n

s =1

�

h

( j n + i )

j n + s

�

j n + s

+

P

i + m � 1

s = n +1

�

h

( j n + i )

j n + s

 

j n + s

�

;

23. �

j n + i + m

= A 

j n + i + m

;

24. End

25. End

26. End

in whic h lines 6 - 17 are equiv alen t to

F r agment 6.

1. l

min

= min f n; i + m � 1 g ;

2. F or s = 1 ; � � � ; l

min

3.

�

h

( j n + i )

j n + s

=

^u

T

s

�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

�

( j � 1) n + t

+

P

s � 1

t =1

�

h

( j n + i )

j n + t

 

j n + t

�

^u

T

s

 

j n + s

;

4. End

5. F or s = 1 ; � � � ; i + m � n � 1

6.

�

h

( j n + i )

( j +1) n + s

=

�

^u

T

s

A�

j n + i

� ^u

T

s

�

P

n

t = i

�

h

( j n + i )

( j � 1) n + t

A�

( j � 1) n + t

+

P

n

t =1

�

h

( j n + i )

j n + t

�

j n + t

+

P

s � 1

t =1

�

h

( j n + i )

( j +1) n + t

 

( j +1) n + t

�� .

^u

T

s

 

( j +1) n + s

;

7. End

The pro cedure v ersion 5 can b e further simpli�ed b y noting that the summations in the n umerators

of lines 4, 8, 12, 15 of v ersion 5 are exactly the leading terms in the summations in lines 19, 20, 22. So w e

can accum ulate the summations one term at a time in to temp orary v ectors e

 

; e

�

; e

A 

, and use the partial

sums directly in lines 4, 8, 12, 15 as they are generated. This a v oids e�ectiv ely ha ving to accum ulate the

summations m ultiple times. The result is the follo wing.

L anczos Pr o c e dur e V ersion 7.

1. F or j = 0 ; 1 ; 2 ; � � �

2. F or i = 1 ; 2 ; � � � ; n

3. e

 

=  

j n + i

; e

�

= �

j n + i

;

4. F or s = i; � � � ; n and j � 1

5.

�

h

( j n + i )

( j � 1) n + s

=

^u

T

s

e

 

^u

T

s

 

( j � 1) n + s

;
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6. e

 

= e

 

�

�

h

( j n + i )

( j � 1) n + s

 

( j � 1) n + s

;

7. e

�

= e

�

�

�

h

( j n + i )

( j � 1) n + s

�

( j � 1) n + s

;

8. End

9. l

min

= min f n; i + m � 1 g ;

10. e

 

= e

�

; e

A�

= Ae

�

;

11. F or s = 1 ; � � � ; l

min

12.

�

h

( j n + i )

j n + s

=

^u

T

s

e

 

^u

T

s

 

j n + s

;

13. e

 

= e

 

�

�

h

( j n + i )

j n + s

 

j n + s

;

14. e

A�

= e

A�

�

�

h

( j n + i )

j n + s

�

j n + s

;

15. End

16. F or s = 1 ; � � � ; i + m � n � 1

17.

�

h

( j n + i )

( j +1) n + s

=

^u

T

s

e

A�

^u

T

s

 

( j +1) n + s

;

18. e

A�

= e

A�

�

�

h

( j n + i )

( j +1) n + s

 

( j +1) n + s

;

19. End

20. If i � n � m

21.  

j n + i + m

= e

 

;

22. �

j n + i + m

= e

A�

;

23. Else

24.  

j n + i + m

= e

A�

;

25. �

j n + i + m

= A 

j n + i + m

;

26. End

27. End

28. End

Since the v alue of e

�

will no longer b e used after line 10 in eac h double ( i; j )-lo op, w e can store the v alue

of e

A�

in e

�

to sa v e memory . F urthermore, since the new v ectors �

j n + i + m

and  

j n + i + m

are computed at

the end of eac h ( i; j )-lo op, the v alues of e

�

and e

 

again can b e stored in �

j n + i + m

and  

j n + i + m

resp ectiv ely .

Moreo v er, w e in tro duce a v ariable c

j n + i

de�ned b y c

j n + i

= ^u

T

i

 

j n + i

to sa v e some computational cost, where

i = 1 ; 2 ; � � � ; n ; j = 0 ; 1 ; � � � . Th us, w e arriv e at the follo wing algorithm whic h pro duces

�

H

�

without using A

T

.

Algorithm 3.1 T ransp ose-free Multiple Lanczos Pro cedure Given m right starting ve ctors f ^v

l

g

m

l =1

and n left starting ve ctors f ^u

l

0

g

n

l

0

=1

with m � n . Supp ose the assumption of The or em 2.3 holds. The fol lowing

algorithm c omputes the matrix

�

H

�

in The or em 2.3.

1. Compute ve ctors f v

l

g

m

l =1

such that v

l

? span f ^u

1

; � � � ; ^u

l � 1

g and v

l

2 span f ^v

1

; � � � ; ^v

l

g .

2. Set  

l

= v

l

for l = 1 ; � � � ; m and c ompute �

l

= A 

l

, c

l

= ^u

T

l

 

l

.

3. F or j = 0 ; 1 ; 2 ; � � �

4. F or i = 1 ; 2 ; � � � ; n

5.  

j n + i + m

=  

j n + i

; �

j n + i + m

= �

j n + i

;

6. F or s = i; � � � ; n and j � 1

7.

�

h

( j n + i )

( j � 1) n + s

= ^u

T

s

 

j n + i + m

=c

( j � 1) n + s

;

8.  

j n + i + m

=  

j n + i + m

�

�

h

( j n + i )

( j � 1) n + s

 

( j � 1) n + s

;

9. �

j n + i + m

= �

j n + i + m

�

�

h

( j n + i )

( j � 1) n + s

�

( j � 1) n + s

;

10. End

11. l

min

= min f n; i + m � 1 g ;

12.  

j n + i + m

= �

j n + i + m

; �

j n + i + m

= A�

j n + i + m

;

13. F or s = 1 ; � � � ; l

min

14.

�

h

( j n + i )

j n + s

= ^u

T

s

 

j n + i + m

=c

j n + s

;

15.  

j n + i + m

=  

j n + i + m

�

�

h

( j n + i )

j n + s

 

j n + s

;

16. �

j n + i + m

= �

j n + i + m

�

�

h

( j n + i )

j n + s

�

j n + s

;
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17. End

18. F or s = 1 ; � � � ; i + m � n � 1

19.

�

h

( j n + i )

( j +1) n + s

= ^u

T

s

�

j n + i + m

=c

( j +1) n + s

;

20. �

j n + i + m

= �

j n + i + m

�

�

h

( j n + i )

( j +1) n + s

 

( j +1) n + s

;

21. End

22. If i � n � m + 1

23.  

j n + i + m

= �

j n + i + m

;

24. �

j n + i + m

= A 

j n + i + m

;

25. End

26. c

j n + i + m

= ^u

T

i + m � n b ( i + m � 1) =n c

 

j n + i + m

;

27. End

28. End

It is often the case in practice that the norms k �

l

k

2

and k  

l

k

2

b ecome v ery large or v ery small as the

algorithm progresses and instabilit y can o ccur in this situation. So, it is necessary to normalize the v ectors

�

l

and  

l

in order to mak e the algorithm more practicable. One w a y to do so is that w e rede�ne the v ariables

c

l

;

�

h

( j n + i )

l

;  

l

and �

l

in Algorithm 3.1 as follo ws

�

h

( j n + i )

l

def

=

�

h

( j n + i )

l

k  

l

k

2

= k  

j n + i

k

2

; !

l

def

=  

l

= k  

l

k

2

;

�

l

def

= �

l

= k  

l

k

2

; b

l

def

= c

l

= k  

l

k

2

:

(10)

With these new de�nitions, Algorithm 3.1 b ecomes

Algorithm 3.2 Scaled T ransp ose-free Multiple Lanczos Pro cedure Given m right starting ve ctors

f ^v

l

g

m

l =1

and n left starting ve ctors f ^u

l

0

g

n

l

0

=1

with m � n . Supp ose the assumption of The or em 2.3 holds. The

fol lowing algorithm c omputes an � � ( � � m ) b and matrix

�

H

�

= (

�

h

ij

)

i =1 ; ��� ;� ; j =1 ; ��� ;� � m

with

�

h

ij

=

�

h

( j )

i

for

�m

j

� i � j + m ;

�

h

ij

= 0 otherwise.

�

H

�

is similar to

�

H

�

c ompute d in A lgorithm 3.1.

1. Compute ve ctors f v

l

g

m

l =1

such that v

l

? span f ^u

1

; � � � ; ^u

l � 1

g and v

l

2 span f ^v

1

; � � � ; ^v

l

g .

2. Set !

l

= v

l

= k v

l

k

2

for l = 1 ; 2 ; � � � ; m and c ompute �

l

= A!

l

; b

l

= ^u

T

l

!

l

.

3. F or j = 0 ; 1 ; 2 ; � � �

4. F or i = 1 ; 2 ; � � � ; n

5. !

j n + i + m

= !

j n + i

; �

j n + i + m

= �

j n + i

;

6. F or s = i; � � � ; n and j � 1

7.

�

h

( j n + i )

( j � 1) n + s

= ^u

T

s

!

j n + i + m

=b

( j � 1) n + s

;

8. !

j n + i + m

= !

j n + i + m

�

�

h

( j n + i )

( j � 1) n + s

!

( j � 1) n + s

;

9. �

j n + i + m

= �

j n + i + m

�

�

h

( j n + i )

( j � 1) n + s

�

( j � 1) n + s

;

10. End

11. l

min

= min f n; i + m � 1 g ;

12. !

j n + i + m

= �

j n + i + m

; �

j n + i + m

= A�

j n + i + m

;

13. F or s = 1 ; � � � ; l

min

14.

�

h

( j n + i )

j n + s

= ^u

T

s

!

j n + i + m

=b

j n + s

;

15. !

j n + i + m

= !

j n + i + m

�

�

h

( j n + i )

j n + s

!

j n + s

;

16. �

j n + i + m

= �

j n + i + m

�

�

h

( j n + i )

j n + s

�

j n + s

;

17. End

18. F or s = 1 ; � � � ; i + m � n � 1

19.

�

h

( j n + i )

( j +1) n + s

= ^u

T

s

�

j n + i + m

=b

( j +1) n + s

;

20. �

j n + i + m

= �

j n + i + m

�

�

h

( j n + i )

( j +1) n + s

!

( j +1) n + s

;

21. End

22. If i � n � m + 1

23. !

j n + i + m

= �

j n + i + m

;
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item

aver age c ount aver age c ount

A lgorithm 3.2 L anczos V ersion 1

Matrix v ector

pro ducts

1 +

m

n

2

Saxp y's 2( m + n ) �

m ( m � 1)

2 n

m + n + 1

Dot pro ducts m + n + 2 m + n + 3

T otal Storage

b ey ond A;

�

H

�

(2 m + 3 n + 2) N + m + n

2( m + n + 2) N

+

( m + n )

2

2

+ m + n

T able 1: Av erage cost p er column computation of Algorithm 3.2 and its storage requiremen t, compared to

the Lanczos Pro cedure V ersion 1, where in the latter w e assume the results of matrix-v ector pro ducts Av

l

and dot pro ducts p

T

s

v

t

are sa v ed for re-use.

24. �

j n + i + m

= A!

j n + i + m

;

25. End

26.

�

h

( j n + i )

j n + i + m

= k !

j n + i + m

k

2

;

27. !

j n + i + m

= !

j n + i + m

=

�

h

( j n + i )

j n + i + m

;

28. �

j n + i + m

= �

j n + i + m

=

�

h

( j n + i )

j n + i + m

;

29. b

j n + i + m

= ^u

T

i + m � n b ( i + m � 1) =n c

!

j n + i + m

;

30. End

31. End

W e remark that w e did not compute

�

h

( j n + i )

j n + i + m

in Algorithm 3.1 since it is equal to 1 there. Ho w ev er, it

has b een scaled in Algorithm 3.2 and therefore w e can not ignore it. Moreo v er, b y (10) and the de�nitions

of the matrices

�

H

�

and

�

H

�

, they are related b y

�

H

�

= �

�

�

H

�

�

� 1

� � m

; (11)

where �

l

= diag fk  

1

k

2

; k  

2

k

2

; � � � ; k  

l

k

2

g .

Eac h pass through the j lo op in Algorithm 3.2 calculates n columns of

�

H

�

and in v olv es m + n matrix-

v ector m ultiplications, n ( m + n +2) dot pro ducts, 2 n ( m + n ) �

1

2

m ( m � 1) saxp y's, and 2 n scalar-v ector m ultipli-

cations, ignoring lo w er order e�ects. W e list the a v erage cost to compute eac h new column in T able 3. More-

o v er, in addition to the matrices A and

�

H

�

, the data f �

( j � 1) n + i

; � � � ; �

j n + i + m

g , f !

( j � 1) n + i

; � � � ; !

j n + i + m

g ,

f ^u

1

; � � � ; ^u

n

g and f b

( j � 1) n + i

; � � � ; b

j n + i + m � 1

g of storage are required in the pro cess of eac h ( i; j )-lo op. There

are man y v arian ts of the traditional Lanczos metho d, so w e compare the costs for Algorithm 3.2 with that

estimated from the Lanczos Pro cedure V ersion 1. Of course V ersion 1 is not a v ersion that one w ould actually

use for computation, but its costs and storage requiremen ts appro ximate that of the ABFH metho d when

no de
ation or lo ok-ahead o ccur.

4 A T ransp ose-free V ersion of the MPVL Metho d

Recall from Theorem 2.4 that

F

l

( z ) =

�

D

T

n

�

0

( l � n ) � n

�

T

( z I � H

l

)

� 1

�

�

0

( l � m ) � m

�

is an l -th P ad � e appro ximan t of the transfer function F ( z ), where H

l

is the l � l principal blo c k of

�

H

�

. Since

D

n

= U

T

n

V

n

and

^

U = U

n

� from x 2, w e ha v e

F

l

( z ) =

�

V

T

n

^

U

0

( l � n ) � n

�

T

( z I � H

l

)

� 1

�

�

0

( l � m ) � m

�

:
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Let H

l

b e the l � l principal blo c k of

�

H

�

. Because of (11), (9) and (10),

F

l

( z ) =

�

V

T

n

^

U

0

( l � n ) � n

�

T

�

z I � �

� 1

l

H

l

�

l

�

� 1

�

�

0

( l � m ) � m

�

=

�

�

V

n

�

� 1

n

�

T

^

U

0

( l � n ) � n

�

T

( z I � H

l

)

� 1

�

�

m

�

0

( l � m ) � m

�

=

�

�

	

n

�

� 1

n

�

T

^

U

0

( l � n ) � n

�

T

( z I � H

l

)

� 1

�

�

m

�

0

( l � m ) � m

�

=

�




T

n

^

U

0

( l � n ) � n

�

T

( z I � H

l

)

� 1

�

�

m

�

0

( l � m ) � m

�

:

(12)

Here 	

n

= [  

1

;  

2

; � � � ;  

n

], 


n

= [ !

1

; !

2

; � � � ; !

n

] and �

m

= diag fk  

1

k

2

; � � � ; k  

m

k

2

g � diag fk v

1

k

2

; � � � ; k v

m

k

2

g

b y the de�nition of �

m

and (9). Th us, the function F

l

( z ) is expressed in terms of the quan tities in Algorithm

3.2. Regarding the m � m matrix � , it can b e computed in Step 1 in Algorithm 3.2 via a mo di�ed t w o-sided

Gram-Sc hmidt-t yp e pro cess [16 , 5]. W e can no w presen t a transp ose-free implemen tation of the MPVL

metho d in the follo wing algorithm.

Algorithm 4.1 T ransp ose-free MPVL (TFMPVL) Given m right starting ve ctors f ^v

l

g

m

l =1

and n

left starting ve ctors f ^u

l

0

g

n

l

0

=1

with m � n . Supp ose the assumption of The or em 2.3 holds. The fol lowing

algorithm c omputes an l -th Pad � e appr oximant F

l

( z ) of the tr ansfer function F ( z ) .

1. Compute � via a mo di�e d two-side d Gr am-Schmidt-typ e pr o c ess

2. R un l � j n + i steps of the tr ansp ose-fr e e L anczos pr o c ess with multiple starting ve ctors

(A lgorithm 3.2) to obtain �

m

; 


n

and H

l

.

3. Compute F

l

( z ) ac c or ding to (12).

This algorithm requires ab out (1 + m=n ) l matrix v ector pro ducts to get an l -th P ad � e appro ximan t

F

l

( z ). When m < n , it is c heap er in terms of matrix v ector pro ducts than MPVL whic h needs 2 l matrix

v ector pro ducts to get F

l

( z ).

5 Numerical Exp erimen ts

The �rst example is the DC op erating p oin t problem from [15 , 21 ] and the test matrix w as obtained from

[18 ]. It is a represen tativ e of full-scale commercial design at Bell Lab oratories. The problem is t ypically

form ulated as a system of equations whic h represen ts the application of Kirc ho� 's curren t and v oltage la ws

at v arious p oin ts in the circuit. The co e�cien t matrix, denoted W A TSON3 in [18], is of order 124 � 125

with 780 nonzero en tries. In this example, w e arti�cially generate the matrix-v alued function F ( z ) de�ned

in (7). The matrix A is the matrix obtained from the W A TSON3 matrix b y deleting the last column.

^

U

and

^

V are matrices of order 124 � 2 with indep enden t and iden tically distributed (iid) en tries from a normal

distribution with mean 0 and v ariance 1 ( N (0 ; 1)). Figure 1 plots the frequency resp onses j F

(1 ; 1)

( iw ) j of the

system and its 4-th, 8-th and 16-th P ad � e appro ximan ts computed b y Algorithm 3.2, where F

(1 ; 1)

( z ) denotes

the (1 ; 1)-th scalar comp onen t of the matrix-v alued function F ( z ) and where i =

p

� 1 . Note that the 16-th

P ad � e appro ximan t has b een v ery close to the resp onse of the original system.

Our second example is the 120 � 120 system from [11 , 12 ] whic h describ es the e�ects of a magnetic

actuator on the radial trac king arm of a p ortable compact disc pla y er. The matrix A in this example is sparse

with nonzero en tries only on its diagonal and an ti-diagonal. The (input) matrix

^

V con tains t w o columns

whic h resp ectiv ely corresp ond to the v oltages applied to the radial arm and lens actuators. The (output)

matrix

^

U con tains t w o columns whic h resp ectiv ely corresp ond to the p ositions of the radial arm and the

fo cusing lens [11 ]. In this example, w e compare our TFMPVL metho d to an MPVL metho d using a t w o-side

Lanczos pro cedure. Since

^

U

T

^

V � 0, the system is unstable when appro ximated with metho ds based on the
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Figure 1: F requency resp onses for the �rst example.

standard Lanczos pro cedure, see [9, 11 , 12 ]. The di�cult y applies to TFMPVL and MPVL. They almost

su�er breakdo wn in their �rst t w o iterations due to, sa y , in the case of TFMPVL, b

1

and b

2

near zero. Recall

that b

1

and b

2

are the dot pro ducts of

^

V -columns with

^

U -columns. T o a v oid the near-zero denominators b

1

and b

2

, w e expanded the column-size of

^

U b y adding some random v ectors to

^

U . More precisely , w e used

the follo wing

^

U matrix in our exp erimen t for b oth TFMPVL and MPVL

^

U

exp

= [ R

1

; ^u

1

; R

2

; ^u

2

] ;

where R

1

and R

2

are N � ( n= 2 � 1) matrices with iid en tries from N (0 ; 1) and ^u

1

and ^u

2

are the �rst

and second columns of the original

^

U matrix resp ectiv ely . Th us, b

1

and b

2

are no w the dot pro ducts of

^

V -

columns with random v ectors. Moreo v er, b y injecting random v ectors in to this CD pla y er system in this w a y ,

b oth algorithms seem to b e able to generate stable partial realizations for the system. Another remedy of

emplo ying the implicit restart tec hnique to stabilize the Lanczos generated mo del has already b een suggested

in [9 , 11 , 12 ] and our idea here seems to b e a go o d alternativ e.

W e computed the 30-th and 34-th P ad � e appro ximan ts F

30

( z ) and F

34

( z ) with n = 20 left starting

v ectors b y the TFMPVL and MPVL algorithms for the matrix-v alued function

F ( z ) =

�

^

U

exp

�

T

( z I � A )

� 1

^

V :

The magnitudes of the ( n= 2 ; 1)-th, ( n= 2 ; 2)-th, ( n; 1)-th and ( n; 2)-th scalar comp onen ts of F

30

( iw ) ; F

34

( iw )

and F ( iw ) are sho w ed in Figures 2 and 3. According to Theorem 2.4, F

30

( z ) and F

34

( z ) satisfy that

F

30

( z ) = F ( z ) + O ( z

� 17

) and F

34

( z ) = F ( z ) + O ( z

� 19

). In this exp erimen t, TFMPVL used 34 and 38

matrix-v ector pro ducts with A to get F

30

( z ) and F

34

( z ) resp ectiv ely , and MPVL used 38 to get F

30

( z ).

F rom b oth exp erimen ts, w e can see that the computed P ad � e appro ximan ts via TFMPVL signi�can tly

capture the original systems at high frequency , but not at lo w frequency . It is b ecause that Algorithm 3.2

w as deriv ed based on the T a ylor expansion of F ( z ) ab out z = 1 . V ersions of the algorithm based on T a ylor

expansion of F ( z ) ab out other z-v alues can b e obtained similarly .

6 Concluding Remarks

W e ha v e prop osed a transp ose free v ersion of a Lanczos pro cedure for m ultiple starting v ectors for the limited

case of no de
ation and no lo ok-ahead Lanczos pro cess. Besides a v oiding the need for carrying the transp ose

of the matrix A , this metho d ma y also reduce the a v erage n um b er of matrix-v ector pro ducts p er v ector

generated from 2 to 1 + m=n , where m; n are the n um b er of righ t, left starting v ectors (resp ectiv ely). The
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Figure 2: F requency resp onses for the second example. (a) Radial arm input to radial arm p osition output

(the ( n= 2 ; 1)-th en try of F ( z )); (b) Lens actuator input to radial arm p osition output (the ( n= 2 ; 2)-th en try

of F ( z ))
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Figure 3: F requency resp onses for the second example. (a) Radial arm input to lens p osition output (the

( n; 1)-th en try of F ( z )); (b) Lens actuator input to lens p osition output (the ( n; 2)-th en try of F ( z ))
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metho d has b een applied to the problem of computing a P ad � e appro ximation to a giv en transfer function.

Since for the P ad � e appro ximation, the Lanczos v ectors V

l

is not needed, the metho d w e ha v e prop osed

generated only the banded co e�cien t matrix H

l

, but it is an easy matter to generate V

l

as w ell. Numerical

exp erimen ts indicate that the metho d's n umerical prop erties app ear to b e as fa v orable as those for the

original t w o-sided Lanczos metho d.

In general, a practical m ultiple-v ector Lanczos algorithm will ha v e to include some de
ation pro cedure.

F or the transp ose free algorithm, this ma y c hange the length of the required recurrences, requiring the storage

of a few more v ectors from step to step. This v arian t of this algorithm will b e addressed in a future pap er.

Ho w ev er, the basic concept b ehind the transp ose free Lanczos with de
ation is iden tical to the concept

b ehind the algorithm dev elop ed in this pap er. In other w ords, the algorithm of this pap er su�ces to sho w

the existence and feasibilit y of a transp ose-free MIMO Lanczos pro cedure capable of accepting m ultiple

v ectors on b oth the left and the righ t, suitable for the computation of P ad � e appro ximan ts.

Ac kno wledgemen t. The authors wish to thank Dr. Roland W. F reund for his help in our exp eri-

men ts.
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