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Abstract

A transpose-free two-sided nonsymmetric Lanczos method is developed for multiple starting vectors
on both the left and right. The method is applied to the computation of the matrix Padé approximation
to a linear dynamical system. The result is a method which can be labeled Transpose-Free Matrix Padé
Via Lanczos. The method is mathematically equivalent to the two-sided methods, but avoids the use
of the transpose of the system matrix, and under certain circumstances will actually reduce the total
number of matrix-vector products needed. The method is illustrated with some numerical examples.
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1 Introduction

We consider the task of model reduction via Padé approximation on a multi-input multi-output (MIMO)
linear dynamical system

d . .
d—”; = Az(t) + Vw(t),  y(t) =U"z(t).
where A € CN*N vV e ¢N*m [ € CN*n and w(t), y(t) and z(t) are vector-valued functions of length m,n
and N, respectively. See, for instance, [4, 5, 7, §].

Corresponding to this system is the matrix-valued transfer function F(z) mapping the input W(z) to
the output Y (z) in frequency domain:

V() =UT (2l —A)7'V-W(2) = F(z) - W(z) = Mi W(z),

2t
i=1

where we show the expansion of the transfer function in a power series about z = oco. The techniques of
this paper can be applied just as easily to expansions about other points, but for simplicity we develop the
theory for z = co. The M; are call the moments or Markov parameters. We seek a new lower order system

dz - - _
d_f = Az +Vw(t),  §t) =0U"%()
with frequency domain description
e = i,
Y(i)=U" (zI-A)"V -W(z) = — - W(2),
z
i=1

that approximates the original. Specifically, we seek the matrix Padé approximant, which is a lower order
system for which the first [ moments agree with the original: M; = M; for i = 1,...,[, for a given [. In
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[5, 7, 9] the MPVL method was proposed independently to compute this decomposition in a stable manner
using the two-sided Lanczos algorithm with multiple starting vectors [1]. For convenience, we will refer to
this Lanczos method as a MIMO Lanczos algorithm. This Lanczos algorithm is applied to a matrix A, and
right and left starting vectors V and U, respectively. It employs matrix-vector products involving both A and
AT and generates a block tridiagonal matrix which plays the role of A in the reduced order system above.
The close relationship between the Lanczos process, Padé approximants, moment matching, Asymptotic
Waveform Evaluation, and Hankel system of equations has been explored extensively in the literature, see
e.g. [2, 9, 8] and references therein. We give some specifics of this connection relevant to this paper in §2
after we have defined some more notation.

It is well known that the Lanczos process is intimately related to bi-conjugate gradient (BiCG) method
for solving nonsymmetric systems of linear equations [10, 17]. Transpose-free versions, e.g., BICGSTAB [22]
for single starting vectors and ML(k)BiCGSTAB [23] for multiple left starting vectors, are methods derived
from BiCG which avoid the need for matrix-vector products involving A”| and in the process can actually
reduce the total number of matrix-vector products necessary. These also enjoy improved stability properties
[23] over the BiCG or CGS [20]. The goal of this paper is to apply the transpose free methods to the
computation of the matrix Padé approximants for linear dynamical systems. In this way, the advantages
of the transpose-free methods that were found in the context of systems of linear equations will be enjoyed
also in the context of Padé approximants. To accomplish this, we extend the ML(k)BiCGSTAB method to
handle multiple starting vectors on both the left and right, and in the process re-develop the method in the
context of the general two-sided Lanczos algorithm.

The rest of this paper is organized as follows. In §2 we review the two-sided MIMO Lanczos algorithm
and introduce our notation, in §3 we derive our transpose-free MIMO Lanczos procedure, in §4 we show how
to use this Lanczos procedure to compute the Padé approximant, and in §5 we illustrate the methods with
some numerical experiments.

2 Lanczos Procedure for Multiple Starting Vectors and the MPVL
Method

Aliaga, Boley, Freund and Hernandez (ABFH) [1] recently developed a MIMO Lanczos-type procedure that

handles multiple starting vectors. Let A € CV*"V and let n left starting vectors i, Qs, - - -, %y, and m right
starting vectors 01,0, - - -, 0y, be given. Define

() pjnri = (A7), (b))  Gjm+i = AT0; (1)
fori’!=1,2,---,n,i=1,2,---,mand j =0,1,2,---. The ABFH Lanczos procedure generates two sequences

{up}r=1,2.. and {v };=1 2.... of vectors such that

uy € Ky (AT,U) and uy — Kp_1 (A,V) ,
(2)
v € Ky (A717) and v — Kj_1 (AT,U) ,
where K/ (AT, U) = span{p1,pa,---,pr} and K, (A, V) = span{q1,q2,---,q }. The subspaces Kp (AT, U)

and K; (A, V) are referred to as the left block Krylov subspace and the right block Krylov subspace, respec-

tively.
The existence of such two sequences of vectors can be guaranteed if the matrices,
Pia Pig2 - Pl
5@ DPiGa o Psds
W, = . . . forall s =1,2,---,v
Paqi Pidz v Dids

are nonsingular for some v.



Lemma 2.1 If all the leading principal submatrices of W, are nonsingular, then there exist two sets {uy }},_,
and {v};7_, of linearly independent vectors which satisfy properties (2). Moreover,

span{uy, ug, -, up } = Kp (AT,U) ) span{vy, vz, -, v} =K (A,V> ;
where I',1 =1,2,---,v.

Proof. In fact, if we express v; as

(1 (1) O]

="t @t s ae +a (3)
then (2) is equivalent to W, 14 = — f where 7@ = [{ 4" -+ 41T and f = pTa,pTa, -, pf @
Furthermore, v; defined by (3) satisfies v; # p; for I < v and hence vy, vs,- -+, v, are linearly independent.
The same arguments can be applied to the vectors uy . O

From the definition of ¢;, we note that ¢ = Aq;_,, for | > m. Applying (3) to itself recursively, we can
write v; (I > m) in terms of the previous vy, ve, -+, v;_1 as follows,

v = Avj_pm — hl(l:lm)vl,l — le(l:zm)vl,z —— hglim)vl. (4)
A similar equation for vectors uy (I' > n) is also available.

Lemma 2.2 The vectors v; and uy in Lemma 2.1 with | > m and ' > n can be expressed with m +n + 1
term recursion relationships of the forms

v = Avp g — B0 = By — = B (5)
and o o o
wp = ATup_py — hl(,:ln)uzlq - hl(, :gn)ul’d - hfﬁljn)uﬁ%zuu

where ms = max(s —n, 1) and ms; = max(s —m,1).

Proof. Noting that v, — span{pi,pa, -, Ps_1},vs # ps and pL Av;_,,, = pf+nvl,m =0fors<l-m—-n-1,
and examining in turn

ploe = pl Avp — B p oy = B plus — = BT pT
for s =1,2,---,1 —m —n — 1, we find all the coefficients in (4) zero except ﬁl(l:lm), 7Ll(l:2m), o ﬁ%znm) O

Set Vi, = [v1,vs,-+,v,] and set H, = (ﬁij)

hjim,; =1; hij = Egj) for m; <i < j+m — 1; with h;; = 0 otherwise. Then the recurrence relations (5)
can be written in matrix form as

. o , the v x (v — m) band matrix with
i=1,wij=1,v—m

AV, p =V, H,.

Similar results can be drawn for the vectors u;;. We collect the above results into the following.

Theorem 2.3 Let vectors Gy, s, - - -, Uy, 01,02, - -, Uy, be given starting vectors and let ps’s, qs’s, Ky (AT, U) ,

K (A, V) and W, be as defined above. If all the leading principal submatrices of W, are nonsingular, then

there exist two sets {up}4_, and {v;}¢_, of linearly independent vectors, an v x (v — m) band matriz H,,
which has an upper bandwidth n and a lower bandwidth m and all the entries ﬁﬂ_md = 1 in its lowest
subdiagonal, and an v x (v —n) band matriz H,, which has an upper bandwidth m and a lower bandwidth n
and all the entries iLj+n,j =1 in its lowest subdiagonal, such that

span{uy,ug, - -+, up } = Ky (AT, U) , span{vy,va,---, v} = K, (A7 f/) (6)



and

£0 ifl' =1
=0 ifl' #£1

ug vy

for alll',)1 =1,2,---,v. Moreover,
ATu, ,=U,H, and AV, , =V,H,,

where Up = [uy, ug,---,up] and Vi = [v1,vq, -, v].

The MPVL method [5, 7, 8] is an approach, theoretically based on the ABFH Lanczos procedure, to
to compute matrix Padé approximations of matrix-valued functions of the form

F(z)=UT(zI - A"V, (7)

where [ is the N x N identity matrix.
An I-th Padé approximant F(z) of F(z) is defined to be a function such that

Fi(z) = F(z) + O(z~ H/ml=li/nl=1)

See, for instance, [5, 7]. With the given blocks U and V as the n left starting vectors and m right starting
vectors respectively in the ABFH Lanczos procedure, we obtain data U,,V,, H, and H,. Because of (6),
there exist matrices n € C"*"™ and p € C™*" such that U= U,n and V= Vimp- Let H; be the [ x [ principal
block of the matrix H,,, 0y x; denote the I’ x I zero matrix and set D; = UlTVl. Then the following theorem
[7, 8] provides us an I-th Padé approximant.

Theorem 2.4 Let max{m,n} < 1. Then,

R = | o0 rw—m)l{o - ®)

O—n)xn (t—m)xm
is an l-th Padé approximant of the function F(z).

The MPVL method consists of two steps: (a) the ABFH Lanczos procedure is run for the first I steps
to obtain data H;, Dy, n and p, then (b) the Lanczos-Padé connection (8) then yields coefficient matrices for
the reduced order linear dynamical system

T st + { ! }w(t), i(t) = [ O(DZ" r.f:(t).

I—m)xm l—n)xn

whose transfer function is exactly the I-th Padé approximant Fj(z) to the transfer function F'(z). Observe
that the ABFH Lanczos procedure generates not only the data H;, D,,n, p but U, V,, H, as well. However,
the data U;,V; and H; do not contribute directly to compute Fj(z) in (8). Instead, they are used only to
obtain the matrix H; in the Lanczos procedure itself. The question then arises as to whether or not it is
possible in the ABFH Lanczos procedure to bypass the computations of U;,V; and H; and still generate
the quantities that are related to (8). In the next section, we will give a partial answer to this question by
deriving a transpose-free version of a limited version of the ABFH Lanczos procedure which does not involve
AT in its implementation.

3 Transpose-free Lanczos Procedure for Multiple Starting Vectors

As mentioned in the Introduction, a number of articles in the literature have discussed Lanczos implemen-
tations without accessing AT, see, for instance, [3, 6, 10, 13, 14, 17, 19, 20, 22, 23], mostly in the context of
solving systems of linear equations. Techniques of avoiding matrix-vector multiplies with A in the classical
Lanczos procedure can be generalized to the current case. In this section, we will give a new variant of



a limited ABFH Lanczos procedure which computes the quantities needed in (8) without using A”. To
simplify the derivation, we will assume that the deflation or look-ahead features in the full ABFH algorithm
are not needed.

We continue to use the notations introduced in §2 and suppose the assumption of Theorem 2.3 holds.
Also, we assume m < n. Now, we consider the equation (5),

—( —( —(
Vjpm = Avp — hﬁﬁ)lvm, - hgﬁ)l+1vm,+1 = hl(jm,lvmm—h

where | =1,2,--- v — m. Because of the property (2), the coefficients A" are determined by

t=17 _ _
s = 7 U , s=my,m +1,---,1+m—1.
Ps Us

A0 pz’Avlpr sl Egl)vt

Thus, we have the following procedure to compute the matrix H,.

Lanczos Procedure Version 1.
1. Compute vectors {v;};, such that v; — span{t.,---, 41} and v; € span{o1,---,0;},
and compute ps, s = 1,...,m, according to (1a).
2. Forl=1,2,---,v—m

3. m; = maz{l —n,1};
4. For s=m;,m;+1,---,1+m—1
5— (1
7 (1) P Av —p; t:rlﬁl hE )Ut
5 hs = T 1
b5 vs
6. End
7. Vigm = Avp — Zi:%?l ﬁgl)vs;
. ] dym ifl4+m<n
8 Compute (according to (1a)) pjem = { ATpr o ifl4m>n
9. End

The above procedure requires the use of A” to calculate p;y,, in line 8. In order to remove the A7,
we rearrange the outer for loop of the procedure into a form more convenient for our development. Let
I = jn + i and let the index i vary from 1 to n and j start with 0. Moreover, we regard any quantity with
non-positive subscript as zero. Then we convert the loop in [ (omitting lines 3 and 8) into doubly nested
loops in j and i respectively as follows.

Lanczos Procedure Version 2.
1. Forj=0,1,2,---

2. Fori=1,2,---,n
3. Fors=({—-1)n+i,---,jn+i+m—1
s—1 7 (jn+1)

4 janti) __pZA”ﬁﬂd"pz =G Dnti M’ Z”ﬁ

' T plvs ’
9. End

int+i+m—1 7 (jn+17

6. Ujn+i+m = A”jn+i - Zi;(—j:)m-i hgj )Us;
7. End
8. End

We split the range of the s loop and split the summations appearing in lines 4 and 6 to obtain

Lanczos Procedure Version 3.
1. Forj=0,1,2,---

2. Fori=1,2,---,n
3. Fors=(G—-1)n+i,--,(j—1)n+n
T T s—1 7 (in+i)
4. plnti _ Ps AVinti = P5 La=(gunyi b0
PiUs ’



5. End

6. Ifi<m-m+1
7. Fors=gjn+1---,jn+i4+m—1
1)n+n n-+i) n+1
3 E(jn+i) B pZAan+i (Zt] (j—1)n+i h(] ' vg + Zt =jn+1 h(] Z)Ut) )
' o plv, ’
9. End
10. Else
11. Fors=gn+1,--- jn+n
1)n+n n+i) n+i
12 punt) _ pF v — o] (S A o+ S W)
' o plv, ’
13. End
14. Fors=(j+1)n+1,---,j+1)n+i+m-n—1
WD = (o A T (S B 4 S R
15.
n+z
Zt j+1)n+1 j )) /ps Us;
16. End
17. End
18. Ifi<n-—-m
19. Vintitm = Avjnii — (Z(] (;)HSZH A Zin-;—;—:rln 1 ‘(]n+i)vs> :
20. Else
j—1)n+n 7 (jn+1i in+n 7 (jn+1i
Vjntitm =  AUjnyi — (Zijz(j),l)nﬂ- R0y, 4 i:jn+1 A"y,
21.
n+i+m—1 n+i
Z] Git)mi1 h(] Z)’Us> :
22. End
23. End
24. End

Since we have assumed that any quantity with non-positive subscript is zero, we can add a conditional
control “if j > 1 ”to lines 3 - 5 without changing their meanings. Moreover, by shifting the s-loops properly
and replacing p, with the right-hand side of (1a), we have

Lanczos Procedure Version 4.
1. Forj=0,1,2,---

2. Fori=1,2,---,n
3. Fors=1i,---,nand 7 > 1
~T Aj 1 jn+z)
4 h(]n+z) _ Uy Ajvjn+z Uy T Ai— Z ] Dn+t (j—l)n+t.
(j—1)n+s UZAJ 1”(]71)n+s )
5. End
6. Ifi<m-m+1
7 Fors=1,---;i+m—1
5 j n+ n+
7 (jn+i) UZAJ+1an+Z i A (Zt i ; 1)27)1+t U(i—tn+t + Z J]nthZ)UJ’H't)
s Pina” = al Aivj, ;
9. End
10. Else
11. Fors=1,---,n
- j jn-+i n—+i
plinti) _ s AT s — 5 A (Zt i ; 1)7)z+t VG-t + e g]n+t )”Jn+t)
. ks us Ajvjn+s ,
13. End
14. Fors=1,---;i—m+m—1



7 (jn+i n+i
th)LH — ( T A2, — AT AT (Zt Z (; 1)Zl+t V(- 1)ntt+

15.
n+ ~ j
Zt 1 ]n+t U]n+t + Z ;+1)121+t (J+1)n+t)) /UZAJ+1U(j+1)n+S;
16. End
17. End
18. Ifi<n-—-m
19. Vjn+i+m = Avjn+i - (Z BE;THl—)ZZL+s U(j—1)n+s + Zz+m ' h%’ﬁ'—:l)v]n+s) '
20. Else
Vjntitm =  AVjnyi — (Zs 1718"5’31“ V(G-Dnts + Lo J]nnfsz)vmﬂ"‘
21.
i+m—n—1 7 (jn+i) i
Zi:l h(j+1)n+s (J+1)n+s)’
22. End
23. End
24. End

Based on the formulas listed in the above procedure, we are now ready to give a transpose-free procedure
to compute H,. For the purpose, we introduce auxiliary vectors ¢;,4; and ¢j,4; defined by

Ginti = AT 0jnypi, Vinti = A0jnii, 9)

fori=1,2,---,;nand 7 =0,1,2,---. Set
¢ =1 =0

for I < 0 for convenience. We will find that the coefficients 7Ll(
which in turn can be updated recursively. In fact, we have

i+ can be expressed in terms of these vectors

. . R . 1 (i
UTAJan_H' _ UTAJ 1 ZS ! h(]n+l)

pontn U s t=i (G-1)n4tG -t
1 - S i—
(G=D)n+s UZA] 1U(j*1)n+s
@l yaes — 4 000 RO
s Yijn+i 1)n+t (71— 1n+t

UTU’(] 1)n+s

for 1 <i<n,1<jandi<s<mn (line 4 of version 4);

AT j+1 _ i JTH-l) Jn‘H)
i t) AT g — a A (Zt i MG—Dn4t VG-t T 2zt Mjnyr Vjnee
jnts Wl Alvj, s
AT 7 ]n+z ]n+z
Uy Pjnti — (Zt i h n+t¢ (G—D)n+t T Z ]n+t "/’jn+t)
W jnys '

for1<i<n—-m+1,0<jand 1<s<i+m—1 (line 8 of version 4);

AT Jj+1 _ 7 JTH-l) Jn‘H)
AT g — g s A (Zt i G-y n+t VG- 1n+t+Z Jn+t Ujn+t

plan+i)
Wl Alvj, s

jn+s

T 7 J”‘H ]n+z
¢Jn+z — Ug (Zt i h n+t¢ (G—Dn+t T Z ]n+t "/’jn+t)

al 1/)jn+s




forn—m+2<i<n,0<jand1<s<n (line 12 of version 4);
B%TI_)ZZLH = ( s AP0 — 4 AT (Zt i jnT)ZZH-t V(j—1)ntt T Doret B%T;i)”jnHWL
R Gamst) ) AT AT G
= (QZA¢jn+i - (Zt i Jn+ln+tf4¢ (j—1)n+t T Zt 1 ]Jnnj;l Dintt+

t 1 hgi?nﬁi/) (+1) n+t)) / 1/) (j+1)n+s
forn—m+2<i<n,0<jand1<s<i+m—n—1 (line 15 of version 4).
The vectors ¢; and ; themselves can be updated as follows, by adaptation of line 19 of version 4,
intitm = AlVjniitm

= Aj+1vjn+i - (Z BEJTH_)ZZHsA V(j—1)n+s + ZHm ! h;ﬂti)/“vjnﬂ)

_ 7 (n+1) i+m—1 p(jn+i)
- ¢jn+i - (Zs Zh(jnl)n+s¢(] 1)n+s + ZZ T ]nn+s 1/’jn+s) y
¢jn+i+m = Aj+1vjn+i+m
7 (jn+ i+m—1 +i
= A¢jn+i - (Z hE;nlln+sA¢ j 1 n+s + ZZ T g;ﬁsl)¢jn+s) )
for 1 <i<n—m and 0 < j; and by adaptation of line 21 of version 4:
wjn+i+m = Aj+1vjn+i+m
—  Ads L h(]n+z A jn+z )
- ¢]n+z Z (j—1)n+s (;5 (j—1)n+s + Zs 1 jn+s ¢]n+s+
i+m—1 7 (jn+i)
Zs:n+1 h]n+s w]n+s) 3
Gintitm = AT0jniiim = Ajnyitm,
forn—m+1<i<nand0<j.

We use the above formulas to eliminate the vectors v; from version 4 above to obtain the following.

Lanczos Procedure Version 5.
1. Forj=0,1,2,---

2. Fori=1,2,---,n
3. Fors=14,---,nand j > 1
~ ~ 17 +i

4 B(]n+z) _ uz¢j"+i - uj{ Z::z jn ln+t¢ (j—1)n+t

. (G—1nts = 'l]:{'(/)(j71 )n+s ’
9. End
6. Ifi<m-m+1
7. Fors:l,---i+m71

+i +

8 B(jn+i) _ ¢]n+z B u (Zt i J” ln+t¢ (j—1)n+t + Z Jz’z—tl ¢]n+t)
9. End e B g |

. n



10. Else

11. Fors=1,---,n
n+i n+
12 E(]’n+z‘) _ ¢J”+’ o u (Zt i ] Zn+t¢ (j—1)n+t + Z ]]n+tl w]n+t)
. ks s wjn+s ,
13. End
14. Fors=1,---;i+m—-n—1
i . -
h2;+1)27)1+8 = (UZA¢j"+i (Zt i ; 1Zn+tA¢ (7—1 n+t+
15.
n+i) sfl in+4i)
Zt 1 ﬁm ¢J’n+t + Zt:l ;+1 n+t¢ (7+1) n+t)) / "/) (j+1)n+s;
16. End
17. End
18. Ifi<n-—-m
19. Vintitm = Pinti — (Zn RO BGtmes + e hﬁﬁtl)iﬂjms) ;
2 Gimtitm = Ajnti — (Zn B n AP tmes + T R ¢jn+s) ;
21. Else
Yintiem = APjnti — (Z BE;"?M_SAQS GoDnts T Donet /n"fsz Gints+
22.
i+m—1 n-+i
z:Zsin+1 h]Z’L+s ¢]n+s) ;
23. ¢jn+i+m = ijn+i+m;
24. End
25. End
26. End

in which lines 6 - 17 are equivalent to

Fragment 6.
1. lpmin =min{n,i+m — 1};
2. Fors=1,---, lmm

]Tl+l ]n+z
¢]n+z - u (Zt i n+t¢ (j—1)n+t + Z ]n+t 1/)jn+t)

3. Rl -

ant zwjn+s
4. End
5. Fors=1,---;i+m-n—-1

ROy = (AT Agjmss — AT (S A AGG e + Xy
6.

n+1i
Zt: th+1 n+t1/) (7+1) n+t)) / ZZJ (3+1) n+s;

7. End

)

]n+z
jn+t ¢j”+t +

The procedure version 5 can be further simplified by noting that the summations in the numerators
of lines 4, 8, 12, 15 of version 5 are exactly the leading terms in the summations in lines 19, 20, 22. So we
can accumulate the summations one term at a time into temporary vectors ey, €g, €4y, and use the partial
sums directly in lines 4, 8, 12, 15 as they are generated. This avoids effectively having to accumulate the

summations multiple times. The result is the following.

Lanczos Procedure Version 7.
1. Forjy=0,1,2,---
Fori=1,2,---,n

DA

€y = Vinti; €p = Djnti;

Fors=14,---,nand j > 1
AT

plintd Us €y

(j—1)n+s — ﬁgﬂw(jfl)n+s;



12.

13.

14.
15.
16.

17.

18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28. End

Since the value of e, will no longer be used after line 10 in each double (i, j)-loop, we can store the value
of ea4 in ey to save memory. Furthermore, since the new vectors ¢jn4it+m and ¥jn4i4m are computed at
the end of each (i, j)-loop, the values of e, and ey again can be stored in ¢jn4itm and ¥jnqiym respectively.
Moreover, we introduce a variable ¢j,4; defined by ¢jp4+; = ﬂfzﬂmM to save some computational cost, where
i=1,2,---,n;5 =0,1,---. Thus, we arrive at the following algorithm which produces H, without using A”".

Algorithm 3.1 Transpose-free Multiple Lanczos Procedure
and n left starting vectors {dy };i_, withm < n. Suppose the assumption of Theorem 2.3 holds. The following

=g

0.
1

7 (jn+1i
€y = €y — hg'fl)Zst(J*l)fH-s;
_a)
e = €5 — BT LB 1ynts;
End

lmin = min{n,i+m — 1};
ey =eg; eap = Aegy;

Fors=1,---,lnin
B = et
us ¢j”j|'s
€y = €y — B;Jnr::l)wjn+s;

€Ap = €Ap — fbgjnitz)¢jn+s;
End

Fors=1,---;i+m—n—1

plintd ﬁs,T€A¢
(j+1)n+s azw(ﬂ_l)n_'_s g
7 (jn+1i
€Ay = €Agp — hE;+1))n+s¢(j+1)n+s;
End
fi<n-—-m

Yintitm = €y;
¢jn+i+m = €A¢p;
Else
wjn+i+m = €Agp;
Ginvitm = AVjntitm;
End

End

algorithm computes the matriz H, in Theorem 2.3.

1
2
3
4.
5
6
7.
8

9.
10.
11,
12,
13,
1.
15.
16.

Fori=1,2,---,n

Compute vectors {v;}]", such that vy — span{t,---, 41} and v, € span{v1,---, 0 }.
Set )y = v forl =1,--- m and compute ¢; = Ay, ¢ = ﬂsz/)l
Forj=0,1,2,---

Yintitm = Cintis Dintitm = Pintis

Fors=1i,---.nandj>1

7 (jn+i ~
hgfl)ZH-s - UsT¢jn+i+m/C'(ja1)n+s§
Yintitm = Qintitm — hE;ﬁ;LH

U S plan+i)
¢jn+z+m - ¢]n+z+m - (j—1)n+s

FEnd
lmin = min{n,i+m — 1};

w(jfl)n—#s;
¢(j71)n+s;

Yjntitm = Pjntitm; QDjntitm = A¢jn+i+m§

Fors=1,-- lnin
plinti) _ -T .
hjn+s = Uy wjn+i+m/cjn+s;
_ 7 (jn+i)
Yintitm = Cjnvitm — Nipyy ¥j

_ iL jn+i

n+s;

Pjntitm = Pjntitm — Nyt )¢jn+s§
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17. End

18. Fors=1,---;i+m—-n-1
7 (jn+i ~
19. h8+1)31+s - “f¢jn+i+m/%+})n+s?
20. jntitm = Pjntitm — hg;ﬁ)?l+s¢(j+1)n+s;
21. End
22. Ifi>n—-m+1
23. Yintitm = Pjntitm;
24. Dintitm = Ajntitm;
25. End
26. Cintitm = ﬂz?:kmfnL(Hmfl)/nJ wjn+i+m§
27. End
28. End

It is often the case in practice that the norms ||¢;||2 and ||1;]|2 become very large or very small as the
algorithm progresses and instability can occur in this situation. So, it is necessary to normalize the vectors
¢; and 1y in order to make the algorithm more practicable. One way to do so is that we redefine the variables
c, ﬁl(mﬂ),wl and ¢; in Algorithm 3.1 as follows

B L R o MNbrillss @ /s o
10

m = o/l b = i/ |[dllo-
With these new definitions, Algorithm 3.1 becomes

Algorithm 3.2 Scaled Transpose-free Multiple Lanczos Procedure Given m right starting vectors
{01}, and n left starting vectors {4y })i_, with m < n. Suppose the assumption of Theorem 2.3 holds. The
following algorithm computes an v x (v —m) band matriz H, = (hi;)i=1 ... pj=1,...,—m with hy; = BEJ) for
mj <t <j+m; f)ij =0 otherwise. H, is similar to H, computed in Algorithm 3.1.

1. Compute vectors {v;}}, such that v; — span{d1,---, 1} and v, € span{v:,---,01}.
2. Setw; =v/||vl2 for 1 =1,2,---,m and compute m; = Aw;, b = ﬂlTwl.
3. Forj=0,1,2,---
4 Fori=1,2,---,n
5. Wintitm = Wintii Tjntitm = Tjntis
6 Fors=i,---,nandj>1
i (jn+i) T
7. h(jfl)n+s = U C"J’Tl-&-l’-&-m/b(jfl)n+s5
_ = (jn+i) )
8 Wintitm = Wintitm — B0yt s@W(—1)nts)
- (gn+i) .
9. Tin+i+m — Tjn+i+m — h(jfl)n+s7r(jfl)n+sz
10. End
11. lmin = min{n,i+m — 1};
12. Win+i+m = Tjin+i+m: Tjn+i+m = A7Tjn+i+m;
13. Fors=1,-,lnin
Z inps X
14. hg']nn+sz) = Uy Wintitm/Yints;
- (jnti)
15. Wintitm = Wintitm — Dty Wings;
- (Fn+i)
16. Tjin+i+m = Tjn+itm — hjn+s Tjn+s;
17. End
18. Fors=1,---ji+m—n—-1
i (jn+i) N
19. hiiings = @5 Tinivm /DG +1)nts:
_ = (jn+i) )
20. Tjntitm = Tintitm — D11 nts@W(i+1)ntsi
21. End
22. Ifi>n—-m+1
23. Win+i+m = Tjn+titm;
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. average count average count
wwem Algorithm 3.2 Lanczos Version 1
Matrix vector m
1+ — 2
products n
. m(m —1)
Saxpy’s 2(m+n) — o m+n+1
n
Dot products m4+n+2 m+n+3
2(m+n+2)N
Total Storage 9
beyondA,I:I,, (2m+3n+2)N+m+n +@+m+n

Table 1: Average cost per column computation of Algorithm 3.2 and its storage requirement, compared to
the Lanczos Procedure Version 1, where in the latter we assume the results of matrix-vector products A,
and dot products plv; are saved for re-use.

24. Tjn+i+m = ijn+i+m§
25. End
i (Jn+i)

20. hj]n+i+m = ||an+i+m||2(§ :
—(jn+1

27. Winti+m = wjn+i+m/h‘jn+i4)»m;
—(jn+1

28. Tjn+itm = W%n+i+m/hjzz+i+m;

29. bjntitm = Uiy _p|(itm—1)/n|Cintitm;

30. End

31. End

We remark that we did not compute ﬁgzﬁ;:}m in Algorithm 3.1 since it is equal to 1 there. However, it
has been scaled in Algorithm 3.2 and therefore we can not ignore it. Moreover, by (10) and the definitions

of the matrices H, and H,, they are related by
H, =AHA!' (11)

v—m?

where Ay = diag{[[¢1]l2, lballz, -, ¥l ). )

Each pass through the j loop in Algorithm 3.2 calculates n columns of H, and involves m + n matrix-
vector multiplications, n(m+n+2) dot products, 2n(m+n)—3m(m—1) saxpy’s, and 2n scalar-vector multipli-
cations, ignoring lower order effects. We list the average cost to compute each new column in Table 3. More-
over, in addition to the matrices A and H,, the data {TG—tntis s Tinditm b» AWG—1)n+i> """ Wintitm )
{a1, -, 0n} and {b;_1)ptis bjnyirm—1} of storage are required in the process of each (i, j)-loop. There
are many variants of the traditional Lanczos method, so we compare the costs for Algorithm 3.2 with that
estimated from the Lanczos Procedure Version 1. Of course Version 1 is not a version that one would actually
use for computation, but its costs and storage requirements approximate that of the ABFH method when
no deflation or look-ahead occur.

4 A Transpose-free Version of the MPVL Method

Recall from Theorem 2.4 that

o = 28 e[,

I—n)xn (I—m)xm

is an [-th Padé approximant of the transfer function F'(z), where H is the [ x [ principal block of H,. Since
D, = UV, and U = U,n from §2, we have

l—n)xXn (I—m)xm

12



Let H; be the [ x [ principal block of H,. Because of (11), (9) and (10),

r ~ T
VTU -1 -1 [ P :|
F = n I— A "HA
Z(Z) L 0(lfn)><n :| (Z ! ! l) 0(lfm)><m
i T AT
_ | (A) U } (21 —H;) " { Amp }
0(lfn)><n 0(lfm)><m
(12)
i T T A
= (\I'”An ) U } (21 — Hl)fl { mp }
0(lfn)><n 0(lfm)><m
- I T
— QnU :| (ZI_HZ)—l |: Amp :| .
L O(lfn)xn O(lfm)xm
Here W), = [1, 9, -+, Pnl, Dy = [wr,ws, - - wp] and Ay, = diag{[[¢nll2, - -, [[Pmll2} = diag{[lorlla, -+, lom ]2}

by the definition of Ay, and (9). Thus, the function Fj(z) is expressed in terms of the quantities in Algorithm
3.2. Regarding the m x m matrix p, it can be computed in Step 1 in Algorithm 3.2 via a modified two-sided
Gram-Schmidt-type process [16, 5]. We can now present a transpose-free implementation of the MPVL
method in the following algorithm.

Algorithm 4.1 Transpose-free MPVL (TFMPVL)  Given m right starting vectors {0;}]", and n
left starting vectors {ay };_, with m < n. Suppose the assumption of Theorem 2.3 holds. The following
algorithm computes an l-th Padé approzimant F;(z) of the transfer function F(z).

1. Compute p via a modified two-sided Gram-Schmidt-type process

2. Runl = jn + i steps of the transpose-free Lanczos process with multiple starting vectors
(Algorithm 8.2) to obtain A,, Y, and Hy.

3. Compute Fi(z) according to (12).

This algorithm requires about (1 4+ m/n)l matrix vector products to get an [-th Padé approximant
Fi(z). When m < n, it is cheaper in terms of matrix vector products than MPVL which needs 2/ matrix
vector products to get Fj(z).

5 Numerical Experiments

The first example is the DC operating point problem from [15, 21] and the test matrix was obtained from
[18]. It is a representative of full-scale commercial design at Bell Laboratories. The problem is typically
formulated as a system of equations which represents the application of Kirchoff’s current and voltage laws
at various points in the circuit. The coefficient matrix, denoted WATSONS3 in [18], is of order 124 x 125
with 780 nonzero entries. In this example, we artificially generate the matrix-valued function F'(z) defined
in (7). The matrix A is the matrix obtained from the WATSON3 matrix by deleting the last column. U
and V are matrices of order 124 x 2 with independent and identically distributed (iid) entries from a normal
distribution with mean 0 and variance 1 (N(0,1)). Figure 1 plots the frequency responses |F*1) (iw)| of the
system and its 4-th, 8-th and 16-th Padé approximants computed by Algorithm 3.2, where F(1=1)(z) denotes
the (1,1)-th scalar component of the matrix-valued function F(z) and where i = y/—1. Note that the 16-th
Padé approximant has been very close to the response of the original system.

Our second example is the 120 x 120 system from [11, 12] which describes the effects of a magnetic
actuator on the radial tracking arm of a portable compact disc player. The matrix A in this example is sparse
with nonzero entries only on its diagonal and anti-diagonal. The (input) matrix V contains two columns
which respectively correspond to the voltages applied to the radial arm and lens actuators. The (output)
matrix U contains two columns which respectively correspond to the positions of the radial arm and the
focusing lens [11]. In this example, we compare our TFMPVL method to an MPVL method using a two-side
Lanczos procedure. Since UTV ~ 0, the system is unstable when approximated with methods based on the
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point: 16th Pade approximant

frequency (w)

Figure 1: Frequency responses for the first example.

standard Lanczos procedure, see [9, 11, 12]. The difficulty applies to TFMPVL and MPVL. They almost
suffer breakdown in their first two 1terat10ns due to, say, in the case of TFMPVL, b; and b, near zero. Recall
that b; and by are the dot products of V- columns with U-columns. To avoid the near-zero denominators by
and by, we expanded the column-size of U by adding some random vectors to U. More precisely, we used
the following U matrix in our experiment for both TFMPVL and MPVL

Uezp = [R17’111,R2;ﬂ2]7

where Ry and Ry are N x (n/2 — 1) matrices with iid entries from N(0,1) and @; and 4, are the first
and second columns of the original U matrix respectively. Thus, b; and b, are now the dot products of V-
columns with random vectors. Moreover, by injecting random vectors into this CD player system in this way,
both algorithms seem to be able to generate stable partial realizations for the system. Another remedy of
employing the implicit restart technique to stabilize the Lanczos generated model has already been suggested
in [9, 11, 12] and our idea here seems to be a good alternative.

We computed the 30-th and 34-th Padé approximants Fjo(z) and F34(z) with n = 20 left starting
vectors by the TFMPVL and MPVL algorithms for the matrix-valued function

F(z) = (U”p)T (2] — A1V

The magnitudes of the (n/2,1)-th, (n/2,2)-th, (n,1)-th and (n, 2)-th scalar components of Fzq(iw), F34(iw)
and F(iw) are showed in Figures 2 and 3. According to Theorem 2.4, F55(z) and F34(z) satisfy that
F30(2) = F(2) + O(z7'7) and Fiu(2) = F(2) + O(z7!'?). In this experiment, TFMPVL used 34 and 38
matrix-vector products with A to get F30(z) and F34(2) respectively, and MPVL used 38 to get Fio(z).

From both experiments, we can see that the computed Padé approximants via TFMPVL significantly
capture the original systems at high frequency, but not at low frequency. It is because that Algorithm 3.2
was derived based on the Taylor expansion of F(z) about z = co. Versions of the algorithm based on Taylor
expansion of F'(z) about other z-values can be obtained similarly.

6 Concluding Remarks

We have proposed a transpose free version of a Lanczos procedure for multiple starting vectors for the limited
case of no deflation and no look-ahead Lanczos process. Besides avoiding the need for carrying the transpose
of the matrix A, this method may also reduce the average number of matrix-vector products per vector
generated from 2 to 1 + m/n, where m,n are the number of right, left starting vectors (respectively). The
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Figure 2: Frequency responses for the second example. (a) Radial arm input to radial arm position output
(the (n/2,1)-th entry of F(z)); (b) Lens actuator input to radial arm position output (the (n/2,2)-th entry
of F(z))
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Figure 3: Frequency responses for the second example. (a) Radial arm input to lens position output (the
(n,1)-th entry of F'(z)); (b) Lens actuator input to lens position output (the (n,2)-th entry of F'(2))
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method has been applied to the problem of computing a Padé approximation to a given transfer function.
Since for the Padé approximation, the Lanczos vectors V; is not needed, the method we have proposed
generated only the banded coefficient matrix H;, but it is an easy matter to generate V;, as well. Numerical
experiments indicate that the method’s numerical properties appear to be as favorable as those for the
original two-sided Lanczos method.

In general, a practical multiple-vector Lanczos algorithm will have to include some deflation procedure.
For the transpose free algorithm, this may change the length of the required recurrences, requiring the storage
of a few more vectors from step to step. This variant of this algorithm will be addressed in a future paper.
However, the basic concept behind the transpose free Lanczos with deflation is identical to the concept
behind the algorithm developed in this paper. In other words, the algorithm of this paper suffices to show
the existence and feasibility of a transpose-free MIMO Lanczos procedure capable of accepting multiple
vectors on both the left and the right, suitable for the computation of Padé approximants.

Acknowledgement. The authors wish to thank Dr. Roland W. Freund for his help in our experi-
ments.
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