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Abstract

We explore the connections between the Lanczos algorithm fanatrix tridiagonalization and two fast
algorithms for Hankel matrix factorization. We show how the asymmetric Lanczos process is related to
the Berlekamp-Massey algorithm, and how the symmetrized Laczos process is related to the Phillips
algorithm. We also discuss conditions under which the analgis of Phillips applies.

1 Introduction

In 1950 Lanczos [22] proposed a method for computing the eigealues of symmetric and nonsymmetric
matrices. The idea was to reduce the given matrix to a tridiagonal form, from which the eigenvalues
could be determined. A characterization of the breakdownsn the Lanczos algorithm in terms of algebraic
conditions of controllability and observability was addressed in [6] and [26]. Hankel matrices arise in various
settings, ranging from system identi cation [23] to algorithmic fault tolerance [4]. In his 1977 dissertation,
Kung [20] studied the Berlekamp-Massey (BM, 1967) algoritm [1], [24] for solving Hankel equations, and
remarked that their algorithm is related to the Lanczos process. There still exists strong interest in a
simple exposition of the BM algorithm; see, e.g., [19] in 198 In 1971 Phillips [28] proposed a Hankel
triangularization scheme, and presented a derivation of 8 method using a special symmetrized Lanczos
process with a weighted and possibly inde nite inner produd. In this paper, we present the rst systematic
treatment of the connections between the Lanczos process drthe two Hankel algorithms. We show how
the BM and Phillips algorithms are just special cases of the aymmetric Lanczos and symmetrized Lanczos
algorithms, respectively, using particular choices for the matrix and starting vectors. In addition, we point
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out an additional assumption, not mentioned in [28], that is essential for the application of the symmetrized
Lanczos algorithm.

This paper is organized as follows. Section 2 presents the wametric and symmetrized versions of the
Lanczos algorithm. In Section 3, the problem of orthogonalzing a sequence of polynomials is discussed,
and it is shown how the Hankel matrix elements arise aamoments In Section 4, appropriate choices of
matrices and vectors are made so that the two Lanczos schemedll compute two di erent factorizations
of a Hankel matrix, just like the BM and Phillips algorithms. The paper concludes with a short numerical
illustration and some remarks on the breakdownproblem of the asymmetric Lanczos scheme.

2 Description of the Lanczos Process

We give a brief description of the Lanczos process. Considex real vector spaceV with an associated
weighted inner product hx;yi of vectorsx andy de ned by
hx;yi XTWy: (2:1)

whereW is some given real symmetric matrix. Forx 6 y, we say that the vectorsx andy are W -orthogonal
if their inner product equals zero. Suppose that there exist an orthonormal basises;ey; , so that all
the vectors in V can be expressed in terms of this basis:

0 1

X1
X = X1€1+ Xp€0 + = %}ng:

A linear operator will be denoted by a matrix A. We assume that the usual transposeA’ satis es
PMTx:yi = hx;Ayi;

thus requiring the condition that the matrices A and W commute Note that in the usual asymmetric
Lanczos algorithm, we haveW = | and so this commuting condition is satis ed automatically. In this
paper we use a more generdlV in order to create a setting that encompasses both the usualsymmetric
Lanczos algorithm and a modi ed symmetrized algorithm proposed by Phillips [28].

Although we may apply the Lanczos algorithm to possibly in nite vectors, we discuss thenonsingularity
and rank of a matrix only for nite dimensional ones, so that we retain the usual de nitions of these concepts.
We represent vectors by the bold lowercase typefack, matrices by italic uppercaseB, and linear spaces
by bold uppercaseB. If

vk = Avg 1 forall Kk;

the sequence of vector§vi;vy; g is called aKrylov sequence and the space spanned by these vectors is
called the right Krylov space G:
G span(bi;Abq;A%bq; ):

We let G denote the truncated space generated by the matrixGy:
Gk (b1;Aby;  ;AX 'by):
Likewise, we letF denote the left Krylov space :

F span(cy;ATcr; (AT)%cy; )
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and Fy the truncated space generated by the matrixFy:
Fo (cuATer (AT cy):

Note that F and G are used to distinguish between the leFt and riGht Krylov spaces.

2.1 Asymmetric Lanczos Method

Given a real matrix A and two real and non-null vectorsb1 and c; in V, the asymmetric Lanczos algorithm
generates two sequences of vectors:

B (by;b2; ) and C  (cy;c2; );

such that
span(b1; ;byx)= Gk and span(ci; ;ck)= Fg; forall k: (2:2)
Given the 2k vectorsb,; ;bgxandcy; ;ck, thetwo vectorsby+; andcyg+; are computed by the formulae:
bk+1 = Abk (b1, ;by) «
and
e = ATc (C1i 5Ck) s
for some coe cient vectors ¢ and . These vectors are chosen to enforce thé -biorthogonality conditions:
Hoks1;cii = 0 and hogeq;bii = 0 fori=1;2, ;k; (2:3)

for every k for which the k  k matrix
(ci; ;c)W(by; ;by); or equivalently FJ W Gy; (2:4)

is nonsingular. In this section we make theassumption that FkTWGk is nonsingular for all k (as long as
by 6 0 and ck 6 0), in which case only the last two entries of both ¢ and | are nonzero. When this
assumption is relaxed, we face @reakdownproblem that will be discussed in Section 5. This algorithm
is the same as the nonsymmetric Lanczos algorithm found in [5 except that we are using a weighted
inner product to enforce W -orthogonality, as opposed to an unweighted inner product b enforce ordinary
orthogonality. We refer the reader to [5] for details of the dgorithm, which we summarize as follows.

Algorithm AsymlLanczos.
1. Fork=1;2; until stopped
2. Expand Krylov spaces: Setb(k0+)l = Aby and cf(ofl = ATcy.
3. Enforce the W -biorthogonality condition (2.3) by setting
brer = Oy (b1 bW i

and 0
_ A . .
Ck+1 = C|(+:|_ (Clv ,Ck) k

via solving for the appropriate coe cients  and . OJ

The process continues until eitherb,.; =0 for somer, or cs+1 =0 for some s, whichever occurs rst,
although one could continue by appending zero vectors untilone reaches zero vectors in both sequences.
Hence the matricesB and C of generated vectors satisfy

AB=B and ATC=C :
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where and are tridiagonal matrices with unit subdiagonal s, made up of the coe cient vectors § and
k, fork=1;2;, . The W-biorthogonality conditions (2.3) become

C'WB = D;
where D is a diagonal matrix. Note that in the case whereW = 1, the algorithm reduces to that given in

Wilkinson [32, p. 388 ].

2.2 Symmetrized Lanczos Method

For the case of a real symmetricA, with the choice b, = c¢1, one can show that
bj=c¢ foralli:
The W -biorthogonality conditions (2.3) reduce toW -orthogonality conditions:
Hogs1;bji = 0 fori=1;2;, ;k; (2:5)
for every k for which the k  k matrix
(b1;  ;b)TW(by; ;bk) or equivalently Gf W Gy; (2:6)

is nonsingular. Under the assumption that (2.6) is nonsinguar for all k (as long asby 6 0), we obtain a
simpli ed symmetrized Lanczos process.

Algorithm SymmLanczos.
1. Fork=1;2 until stopped
2. Expand Krylov spaces: Setb(koj1 = Aby.
3. Enforce the W -orthogonality condition (2.5) by setting

ber = b (b1 by)

via solving for the appropriate coe cients . []

The process continues untilb,+; = 0 for some r. Thus the matrix B of generated vectors satis es the
two conditions:
AB =B and B'WB = D;

where s tridiagonal and D is diagonal. Note that, under our assumption that GIWGK is nonsingular
for all k, Algorithm SymmLanczos is same as the method given in Philps [28]. If in addition W = [, the
algorithm reduces to the usual symmetric Lanczos algorithm[13, p. 485], [32, p. 394 ], in which case
the nonsingularity of (2.6) is guaranteed for allk as long asby 6 0.
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3 Application to Sequences of Polynomials

Assume there exists a real-valuednner product h;gi which satis es the usual properties except for posi-
tivity:
;g +hi=hg +h;fi= hg;fi + h;fi

and
hxf;gi = H;xgi;
for any real-valued functionsf , g, h of x. Given a sequence of polynomialgg; p1; , of exact degrees, and
the moments
k= hpk;poi; fork=0;12 ; (3:1)
where pg is a constant polynomial, we wish to nd another sequence of plynomials p; q1; , of exact

degrees so that theqg's are orthogonal with respect to the given inner product. Note that the relati on
de ning the inner product may not be known. For the case of anordinary inner product, viz., i;f i > 0
for all nonzerof , the problem has been extensively studied in the literature see, e.g., [11] and references
therein. However, only recently has this problem been addresed for more general inner products; see, e.g.,
the modi ed Chebyshev algorithmin [12]. This problem was addressed in [5] for the case wherd&e inner
product is a discrete sum over a nite number of knots.

3.1 Asymmetric Orthogonalization
Since the polynomials are of exact degrees they obey the regence formulae:
xp' =p'Z, and xq' = q'Zy

where 0 1 0 1
Po(X) G (x)

_%pl(x) _ _%Ch(x) _
P=mXx 97 e X"

and both Z, and Z4 are unreduced in nite upper Hessenberg matrices. The polyomials are also related
by an in nite upper triangular matrix of coe cients B:

q' = p'B:
From the de nitions, we have that
p'BZy=xp'B = p'Z,B; (3:2)
and thus
BZq= ZpB: (3:3)

We are interested in further exploring the relations betweea the two sequences. We make the simplifying
assumption that the zero degree polynomials are scaled so &b pg = ¢p. The upper Hessenberg structure
of Z, implies, among other things, that for every k,

span(by;bz;  ;by) = span(by; Zghy;  ;ZK 'by); (3:4)

where b; denotes thei-th column of B.
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De ne the matrix C of mixed moments
G =l 1, 1i; fori;j =1;2,3; (3:5)

Let ¢; denote thei-th column of C. Sinceqy = pp, the rst column c; of C is given by
0O 1
0
_ % 1% .
Ci1 = S
Following [12], we use the extended notation that

C hp;q'i;

where the inner product applied to a vector of functions meas that it is applied individually to each
element. By linearity we have that

Zyhp;gTi=p;qi = lp;xq'i = tp;qTizg (3:6)
Equation (3.6) reduces to
Z,C=Cz, (3:7)
As with the B matrix, this implies that for all k
span(cy;  ;Ck) = span(ci;Zjcy; 5 (Z0)* o) (3:8)

Let us discuss some speci ¢ choices for the polynomials. The are two common choices foip's. One,
they are chosen as the monomials, which is equivalent t&, being a shift matrix. Two, the p's are
generated via a three-term recurrence, equivalent t&, being a tridiagonal matrix of recurrence coe cients.
Independently of the choice for thep's, we can make arbitrary choices for theg's. If in particular we choose
the g's to be orthogonal with respect to h; i, then the corresponding matrix condition is that the matrix

D=Hy;q'i=Hh;p'iB=C'B (3:9)

be diagonal. We then observe that the conditions (3.3), (3.7, (3.9) and the Krylov sequence conditions
(3.4) and (3.8) exactly match the properties of the vectors g@nerated by the Lanczos process when started
with the matrix Z, and right vector b; = e; and left vector c; composed of the moments. It follows that
if such a sequence of orthogonadl's exist, then the vectors generated by the Lanczos processilivsatisfy
(3.9), and vice versa.

We now discuss the computation of the leading nite-dimensbnal part of the above in nite vectors.
Suppose we are given only the rstZy 1 moments ¢; 1; ; 2n 2aswellastheleading(®d 1) (2n 1)
part of Z,, which we henceforth callZ for simplicity. Because of the lower Hessenberg form oZT, we
know the rst2n 2 entries inZ"cq, the rst2n 3 components of Z T)2cy, and so on. Thus, we will
know the leading anti-triangle of the left Krylov matrix:

Fn = span(cy; Zp ¢ (Zp)%c;  1(Zp)" te); (3:10)
Note that the leading n  n principal submatrix of F, is known. Recall also the right Krylov matrix:

Gn = span(by;Zph1;Z5b1;  ;Zp 'ba):
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The two sequences of vector§b;g and f ¢; g satisfying (3.9) can be generated by applying an oblique Gran-
Schmidt process toF, and G,,. Due to the upper triangular nature of the vectors b;, the conditions (3.9)
for the rst n vectors involve only the rst n entries of both the b and ¢ vectors.

The Lanczos process will generate a sequence of vectdrg; b,; ,andcy;cp; . Withthe rst2 n 1
entries of c; known and b1 = e1, the Lanczos algorithm will generate at least the vectorsbi; ;b, and
leading n entries ofc1;  ;cn. Each polynomial gk will be de ned in terms of the originally given set of p

polynomials by the relation:
k(X)) = p'(X)bgs1; fork=0;1;2;

The moments involving ¢« are the entries ofcy+1 :

0 .1
hpo; okl
hp1; okl
Ck+1 = hpo; Ok (3:11)
If k is an index such that the matrix (c1; ;ck)T(b1; ;by) is nonsingular, then cg+q Wwill orthogonal to

bi, fori =1;2; ;k. Due to the upper triangularity of B, this means that the rst k entries of (3.11)
will be zero, and soC will be lower triangular from the diagonality condition (3. 9). Note that this is a
condition involving only nitely many leading entries of (3 .11). So for such indicesk, the polynomial ¢
will be orthogonal to all polynomials p's of degrees lower thark.

We also note that in general, it is well known that there is a loss of bi-orthogonality among the Lanczos
vectors generated. But in our situation, the bi-orthogonality conditions on the vectors c1;cy;  translate
directly into the condition that the generated matrix C be lower triangular, a condition that maintained
numerically almost automatically.

3.2 Symmetrized Orthogonalization
Assume that the moments matrix H has a triangular decomposition:
H = RTDR;

where R is unit upper triangular and D is diagonal. To run the Lanczos process, we choose some iaiti
matrix A that is symmetric, and choose the same initial vectors:b1 = ¢1. Hence the left and right Krylov
matrices will be identical. Assume that the Krylov matrix G, is nonsingular, and de ne a matrix B by

B Gh,R (3:12)

It can be shown that the columns of B are generated by the symmetrized Lanczos process, and thahey
satisfy the relations:
hoi;bji = 0 fori6 j
and
hbi;bji = Dj;;
whereb; denotes thei-th column of B, and D;; denotes the ;i) element of D. Most importantly, we can

now nd the matrix R from (3.12):
R '=gG,!B: (3:13)
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De ne new polynomials g's from the p's via the formula:
q"=p'R &

So we get
hg;q'i=R Tp;p'iR 1= R THR '=D;

verifying that the polynomials g's are orthogonal with respect to the given inner product, just as we desire.

4 Factorization of a Hankel Matrix

Hankel solvers and the closely related Toeplitz solvers ha been studied for a long time; see, e.g., [13].
Most Toeplitz solvers are based on theshift invariance of a Toeplitz matrix, for which a principal leading
submatrix is identical to the principal trailing submatrix of the same size. The resulting methods can
compute the LU factors of a Toeplitz matrix in O(n?) operations, but require that all leading principal
submatrices be nonsingular. We will refer to a matrix with all nonsingular leading principal submatrices
as strongly nonsingular. The Lanczos recursion leads to fast Hankel factorizers whbh are equivalent in
cost to the fast Toeplitz factorizers. The resulting recurson formulae to factorize a strongly nonsingular
Hankel matrix have appeared in several papers under di erehguises, going all the way back to Chebyshev
[8]. Early algorithms for factorizing a Hankel matrix appeared in [29], [30], [31], and the connection with
the Lanczos algorithm either on a nhonsymmetric matrix or using an inde nite inner product appeared in
[14], [18], [20], [28]. When the permuted Yule-Walker equdbns (a Hankel system with a special right
hand side) are solved, the resulting method essentially coputes the LU factors of the Hankel matrix [1],
[24], [25]. The same sets of equations arise in identi catio problems, where we would like to construct
the transfer function from the impulse response of a dynamial system [23]. The relation between the
asymmetric Lanczos process and fast Hankel factorization rad/or inversion algorithms has been explored
more recently in [3], [4], [16], [17], [21].

In the next two subsections, we apply the Lanczos process toalne two procedures for decomposing
an n n strongly nonsingular Hankel matrix

0 1
n 1
1 2 3 n
H = 2 3 4 n+1 :
n 1 n n+l 2n 2

To be speci ¢, the asymmetric Lanczos process computes thedctorization:
HU = L; (4:1)

where the matrix U is unit upper triangular, and the matrix L is lower triangular, and the symmetrized
Lanczos process calculates the factorization:

H = RTDR; (4:2)

where the matrix R is unit upper triangular, and the matrix D is diagonal. From the uniqueness of the
triangular decomposition of H we conclude thatLT = DR.
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4.1 Asymmetric Lanczos Factorization

We de ne two (2n  1)-element vectorsb; and c;. The former is the rst coordinate unit vector, and the
latter contains the parameters generating the Hankel matrk H. That is,

0. 1 0 1

1 0
0 1
bl:%:% e; and 01=% : §:
0 2n 2

The weighting matrix W is chosen as the identity matrix of order 2n 1.

W=l 1:
Denea(2n 1) (2n 1) shift-down matrix:
0 1

0 0O 0 0O

1 00 0 0O

010 0 0O

Z= : ol

0 0O 0 0O

0 0O 1 0O

0 0O 010
and let

A= Z

Then the left Krylov sequence generated byc, has the form

H

Fo=(cy; ZTcr;, 5 (ZN)" 1) K

(4:3)

whereK isan (n 1) n upper anti-triangular matrix of the excess parameters, with Hankel structure.

The right Krylov space, for any k,
span(b1;Zby;  ;Z¥ bg) = span(er; ;ex)
spans the same space as the rsk columns of the identity matrix. The condition that
(c1;Z%cy; (2T e)T(by;zby;  ;ZK Tby)  FJ Gk (4:4)

be nonsingular is equivalent to the condition that the leading k k principal submatrix of H is nonsingular.
Let us rst consider the case where this holds for everyk. Then the vectorsC =(c1; ;cn) will be lower
triangular, from the bi-orthogonality condition. Since th e leadingk columns of C span the same space as
Fk, for every k, it follows that

C=FyU (4:5)

for some upper triangular matrix U. If we denote byL the rst n rows of C, then the rst n rows of (4.5)
gives the desired factorization ofH as in (4.1).

We note that this process is equivalent to generating the segence of polynomials orthogonal with
respect to an ordinary inner product h; i whose moments derived from some polynomialp's are the given
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Hankel parametersc;. The Krylov sequence (4.3) equals (3.10), and the lower triagular matrix C equals
the mixed moments matrix of (3.5), which is lower triangular when the polynomials being generated are
orthogonal with respect to the inner product.

Unfortunately, the matrix U is not generated by the Lanczos method. However, we may gerate it
by recording the operations that go into generatingC. With this particular choice of starting information,
the Lanczos process amounts to just reducing the left Krylovsequencer,, to lower triangular form C by
means ofcolumn operations In other words, each column ofC is obtained by applying ZT (i.e., shifting
up) and then subtracting multiples of previous columns to reduce it to lower triangular form. That is,

ici+1 =27 (e 5g) | (4:6)

for some vector ; and some scalar j. From (4.6) we have that
¢ = Kuj;
whereu; is the j-th column of U. Then we have the following identity from the Hankel structure of K :
ZTcj = ZTKuj = KZ u;:

Thus, we may expresscj+1 = KuUj+1, where

jUi+1 = Zuj  (u1;  5Uj) (4:7)
and the coecients ; and ; are those de ned in (4.6). Thus, as we perform the up-shiftirg and column
operations to generate thec vectors, we perform down-shifting and the same column opet@ns on the u

vectors to generate theU matrix. Under the usual situation where (4.4) is nonsingula, the vector ; have
only two nonzero entries, and hence eacllj; can be generated with onlyO(j ) operations.

We summarize the process with the following procedure.

Algorithm AsymHankel
1. Forj=1;2;, ;n 1

0
2. cj(+)l =ZTg.

0
3. uj(+)1 = Zuj.
4. jCj+1 = cj(cl)l (¢ 1,¢) I 1 where the coe cients i 1; and jj

i
are computed to annihilate the entries (cj((i)1 )i 1and (cj(?r)1 )i -

0 . i1
5. jUj+1 = UJ-(+)1 (uj 1u;) Jjj O
Thus, at the j-th stage, we augment the matrix (c1; ;¢j) to obtain
0 cu1 1
C21 C22
0 'q . QO
(cii igigy)= g9 11 G 12 L1 I i
G1 G2 Gj 1 Gij G +1
(0)

G+1;1 G+12 C1+l;j 1 Ga+1j Cj+l;j+1
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and then the two entries cj(o)l;j + and cj(;?),,l are annihilated. In detail, steps 4 and 5 above can be written

out as

©

I . Gij

4.1 T IR
1 _ .0 o

4.2 Civ1 = G+ j 1iG 1.
L _ 0 o

5.2 Uvs = Ui 3 1

W o o

4.3 o= il — G i .
I Gj Gj G 1 1
R ¢ ) .
o=@ s

The reader will recognize from the formulae in steps 4.1 and .8 that this is the same as the Chebyshev
algorithm [8, Oeuvres p. 482], [11] in the theory of moments and orthogonal polynmials, as well as the
Berlekamp-Massey algorithm in coding [1], [19], [24].

4.2 Symmetrized Lanczos Factorization

In this section we consider the factorization of a strongly ronsingular Hankel matrix H. Such a matrix has
the decomposition as given by (4.2), and in this section we d#&e the algorithm of Phillips [28] to generate
this decomposition. Phillips [28] showed howH can be viewed as a moments matrix. Consider the right
Krylov matrix Gp:

Gn = (b1;Aby; ;A" thy);

where A is some symmetric matrix and b, is some vector such thatG, is nonsingular. De ne the inner
product (2.1) with a symmetric weighting matrix W de ned by

W =G, HG, (4:8)
Then the (i;j ) element of H satis es
(H)ij = isj 2= bA" Tby; AV Thai;

as long asA and W commute. The following development depends on nding matrcesA and W which
commute, but as will be seen in Section 4.3, &/ de ned by (4.8) may not always commute with A. So, in
general, can we always nd two symmetric matricesA and W that commute for any given H? The answer
is yes. At the end of this section, we give one example of such and W for any given strongly nonsingular
H. Hence the following development is not vacuous.

We can modify the symmetric Lanczos tridiagonalization pracess (cf. [13, p. 476 ]) to generate a
matrix B with W-orthogonal columns that satis es

AB = BT; (4:9)

where T is tridiagonal. Let
B =(by;b2;  bn):

The columns of B are determined by using the formula:

bi+s =(A il)bi  ibj 1; fori=1; ;n 1 (4:10)
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where ; and ; are chosen s+ is W-orthogonal to b; and b; 1, and hence also tob; »; ;bi. The
tridiagonal matrix T is de ned by
T (@ i i)
By analogy with the symmetric Lanczos process, the matrixB forms a part of the W-orthogonal QR
decomposition of the Krylov matrix Gp:
Gn = BR;

where B has W -orthogonal columns which are scaled so thaR is unit upper triangular. Hence B satis es

B'TWB = D: (4:11)

Now, consider the Krylov matrix G,,, given by
Gan = (b1;Aby; ;AP b)) (G G):

ie.,
G (A"byA™lby; AP lp))= A'Gy:

Let Z, denote a -  2n left-shift matrix:

0 1
0 0O 0 0O
1 0 O 0O 0O
0 10 0 0O
ZL R
0O 0O 0O 0O
0 0O 1 0 O
0 0O 0 1 0

Note that Z, has the same structure as the order2 1 down-shift matrix Z of Section 4.1. We have
(AG2n)j =(GanZy)j; forj=1; ;2n 1
where M; denotes thej -th column of a matrix M. Since
AG,, = AB(R;B 'G)= BT(R;B 'G)

and
GmZL = B(R;B 16)z;

we get
T(R;B 16) (T (R;B 18)z, . forj =1; ;2n 1;

i.e., ashift-to-left operation on G, is equivalent to a three-term recurrence onR. However, it is expensive
to compute T, and a better way is to expressT in terms of R. De ne the tridiagonal matrix

P DTD 1!

and
C (DR;DB 6): (4:12)

The rst n columns of C give us the two desired matricesD and R. Then

PC=DT(R;B 6)
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and so
(PC); =(CZ.);; forj=1; ;2n L

Since P is tridiagonal, the above formula shows that the rows ofC obey a recurrence, which with some
algebraic manipulation can be written as [28]:

Gi+1;j = Gij+1 i Gi;j iG 1,

where
= G +1 G 1 and | = Gi;i :
GCi;i G 1 1 G 1 1

To nd the initial conditions, consider

e]lC=elR C=¢e](RTDR;R'DB G)= el (H;G/WA"G,);

since
R'DB '=HR B '=HG,'= G/w:

So the rst row of C is given by
Cy = j 13 forj=1; ;2n L (4:13)

Phillips [28] has thus developed an ingenious row recurremcscheme that does not require any explicit
knowledge of A and W. His procedure is summarized as follows.

Algorithm SymmHankel
1. Fori=1;2, ;n 1

2. = St = A2

3. i=cicf;ii - 1=0.

4, Forj=i+21;i+2; ;2n 1 i

5. Ci+1; = Gij +1 i Cij iG 1. [

We note that this process is equivalent to generating the segence of polynomialsg's orthogonal with
respect to an inde nite inner product whose moments derivedirom the polynomials p's are the given Hankel
parameterscy. Not surprisingly, this algorithm computes parameters ; and ; that are same as the j;
and ; 1; of Algorithm AsymHankel. The explanation is that while the | atter algorithm computes the
factor L column-wise, Algorithm SymmHankel computes the productDR row-wise, and that LT = DR.

Even though the specic A and W are not needed to carry out Algorithm SymmHankel, the derivation
of the algorithm depends on the existence of symmetricA and W related by (4.8) which commute. To
construct one such example, suppose that the entries ¢l are moments with respect to some set of weights
f jgand knotsfx;g, fori =0; ;n 1, in the inner product de ned by

X 1
ho;d = p(xi)alxi) i:
0

For example, in checksum-based error correction schemede entries ofH are the moments of an inde nite
inner product of known knots and unknown weights that play the role of errors [4]. This corresponds to the
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Reed-Solomon code [2] and the Berlekamp-Massey Algorithmlf the knots are unknown, they may often
be computed as the roots of then-th degree orthogonal polynomial generated by Algorithm AgymLanczos,
as described in [5]. Once the knots are known, the weight§ ;g are the solution to a square nonsingular
Vandermonde system [4,5].

Given this set of knots and weights, the entries of the Hankelmatrix H can be written as

X1 .
hij = i) 2= X x5

k=0

yielding the matrix relation
H=VYV'; (4:14)
where the matrix V is Vandermonde and matrix Y is diagonal:
01 % xp 11 0 0!
1 X x1 1 0 0
VT=% o 1.§ and Y=%. Do §

We emphasizehere that neither the sequencef xjg nor the f ;g are required for the actual computation,
they are useful only for our theoretical discussion.

Finally we choose

oXO 0 0 1 0 l1
0 x 0 1
A:%. .l . ) § and blzg:g;
so that
G,=V"T
and

W=V Hv T=vY:
Since both matricesA and W are diagonal, they commute.
4.3 Work of Phillips

Phillips' elegant analysis [28] works only if A and W commute. For example, to ensure thatbjs; is
W -orthogonal to b; 1, he used

o_ hoihii o .

i — 7llll’blll, fOI’ |1 = 2, ,n, (415)
which should be replaced by

o Mo 1;Abji o _

= oy b 40 fori=2; ;n: (4:16)

Nonetheless, (4.15) and (4.16) are equivalent under the asmption of commutativity, in which case (4.15)
is actually a better numerical formula. Now, let

07 2 3t 0,1 01 0 o
H=@2 3 2A: bi1= @1A and A= @0 2 O0A: (4:17)
3 2 1 1 00 4
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Following [28] we calculate

09 1 1t O 05556 1:5000 06111%
Gi=@1 2 4A and W= @ 1.5000 40000 1:0000A
1 4 16 0:6111 1:0000 02222
Note that 0 1
0 15000 1:8333
AW WA= @ 1:5000 0 20000A 60:
1:8333  2:0000 0
Via (4.15) we get
07 1 2t 0y 1 ot
B=@1 0 1A and T=@1 2 8A:
1 25 o 1 3
Finally,
%0 0 120000
AB BT=@0 0  1:0000A :
0 0 210000

and the key equation (4.9) fails to hold. Using (4.16) instea of (4.15) would also give us bad answers in

that
%0 0 1:0000"

AB BT =@0 0 1:0000A:
0 0 1.0000

5 Numerical lllustration

We use the numerical example in the previous section to illusate the algorithms. Let H be de ned by
(4.17). Then the left Krylov sequence (4.3) is

0
_ R T\2 H _
Fz=(c1; Z'c1 (Z")°c1) K —%

P NWN R
ORLNWN
oRrN
)29999¢)

The algorithm AsymHankel will generate the factorization C = F3U (4.5) where

%1 o0 o

2 10 01 2 5t
C=BE3 4 8¢ and U=@0 1 4A;

2 36 0 0 1

1 25

yielding the nal factorization of the original matrix H as

O3 oot %1 2 3% 2 s

C @ 1 0Az@2 3 2A@0 1 4A HU
3 4 8 321 0 0 1
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The algorithm SymHankel will generate the rows

0y 2 3 2 1t

fe;g=@0 1 4 3 A;
0 0 8

where the subdiagonal zero entries and the entries marked \" are not computed. From (4.12) we obtain
DR and then D and R by scaling the rows of DR to have unit diagonal entries:

07 2 3t 03 o ot%1 2 3t
DR=@) 1 4A=@0 1 0A@Q0 1 4A:
O 0 8 O 08 00 1

The decomposition ofH is then H = RTDR. Note that we do not need to know explicitly the commuting
matrices A and W.

6 Final Remarks

In this paper, we have shown how two well known fast Hankel fatrization methods can be viewed as
special cases of the Lanczos algorithm. For simplicity in pesentation, we have avoided thebreakdown
problem for the asymmetric Lanczos algorithm. The problem ras been considered in [5], [7], [15], [27],
with an approach that is similar to that proposed by Berlekamp [1] to factorize a Hankel matrix which is
not strongly nonsingular. Also, there is much recent interest, e.g., [3], [5], [9], [10], [12], in exploring the
connections between a modi ed asymmetric Lanczos algoritm and orthogonal polynomials with respect
to an inde nite inner product.
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