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ABSTRA CT

This pap er prop oses a simple metho d for estimating the p osition of a rob ot from relativ ely few

sensor readings. Our algorithms are in tended for applications where sensor readings are exp ensiv e

or otherwise limited and the readings that are tak en are sub ject to considerable errors or noise.

Our metho d is capable of con v erging to a p osition estimate with greater accuracy using few er

measuremen ts than other metho ds often used for this t yp e of application, suc h as the Kalman

and extended Kalman �lters. Our approac h is v alidated using a mobile rob ot on whic h a camera

is used to obtain b earing information with resp ect to landmarks in the en vironmen t.
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1. In tro duction and Bac kground

1.1. In tro duction

It is often the case that the en vironmen t in whic h a mobile rob ot m ust na vigate is not conduciv e

to the taking of m ultiple sensor readings. One example is an outdo or, unstructured en vironmen t

in whic h b eacons are non-existen t and the few existing natural landmarks are widely spaced and

a signi�can t distance from the viewp oin t. W e prop ose a simple metho d for successfully na vigating

in en vironmen ts of this t yp e, where sensor readings are exp ensiv e or otherwise limited and the

readings that are tak en are sub ject to considerable errors or noise.

The metho d w e prop ose con v erges rapidly using only a few readings, w ould b e exact if there

w ere no errors in the data, and is relativ ely e�cien t. W e use a v ariation on a least squares

form ulation to minimize a residual, and carry out the computations in a recursiv e manner. Our

simple least squares form ulation not only giv es quite satisfactory results, but con v erges faster

than the commonly used Kalman �lter at appro ximately the same cost p er step. In addition, it

do es not su�er from the problem of non-con v ergence often seen when the extended Kalman �lter

is used in this t yp e of application.

T o demonstrate the algorithms, w e use a mobile rob ot platform on whic h is moun ted a camera.

The sensor readings are obtained b y viewing one or more landmarks in the visual images obtained

as the rob ot mo v es. The images yield b earings to the landmarks, whic h are then used to estimate

the p osition of the rob ot. The b earings are sub ject to considerable noise, b oth from the coarseness

of the image resolution and from o dometry error in �xing the base line. In spite of the noise in

the data, our algorithms w ere able to �x the lo cation of the rob ot with relativ ely high accuracy .

W e sho w ho w the task of estimating rob ot p ositions from b earing data can b e form ulated directly

as a simple o v erdetermined system of linear equations, whic h is not a lo cal linearized appro xi-

mation, but is v alid globally . W e then sho w ho w the resulting system of linear equations can b e

solv ed in either a least squares sense or b y using a total least squares approac h, whic h has the

adv an tage o v er least squares of admitting errors an ywhere in the equations.

This pap er is organized as follo ws. After the rest of this in tro duction, in whic h w e describ e the

limitations of the Kalman �lter for this particular application, w e de�ne in Section 2 the na vigation

problem w e wish to address and sho w ho w it can b e set up as a set of linear equations whic h

w ould b e exact if the data w ere error-free. In Section 3 w e review the theory whic h guaran tees the
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existence, uniqueness and sensitivit y of the solution to the o v erdetermined system of equations set

up in Section 2. In Section 4 w e sho w ho w the system of linear equations can b e solv ed e�cien tly

in a recursiv e manner, in b oth a least squares (LS) and total least squares (TLS) sense. In Section

5 w e illustrate the b eha vior of the metho d with some exp erimen ts, and w e end in Section 6 with

some concluding remarks.

1.2. The Kalman Filter and Extended Kalman Filter

The discrete Kalman �lter (Kalman 1960), commonly used for prediction and detection of signals

in comm unication and con trol problems, has more recen tly b ecome a p opular metho d of reducing

uncertain t y in rob ot na vigation. One of the main adv an tages of using the �lter is that it is

recursiv e, eliminating the necessit y for storing large amoun ts of data. The �lter is basically

a recursiv e w eigh ted least squares estimator of the state of a dynamical system using a giv en

transition rule. Supp ose w e ha v e a discrete dynamical system x

i

= F

i � 1

x

i � 1

+ e

i � 1

, where x

i

is

the state v ector, e

i

is the noise v ector, and F

i � 1

is the state transition matrix at time step i . W e

are giv en a sequence of measuremen ts b

i

ob eying the mo del b

i

= A

i

x

i

+ �

i

, where A

i

is the giv en

data matrix and �

i

is measuremen t noise. The Kalman �lter is used to �nd an estimate of the

state v ector x

i

from the measuremen t data that minimizes the noise in a least squares sense. The

Kalman �lter equations and a sc hematic diagram of the �lter are in the App endix. A complete

description of the �lter can b e found in (Gelb 1974). It requires an initial estimate of the solution

and assumes that noise is w eigh ted white gaussian. The discrete Kalman �lter is guaran teed to

b e optimal in that it is guaran teed to �nd the b est solution in the least squares sense.

Although originally designed as an estimator for dynamical systems, the �lter is used in man y

applications as a static state estimator (Smith & Cheeseman 1986). In the static problem, the

state transition matrix F

i � 1

is the iden tit y matrix I , so the problem is reduced to �nding the

state v ector x minimizing the w eigh ted Euclidean norm of the measuremen t noise

k W �

i

k

2

= k W ( b

i

� A

i

x

i

) k

2

;

where W is an optional w eigh ting matrix (usually the in v erse of the co v ariance matrix of mea-

suremen t noise).

Also, due to the fact that functions are frequen tly non-linear, the extended Kalman �lter (EKF) is

used (Ay ac he & F augeras 1989; Kosak a & Kak 1992). The EKF formalism linearizes the function
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b y taking a �rst order T a ylor expansion around the curren t estimate of the state v ector (Gelb

1974). Assuming that the function is represen ted b y a set of non-linear equations of the form

f

i

( y

i

; x ) = 0 where x is the state v ector and y

i

represen ts random parameters of f

i

of whic h

estimated measures,
^

y

i

, are tak en, the �rst order T a ylor expansion is giv en b y:

f

i

( y

i

; x ) = 0 ' f

i

(
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i

;
^
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i � 1

) + ( y

i

�
^
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@

^
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@ y

+ ( x �
^

x
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)

@

^

f
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where
^

x

i

is the i -th estimate of the state v ector and the deriv ativ es are estimated at (
^

y

i

;
^

x

i � 1

).

This equation can b e rewritten as:

b

i
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i

x + �

i

where:
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This linear appro ximation function is then used as the Kalman �lter equation.

1.3. Limitations of the Kalman Filter

There are sev eral basic problems whic h can o ccur when using either the Kalman or extended

Kalman �lter in rob ot na vigation applications:

� The �lter w as dev elop ed for applications suc h as those in signal pro cessing in whic h man y

measuremen ts are tak en (Kalman 1960). Sensing in rob ot na vigation is often done using

camera images. The gathering and pro cessing of eac h image is a time consuming pro cess so

a successful metho d m ust mak e do with relativ ely few readings.

� The Kalman �lter assumes a starting estimate is a v ailable. Con v ergence can b e adv ersely

a�ected b y a p o or starting estimate. The metho d w e prop ose do es not require an y starting

estimate, but rather is capable of pro ducing one with relativ ely few readings.

� The Kalman �lter implicitly assumes the errors in the data are Gaussian or appro ximate a

Gaussian distribution. The accuracy can b e degraded if this assumption is violated b y , for

example, the presence of systematic errors.
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� An underlying assumption in least squares estimation is that the en tries in the data matrix

are error-free (Golub & V an Loan 1989). In man y actual applications, the errors in the

data matrix can b e at least as great as the measuremen t errors. In suc h cases, a T otal L e ast

Squar es (TLS) approac h can giv e b etter results.

Tw o additional problems o ccur when using the EKF:

� The linearization pro cess itself has the p oten tial to in tro duce signi�can t error in to the prob-

lem.

� The EKF is not guaran teed to b e optimal or to ev en con v erge (Sorenson 1970). It can easily

fall in to a lo cal minim um when an initial estimate of the solution is p o or, often the t yp e of

situation faced b y rob ot na vigators.
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Figure 1: (a) In an LS solution, the sum of the squared v ertical distances to the line of b est �t is

minimized. (b) In a TLS solution, the sum of the squared p erp endicular distances to the line of

b est �t is minimized.

Although limited mo di�cations can b e made to the Kalman approac h to impro v e robustness to

noise (Sc hneiderman & Nashman 1994), our w ork in outdo or na vigation (Sutherland & Thompson

1993), where measuremen ts are exp ensiv e to obtain and ha v e v ery signi�can t nongaussian error

inheren t to the system, motiv ated us to lo ok for another �ltering metho d. Na vigation algorithms

suc h as those dev elop ed b y (Haneb ec k & Sc hmidt 1996) using a set theoretic framew ork are able

to handle nongaussian noise. Ho w ev er, they require that a signi�can t n um b er of landmarks b e
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a v ailable. W e sough t a metho d capable of con v erging with only a few measuremen ts from as few

as one or t w o landmarks.

As the in teresting w ork b y Min tz et. al. (Hager & Min tz 1991; McKendall & Min tz 1990) in robust

estimation and mo deling of sensor noise has demonstrated, the criterion of optimalit y dep ends

critically on the sp eci�c mo del b eing used. Giv en t w o metho ds, the �rst ma y pro duce optimalit y

in one sense but not do as w ell as the second in another sense. When error exists in b oth the

measuremen t and the data matrix, the b est solution in the le ast squar es sense is often not as go o d

as the b est solution in the eigenve ctor sense, where the sum of the squares of the p erp endicular

distances from the p oin ts to the lines are minimized (Duda & Hart 1973) (Fig. 1). This second

metho d is kno wn in the statistical literature as ortho gonal r e gr ession and in n umerical analysis as

total le ast squar es (TLS) (V an Hu�el & V andew alle 1991).

2. Problem F orm ulation

2.1. Single Landmark

W e �rst discuss the case where one uses b earings to a single landmark. In order to �x the

p osition in a ground co ordinate system, it is necessary to assume that w e can obtain the direction

of motion (\v ehicle heading") from another sensor. This case is useful if, for example, the v ehicle

has a compass yielding directional information. It also serv es to illustrate the general paradigm.

2.1.1. Equation for Single Landmark at Eac h Time In terv al

W e set up a virtual co ordinate system with the landmark lo cated at (0 ; 0), and the x co ordinate

along the direction of motion of the rob ot, as illustrated in Figure 2.

A t an y step i , w e ha v e:

cot ( �

i

) =

x

0

+ d

i

y

0

; (1)

where ( x

0

; y

0

) is the unkno wn rob ot start p osition, �

i

is the measured angle, and d

i

is the distance

tra v eled b y the rob ot since starting at p osition ( x

0

; y

0

). The distance d

i

ma y b e estimated from

o dometry or b y in tegrating the v elo cit y o v er time. The goal is to solv e for the unkno wn co ordinates

( x

0

; y

0

). W e can rewrite (1) as

sin ( �

i

) � x

0

� cos ( �

i

) � y

0

= � sin ( �

i

) � d

i

: (2)
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Figure 2: Co or dinate system for single landmark situation.

2.1.2. Ro w b y Ro w Collection in to Ov erdetermined Matrix Equation A x = b.

Ov er sev eral time in terv als, w e read new angles yielding new co e�cien ts for the equation (2). W e

assem ble all these equations in to a single matrix equation of the form A x = b where eac h ro w of

A and b are resp ectiv ely

a

T

i

= ( sin ( �

i

) � cos ( �

i

) ) ; b

i

= � sin ( �

i

) � d

i

; (3)

and x = ( x

0

; y

0

) is the v ector of unkno wns. Since the angle readings are sub ject to noise, w e m ust

solv e the equations A x = b in a least squares sense. This is discussed b elo w. It will b e seen that

w e can enco de this information in suc h as w a y that the amoun t of storage do es not gro w as more

readings are en tered.

Notice that equations A x = b set up in this w a y are linear in the unkno wns ( x

0

; y

0

), but w e ha v e

not made an y kind of linearized appro ximation. If there w ere no error in the angles �

i

or the

distances d

i

, the true start p osition w ould exactly satisfy the equations.
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Figure 3: Two L andmark Virtual Co or dinate System.

2.2. Tw o Landmarks

2.2.1. Equations Using Tw o Landmarks.

W e sho w ho w to set up the equations analogous to (3), but for t w o landmarks. In general,

t w o landmarks are su�cien t to determine one's p osition without using an y prior kno wledge on

direction of motion, once one has tak en readings from at least t w o p ositions. In handling t w o

landmarks, w e set up a virtual co ordinate system in whic h one landmark is placed at the origin as

b efore, the x axis is placed parallel to the direction of motion, and the second landmark is placed

at co ordinates ( l ; m ). The unkno wn quan tities to b e solv ed for are the starting rob ot p osition

( x

0

; y

0

) and the p osition of the second landmark ( l ; m ). The co ordinates ( l ; m ) are then used

to map the virtual co ordinate system to the ground co ordinate system using the kno wn ground

co ordinates of the t w o landmarks. The co ordinate system is illustrated in Figure 3.

Applying the single landmark equations to eac h landmark here, w e obtain the equations

sin ( �

1 i

) � x

0

� cos ( �

1 i

) � y

0

= � sin ( �

1 i

) � d

i

; (4)

sin ( �

2 i

) � x

0

� cos ( �

2 i

) � y

0

� sin ( �

2 i

) � l + cos ( �

2 i

) � m = � sin ( �

2 i

) � d

i

; (5)

2.2.2. Collection in to Ov erdetermined Matrix Equation.

Equations (4) and (5) yield t w o ro ws for the matrix least squares problem A x = b w e ha v e to

solv e, where the v ector of unkno wns is x

T

= ( x

0

; y

0

; l ; m ). W e app end the follo wing t w o ro ws to
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the co e�cien t matrix A

A

i

=

 

a

T

1 i

a

T

2 i

!

=

 

sin ( �

1 i

) � cos ( �

1 i

) 0 0

sin ( �

2 i

) � cos ( �

2 i

) � sin ( �

2 i

) cos ( �

2 i

)

!

(6)

and t w o new en tries to the righ t hand side v ector b

b

i

=

 

b

1 i

b

2 i

!

=

 

� sin ( �

1 i

) � d

i

� sin ( �

2 i

) � d

i

!

: (7)

Notice w e ha v e again constructed a system of equations that are linear in the unkno wn quan tities,

but whic h are still exact in the sense that if the co e�cien ts are obtained without error, the solution

will b e exact.

2.2.3. Collecting Ro ws when Only One Landmark is Visible at a Time.

Besides b eing linear in the unkno wns, equation (7) also yields an in teresting prop ert y when the

landmarks are not visible at the same time. If only the �rst landmark is visible, it su�ces to

app end only the �rst ro w of (6) and (7). When the second landmark is visible, it su�ces to app end

only the second ro w of (6) and (7). Alternativ ely , a ro w of all zero es can b e used for the missing

landmark. This commen t also applies if the angles to eac h landmark are not read sim ultaneously .

F or example, if t w o di�eren t sensors are used, eac h dev oted to its o wn landmark, and these

t w o sensors are not sync hronized, then w e can app end the appropriate ro w corresp onding to a

landmark whenev er an angle to that landmark is obtained from the sensor, without regard to the

other landmark. Eac h reading w ould include the correct curren t v alue for the distance d

i

measured

at the time the reading is tak en. A unique least squares solution to A x = b will exist as long as

A has full column rank. In this case of t w o landmarks, this means that the rank of A should b e

4, and this will o ccur when w e ha v e readings of at least t w o di�eren t angles from landmark 1 plus

t w o di�eren t angles from landmark 2, regardless of the order in whic h the readings are obtained.

2.2.4. Mapping Bac k to Ground Co ordinate System

Once w e compute the estimated v alues for the unkno wn quan tities x

0

; y

0

; l ; m , the co ordinates

( l ; m ) can b e used to map the virtual co ordinate system bac k to the ground co ordinate system.

Supp ose for simplicit y that the ground co ordinate system also has the origin at the �rst landmark,

but with the directions of the axes de�ned a-priori (p ossible b y a simple translation of the ground

co ordinate system). The distance b et w een the landmarks in b oth co ordinate systems m ust matc h
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in theory , and in practice a small mismatc h in this in ter-landmark distance can b e used to correct

scaling errors in the o dometry used to obtain the distances d

i

. As a result, it is not necessary to

calibrate the o dometry v ery accurately , as long as it is in ternally consisten t. After this scaling,

the t w o co ordinate systems can b e matc hed b y rotation.

3. Least Squares and T otal Least Squares: Theory

3.1. When Do es Least Squares Problem Admit Unique Solution?

T o accoun t for noise in the data, w e estimate the starting p osition using the b est least squares �t.

In this section w e determine when the o v erdetermined system of equations w e ha v e constructed

has a unique least squares solution b y applying the general theory for least squares problems.

When w e state that w e wish to solv e the matrix equations A x = b in a least squares sense,

what w e mean precisely is to minimize the residual min

x

k A x � b k

2

. If there are no errors in the

co e�cien ts A; b , then there should b e a solution x for whic h the residual is zero (i.e. the equations

are satis�ed exactly). But in the presence of errors in the co e�cien ts, the equations will not b e

satis�ed exactly . The follo wing is w ell kno wn from the theory of linear least squares (Golub &

V an Loan 1989, p222):

THEOREM T1. The le ast squar es pr oblem

min

x

k r k = min

x

k A x � b k

2

(8)

admits a unique solution if and only if A has ful l c olumn r ank. If A is r ank de�cient, then ther e

ar e multiple solutions. 2

The issue w e address here is under what conditions do es the A matrix constructed b y either (3)

or (6) ha v e full column rank.

In the single landmark case, if w e are mo ving directly to w ard or a w a y from the landmark, then

the angles will b e constan t. Hence ev ery ro w of A will b e the same and the rank of A will b e 1,

not 2. On the other hand, it is simple matter to see that if w e ha v e at least t w o readings with at

least t w o di�eren t angles, then the corresp onding ro ws computed according to (3) will b e linearly

indep enden t, and hence A will ha v e full column rank 2.

In the t w o landmark case, a similar argumen t applies. If w e ha v e readings with at least t w o

di�eren t angles to landmark 1 and t w o di�eren t angles to landmark 2, for a total of at least 4
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readings, then the the 4 ro ws computed according to (6) will b e linearly indep enden t and the

resulting matrix A will ha v e full column rank 4. If, ho w ev er, w e are mo ving directly to w ard one of

the landmarks in suc h a w a y that the angles remain constan t, then the ro ws generated according

to (6) corresp onding to that landmark will all b e the same. The ro ws corresp onding to the other

landmark tak en alone yield a rank of at most 2, so the en tire matrix A can ha v e a rank of at most

3.

So w e ma y conclude the follo wing

THEOREM T2. The le ast squar es pr oblems c onstructe d fr om the single landmark c ase (3) or the

two landmark c ase (6), (7) have unique solutions if and only if the r ob ot vehicle is not moving

dir e ctly towar d or away fr om either landmark, and r e adings with at le ast two di�er ent angles ar e

obtaine d. 2

3.2. Sensitivit y of Least Squares Solution

W e examine the sensitivit y of the solution to the Least Squares problem, assuming that it is a

full rank problem satisfying the conditions of Theorems T1 and T2. All the algorithms in this

pap er are b ackwar d stable in the sense that they compute the exact solution for a problem that

is a small p erturbation of the problem originally presen ted to the algorithm. Th us there are t w o

sources of p erturbations to the \exact" set of equations to b e solv ed: sensor errors and round-o�

errors. Both t yp es of p erturbations are sub ject to ampli�cation due to the conditioning of the

system of matrix equations, as sho wn b y the follo wing result (Golub & V an Loan 1989, p228):

THEOREM T3. Consider the exact and p erturb e d le ast squar es pr oblem:

min

x

k r k = min

x

k A x � b k

2

and min

^
x

k
^

r k = min

^
x

k ( A + � A )
^

x � ( b + �b ) k

2

(11)

wher e A is n � p with n � p with singular values �

1

� � � � � �

p

> 0 . Assume that

� = max

�

k � A k

k A k

;

k �b k

k b k

�

<

�

p

�

1

and

k r k

k b k

� sin � < 1 : (11 a )

Then the err or in the solution to the p erturb e d pr oblem r elative to the solution to the exact pr oblem

is

k
^

x � x k

k x k

�

8

<

:

2

cos �

�

�

1

�

p

+ tan � �

 

�

1

�

p

!

2

9

=

;

� �: (11 b )

2
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W e in terpret this result b y noting �rst that the sensitivit y dep ends on the in v erse of the c ondition

numb er � ( A ) � �

1

=�

p

. The smaller is this condition n um b er, the less sensitiv e the least squares

solution is to p erturbations in the co e�cien ts, whether from round-o� errors or sensor errors.

Th us, there are three factors giving rise to errors in the least squares solution: conditioning of the

matrix, sensor errors yielding errors in the co e�cien ts, and round-o� arising during computations.

Of these three factors, the round-o� error is t ypically m uc h less than the sensor errors, esp ecially

if normal 
oating p oin t is used. The conditioning of the matrix can b e con trolled b y increasing

the range of angles o v er whic h the landmarks are visible. If the v ehicle is mo ving almost but not

exactly directly to w ard a landmark, a solution will exist in theory , but the matrix will b e v ery

ill-conditioned and the computed solution ma y b e sub ject to m uc h uncertain t y . W e note �nally

that whether or not an y of these factors can b e con trolled, the residual v ector obtained from an

actual computed solution can b e used to measure the impact of these factors in an y particular

case. Sp eci�cally , the computed residual yields the angle � from (11a) whic h can b e used to

compute the upp er b ound to the relativ e error in (11b).

3.3. T otal Least Squares { Application and Motiv ation

The ordinary least squares solution assumes all the error lies in the righ t hand side v ector b . The

errors arise from b oth the distance data and the angle data. Hence the matrix A is sub ject to the

same sources of errors as the righ t hand side. T o allo w for errors in the matrix A , w e w an t to �nd

the smallest p erturbation E ; f to b oth A and b so that the p erturb ed system ( A + E ) x = b � f

has a solution. This is in con trast to ordinary least squares in whic h w e �nd only the smallest f

suc h that A x = b � r has a solution, the r b eing the residual. Admitting b oth p erturbations E ; f

giv es rise to the T otal Least Squares (TLS) solution Sp eci�cally the TLS solution is obtained b y

�nding the minimizing solution to

min k E ; f k

2

suc h that ( A + E ) x = b � f : (9)

In this w a y , w e ma y admit errors an ywhere in the system. Columns scaling ma y b e used to w eigh t

errors in some columns more than others.

The easiest w a y to solv e (9) is to use the Singular V alue Decomp osition (SVD). The SVD of an

n � ( p + 1) matrix M is the factorization U � V

T

= M where U; V are orthogonal matrices and � is

non-negativ e diagonal with the diagonal en tries in descending order. F or simplicit y in exp osition,
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assume without loss of generalit y that n � ( p + 1). The diagonals �

1

> � � � > �

p +1

� 0 of � are

the singular v alues, and the columns of V = ( v

1

; : : : ; v

p +1

) are called the corresp onding singular

v ectors.

3.4. When Do es T otal Least Squares Admit Unique Solution?

Regarding existence and uniqueness of a solution to (9), the theory of TLS (Bjorc k 1996, p178)

pro vides us with this theorem

THEOREM T4. The system (9) admits a minimizing solution x if and only if the last c omp onent

v

p +1 ;p +1

of the right singular ve ctor v

p +1

c orr esp onding to the smal lest singular value �

min

=

�

p +1

of M = ( A; � b ) is nonzer o. The solution is unique if and only if this singular value has

multiplicity 1. Then the TLS discr ep ancy is ( E ; f ) = � �

p +1

u

p +1

v

T

p +1

and the TLS solution is x =

( v

1 ;p +1

; : : : ; v

p;p +1

)

T

= ( v

p +1 ;p +1

) . If the smal lest singular value is multiple, then the c orr esp onding

singular ve ctors ar e not uniquely de�ne d, and any choic e of those c orr esp onding singular ve ctors

wil l yield a TLS solution. 2

The previous theorem giv es v ery general tec hnical conditions for the existence and uniqueness

of solutions to the TLS problem based on quan tities app earing during the computation of the

TLS solution itself. It is more di�cult to obtain suc h conditions in terms of quan tities more

easily a v ailable from the data, esp ecially in the con text of the rob ot lo calization problem w e are

considering. Ho w ev er, a su�cien t condition for the existence and uniqueness of a TLS solution

can b e expressed in terms of the solution and residual, x ; r from the or dinary le ast squar es problem

(8).

THEOREM T5. If the le ast squar es r esidual r fr om (8) is su�ciently smal l to satisfy k r k = k ( x

T

; � 1) k <

�

min

( A ) , then the TLS solution is guar ante e d to exist and b e unique, wher e x is the c orr esp onding

le ast squar es solution and �

min

( A ) denotes the smal lest singular value of A .

PR OOF: Let �

i

; i = 1 : : : ; p and ��

i

; i = 1 ; : : : ; p + 1 b e the singular v alues of the matrix A and

the augmen ted matrix ( A; b ), resp ectiv ely . F rom the in terlacing prop ert y of the singular v alues

( � �

i

� �

i

� �

i +1

),

��

p

� �

p

>
















( A b ) �

 

x

� 1

!
















� ��

p +1

�
















 

x

� 1

!
















;

hence ��

p +1

is strictly less than �

p

. This su�cien t to guaran tee a unique solution to the TLS

problem (Bjorc k 1996, p179). 2
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T o in terpret this result, if the matrix A of co e�cien ts is w ell conditioned enough (i.e. �

min

( A ) is

large enough) and the least squares residual (from (8)) is small enough (i.e. the e�ectiv e noise

in tro duced in to the righ t hand side v ector b is small enough), then the TLS solution exists and

is unique. Here \small enough" means the least squares residual is small relativ e to the smallest

singular v alue of A .

4. E�cien t Solution of Ov erdetermined Matrix Problem

The least squares problem (8) can b e solv ed b y a v ariet y of metho ds. The t w o most p opular

metho ds are based on, resp ectiv ely , the Normal Equations and the QR Decomp osition. W e v ery

brie
y sk etc h the metho ds in their traditional form, and then later indicate ho w these metho ds

ma y b e adapted to recursiv e computation. Details can b e found in (Bjorc k 1996).

The Normal Equations arising from (8) is the p � p matrix equation

A

T

A x = A

T

b : (12)

The solution of this system of equations yields the least squares solution to (8), assuming A has

full column rank. This metho d has the disadv an tage that the conditioning of A

T

A is the square

of that of A .

The QR Decomp osition of A is the factorization QR = A where Q is an n � p matrix with

orthonormal columns and R is a p � p upp er triangular matrix. This can b e computed b y

standard algorithms (Bjorc k 1996, sec. 2.3{2.4). Once computed, the least squares solution can

b e obtained b y solving the square, triangular system

R x = Q

T

b : (13)

This metho d has the adv an tage that R has the same conditioning as A , but it is sligh tly more

exp ensiv e if A has man y ro ws.

4.1. Recursiv e Solution of Least Squares Problem

When determining the rob ot v ehicle's p osition, eac h set of angles giv es rise to a new ro w in the

matrix A . W e note that the systems (12) or (13) to b e solv ed to obtain the p ositions are all

�xed size p � p as new ro ws are added to A . The k ey to the e�cien t solution to the least squares
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c ost c ost

step (non-r e cursive) (r e cursive up date)

Assem ble (12) np

2

+ np

Up date RHS in (12) 2 p

Cholesky F actorization p

3

= 3 + p

2

= 2 + p= 6 2 p

2

+ 10 p

t w o triangular solv es 2 p

2

+ 4 p 2 p

2

+ 4 p

T otals np

2

+ np + p

3

= 3 + 5 p

2

= 2 + p= 6 4 p

2

+ 16 p

when p = 2 6 n + 13 48

when p = 4 20 n + 62 128

T able 1: Costs for Normal Equations in Flo ating Point Op er ations (Flops).

problem is to sho w ho w to up date the matrices and righ t hand sides in (12) and (13) without

recomputing them from scratc h.

4.1.1. Normal Equations, Up dating A

T

A and A

T

b at Eac h Step.

Let A; b b e the matrix and righ t hand side obtained after sev eral readings, and supp ose w e m ust

no w incorp orate a new set of readings whic h form a new ro w a

T

for A and a new en try b for b .

Observ e that the up dated matrix for the Normal equations,

( A

T

a )

 

A

a

T

!

= A

T

A + aa

T

; (14)

is a rank one up date on the original matrix for the Normal Equations. Lik ewise, the new righ t

hand side consists of just the old righ t hand side plus a simple correction:

( A

T

a )

 

b

b

!

= A

T

b + a b (15)

Since the Normal Equations are a symmetric p ositiv e de�nite system, they are solv ed via the

Cholesky factorization (Bjorc k 1996, sec. 2.2.2), A = LL

T

, whic h is essen tially a symmetric

v ersion of Gaussian Elimination when piv oting is necessary , where L is lo w er triangular. Instead

of up dating the matrix A

T

A , w e w ould really lik e to up date its Cholesky factor, and the cost of

this is p

2


oating p oin t op erations (m ultiplies and adds). W e refer the reader to (Bjorc k 1996,

sec. 3.2) for the details. Up dating the righ t hand side costs 2 p op erations. Solving the new

Normal Equations, giv en the new Cholesky factorization, requires t w o triangular solv es costing a
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total of 2 p

2

op erations. So the total cost for eac h up date is appro ximately 3 p

2

+ 2 p 
oating p oin t

op erations. W e summarize the steps in T able 1.

4.1.2. QR Metho d, Up dating Q and R at Eac h Step.

The up date pro cess for the QR Decomp osition is similar to that for the normal equations. Let

b

Q;

b

R b e the up dated QR factors. Then

b

Q

b

R =

 

A

a

T

!

=

 

QR

a

T

!

=

 

Q 0

0 1

!  

R

a

T

!

: (16)

Mo ving Q to the left hand side w e get a QR Decomp osition of a ( p + 1) � p matrix:

( 

Q

T

0

0 1

!

b

Q

)

b

R =

e

Q

b

R =

 

R

a

T

!

: (17)

The

e

Q

b

R factorization of (17) can b e computed fast (4 p

3

= 3), indep enden t of the n um b er of samples

tak en), and in fact one can sp eed it up to 2 p

2

op erations b y taking adv an tage of the fact that R

is already upp er triangular (Bjorc k 1996, p136). The righ t hand side is then up dated b y applying

the up dating transformation

e

Q from (17) to the old righ t hand side Q

T

b :

b

Q

T

 

b

b

!

=

(

e

Q

T

 

Q

T

0

0 1

!)  

b

b

!

=

(

e

Q

T

 

Q

T

b

b

! )

: (18)

If

e

Q is stored as a sequence of the p elemen tary rotations arising from the QR Decomp osition, this

costs ab out 4 p op erations, so the total cost (including the one triangular solv e) is appro ximately

3 p

2

+ 16 p op erations. W e summarize the steps in T able 2.

4.1.3. Theorem: F ast Solution of Exact Least Squares Problem.

W e note that the up dating form ulas (15)-(18) are all exact. Hence w e ha v e the follo wing simple

result, whic h w e state formally in order to con trast these metho ds with other appro ximate meth-

o ds. Both the recursiv e and non-recursiv e metho ds in v olv e the computation of a factorization,

in one case from scratc h and in the other b y up dating using elemen tary transformations. The

recursiv e algorithms yield the same exact factorizations as the non-recursiv e algorithms, except

that the transformations are accum ulated in a di�eren t w a y . So the results will di�er only within

rounding errors.

THEOREM T6. The solutions to the r e cursively up date d le ast squar es pr oblems obtaine d using

formulas (15) thr ough (18) ar e identic al to the solutions obtaine d by solving the ful l le ast squar es
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c ost c ost

step (non-r e cursive) (r e cursive up date)

Get QR Decomp 2 np

2

� 2 p

3

= 3 + O ( l :o:t )

Up date (17) 2 p

2

+ 10 p

get righ t hand side of (13) 2 np

Up date (18) 4 p

one triangular solv e p

2

+ 2 p p

2

+ 2 p

T otals 2 np

2

� 2 p

3

= 3 + O ( l :o:t ) 3 p

2

+ 16 p

when p = 2 appro x 8 n � 16 = 3 44

when p = 4 appro x 32 n � 128 = 3 112

T able 2: Costs for QR De c omp osition in Flo ating Point Op er ations (Flops).

pr oblem (8) by the c orr esp onding non-r e cursive metho d (whether Normal Equations or QR De-

c omp osition), within r ounding err ors. 2

4.2. Recursiv e T otal Least Squares

As previously men tioned, errors are presen t in the matrix A of co e�cien ts as w ell as the righ t

hand side of the least squares problem (8) arising from the rob ot na vigation problem. T o accoun t

for this, a T otal Least Squares (TLS) solution is desirable. In this section w e sk etc h the steps

necessary to up date a TLS solution as new readings are obtained without ha ving to rep eat the

computation from scratc h. The paradigm is similar to the recursiv e least squares solution in the

sense that w e use a fast up date of a suitable decomp osition, whic h is then used to obtain the new

solution.

4.2.1. SVD Metho d, Up dating only � and V in U � V

T

= ( A; � b ) .

The primary metho d for obtaining the TLS solution is via the SVD: U � V

T

= ( A; � b ), where

A is n � p with n >> p . In this case, only the ( p + 1) � ( p + 1) matrices � and V are needed;

hence the n � ( p + 1) matrix U ma y b e omitted from the computation. The up dating problem is

then the follo wing, using the notation similar to that in the previous section. Giv en the SVD of
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( A; � b ), compute the SVD of the up dated matrix

(

b

A;

b

� b ) =

�

 

A

a

T

!  

� b

� b

!

�

: (19)

W e ha v e the follo wing iden tities

b

U

b

�

b

V

T

= (

b

A; �

b

b ) =

 

A � b

a

T

� b

!

=

 

U � V

T

( a

T

; b )

!

=

 

U 0

0 1

!  

�

( a

T

; b ) V

!

V

T

: (20)

Since the U matrix is not needed, the new

b

� ;

b

V can b e computed b y �nding the SVD of the p + 1 � p

matrix

 

�

( a

T

; b ) V

!

and using the result to up date the V matrix. Unfortunately , it is not ob vious

ho w to compute this SVD in less than O ( p

3

) op erations, so this algorithm is practical only for

small v alues of p (as encoun tered here), dep ending on the p o w er of the underlying computer.

4.2.2. UL V Metho d, an SVD Appro ximation.

In cases suc h as the applications considered in this pap er where the exact TLS solution is still

corrupted b y external e�ects suc h as noise, it su�ces to obtain an appro ximate TLS solution at

m uc h less cost. W e seek a metho d that can obtain a go o d appro ximation to the TLS solution, but

whic h admits rapid up dating as new data samples arriv e. One suc h metho d is the so-called UL V

Decomp osition, �rst in tro duced b y Stew art (Stew art 1993) as a means to obtain an appro ximate

SVD whic h can b e easily up dated as new data arriv es, without making an y a priori assumptions

ab out the o v erall distribution of the singular v alues. The UL V Decomp osition of a real n � ( p + 1)

matrix M (where n � ( p + 1)) is a triple of 3 matrices U , L , V plus a rank index r , where

M = U LV

T

, V is ( p + 1) � ( p + 1) and orthogonal, L is ( p + 1) � ( p + 1) and lo w er triangular, U

has the same shap e as M with orthonormal columns, and where L has the form

L =

 

C 0

E F

!

(21)

where C ( r � r ) encapsulates the \large" singular v alues of M , ( E ; F ) (( p + 1 � r ) � ( p + 1))

appro ximately encapsulate the p + 1 � r smallest singular v alues of M , and the last p + 1 � r

columns of V encapsulate the corresp onding trailing righ t singular v ectors. T o solv e the TLS

problem, the U matrix is not required, hence w e need to carry only L , V , and the e�ectiv e rank

r . Therefore, a giv en UL V Decomp osition can b e represen ted just b y the triple [ L; V ; r ].

The feature that mak es this decomp osition of in terest is the fact that, when a new ro w of

co e�cien ts is app ended to the M matrix, the L , V and r can b e up dated in only O ( p

2

) op-

erations, with L restored to the standard form ab o v e, as opp osed to the O ( p

3

) cost for an
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c ost

step (r e cursive up date)

Compute a

T

V 2 p

2

Absorb One 8 p

2

+ 20 p + 6

Extract Info 2 p

2

+ 4 p

Deflate One 8 p

2

+ 20 p

T otals 20 p

2

+ 44 p + 6

when p = 2 174

when p = 4 502

T able 3: Estimate d Costs for UL V Up date in Flo ating Point Op er ations (Flops).

SVD (though still more than the least squares up dates (12) through (18)). In this w a y , it

is p ossible to trac k the leading r -dimensional \signal subspace" or the remaining \noise sub-

space" relativ ely c heaply . Details on the up dating pro cess can b e found in (Stew art 1993;

Hosur, T ew�k, & Boley 1995). Brie
y , the steps are as follo ws: Absorb One to absorb the new

ro w ( a

T

; b ) in to L , restoring the triangular form, Extract Info to estimate the smallest singular

v alue and corresp onding singular v ector of the new L , and Deflate One to decouple the singular

v alue just estimated b y a c hange in bases (i.e. exp ose the blo c ks E ; F of small en tries in (21)).

The resp ectiv e costs are giv en in T able 3.

W e can adapt the UL V Decomp osition to solv e the T otal Least Squares (TLS) problem A x � b ,

where new measuremen ts b are con tin ually b eing added, as prop osed in (Boley , Steinmetz, &

Sutherland 1995). The adaptation of the UL V to the TLS problem has also b een analyzed

indep enden tly in great detail in (V an Hu�el & Zha 1993), though the recursiv e up dating pro cess

w as not discussed at length. F or our sp eci�c purp oses, let A b e an n � p matrix and b b e an

n -v ector, where p is �xed and n is gro wing as new measuremen ts arriv e. Then giv en a UL V

Decomp osition of the matrix ( A; b ) and an appro ximate TLS solution to A x � b , our task is to

�nd a TLS solution

b

x to the augmen ted system

b

A

b

x �

b

b , where

b

A =

 

�A

a

T

!

and

b

b =

 

� b

b

!

;

and � is an optional exp onen tial forgetting factor (Ha ykin 1991).

The R TLS Algorithm:
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� Start with [ L; V ; r ], the UL V Decomp osition of ( A; b ), and the co e�cien ts a

T

; b for the new

incoming equation a

T

x = b .

� Compute the up dated UL V Decomp osition for the system augmen ted with the new incoming

equation. Denote the new decomp osition b y [

b

L ;

b

V ;

b

r ].

� P artition

b

V =

 

b

V

11

b

V

12

b

V

21

b

V

22

!

;

where

b

V

22

is 1 � ( p + 1 �

b

r ).

If k

b

V

22

k is to o close to zero (according to a user supplied tolerance), then w e can adjust the

rank b oundary

b

r do wn to obtain a more robust, but appro ximate solution (Boley , Steinmetz,

& Sutherland 1995; Hosur, T ew�k, & Boley 1995).

� Find an orthogonal matrix Q suc h that

b

V

22

Q = (0 ; : : : ; 0 ; � ), and let v b e the last column

of

b

V

12

Q . Then compute the new appro ximate TLS solution according to the form ula

b

x =

� v =� .

This R TLS Algorithm mak es v ery few assumptions ab out the underlying system, though the user

m ust supply a zero tolerance and a gap tolerance for k

b

V

22

k . F or the application here, it su�ced to

set the zero tolerance to zero and dep end on just the gap tolerance of 1.5. Under the conditions

of Theorem T5, the blo c k

b

V

22

ab o v e is just a scalar, and Q = 1.

4.3. Pros and Cons for v arious metho ds.

The theory w e ha v e dev elop ed so far has assumed that the least squares problem to b e solv ed has

full rank. If the rank is de�cien t, then at most only a partial solution can b e obtained. In general

m ultiple solutions exist to the mathematical problem and geometric or ph ysical considerations

m ust b e used to determine whic h of the man y solutions to correct. Ho w ev er, an alternativ e is to

reject the solution if the system is rank de�cien t, and furthermore to use the distance to rank

de�ciency as a measure of the w ell-p osedness of the geometric problem to b e solv ed. The relativ e

distance to rank de�ciency is simply the ratio of the smallest to the largest singular v alue, whic h

is exactly the recipro cal of the condition n um b er of the underlying matrix (the matrix A in the

case of the LS problem and the augmen ted matrix ( A; b ) for TLS). F or the least squares problem,

w e ha v e already seen that the sensitivit y of the result is closely related to exactly this condition

{ 20 {



n um b er (11b). Hence not only do the sc hemes prop osed here pro vide fast estimates of the rob ot

p osition, they also pro vide estimates of the error in the computed p osition.

The recursiv e TLS metho d based on the recursiv e up date of the SVD is computing exactly the

same solution as the nonrecursiv e TLS metho d, since w e are computing the same partial SVD

in b oth cases. When the UL V appro ximation is used, w e are computing only an appro ximate

solution, but w e note that the computed L and V satisfy the relation U LV = ( A; b ) exactly at

ev ery stage. Hence if the exact solution is ev er desired, it can b e reco v ered at an y stage b y taking

the SVD of the L matrix, whic h w ould yield the exact SVD of the full A matrix. Hence ev en with

the appro ximate UL V decomp osition, w e ha v e not lost an y information.

The c hoice of metho d to use in an y particular situation dep ends on the size of the errors in the data

obtained from the sensors, the conditioning of the equations whic h dep ends on the geometry of

the system, and the computing p o w er a v ailable on b oard the v ehicle. If the errors are mo dest and

the system geometry leads to a reasonably w ell-conditioned system, then an y of the metho ds w e

ha v e prop osed will yield reasonable p osition estimates, so the c hoice can b e made en tirely on cost.

Ho w ev er, if the sensors ha v e lo w resolution or high noise, then a TLS solution ma y b etter capture

the e�ect of suc h errors throughout the whole system of equations. The impro v emen t from TLS

ma y b e more noticeable when the geometry of the system leads to mo derately ill-conditioned

systems of equations. But if the conditioning of the system b ecomes signi�can t compared to

the precision of the underlying arithmetic (b ecause the underlying na vigation problem b ecomes

ill-p osed), then none of the metho ds will yield useful p osition estimates. But estimates of the

condition n um b er can b e obtained from the SVD for free and from the triangular factors in all

the other metho ds with lo w additional cost (Higham 1987), and these condition n um b er estimates

are reliable indicators of ill-p osedness of the underlying problem.

5. Exp erimen ts.

T o compare the p erformance of the Kalman �lter and R TLS in practice, w e ran three sets of

exp erimen ts, the �rst with a ph ysical mobile rob ot and camera and a single landmark, the second

in sim ulation with t w o landmarks, and the third with a ph ysical rob ot and t w o landmarks not

visible sim ultaneously .
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5.1. One Landmark.

In this exp erimen t, a ph ysical rob ot view ed a single landmark with a camera, and used the

b earing information deriv ed from the images to compute its lo cation. The setup in the �rst

set w as mo deled after the problems faced b y an actual mobile rob ot (Ay ac he & F augeras 1989;

Durran t-White, Bell, & Av ery 1995; Kosak a & Kak 1992). The rob ot did not kno w its o wn

p osition on the map, but did kno w the lo cation of a single landmark. The rob ot mo v ed in a

straigh t line taking a series of images. Its task w as to �nd the landmark in eac h image, and use

the results to determine its start p osition relativ e to the landmark.

A P anasonic WV-BL202 camera w as moun ted on a TR C Labmate at an angle of 90

�

to rob ot

b earing, so that eac h image yields an angle �

i

, as sho wn in Figure 2. Horizon tal �eld of view

w as 50

�

44

0

, limiting the angles � to the range � 25

�

22

0

. \Landmarks" w ere mini Maglite high

in tensit y 
ashligh t candles. The angular p osition of the landmark w as measured in a sequence of

images tak en while the rob ot mo v ed across the ro om at a constan t v elo cit y . In addition to the

error in angle measure, error also o ccurred in v elo cit y , rob ot b earing and in the times at whic h

the images w ere tak en. It is not p ossible to predict and mo del these errors. F or example, v elo cit y

w as set at 20mm/second, but a v erage true v elo cit y across runs ranged from 21.4mm/second to

22.5mm/second. In addition, the supp osed constan t v elo cit y w as not constan t throughout a single

run, v arying in an unpredictable manner. It w ould b e unrealistic to assume an y of these errors or

their com bined result to ha v e a gaussian distribution.

The Kalman �lter w as giv en an arbitrary start p osition of (0,0) (the lo cation of the landmark),

so that the deviation at time 0 for the Kalman �lter is the initial distance from the rob ot to the

landmark.

Figure 4 sho ws a comparison of four of the rob ot runs. The rob ot v elo cit y w as set to 20mm/sec.

Fiv e images w ere grabb ed 12 seconds apart. The rob ot start p osition relativ e to the landmark used

for lo calization w as di�eren t in eac h run. The deviations d of the estimate of start lo cation from

actual start lo cation at eac h 12 second time in terv al t are compared. The R TLS �lter con v erged

faster and to more accuracy than did the Kalman, often requiring only 2 or 3 steps to ac hiev e full

accuracy .
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Figure 4: P erformance of R TLS (blac k) and Kalman �lter (grey) on runs using the TR C Labmate starting

with 4 di�eren t landmark lo cations. Images w ere grabb ed at time in terv als t (horizon tal axis) 12 seconds

apart. The v ertical axis giv es the deviation of the estimated start p osition from the actual start p osition

in millimeters.

5.2. Tw o Landmark Sim ulation.

The second set of exp erimen ts w as run in sim ulation, but used t w o landmarks. W e assumed

that the rob ot has no instrumen t suc h as a compass whic h could b e used to register its heading.

Suc h instrumen ts can giv e v arying, incorrect readings in outdo or, unstructured en vironmen ts

(Sutherland & Thompson 1994), so it is useful to design and ev aluate metho ds to obtain heading

information from external sources. If suc h heading information w as a v ailable, it could b e used

indep enden tly or as a correction to estimates from in ternal sources. The rob ot kno ws the lo cation

of the t w o landmarks on a map (ground co ordinate system). A co ordinate system is arbitrarily

cen tered at one landmark. The goal is to determine the rob ot start p osition plus the lo cation

of the second landmark. Kno wing whic h landmark is whic h in the view will allo w the rob ot

to uniquely determine its starting p osition from m ultiple readings along a baseline of unkno wn

direction, except for certain degenerate con�gurations. Ev en if the rob ot do es not kno w the order

of the t w o landmarks in its view, it can limit its start p osition to only t w o p ossible lo cations in the

ground co ordinate system, symmetrically lo cated on either side of the line joining the landmarks,

without an y a priori kno wledge of direction.

Figure 5 summarizes the results in an example where the t w o landmarks and the rob ot w ere placed

at p ositions ( � 200 ; 0), (0 ; 0), and ( � 200 ; � 200), resp ectiv ely , in the ground co ordinate system.
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When the angle error is negligible, the TLS metho d pro vides uniformly go o d estimates. When

the angle error is mo derate, the error from TLS metho d su�ers from an initial jump, but quic kly

reco v ers b ecause it needs no initial estimate. F urthermore, in the regions where the R TLS error

exceeds the Kalman �lter error, neither �lter yields an y accuracy at all, since b oth errors are

larger than the v alues b eing estimated.

5.3. Tw o Landmark (but One at a Time) Exp erimen t.

This exp erimen t w as mo deled after the sim ulation in the previous section, but w e assumed that

only one landmark w as visible at a time. The exp erimen t w as carried out with the same hardw are

as in the �rst exp erimen t. In this case, the image pro cessing w as carried out an a 486-based

PC-104 system. By using a more e�cien t image pro cessing algorithm (Fisc her & Gini 1996), w e

w ere able to use landmarks consisting of a large letter T on a white 8.5 b y 11 inc h sheet of pap er,

under ordinary ro om ligh t conditions. The o v erall la y out is illustrated in Figure 6.

In this exp erimen t, w e used the t w o landmark algorithm as describ ed in this pap er, but inserted

ro ws of zero es corresp onding to the landmark not in the �eld of view. As the results in Figure

7 sho w, the algorithm fails to deliv er ev en a rough estimate of the lo cation as long as only one

landmark is visible. This is b ecause the system is rank de�cien t, and in the curren t v ersion of

the algorithm, w e accept solutions only when the rank is full. As so on as the second landmark is

sigh ted, the rank of the system immediately b ecomes full and w e obtain v alid solution estimates.

After only 3 or 4 readings of the second landmark, these solution estimates ha v e con v erged.

6. Conclusions

W e ha v e sho wn ho w the na vigation problem can b e set up as an o v erdetermined system of linear

equations whic h can b e solv ed at eac h step in a time indep enden t of the n um b er of readings. Our

metho d w ould b e exact if the the data w ere error-free, so using higher resolution vision equipmen t

w ould yield a corresp onding impro v emen t in the accuracy . The recursiv e metho ds w e prop ose are

guaran teed to con v erge to the nonrecursiv e LS or TLS solution, resp ectiv ely , computed \o�-line"

after all the data has b een collected. This is in con trast to a metho d in whic h the mo del b eing

manipulated is itself a linear appro ximation of the true system, or in whic h there is a p ossibilit y

of div ergence, as o ccurs in the EKF. The cost of our recursiv e LS metho d is comparable to that
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of a Kalman �lter, and the metho d also yields error estimates dynamically . These error estimates

could b e used to decide when to re-initialize the iteration or 
ag an \ill-p osedness" error. The

R TLS metho ds can b e applied with only a mo dest increase in costs o v er the recursiv e LS metho ds.

In practice, the Kalman �lter is also used when the item b eing estimated is b eing up dated itself,

suc h as the curren t rob ot p osition, as prop osed in (Bonnifait & Garcia 1996). But ev en in this

case, the Kalman �lter requires a go o d initial estimate of the rob ot's p osition, and the metho ds

prop osed in here w ould b e more suitable to pro ducing suc h an estimate with no a-priori estimate

than using a pure Kalman �lter. Suc h a h ybrid �lter, using the LS or TLS �lter to initialize and

the Kalman �lter to con tin ue, w ould b e more successful than a pure Kalman �lter.

In addition, since this �lter con v erges rapidly , another option is to restart from scratc h p erio dically .

A restart could b e done also as the landmarks c hange. In fact, since the computation is so

inexp ensiv e, one simple w a y to handle m ultiple landmarks visible one at a time in sequence is

to carry out the computation with the �rst t w o landmarks as outlined ab o v e. When the second

landmark comes in to view, one starts a new computation to b e used with the the second and third

landmark while con tin uing the computation with the �rst t w o landmarks. The computation using

landmarks 1 and 2 will yield a p osition while that using landmarks 2 and 3 will b e ready to yield

a p osition as so on as landmark 3 comes in to view. Up on this latter ev en t, the �rst computation

is terminated, and the resources used to start a new computation for landmarks 3 and 4. In this

w a y t w o computations are alw a ys activ e, one yielding a curren tly v alid p osition estimate. This

scenario is just one example of the 
exibilit y p ossible with a simple, rapidly con v erging p osition

estimator.
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Figure 5: Mean deviations ( d on v ertical axis) b et w een estimated and actual start p ositions, v ersus time

steps ( t on horizon tal axis). Eac h ro w of plots sho ws the results with uniform errors in the angles of

0 ; � 2

�

; � 4

�

, resp ectiv ely , and eac h column sho ws the results with normally distributed errors in t with

standard deviations 0 ; 5% ; 10% , resp ectiv ely . TLS sho wn with solid line, Kalman with dashes.
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Figure 6: La y out of exp erimen t with t w o landmarks where only one w as visible at a time. The

dotted lines sho w the �eld of view of the camera.
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Figure 7: T ypical results with t w o landmarks visible only one at a time. Notice con v ergence tak es

place within 3 or 4 readings of the second landmark.
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App endix { Kalman Filter Equations

W e sk etc h the Kalman �lter equations with a rough estimate of the costs, assuming the w eigh ting

matrices U

i

, V

i

are diagonal. By estimating the costs in this simple w a y , w e do not in tend to

claim that our metho ds are faster, only that the 
op coun ts in v olv ed are comparable with those

of the Kalman �lter.

item formula appr ox. c ost
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T able 4: Discrete Kalman Filter Equations where B is the measuremen t v ector, A is the data

matrix, F is the state transition matrix, x is the state v ector, and e
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Figure 8: Sc hematic diagram of Kalman �lter
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