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Abstract

W e prop ose a new algorithm capable of partitioning a set of do cumen ts or other

samples based on an em b edding in a high dimensional Euclidean space (i.e. in whic h

ev ery do cumen t is a v ector of real n um b ers). The metho d is un usual in that it is

divisiv e, as opp osed to agglomerativ e, and op erates b y rep eatedly splitting clusters

in to smaller clusters. The do cumen ts are assem bled in to a matrix whic h is v ery

sparse. It is this sparsit y that p ermits the algorithm to b e v ery e�cien t. The p er-

formance of the metho d is illustrated with a set of text do cumen ts obtained from the

W orld Wide W eb. Some p ossible extensions are prop osed for further in v estigation.

1 In tro duction

Unsup ervised clustering of do cumen ts is a critical comp onen t for the exploration of large

unstructured do cumen t sets. As part of a larger pro ject, the W ebA CE Pro ject [16 , 11], w e

ha v e dev elop ed a no v el algorithm for unsup ervised partitioning of a large data set whic h

exhibits sev eral useful features. These features include scalabilit y to large data sets, comp et-

itiv e p erformance in terms of the qualit y of the clusters generated, and capabilit y of w orking
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on data sets where the n um b er of attributes is m uc h larger than the n um b er of sample do c-

umen ts. The o v erall W ebA CE pro ject aims to create an agen t that w ould help users explore

the W orld Wide W eb (WWW) b y carrying out the follo wing steps:

1. Starting with a seed set of user-retriev ed do cumen ts, automatically classify do cumen ts

retriev ed.

2. Generate new WWW searc hes using classes disco v ered in step 1 or 3.

3. Classify newly receiv ed do cumen ts in to existing classes, or up date the classi�cation

structure without user in terv en tion.

4. Rep eat from step 2.

A critical part of this task is a metho d to automatically disco v er structure presen t in a large

set of do cumen ts and to classify a new set of do cumen ts according to a previously computed

set of classes. Unsup ervised clustering is imp ortan t b ecause the v olume of data a v ailable on

the W eb is enourmous. An y classi�cation system dep ending on h uman input w ould quic kly

b e o v erwhelmed. On the other hand, an automatically generated classi�cation of a large

collection of do cumen ts retriev ed b y the agen t, or retriev ed b y the user o v er sev eral bro wsing

sessions w ould b e of immense v alue in allo wing the user to easily na vigate the do cumen t

collection.

The goal of this pap er is to presen t one suc h algorithm whic h w e ha v e observ ed is capable

of comp etitiv e p erformance in terms of sp eed, scalabilit y , and qualit y of class structure found.

W e mak e a remark on the origin of the name \Principal Direction Divisiv e P artitioning."

The w ords \Principal Direction" are used b ecause the algorithm is based on the computation

of the leading principal direction at eac h stage in the partitioning. The k ey comp onen t in

this algorithm that allo ws it to op erate fast is a fast solv er for this direction. This principal

direction is used to cut a cluster of do cumen ts rep eatedly . The use of a distance or similarit y

measure is limited to deciding whic h cluster should b e split next, but the similarit y measure

is not used to do the actual splitting.

W e use the w ord \P artitioning" to re
ect the fact that w e place all the do cumen ts in one

cluster, so that at ev ery stage the clusters are disjoin t and their union equals the en tire set

of do cumen ts.

The w ord \Divisiv e" comes from the follo wing taxonom y of clustering algorithms in [17,

p298] (originally from [1]):
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1. hierarc hical agglomerativ e clustering

2. hierarc hical divisiv e clustering

3. iterativ e partitioning

4. densit y searc h clustering

5. factor analytic clustering

6. clumping

7. graph-theoretic clustering

Our algorithm is a hierarc hical algorithm, but the o v erwhelming ma jorit y of existing hier-

arc hical algorithms whic h treat the do cumen ts as a p oin t in Euclidean space w ork \b ottom

up" b y agglomeration. Our PDDP algorithm is \top do wn" or \divisiv e" in the sense that it

starts with all the do cumen ts in one single big cluster and pro ceeds to divide up the initial

cluster in to progressiv ely smaller clusters.

As a hierarc hical divisiv e algorithm, the PDDP algorithm w ould b e appropriate for the

scatter/gather task of [7]. This is discussed further in Section 5.

2 Related W ork

Existing approac hes to do cumen t clustering are generally based on either probabilistic meth-

o ds, or distance and similarit y measures (see [9]). Distance-based metho ds suc h as k -means

analysis, hierarc hical clustering [13] and nearest-neigh b or clustering [15 ] use a selected set

of w ords (features) app earing in di�eren t do cumen ts as the dimensions. Eac h suc h feature

v ector, represen ting a do cumen t, can b e view ed as a p oin t in this m ulti-dimensional space. It

will b e seen that our metho d also uses distance measures to a limited exten t, as w ell as term

w eigh ting and normalization, but the algorithm's scalabilit y allo ws us to a v oid the necessit y

of remo ving w ords or reducing the dimensionalit y in adv ance.

AutoClass [6] is a metho d using Ba y esian analysis based on the probabilistic mixture

mo deling [22 ]. Giv en a data set it �nds maxim um parameter v alues for a sp eci�c probabilit y

distribution functions of the clusters.

There are a n um b er of problems with clustering in a m ulti-dimensional space using tra-

ditional distance- or probabilit y-based metho ds. First, it is not trivial to de�ne a distance

measure in this space. Some w ords are more frequen t in a do cumen t than other w ords.
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Simple frequency of the o ccurrence of w ords is not adequate, as some do cumen ts are larger

than others. F urthermore, some w ords ma y o ccur frequen tly across do cumen ts. T ec hniques

suc h as tfidf [19] ha v e b een prop osed precisely to deal with some of these problems.

Secondly , the n um b er of all the w ords in all the do cumen ts can b e v ery large. Distance-

based sc hemes generally require the calculation of the mean of do cumen t clusters. If the

dimensionalit y is high, then the calculated mean v alues ma y not di�er signi�can tly from one

cluster to the next, esp ecially if the initial set of clusters are p o or. Hence the cluster means

ma y not pro vide go o d separation. Similarly , probabilistic metho ds suc h as Ba y esian classi�-

cation used in AutoClass [6 ] do not p erform w ell when the size of the feature space is m uc h

larger than the size of the sample set and the attributes are not statistically indep enden t, as

is t ypical of do cumen t categorization applications on the W eb. It is p ossible to reduce the

dimensionalit y b y selecting only frequen t w ords from eac h do cumen t, or to use some other

metho d to extract the salien t features of eac h do cumen t. Ho w ev er, the n um b er of features

collected using these metho ds still tends to b e v ery large, and determining whic h features

can b e discarded without a�ecting the qualit y of clusters is di�cult.

Laten t Seman tic Indexing (LSI) [2] w as prop osed as a metho d for query-based do cumen t

retriev al in whic h the noise presen t in data sets of v ery high dimensionalit y is reduced b y

orthogonal pro jection. A lo w rank (sa y , rank k � min f m; n g , where m; n are the n um b er

of do cumen ts and w ords, resp ectiv ely) appro ximation to the term frequency matrix M is

computed using the leading k singular v alues and v ectors of the matrix. This has the e�ect

of remo ving the noise, while represen ting eac h do cumen t b y means of a set of k \generalized

attributes." But unlik e the PDDP algorithm, the singular v alue decomp osition is applied

to M , not A = ( M � w e

T

), where w ; e are the cen troid v ector and the v ector of all ones,

resp ectiv ely , de�ned in Section 3, and is used only to prepro cess the data to reduce the

dimensionalit y of its represen tation. In addition, computing k leading singular v alues and

v ectors is considerably more complicated and exp ensiv e than computing just one as in the

PDDP Algorithm.

Linear discriminan t functions ha v e b een used extensiv ely to partition samples in a test

set in to t w o classes. An example is the Fisher linear discriminan t function (see e.g. [17]),

t ypically used with a training set of samples with kno wn \correct" classi�cations. As suc h

it is usually used as a to ol in \sup ervised learning," in whic h a training set with previously

kno wn class designations are used. An \optimal" direction is c hosen on whic h to pro ject
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all the samples, and a cut-p oin t is selected using a one-dimensional Ba y es rule based on the

kno wn mean and co v ariance matrices for the individual classes.

Previous algorithms for unsup ervised clustering based on the use of one-dimensional

Ba y esian analysis or linear discriminan ts is v ery limited, at least to the kno w eldge of this

author. A hin t in this direction app ears in [17 , p500], where the rep eated use of a Fisher-st yle

linear discriminan t is suggested, resulting in a hierarc hical classi�cation. It is ev en suggested

that the Karh unen Lo ev e transformation migh t lead to go o d directions, whic h w ould lead to

an algorithm suc h as the one in tro duced in this pap er. Ho w ev er no algorithm is giv en and

no discussion of the sp eci�c structure that migh t result from suc h an algorithm is discussed.

There has b een some more recen t w ork on pro jections and hierarc hical structures for

data analysis. Bishop and Tipping [3] assem ble a series of pro jections of the data in to

a hierarc hical tree structure, but for the purp ose of visualizing a set of n umerical data.

Sc h • utze and Silv erstein [20] explore the e�ects on the accuracy of clustering algorithms of

v arious strategies for initial term selection, w eigh ting, and pro jections. Singhal et al [21]

explore the e�ect of di�eren t tfidf scalings and other normalization strategies in a study

that is more systematic than that in Section 5 of this pap er. Zamir et al [23] prop ose

the metho d of wor d interse ction clustering based on a glob al quality function . This is a

measure of cluster cohesion whic h is a viable alternativ e to the scatter measures used in this

pap er. Zamir's w ork is rep orted in the con text of new fast clustering metho ds for w eb searc h

results. Northern Ligh t Searc h [18] also clusters results of w eb searc hes, but the sp eci�cs of

their metho d is not included. The w ork rep orted b elo w in Section 6 is related to other w ork

in text �ltering and classi�cation. In [12] there is a study sho wing ho w great impro v emen ts

in accuracy can b e ac hiev ed b y com bining sev eral di�eren t learning metho ds.

3 Notation and Mathematical Preliminaries

W e will represen t column v ectors with lo w er case b old letters, matrices with upp er case

b old letters, scalars with italic letters, viz. v = ( v

1

; v

2

; : : : ; v

n

)

T

where n is the dimension

of v . The transp ose of a matrix M is the matrix M

T

whose i; j -th elemen t is �

j i

, where

�

ij

denotes the i; j -th elemen t of M . A ro w v ector will b e denoted b y u

T

. The notation

e = (1 ; 1 ; : : : ; 1)

T

will stand for a v ector of all ones of appropriate dimension. In this pap er
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w e will use the Euclidean norm for v ectors:

k v k

2

=

s

X

j

v

2

j

; (1)

and the F rob enius norm for matrices:

k M k

F

=

s

X

i;j

�

2

ij

; (2)

The algorithm presen ted in this pap er will b e applied to do cumen t v ectors. A do cumen t

v ector d = ( d

1

; d

2

; : : : ; d

n

)

T

is a column v ector whose i -th en try , d

i

, is the relativ e frequency

of the i -th w ord. In this particular application, w e scale the do cumen t v ectors to ha v e

Euclidean norm equal to 1, so that eac h en try has the n umerical v alue

d

i

=

TF

i

q

P

j

(TF

j

)

2

; (3)

where TF

i

is the n um b er of o ccurences of w ord i in the particular do cumen t d . W e refer to

the scaling (3) as \norm scaling." An alternativ e scaling is the tfidf scaling, de�ned using

the recommended \nfc" alternativ e from [19] as follo ws:

let

~

d

i

=

1

2

 

1 +

TF

i

max

j

(TF

j

)

!

�

�

log

�

m

DF

i

��

, then d

i

=

~

d

i

q

P

j

(

~

d

j

)

2

; (3 : 1)

where DF

i

is the n um b er of di�eren t do cumen ts in whic h the i w ord app ears, among all

do cumen ts in the en tire do cumen t set, and m is the total n um b er of do cumen ts. Ho w ev er,

this scaling results in a nonzero v alue for ev ery d

i

, and hence destro ys the sparsit y presen t

in the matrix. In addition it did not pro duce distinctly b etter clustering results, at least

in our exp erimen ts, compared to (3). The sparsit y structure is critical for the sp eed of our

algorithm. The \tfc" alternativ e of [19 ] w ould b e a b etter c hoice from the sparsit y p oin t of

view.

Giv en a collection of do cumen ts d

1

; : : : ; d

m

, the mean or cen troid of the do cumen t set is

w =

d

1

+ � � � + d

m

m

= M � e �

1

m

; (4)

where M = ( d

1

; : : : ; d

m

) is an n � m matrix of do cumen t v ectors. If w = 0 , then the

co v ariance matrix of this set w ould b e M � M

T

, since eac h sample is a column v ector, but in

the general case the co v ariance matrix is

C = ( M � w e

T

) � ( M � w e

T

)

T

= A � A

T

; (5)
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where A = ( M � w e

T

). This matrix is symmetric and p ositiv e de�nite, so all its eigen v alues

are real and non-negativ e. The eigen v ectors corresp onding to the k largest eigen v alues are

called the princip al c omp onents or princip al dir e ctions . In our algorithm, w e are in terested

only in the eigen v ectors of C , not the eigen v alues, so the sp eci�c scaling of the matrix C is

not imp ortan t to our algorithm. In Section 4.2 w e sho w ho w w e a v oid the need to compute

C explicitly .

4 Algorithm Description

The Principal Comp onen t Divisiv e P artitioning algorithm op erates on a sample space of

m samples in whic h eac h sample is an n -v ector con taining a n umerical v alue. F or clarit y of

presen tation w e will use the terms \do cumen t" to refer to a sample, but in fact this algorithm

can in principle b e applied to samples in other domains for whic h the appropriate scaling ma y

di�er. Eac h do cumen t is represen ted b y a column v ector (3) of attribute v alues, whic h in the

case of actual text do cumen ts are w ord coun ts. In our exp erimen ts using w eb do cumen ts, w e

normalized eac h do cumen t v ector to ha v e a Euclidean length of 1. F or the purp oses of our

algorithm, the en tire set of do cumen ts is represen ted b y an n � m matrix M = ( d

1

; : : : ; d

m

)

whose i -th column, d

i

, is the column v ector represen ting the i -th do cumen t.

The algorithm pro ceeds b y separating the en tire set of do cumen ts in to t w o partitions

b y using principal directions in a w a y that w e will describ e. Eac h of the t w o partitions

will b e separated in to t w o subpartitions using the same pro cess recursiv ely . The result

is a hierarc hical structure of partitions arranged in to a binary tree (the \PDDP tree") in

whic h eac h partition is either a leaf no de (meaning it has not b een separated) or has b een

separated in to t w o subpartitions forming its t w o c hildren in the PDDP tree. The details

of the algorithm w e m ust sp ecify are (1) what metho d is used to split a partition in to t w o

subpartitions, and (2) in what order are the partitions selected to b e split. The rest of this

section is dev oted to �lling in this details.

4.1 Splitting a P artition

A partition of p do cumen ts is represen ted b y an n � p matrix M

p

= ( d

1

� � � d

p

) where

eac h d

i

is an n -v ector represen ting a do cumen t. The matrix M

p

is a submatrix of the original
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matrix M consisting of some selection of p columns of M , not necessarily the �rst p in the set,

but w e omit the extra subscripts for simplicit y . The principal directions of the matrix M

p

are

the eigen v ectors of its sample co v ariance matrix C . Let w = M

p

e =p b e the sample mean of

the do cumen ts d

1

; : : : ; d

p

, and the co v ariance matrix is C = ( M

p

� w e

T

)( M

p

� w e

T

)

T

. The

Karh unen-Lo ev e transformation [8] consists of pro jecting the columns of M

p

on to the space

spanned b y the leading k eigen v ectors (those corresp onding to the k largest eigen v alues). The

result is a represen tation of the original data in k degrees of freedom instead of the original n .

Besides reducing the dimensionalit y , the transformation often has another b ene�cial e�ect

of remo ving m uc h noise presen t in the data, assuming an appropriate v alue of k can b e

c hosen. In our case, w e are in terested in temp orarily pro jecting eac h do cumen t on to the

single leading eigen v ector, whic h w e will denote u . This leading eigen v ector is called the

principal comp onen t or principal direction. This pro jection is needed only to determine the

split and is not otherwise used for an y purp ose. In tuitiv ely , the leading eigen v ector is c hosen

b ecause it is the direction of maxim um v ariance and hence is the direction in whic h the

do cumen ts tend to b e the most spread out.

The pro jection of the i -th do cumen t d

i

is giv en b y the form ula

� v

i

= u

T

( d

i

� w ) ; (7)

where � is a p ositiv e constan t arising from the sp eci�c algorithm w e use. In w ords, w e

translate all the do cumen ts so that their mean is at the origin, and then pro ject the result

on to the principal direction. The v alues v

1

; : : : ; v

k

are used to determine the splitting for

the cluster M

p

. In the simplest v ersion of the algorithm, w e split the do cumen ts strictly

according to the sign of the corresp onding v

i

's. All the do cumen ts d

i

for whic h v

i

� 0 are

partitioned in to the left c hild, and all the do cumen ts d

i

for whic h v

i

> 0 are put in to the

righ t c hild. A do cumen t coinciding exactly with the mean v ector w is more or less in the

middle of the en tire cloud of do cumen ts, and its pro jection (7) will b e zero. In this case w e

mak e the arbitrary c hoice to put suc h do cumen ts in to the left c hild.

The c hoice of splitting at the mean is somewhat arbitrary , but an in tuitiv e justi�cation

is the follo wing. If there w ere t w o w ell separated clusters, then the mean w ould lik ely b e

b et w een the t w o clusters. In real date sets, the mean migh t end up among one of the

\natural" clusters, whic h w ould then b e cut in t w o. But the algorithm will still succeed in

separating the elemen ts of this cluster from neigh b oring clusters in a subsequen t step.
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4.2 Computational Considerations

In the computation of the splitting of the partition, the single most exp ensiv e part of the

computation is the computation of the eigen v alues and eigen v ectors of the co v ariance matrix

C . When C has large dimensionalit y this can b e a signi�can t exp ense. Standard o�-the-shelf

metho ds t ypically compute all the eigen v alues and eigen v ectors. Ev en if sp ecial metho ds that

compute only selected eigen v ectors are used, man y metho ds still require the computation

of all the eigen v alues [10 ]. In addition, the co v ariance matrix is actually the pro duct of a

matrix and its transp ose. This is exactly the situation where it is w ell kno wn that accuracy

can b e impro v ed b y using the Singular V alue Decomp osition (SVD) [10 ]. The SVD of an

n � m matrix A is the decomp osition U�V

T

= A , where U ; V are square orthogonal

matrices of dimension n � n , m � m , resp ectiv ely , and � = diag f �

1

; : : : ; �

min f m;n g

g , where

�

1

� �

2

� � � � � �

min m;n

� 0. The � 's are called the singular v alues, the columns of U are

called the left singular v ectors, and the columns of V are called the righ t singular v ectors.

An orthogonal matrix U is a square matrix satisfying U

T

U = I .

Setting A = M

p

� w e

T

, w e can sho w ho w to relate the SVD to the principal directions.

W e ha v e

C = A A

T

= ( U�V

T

) � ( V �

T

U

T

) = U�

2

U

T

;

where w e use �

2

as a shorthand for the n � n diagonal matrix diag f �

2

1

; �

2

2

; : : : g . F rom this

form ula, it is seen that the eigen v alues of C are the squares of the singular v alues of A , and

the eigen v ectors of C are the left singular v ectors of A . The singular v ectors also satisfy

another in teresting relation. Let u

j

, v

j

denote the j -th column of U ; V , resp ectiv ely . W e

ha v e that

u

T

j

A = u

T

j

U�V

T

= �

j

v

T

j

; (8)

and lik ewise A v

j

= �

j

u

j

. Using our de�nition for A , w e see that the pro jections (7) are

exactly the en tries in the v ector �

1

v

T

1

. This means that once w e ha v e the SVD of the matrix

A , w e already ha v e the pro jections needed to split the cluster M

p

.

In order to compute the pro jections (7), it is clear that w e do not need the en tire SVD of

A . W e need only the leading singular v ectors u

1

; v

1

, whic h w e will denote u ; v for short. A

fast metho d for computing a partial SVD of a matrix can b e constructed using the Lanczos

algorithm [10]. This algorithm tak es adv an tage of sparsit y presen t in the matrix M

p

. In

our implemen tation of this algorithm, w e implicitly compute the eigen v alues of A A

T

or
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A

T

A , whic hev er has a smaller dimension. The accuracy w e obtain is quite su�cien t for our

purp oses, since w e need only to ha v e the signs of (7).

The Lanczos algorithm pro ceeds b y rep eatedly m ultiplying a v ector x b y the matrix C

and then orthogonalizing the result against all previous v ectors in the sequence. It is this

prop ert y that allo ws us to a v oid forming A or C explicitly . The matrix v ector pro duct A � v

can b e computed directly from M b y the form ula Av = M v � w ( e

T

v ). A similar form ula

applies to the pro duct A

T

� v , and hence w e can also obtain the pro duct Cv without forming

C .

The Lanczos algorithm also constructs a sequence of nested tridiagonal matrices of in-

creasing dimensions, computing the eigen v alues for eac h one, un til a stopping test is satis�ed.

F or readers in terested in the details of the Lanczos algorithm w e implemen ted, w e include a

few details ab out the algorithm. W e used no re-orthogonalization b ecause all the spurious

eigen v alues th us in tro duced are in the in terior of the sp ectrum and hence do not a�ect the

computed v alue for the largest eigen v alue, whic h is the only one w e seek. Our stopping test

w as based on the observ ation that the eigen v alues of eac h tridiagonal matrix in terlace those

of the next one in the sequence. Hence the Lanczos algorithm pro ceeds un til the largest

eigen v alue stops gro wing, at whic h time w e assume it has con v erged. Since only the largest

eigen v alue is sough t, a Sturm sequence metho d can b e used to compute it fast from the

largest eigen v alue of the preceeding tridiagonal matrix, and furthermore, spurious eigen v al-

ues can b e ignored. Once the eigen v alue is found, the generated Lanczos v ectors are used to

compute the appro ximate corresp onding eigen v ector. All of these prop erties men tioned here

are based on the theory presen t in [10 ] and hence is not further discussed here.

4.3 Ov erall Algorithm

W e summarize the o v erall algorithm used to carry out the partitioning. The basic algorithm

constructs a binary tree, the PDDP tree. Eac h no de in the tree is a data structure whic h

holds the do cumen ts asso ciated with that no de, the v arious quan tities computed from that

set of do cumen ts, and p oin ters to the t w o c hildren no des, if an y . T able 1 lists the sp eci�c

information stored in eac h no de in the tree in our implemen tation. The information stored

in eac h no de consists of the do cumen ts in the cluster asso ciated with that no de (to sa v e

space w e store only the indices of the do cumen ts), the cen troid (mean) v ector, the leading
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�eld con ten ts

indices indices of do cumen ts in this no de's cluster ( p in tegers)

centroid the mean v ector w of do cumen ts in cluster ( n -v ector)

sval leading singular v alue � for this cluster (a scalar)

leftvec left singular v ector u corresp onding to � ( n -v ector)

rightvec righ t singular v ector v corresp onding to � ( p -v ector)

scat total scatter v alue for this cluster (a scalar)

leftchild p oin ter to the left c hild no de

rightchild p oin ter to the righ t c hild no de

T able 1: De�nition of a no de in the binary PDDP tree for a cluster with p do cumen ts. The

ro ot no de con tains all m do cumen ts, eac h of length n .

singular v alue and asso ciated singular v ectors, and p oin ters to the c hildren no des, if an y . W e

also store a \scatter" v alue, whic h w e discuss next.

Ha ving describ ed the metho ds used to split a giv en no de, the remaining question is to

decide at eac h stage whic h no de should b e split next. One c hoice is to try to k eep the

binary tree balanced b y splitting all the no des at a giv en lev el (distance form ro ot) b efore

pro ceeding to the next lev el. But the resulting clusters are often im balanced with a few

large clusters and man y small clusters, including man y singletons. T o a v oid this situation,

w e use a \scatter" v alue as a measure of the noncohesiv eness of a cluster. In this �rst v ersion

implemen ted for this pap er, w e used a norm-based scatter v alue, but the user is free to use

an y measure of cohesiv eness that w orks on the particular data set b eing pro cessed. Whatev er

metho d is used to obtain this \scatter" v alue, the algorithm will select the cluster with the

largest scatter v alue to b e split next.

F or our exp erimen ts, the sp eci�c v alue w e used w as de�ned as follo ws. The scat �eld

is a total scatter v alue de�ned to b e the F rob enius norm of the corresp onding matrix A =

M

p

� w e

T

. The square of the F rob enius norm of A = ( a

ij

) is giv en b y

k A k

2

F

=

X

i;j

j a

ij

j

2

;

and equals the F rob enius norm of the co v ariance matrix C as w ell as the sum of the eigen-
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v alues �

2

i

of C [10]:

k A k

2

F

= k C k

F

=

X

i

�

2

i

:

In our algorithm, the total scatter v alue is used to select the next cluster to split. W e

c ho ose the cluster with the largest scatter v alue. The total scatter v alue re
ects the distance

b et w een eac h do cumen t in the cluster and the o v erall mean of the cluster, whic h is a measure

of the cohesiv eness of the cluster. Using the total scatter v alue to c ho ose the next cluster

to b e split usually results in clusters all ha ving more or less similar n um b ers of do cumen ts.

W e remark that this scatter v alue is the only comp onen t of this algorithm that is based on

a \distance" measure, and it w ould b e just as easy to use other measures not based on a

\distance" measure and appropriate for particular data sets.

Ha ving discussed all the comp onen ts of our algorithm, w e no w summarize the o v erall

algorithm in T able 2. A t eac h pass through the main lo op, w e select a no de based on our

measure of \cohesiv eness," obtain the mean v ector and principal direction for the do cumen ts

asso ciated with that no de, and split the do cumen ts using the mean v ector and principal

direction in to t w o c hildren no des. In geometric terms, w e split the do cumen ts using the

h yp erplane normal to the principal direction passing through the mean v ector.

In T able 2, one can replace c

max

with an alternativ e stopping test based on the largest

scatter v alue presen t in an y unsplit cluster. Indeed, in the soft w are a v ailable in [4], w e stop

when this maxim um cluster scatter falls b elo w the scatter of the collected cen troid v ectors.

This w as the stopping test included as part of the W eb agen t W ebA CE [11] and when using

the data from [14 ].

The space required for the PDDP algorithm arises from three sources: the memory to

store the initial ra w data matrix M , the memory needed to store the PDDP tree, and

temp orary storage for the SVD computation. The space to store M is �xed. Regarding

the PDDP tree, w e start with a single no de, and in eac h step w e add t w o new no des to

the tree. Therefore, when �nding c

max

clusters, w e will ha v e a total of 2 � c

max

� 1 no des

in the tree, of whic h c

max

are leaf no des. Within eac h no de, w e require storage for at least

2 n -v ectors ( centroid and leftvec ), as w ell as space for the indices ( indices ) and some

scalars. The remaining v ector rightvec can b e omitted to sa v e space b y recomputing it

when needed using (8). In addition, leftvec and rightvec are not needed for the leaf

no des, unless one w ould lik e to b e able to con tin ue the splitting pro cess from the curren t
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0. Start with n � m matrix M of (scaled) do cumen t v ectors,

and a desired n um b er of clusters c

max

(see note on a stopping test in text).

1. Initialize Binary T ree with a single Ro ot No de (T able 1).

2. F or c = 2 ; 3 ; : : : ; c

max

do

3. Select no de K with largest scat v alue

4. Create no des L := leftchild ( K ) and R := rightchild ( K ).

5. Set indices ( L ) := indices of the non-p ositiv e en tries in rightvec ( K )

6. Set indices ( R ) := indices of the p ositiv e en tries in rightvec ( K )

7. Compute all the other �elds for the no des L , R .

8. end.

9. Result: A binary tree with c

max

leaf no des forming a partitioning

of the en tire data set.

T able 2: Principal Direction Divisiv e P artitioning Algorithm Summary

tree instead of starting o v er from scratc h. Therefore the total storage needed to store the

tree is (2 � c

max

� 1) centroid s plus c

max

leftvec s plus (2 � c

max

� 1) indices , for a total of

at most (3 � c

max

� 1) � n + (2 � c

max

� 1) � m w ords, not coun ting the scalar v alues.

The temp orary space required b y the SVD computation dep ends on the n um b er of itera-

tions needed for the metho d to con v erge, and sp eci�c estimates require a detailed description

of the algorithm in linear algebra, whic h is b ey ond the scop e of this pap er. Ho w ev er, a sim-

ple estimate can b e had b y observing that space is needed for one v ector for eac h iteration,

where the length of this v ector is min f n; m g . The n um b er of iterations can v ary from data

set to data set, and ev en dep end on the c hoice of starting v ector, but in our exp erimen ts

nev er exceeded 20 steps.

So the total space required can b e summarized as follo ws:

item memory w ords o ccupied

original matrix M n � m � s

nz

PDDP tree (3 � c

max

� 1) � n + (2 � c

max

� 1) � m

SVD temp orary space min f n; m g � k

svd

(10)
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where s

nz

is the fraction of en tries in M that are nonzero, c

max

is the n um b er of clusters

generated, k

svd

is the n um b er of Lanczos iterations in the SVD computation. In our appli-

cation, n � m , so min f n; m g = m . In addition, t ypical v alues for s

nz

in our examples range

from : 04 = 4% do wn to : 0068 = : 68%.

The bulk of the cost in the algorithm of T able 2 is the SVD computation in step 7.

W e ha v e already men tioned that the main memory required for this step is space for k

svd

m -v ectors. The cost of generating eac h of those v ectors is dominated b y t w o matrix v ector

pro ducts in v olving the matrix M

p

. T aking adv an tage of the sparsit y of M , the cost of a

single matrix v ector pro duct in v olving M is appro ximately s

nz

� m � n . Hence the total cost

of the matrix v ector pro ducts within the SVD step is appro ximately k

svd

s

nz

� m � n . This

is, of course, an upp er b ound since the later clusters con tain m uc h few er than m do cumen ts

presen t initially . Bey ond the SVD computation, the equiv alen t of a matrix v ector pro duct

is required for the centroid v ector and for the scat v alue. So the total cost of the matrix

v ector pro ducts is b ounded ab o v e b y

c

max

� (2 + k

svd

) s

nz

� m � n: (11)

The cost of all the rest of the computation is equiv alen t to lo w er order terms. W e remark that

this exp ected running time is linear in the n um b er of do cumen ts ( m ), mo dulo the n um b er

of iterations within the SVD computation, whereas unmo di�ed agglomeration algorithms

t ypically ha v e O ( m

2

) running time [7]. The "Buc kshot" heuristic used b y [7] is also an O ( m )

metho d, but dep ends on a random initial partition and hence is not completely deterministic.

5 Exp erimen tal Results

W e presen t some exp erimen tal results that sho w that the PDDP algorithm is e�ectiv e, at

least as w ell as an agglomeration algorithm, but is m uc h faster. W e used a set of 185

do cumen ts do wnloaded from the W orld Wide W eb, whic h w ere then pro cessed to obtain

w ord coun ts for eac h do cumen t. T o obtain w ord coun ts, w e remo v ed the stop w ords (�xed

in adv ance), stemmed the remaining w ords for plurals, v erb tenses, etc., and coun ted up

the o ccurences. The result w as the matrix \J1" with 185 columns corresp onding to the

185 do cumen ts, and 10536 ro ws eac h corresp onding to a w ord. Then further heuristics w ere

applied to obtain the matrices for data sets J2 through J11. These are summarized in T able 3
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exp e- w ord con ten ts

rimen t coun t summary

J1 10536 all w ords

J6 5106 w ords with TF > 1

J4 2951 T op 5+ w ords + HTML-tagged w ords

J3 1763 T op 20+ w ords

J7 1328 T op 20+ with TF > 1

J8 1105 T op 15+ with TF > 1

J2 946 w ords accoun ting for 25% of do cumen t

J9 805 T op 10+ with TF > 1

J10 474 T op 5+ with TF > 1

J5 449 w ords app earing in a-priori w ord clusters

J11 183 h yp ergraph w ord clusters.

T able 3: Exp erimen tal data set summary , sorted b y n um b er of w ords. TF refers to T ext

F requency (n um b er of o ccurrences of a w ord).

[11].

W e applied t w o algorithms to this data set, the divisiv e PDDP algorithm (T able 2), and

an agglomerativ e algorithm [8]. The agglomerativ e algorithm is sho wn only for comparativ e

purp oses, and is brie
y summarized as follo ws. W e start with m singleton clusters, one p er

individual do cumen t. W e then rep eatedly �nd the t w o clusters that are \closest together"

according to a distance measure [8]. Those t w o clusters are merged in to a single cluster, and

the pro cess is rep eated. The \distance" is de�ned as the angle b et w een the cluster cen troids.

This simple agglomerativ e algorithm w as e�ectiv e for some scalings, but slo w.

In b oth cases w e used either the tfidf scaling (3.1) [19 ] or the norm scaling (3). F or

the agglomerativ e algorithm, the times w ere indep enden t of the scaling. The tfidf scaling

destro ys the sparsit y , so the p erformance of the PDDP algorithm is substan tially degraded

and is not rep orted. The resulting times are sho wn in T able 4. It is seen that the divisiv e

algorithm is faster b y an order of magnitude. F or the purp ose of demonstrating the e�ec-

tiv eness of the algorithm on larger data sets, w e did apply it to an unlab eled data set of

2340 do cumen ts and 21839 w ords on a Sun Sup erSparc w orkstation, on whic h it to ok 198
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seconds to obtain 16 clusters. Also, on a set of 10794 do cumen ts extracted from [14 ] using

dictionary of 21190 w ords, the metho d to ok 50.4 seconds to compute 16 clusters on an SGI

c hallenge w orkstation, whic h w as the only mac hine a v ailable to the authors with a large

enough memory partition. Of course 16 clusters is not the appropriate n um b er of clusters

for this last example, so w e applied the alternativ e stopping test based on the scatter v alues

prop osed in Section 4.3. With this stopping test, the metho d yielded 203 clusters with an

en trop y of 0.807, using a condensed set of t w elv e topic lab els. This is b y no means a complete

analysis, but su�ces to sho w that the metho d can giv e useful results in a reasonable time

on a large data set.

In T able 5 w e indicate the qualit y of the clusters generated. This qualit y w as measured

b y �rst assigning lab els to eac h do cumen t b y hand, and using those lab els to compute an

en trop y measure for eac h cluster. The lab els used in our data set are giv en in T able 6.

The en trop y of cluster j is de�ned b y

e

j

= �

X

i

 

c ( i; j )

P

i

c ( i; j )

!

� log

 

c ( i; j )

P

i

c ( i; j )

!

;

where c ( i; j ) is the n um b er of times lab el i o ccurs in cluster j . The en trop y for a cluster is

zero if the the lab els of all the do cumen ts are the same, otherwise it is p ositiv e. The total

en trop y is the w eigh ted a v erage of the individual cluster en tropies:

e

total

=

1

m

X

j

e

j

� (n um b er of do cumen ts in cluster j ) :

As a consequence, the lo w er the en trop y the b etter the qualit y . It is seen that the PDDP

algorithm is comp etitiv e with the agglomeration algorithm with norm scaling. This can also

b e seen in Fig. 1. F or the divisiv e algorithm, it turns out that one of the b est results is

obtained b y using all the w ords (J1). Another data set that yielded lo w en trop y w as J5 in

whic h w ords had b een selected based on their mem b ership in m ulti-do cumen t w ord clusters.

This selection w as carried out b y a prepro cessing step as part of a h yp ergraph algorithm

whic h is also capable of clustering. Comparativ e results of this algorithm ha v e b een rep orted

in [16 , 11].

W e illustrate in T able 7 a sample clustering from one of the cases of T able 5. T able 7

sho ws 16 clusters in whic h for eac h cluster w e sho w the hand-assigned lab els for do cumen ts

in that cluster as w ell as the 5 most common w ords in the cluster. It is seen that the theme

of eac h cluster can b e deduced from the leading w ords. W e remark that if w e w ere to apply
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divisiv e algorithm agglomerativ e algorithm

data 8 16 32 16 32

set clusters clusters clusters clusters clusters

J1 1:40 1:54 2:10 { {

J6 0:39 0:44 0:50 53:15 52:57

J4 0:24 0:27 0:30 29:23 29:14

J3 0:15 0:17 0:20 16:54 16:48

J7 0:13 0:14 0:17 11:35 11:31

J8 0:21 0:23 0:25 11:31 11:23

J2 0:11 0:12 0:14 7:49 7:45

J9 0:10 0:11 0:14 6:19 6:15

J10 0:08 0:09 0:11 3:51 3:49

J5 0:11 0:13 0:16 3:38 3:35

J11 0:07 0:08 0:11 1:45 1:43

T able 4: Comparativ e times (min:sec) for divisiv e and agglomerativ e algorithms, in Matlab

5 on an SGI Challenge 194 MHz pro cessor.
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data n um b er of clusters:

set 8 16* 32 8 16* 32 16* 32 16* 32

divisiv e algorithm agglomerativ e algorithm

norm scaling tfidf scaling norm scaling tfidf scaling

J1 1.24 0.69 0.51 1.46 1.06 0.71 0.68 0.47 2.34 1.56

J6 1.33 0.83 0.56 1.17 0.77 0.65 0.73 0.55 2.14 1.32

J4 1.53 1.10 0.71 1.65 1.18 0.93 1.00 0.72 2.05 1.28

J3 1.33 0.85 0.61 1.57 1.11 0.93 0.81 0.62 2.02 1.20

J7 1.36 0.90 0.61 1.28 0.91 0.72 0.78 0.58 2.18 1.38

J8 1.47 0.96 0.69 1.32 0.91 0.77 0.89 0.65 2.17 1.47

J2 1.70 1.12 0.76 1.56 1.14 0.81 0.89 0.62 2.07 1.24

J9 1.65 1.07 0.76 1.42 1.02 0.76 1.01 0.73 1.97 1.15

J10 1.69 1.17 0.85 1.90 1.24 0.99 0.97 0.75 2.13 1.29

J5 1.31 0.74 0.51 1.07 0.61 0.46 0.84 0.55 1.35 0.84

J11 1.47 1.05 0.67 1.68 1.19 0.92 0.97 0.73 1.48 1.02

T able 5: En tropies. Starred columns are plotted in Fig. 1. Clusters for the b o xed result are

sho wn in T able 7.
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Figure 1: En tropies for the 16-cluster exp erimen ts. Lines with dots use tfidf scaling,

without dots norm scaling. Lines with dashes use agglomerativ e algorithm, without dashes

use divisiv e algorithm.
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lab el topic lab el topic

A a�rmativ e action L emplo y ee righ ts

B business capital M materials pro cessing

C information systems P p ersonnel managemen t

E electronic commerce S man ufacturing systems

I in tellectual prop ert y Z industrial partnership

T able 6: T opic lab els assigned b y hand to the do cumen ts.

the \join" op erator [7] describ ed in Section 1 with k = 5 and l = 3, then clusters 3 and 4

w ould b e joined. F urther consolidation could o ccur using l = 2 or p erhaps with larger v alues

of k . This asp ect, as w ell as the application to the gather/scatter pro cess [7], deserv e further

in v estigation.

It is in teresting to compare the p erformance of the PDDP metho d, whic h consists of a

series of one-dimensional pro jections, with metho ds suc h as PCA or LSI, whic h consist of

a single k � 1 orthogonal pro jection. In this regard, exp erimen tal results from [5] indicate

that prepro cessing with LSI (at substan tial cost) can impro v e the results of some of the

traditional clustering algorithms, but has only a limited e�ect on the PDDP metho d. The

trade-o� b et w een accuracy and cost deserv es more study .

6 Extensions and F uture W ork

The binary tree constructed b y the PDDP algorithm of T able 2 can b e extended in sev eral

w a ys. In this section, w e discuss sev eral extensions that could b e applied to this algorithm,

including some preliminary exp erimen tal results v alidating some of them.

As a hierarc hical divisiv e algorithm, the PDDP algorithm w ould b e appropriate for the

scatter/gather task of [7]. The scatter/gather task consists of a \scatter" of a large collection

of do cumen ts in to a \small" n um b er of clusters, and a \gather" task in whic h certain of

those resulting clusters are com bined. The scatter/gather pro cess is then rep eated on the

resulting gathered cluster. In [7], the scatter task w as carried out b y a mo di�ed agglomeration

algorithm to whic h some heuristics w ere applied to ac hiev e running times faster than the

O ( m

2

) exp ected running time.

In the scenario of [7 ], they prop osed that the gather task w ould b e carried out b y a user
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1: A A A A A A A A A A A A A A

a�rm action p eople discrimin act

2: A A A A A A L L P

emplo y action applic minor a�rm

3: B B B B B B B B B B Z

busi capit dev elop fund loan

4: B B B B B B B B B M P

busi capit �nanc fund �nanci

5: C C C C C C C C C C C S

inform system manag servic tec hnologi

6: C C C M S S Z Z Z Z Z Z

industri researc h inform system engin

7: C C M S S S S S S S S S S S

system man ufactur inform in tegr dev elop

8: C E E E E E E E E E E E E E E E

electron in ternet commerc busi w eb

9: C E E E I I I I I I I L M

cop yrigh t righ t w eb in ternet adv ertis

10: C M Z Z Z Z Z Z Z

industri partnership inform program con tact

11: E P P P P Z

public manag p ersonnel h b depart

12: I I I I I I I I I I I I

paten t in tellectu prop erti cop yrigh t inform

13: L L L L L L L L L L L L L P

emplo y e union emplo y court righ t

14: M M M M M M M M M M M

materi pro cess engin man ufactur dev elop

15: M S S S S Z Z Z Z

tec hnologi man ufactur dev elop industri pro duct

16: P P P P P P P P P P P P

p ersonnel manag servic job feder

T able 7: Lab els and 5 most common w ords (after stemming) within eac h of 16 clusters

computed b y PDDP algorithm on the J1 data set.
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who w ould b e giv en information on the nature of the do cumen ts in eac h cluster, for example

the most frequen t w ords or sample do cumen t titles. They also prop osed a \join" op erator

on clusters that could b e used to automate the gather task. The \join" op erator is de�ned

in terms of the list of the k most common w ords in the �rst cluster, for some giv en k . If at

least l w ords from this list (for some giv en l � k ) also app ear among the k most common

w ords in the second cluster, then the t w o clusters are joined.

6.1 Classi�cation of New Do cumen ts

The simplest extension to the PDDP algorithm of T able 2 is to classify a new set of do cu-

men ts according to the clusters from an original do cumen t set b y using the original binary

PDDP tree. F or simplicit y , w e discuss the task of classifying a single new do cumen t d using

the PDDP tree constructed from an initial set of do cumen ts. The PDDP algorithm yields

a collection of clusters, and the classi�cation task is to select the cluster most closely asso-

ciated with the new do cumen t. Since the initial set of do cumen ts ha v e b een separated b y

a sequence of h yp erplanes, the resulting clusters o ccup y regions in n -dimensional Euclidean

space b ounded b y the h yp erplanes (p olytop e regions), and eac h do cumen t from the initial

set has b een placed in to one of these p olytop e regions. The classi�cation task for the new

do cumen t d can b e view ed as determining in whic h p olytop e region it lies. One can then

view d as most closely asso ciated with the do cumen ts from the initial set o ccup ying the

same p olytop e region.

The classi�cation task then pro ceeds as follo ws. F rom the ro ot no de of the tree w e retriev e

the mean v ector, w and principal direction v ector u corresp onding to the en tire initial set

of do cumen ts. These t w o v ectors de�ne a h yp erplane whic h w as used to split the initial set

of do cumen ts, but the same h yp erplane actually cuts the en tire space. Hence w e can assign

the new do cumen t d to the left c hild or the righ t c hild of the ro ot dep ending on whic h side

of this h yp erplane it lies. Sp eci�cally , apply the form ula (7) to the new do cumen t d

� v = u

T

( d � w ) ; (12)

using the retriev ed v ectors w ; u . If the resulting v alue v is p ositiv e, the d is assigned to the

ro ot's righ t c hild, otherwise it is assigned to the left c hild. This pro cess is then rep eated to

assign d to either the left or righ t c hild at the next lev el, un til ultimately d p ercolates do wn

to a leaf no de. The resulting algorithm is summarized in T able 8.
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0. Start with PDDP binary tree and a new do cumen t d .

1. Initialize node := ro ot no de of binary tree.

2. While node is not a leaf no de do

3. Retriev e w := centroid ( node ) and u := leftvec ( node ).

4. Compute v := u

T

( d � w ).

5. If v > 0 then Set node := rightchild ( node )

6. else Set node := leftchild ( node )

8. end.

9. Result: node con tains the leaf no de to whic h d w as assigned.

T able 8: A Classi�cation Algorithm: classify a new do cumen t d b y �nding asso ciated cluster

of old do cumen ts.

T o test this classi�cation metho d, w e conducted a preliminary exp erimen t of attempting

to classify half the J1 do cumen t set using a PDDP tree constructed using the other half of

the do cumen ts. W e selected the do cumen ts so that b oth do cumen t sets had represen tativ es

of ev ery topic lab el. W e used the metho d of T able 2 on the �rst half of the do cumen t set

to construct a new PDDP tree with 16 leaf no des, then w e used the metho d of T able 8

to classify the remaining do cumen ts, so that w e end up with a set of 16 clusters, eac h

con taining do cumen ts from b oth halv es of the original do cumen t set. The resulting en trop y

of the com bined result (i.e. all the do cumen ts) w as 0.756, only sligh tly degraded from the

original en trop y of 0.69 obtained when all 185 do cumen ts are pro cessed together.

Of course, the purp ose of this pro cess is to classify do cumen ts from di�eren t sources, but

w e ha v e not y et addressed issues of merging suc h do cumen ts in to a common data set. In

particular, if the w ord dictionary used for the t w o sets of do cumen ts are di�eren t, then some

paradigm m ust b e used to select the w ords to b e k ept in the com bined set. This is esp ecially

critical if the w ords used in eac h individual set ha v e b een pruned as in exp erimen ts J2-J11.

By adding do cumen ts, the com bined set of w ords ma y not b e the same as what one w ould

obtain if all the do cumen ts w ere pro cessed together. This will all b e reserv ed for future

in v estigation.
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6.2 Classi�cation Up dates

W e address the problem of up dating the PDDP tree when new do cumen ts ha v e arriv ed. One

can consider just the leaf no des whic h represen t the actual clusters and treat this simply

as a problem of up dating the existing clusters. One ma y use the Classi�cation algorithm

to assign all the new do cumen ts to existing clusters and then use one of the man y existing

up dating algorithms on the set of clusters (see, e.g., [8, p201 or p225] or [7]). The dra wbac k

of suc h an approac h is that clusters created b y another up dating metho d no longer ha v e an y

connection with the PDDP tree.

A p ossible approac h for rapidly constructing a new PDDP tree is outlined as follo ws. The

ob vious idea is simply com bine the en tire new set of do cumen ts with the initial set and run

the PDDP algorithm from scratc h. Of course this do es not constitute up dating, since the

cost will b e more than the cost of the PDDP algorithm on either data set alone. Ho w ev er w e

can sa v e substan tial costs b y replacing the initial set of do cumen ts with the set of cen troid

v ectors extracted from the tree. W e then com bine the cen troid v ectors with the set of new

do cumen ts to form a set not m uc h larger than the new set of do cumen ts. The success of this

approac h dep ends on the capabilit y of the cen troids alone to capture the structure of the

original do cumen t set. So w e sho w the results of an exp erimen t that attempts to measure

this capabilit y .

T o illustrate and supp ort this idea, w e considered the follo wing exp erimen t. W e treated

half the do cumen ts in the J1 data set as the \old" do cumen ts, and half as the \new"

do cumen ts. W e extracted the 31 cen troid v ectors obtained during the construction of 16

clusters for the \old" do cumen ts, com bined them with the \new" do cumen ts, and constructed

a new PDDP tree using this com bined set. T o test the qualit y of the result, w e used the

resulting tree to classify the en tire J1 data set and found the en trop y to b e 0.728 compared

to 0.69 (the b o xed v alue in T able 5) when all the do cumen ts are clustered together. The

result is sensitiv e to scaling of the cen troid v ectors, for example to accoun t for the fact that

the cen troids are b eing used to represen t a larger set of do cumen ts. F or example, scaling the

cen troids b y 1.1 without mo difying the algorithm yields an en trop y for the en tire J1 set of

.572, but the b est scaling appropriate in similar situations is not kno wn. This indicates that

the cen troids do capture a signi�can t part of the structure of the \old" do cumen ts.

By using \new" do cumen ts from the same source as the \old" do cumen ts, w e automat-

24



ically are using the same set of w ords for b oth sets. In general, ho w ev er, do cumen ts from

di�eren t sources will most lik ely b e based on di�eren t w ord sets, so one is faced with the

problem of merging t w o di�eren t w ord sets. This asp ect, and man y other asp ects ab out this

up date strategy remain to b e in v estigated.

7 Conclusions

W e ha v e prop osed a new algorithm for the unsup ervised partitioning of do cumen ts that

is based on the use of principal directions (also kno wn as principal comp onen ts), and is

\divisiv e" in nature, in con trast to almost all other algorithms based on the em b edding

of do cumen ts in high dimensional Euclidean space. Though based on an em b edding in a

high dimensional Euclidean space, no use of a distance function is made except for the v ery

limited use of deciding whic h cluster to split next. W e ha v e illustrated its p erformance using

a set of do cumen ts obtained from the W orld Wide W eb and compared it to a traditional

agglomerativ e algorithm. The use of this algorithm is not limited to text do cumen ts, but

can b e applied to an y sample space em b eddable in Euclidean space. W e ha v e also indicated

some p ossible extensions and uses for this algorithm and p oin ted out directions for future

w ork.
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