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Abstract

A new paradigm for the solution of nonsymmetric large sparse systems of linear

equations is prop osed. The paradigm is based on an LQ factorization of the matrix of

co e�cien ts, i.e. factoring the matrix of co e�cien ts in to the pro duct of a lo w er triangular

matrix and an orthogonal matrix. W e sho w ho w the system of linear equations can b e

decomp osed in to a collection of smaller indep enden t problems whic h can then b e used

to construct an iterativ e metho d for a system of smaller dimensionalit y . W e sho w that

the conditioning of the reduced problem cannot b e w orse than that of the original,

unlik e Sc h ur complemen t metho ds in the nonsymmetric case. The paradigm dep ends

on the existence of an ordering of the ro ws represen ting the equations in to blo c ks of

ro ws whic h are m utually structurely orthogonal, except for a last blo c k ro w whic h is

coupled to all other ro ws in a limited w a y .

1 In tro duction

The solution of large sparse systems of linear equations is a di�cult and often time-consuming

task. The fo cus of this pap er is on a new paradigm for constructing a reduced order system

from the original system, as a generalization to the metho ds based on the Sc h ur complemen t

[1]. The Sc h ur complemen t metho d starts b y partitioning a matrix A and applying a blo c k

Gaussian elimination pro cess to this matrix:

�

A

11

A

12

A

21

A

22

�

=

�

I 0

L

21

I

�

;

�

A

11

A

21

0 U

22

�

:

Then the Sc h ur complemen t of A

22

is S = L

22

U

22

, where L

21

= A

21

A

� 1

11

and U

22

=

A

22

� L

21

A

12

[6]. T ypically , this metho d is useful when the equations are ordered so that

systems of equations in v olving A

11

are relativ ely easy to solv e, so that S can b e used in

an iterativ e metho d without b eing formed explicitly . Ho w ev er the ordering within A

11

can

ha v e a dramatic e�ect on the n umerical qualit y of the resulting represen tation of the Sc h ur

�
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complemen t. This can lead to di�cult trade o�s b et w een the n umerical accuracy on the one

hand and the sparsit y or complexit y of solution on the other.

In this pap er, w e describ e a generalization of this metho d in whic h the Gaussian elim-

ination is replaced with a triangular orthogonalization pro cess, i.e. a QR factorization [5].

Since w e are using a ro w based sc heme instead of a column based sc heme, w e will use instead

an LQ factorization, in whic h a matrix is factored in to A = LQ with L lo w er triangular and

Q orthogonal. In this case, the n umerical accuracy is indep enden t of the ordering of the

ro ws, so w e are free to c ho ose an order to enhance the sparsit y of the LQ factors as m uc h

as p ossible.

It is w ell kno wn that the LQ pro cess results in m uc h more �ll than the Gaussian elimina-

tion pro cess. Ho w ev er w e mak e certain assumptions on the structure of the original matrix

whic h will limit the �ll and hence mak e a practical algorithm. The main assumption is that

w e ha v e ordered the ro ws of the matrix A in to a n um b er of blo c ks whic h are m utually struc-

turally orthogonal, except for a last blo c k of ro ws whic h are coupled to all the other blo c ks.

The motiv ation for this structure comes from the discretization of di�eren tial op erators o v er

ph ysical domains.

Domain Decomp osition addresses the topic of solving partial di�eren tial equations b y par-

titioning the domain in to smaller semi-indep enden t sub domains. There are man y v ariations:

o v erlapping vs non-o v erlapping sub domains, iterativ e Sc h w arz metho ds vs Sc h ur comple-

men t metho ds (where in terior no des are solv ed directly and the b oundary no des are solv ed

iterativ ely) [1, 7], as w ell as preconditioners of man y t yp es (ILU, ILUT, m ultilev el, etc.),

some of whic h are motiv ated b y the underlying di�eren tial equations [6, 1]. The presen t

pap er is limited in scop e to the linear algebra asp ects of using an LQ decomp osition on

matrices with a sparsit y structure commonly found among matrices deriv ed from discrete

di�eren tial op erators. The relation with an y underlying di�eren tial equations, including a

discussion of con v ergence or application-sp eci�c preconditioners is b ey ond the scop e of this

short pap er.

In this pap er, in Sec. 2 w e motiv ate the assumptions made regarding the structure of the

matrix op erator, in Sec. 3 w e in tro duce the o v erall setup and notation. In Sec. 4 w e presen t

the details of the solution pro cess, in Sec. 5 w e relate the iteration op erator to the Sc h ur

complemen t, and in Sec. 6 w e sk etc h some preconditioners p eculiar to this form ulation for

the reduced order system. W e end with a short example in Sec. 7 and a summary in Sec. 8.

2 Motiv ation of Structure

The metho ds discussed in this pap er ha v e b een dev elop ed for systems with structures sim-

ilar to those deriv ed from the �nite-elemen t or �nite-di�erence discretization of a partial

di�eren tial equation o v er some domain. In order to carry out the pro cess, w e mak e certain

assumptions ab out the w a y the domain is partitioned in to sub domains. These assumptions

are describ ed b elo w.

1. The ph ysical domain has b een co v ered with a �nite collection of no des or v ertices,

eac h represen ting the unkno wns at a single lo cation or elemen t in the domain. T o eac h

no de corresp onds an equation whic h couples the unkno wn v alues at that no de with
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those of its immediate neigh b ors. This is the t ypical situation that results from an y

�nite-di�erence metho d with a usual 5 or 9 p oin t stencil in 2D or 7 p oin t stencil in 3D,

or a �nite-elemen t metho d in whic h the v alues within eac h elemen t are coupled only

those of the immediately adjacen t elemen ts. This structure is represen ted b y a graph

with v ertices corresp onding to the no des and edges corresp onding to coupling b et w een

no des in a single equation (see e.g. [6, 7]). In the follo wing, w e discuss the ordering of

the matrix based on a partitioning of the graph, whic h is a discrete represen tation of

the original domain. The partitioning of the graph w ould corresp ond to a partitioning

of the original domain in to disjoin t sub domains. T o emphasize that w e are fo cusing on

the discrete problem, w e refer to subgraphs instead of sub domains.

2. The en tire graph has b een partitioned b y some algorithm in to a collection of subgraphs,

eac h separated from the neigh b oring subgraphs b y a double-la y ered b oundary . T o see

wh y a double la y ered b oundary is useful in this situation, consider 4 no des in the

neigh b orho o d of a b oundary:

.

.

.

.

.

.

.

.

.

.

.

.

� � � A B C D � � �

.

.

.

.

.

.

.

.

.

.

.

.

where A is in the in terior of one subgraph, B is on the b oundary of the same subgraph,

C is on the b oundary of a di�eren t subgraph, and D is in the in terior of this latter

subgraph. W e sa y that B is part of the same subgraph as A, and C is part of the

same subgraph as D, but B, C lie on the b oundary of their resp ectiv e subgraphs. In a

parallel pro cessing en vironmen t where eac h subgraph w ould b e allo cated to a di�eren t

pro cessor, A, B w ould b e put on together on one pro cessor, while C, D w ould b e put

together on another.

The equation cen tered at no de A couples A with no de B and with other no des from

its o wn subgraph (b oth in the in terior and p ossibly on the b oundary). But A is not

coupled with no des from an y other subgraph, whether in the in terior (suc h as D) or

on the b oundary (suc h as C). Analogously , the equation cen tered at B couples B with

other no des on the b oundary of its o wn subgraph and neigh b oring subgraphs (suc h

as C), and with no des in the in terior of its o wn subgraph (suc h as A). But B is not

coupled with an y no de in the in terior of an y other subgraph (suc h as D). In other

w ords, there are edges within eac h subgraph, b et w een the in terior and the b oundary

of the same subgraph, and among the b oundary no des, but there are no edges b et w een

the in teriors of t w o di�eren t subgraphs, nor b et w een the b oundary of one subgraph

and the in terior of a di�eren t subgraph.

When the equations are assem bled in to a matrix op erator, the result is that the ro ws

cen tered at in terior no des (suc h as A) are automatically structurely orthogonal to ro ws

cen tered on in terior no des of other subgraphs (suc h as D), as w ell as b oundary no des

of other subgraphs (suc h as C). The ro ws cen tered on b oundary no des (suc h as B) are

structurally orthogonal to ro ws cen tered on in terior no des of other subgraphs (suc h as

D).
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3. The equations are ordered in the t ypical w a y in Domain Decomp osition with the b ound-

ary no des (suc h as B and C ab o v e) ordered last. All the in terior no des of eac h subgraph

are ordered together, after whic h come all the b oundary no des, again group ed b y sub-

graph. The resulting matrix A will ha v e the follo wing form

A =

�

A

1

A

2

�

=

�

A

11

A

12

A

21

A

22

�

;

where

� A

11

is n

1

� n

1

blo c k diagonal, and eac h diagonal blo c k represen ts the coupling

among the in terior no des of a single subgraph;

� A

12

is n

1

� n

2

with a rectangular blo c k \diagonal" structure, and eac h rectangular

blo c k represen ts the coupling b et w een the in terior of a single subgraph and the

b oundary of the same subgraph, as view ed from the in terior;

� A

21

is n

2

� n

1

with a rectangular blo c k \diagonal" structure, and eac h rectangular

blo c k represen ts the coupling b et w een the in terior of a single subgraph and the

b oundary of the same subgraph, as view ed from the b oundary;

� A

22

is n

2

� n

2

and represen ts the coupling among all the b oundary no des.

Fig. 1 sho ws a t ypical structure for A deriv ed from a standard 5 p oin t stencil in 2D.

W e note that with this ordering, A

11

; A

12

; A

21

all tend to b e sparse, and within the top

part, ( A

11

A

12

), the ro ws corresp onding the eac h subgraph are structurally orthog-

onal to the ro ws corresp onding to an y other subgraph. The structural orthogonalit y

allo ws one to orthogonalize the ro ws for eac h subgraph indep enden tly .

3 Problem Setup and Pro jectors

Let A b e a n � n matrix and b b e an n -v ector, partitioned as

A =

�

A

1

A

2

�

=

�

A

11

A

12

A

21

A

22

�

; b =

�

b

1

b

2

�

; (1)

where A

11

is n

1

� n

1

blo c k diagonal and hence relativ ely easy to \in v ert," and A

22

is n

2

� n

2

.

The matrix A w ould t ypically b e constructed from a Domain Decomp osition-lik e pro cess,

in whic h the blo c k A

1

= ( A

11

A

12

) represen ts the equations in the in terior of a collection

of disjoin t subgraphs and A

2

= ( A

21

A

22

) represen ts the equations on the b oundaries

b et w een the subgraphs. W e assume that the b oundaries are \double la y ered" so that the

ro ws corresp onding to eac h subgraph's in terior are structurally orthogonal to those for other

subgraphs' in teriors, as describ ed in the previous section.

The goal is to solv e the system of equations A x = b . T o this end, w e decomp ose the

solution x in to t w o parts x = x

1

+ x

2

with x

1

lying in the space spanned b y the ro ws of A

1

and x

2

lying in the space orthogonal to this ro w space:

x

1

2 R O W-SP A CE A

1

x

2

? R O W-SP A CE A

1

( ) x

2

2 NULLSP A CE A

1

:

(2)
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W e denote the orthogonal pro jector for R O W-SP A CE A

1

as P

1

and the orthogonal pro jector for

the complemen tary space NULLSP A CE A

1

as P

2

� I � P

1

. Then the second comp onen t of the

solution can b e written as x

2

= P

2

w for some v ector w to b e determined.

The o v erall pro cedure w e will dev elop can b e summarized as follo ws.

1. Solv e for x

1

directly , where x

1

satis�es

A

1

x

1

= b

1

(an underdetermined system)

suc h that x

1

2 R O W-SP A CE A

1

:

(3)

F or this step, w e use the LQ factorization of A

1

, b ecause parts of these factors will

then b e sa v ed for later use. The constrain t mak es the solution unique.

2. F orm the equations for the second comp onen t of the solution:

A

2

x

2

= r

4

= b

2

� A

2

x

1

suc h that x

2

= P

2

w for some v ector w to b e determined :

(4)

3. Solv e equation (4) for w and then for x

2

. This is t ypically done b y an iterativ e metho d,

though in some cases one could ev en think of using a direct metho d. In actual fact,

w e solv e the equations

A

2

P

2

w = r

4

= b

2

� A

2

x

1

; (5)

where w lies in a restricted space to mak e the solution unique, so that in e�ect w e are

solving a system of reduced dimensionalit y .

The k ey to the success of the o v erall metho d is that w e can represen t the op erator A

2

P

2

in (5) in terms of A

2

and sparse items constructed from A

1

. W e nev er ha v e to form P

2

explicitly .

LQ F actorization

In order to carry out the in tended solution pro cedure, w e use a partial LQ factorization of

A . The en tire LQ factorization of A is de�ned as

A = LQ �

�

L

11

0

L

21

L

22

� �

Q

1

Q

2

�

�

�

L

11

0

L

21

L

22

� �

Q

11

Q

12

Q

21

Q

22

�

; (6)

where L ; Q is partitioned in conformit y to the partitionings sho wn in (1). Here L is a lo w er

triangular matrix and Q is an orthogonal matrix. Ev en though w e de�ne the en tire LQ

factorization, w e compute only the top n

1

ro ws:

A

1

= L

11

Q

1

: (7)

The rest of the LQ factorization will b e represen ted implicitly . F urthermore, w e use L

11

only during the computation of x

1

, after whic h it ma y b e dropp ed, k eeping only Q

1

in later

stages.

In terms of the LQ factorization, the orthogonal pro jectors can b e written as

P

1

= Q

T

1

Q

1

and P

2

= Q

T

2

Q

2

= I � Q

T

1

Q

1

: (8)

5



4 Solution Pro cess

W e no w go through the steps of the solution pro cess in some more detail.

4.1 Solv e for x

1

W e compute the LQ factorization of A

1

(7). Giv en the structure w e ha v e assumed for the

matrix A , the ro ws in A

1

corresp onding to di�eren t subgraphs are structurally orthogonal.

Hence the LQ factorization of eac h blo c k can b e computed indep enden tly and in parallel.

If one thinks of using a Gram-Sc hmidt orthogonalization pro cedure on the ro ws for eac h

subgraph, the result is that b oth L

11

and Q

11

will ha v e the same blo c k diagonal structure

as A

11

, but eac h diagonal blo c k will b e more full. One is free to order the ro ws within eac h

subgraph to reduce the �ll, and w e usually c ho ose to order them b y graph distance to the

b oundary , whic h the no des closest to the b oundary last. The blo c k Q

12

will ha v e also ha v e

a rectangular diagonal-lik e blo c k structure inherited from that of A

12

. W e do not compute

L

21

or Q

12

since the latter is often v ery full.

W riting (3) in terms of the LQ factorization yields L

11

Q

1

x

1

= b

1

; so that the solution

satisfying (3) is

x

1

= Q

T

1

L

� 1

11

b

1

: (9)

Th us the v ector x

1

can b e found b y solving the triangular system L

11

y

1

= b

1

; and then

setting x

1

= Q

T

1

y

1

.

4.2 F orming Second Set of Equations

T o �nd x

2

, w e m ust solv e (5) for w , and then set x

2

= P

2

w . Ho w ev er, w e will �nd a reduced

represen tation for (5) in terms of the partial LQ factorization. The righ t hand side of (5)

can b e expanded as follo ws:

b � A x

1

=

�

b

1

b

2

�

�

�

A

1

A

2

�

x

1

=

�

0

b

2

� A

2

Q

T

1

L

� 1

11

b

1

�

4

=

�

0

r

2

�

:

(10)

W e can expand the left hand side of (5) as follo ws:

Ax

2

= AP

2

w =

�

A

1

A

2

�

Q

T

2

Q

2

w

=

�

0

A

2

Q

T

2

Q

2

�

w (b ecause A

1

Q

T

2

= 0 )

=

�

0

L

22

Q

2

�

w (b ecause A

2

Q

T

2

= L

22

) :

(11)

Th us, it is seen that set of equations (5) actually reduces to a n

2

� n

2

linear system in v olving

the matrix L

22

. The catc h is that w e nev er compute L

22

or Q

2

. Instead, w e represen t them
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using only A

2

and the pro jector deriv ed from A

1

:

AP

2

=

�

0

A

2

P

2

�

=

�

0

A

2

( I � P

1

)

�

: (12)

Com bining the ab o v e, equation (5) reduces to

A

2

( I � P

1

) w = r

2

; (13)

after whic h w e compute x

2

= ( I � P

1

) w . The adv an tages of (13) are

� all the matrix op erators on the left hand side are sparse or ha v e a sparse represen tation;

� b y using the relation A

2

( I � P

1

) = L

22

Q

2

w e can precondition the matrix op erator b y

fo cusing on Q

2

or L

22

separately , as describ ed b elo w;

� w e ha v e some freedom in the represen tation of w , in the sense that (13) is an under-

determined system suc h that an y solution w leads to the same �nal solution x

2

.

W e discuss this last p oin t a little further. Consider applying a Krylo v space metho d to

the square but singular system

A ( I � P

1

) w =

�

0

A

2

( I � P

1

)

�

w =

�

0

r

2

�

(14)

in whic h (13) is em b edded. If w e use Krylo v space metho ds suc h as GMRES with an initial

guess equal to zero, then all the solutions will b e tak en from the Krylo v space

(

�

0

r

2

�

;

�

0

A

2

( I � P

1

)

� �

0

r

2

�

;

�

0

A

2

( I � P

1

)

�

2

�

0

r

2

�

; � � �

)

(15)

whic h has the form

�

0 0 � � �

? ? � � �

�

: (16)

This naturally leads to restricting the solutions w to the form

w

4

=

�

0

w

2

�

; (17)

leading to the square set of equations

L

22

Q

22

w

2

= r

2

(18)

This completely sp eci�es the solution w , but the n umerical accuracy of the solution could

su�er if the condition n um b er of Q

22

is to o high. W e will sho w b elo w ho w one can completely

eliminate the e�ect of Q

22

, but if Q

22

is v ery badly conditioned, then some mo di�cation to

the problem should b e applied, suc h as a simple reordering of the columns in the original

problem, without a�ecting the structural orthogonalit y among the ro ws. F or the purp oses

of this pap er, w e will assume that Q

22

is not singular or almost singular.
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Of course, w e remark that w e do not form (18) explicitly , but w e apply the op erator of

(18) in an iterativ e metho d b y actually iterating with (14), restricting the iteration v ectors

to lie in a space of the form (16). When so restricted, (14) reduces to the iteration:

v

2

7! A

2

P

2

�

0

v

2

�

= A

2

( I � Q

T

1

Q

1

)

�

0

v

2

�

= A

2

�

0

v

2

�

� A

2

Q

T

1

Q

1

�

0

v

2

�

= A

22

v

2

� A

2

Q

T

1

Q

12

v

2

= ( A

22

� A

2

Q

T

1

Q

12

) v

2

:

(19)

The last expression in v olv es only the original data A

2

and the sparse orthogonal factor Q

1

deriv ed from A

1

. If (19) is used in an iterativ e metho d, then it can b e left in separate parts

v

2

7! A

22

v

2

� A

2

Q

T

1

Q

12

v

2

, but one could also explicitly form the matrix

A

P

4

= A

22

� A

2

Q

T

1

Q

12

(20)

if one in tends to use it in a direct metho d or apply an ILU-t yp e of preconditioner. By a

simple manipulation, one can v erify that A

P

= L

22

Q

22

, so that w e ha v e indeed found a

represen tation for (18) without computing L

22

; Q

22

explicitly .

5 Relation to Sc h ur Complemen t

The reader will notice the ob vious similarit y of the ab o v e dev elopmen t with the Sc h ur com-

plemen t. W e write the in v erse of A in terms of the LQ factorization (6):

�

A

11

A

12

A

21

A

22

�

� 1

=

�

Q

T

11

Q

T

21

Q

T

12

Q

T

22

� �

L

� 1

11

0

� L

� 1

22

�

; (21)

where the \ � " blo c k is irrelev an t to this discussion. Letting S denote the Sc h ur complemen t

of A

22

, S

� 1

is the 2-2 blo c k of A

� 1

, and th us

S = L

22

Q

� T

22

(22)

This is in con trast to the op erator L

22

Q

22

in (18). F or nonsymmetric op erators, it is p ossible

for S to ha v e a higher condition n um b er compared to the original matrix A , and the same

is true of the op erator L

22

Q

22

. Ho w ev er, w e will sho w b elo w ho w to �nd a sparse righ t

preconditioner to completely eliminate the e�ect of Q

22

. The remaining triangular part,

L

22

, m ust ha v e a condition n um b er no larger than that of the original matrix A , as can b e

seen b y applying the eigen v alue in terlacing theorem [5] to the symmetric matrix

QA

T

A Q

T

=

�

L

11

0

L

21

L

22

�

T

�

L

11

0

L

21

L

22

�

=

�

� �

� L

T

22

L

22

�

: (23)

A sparse left preconditioner can b e used to help reduce the conditioning due to L

22

.

8



6 Preconditioning

W e can completely eliminate the e�ect of Q

22

from (18) (and hence from the iteration

matrix A P

2

). W e form a triangular neutralizing matrix N whic h is applied to the righ t of

the op erator A

P

= L

22

Q

22

; hence it is called a righ t preconditioner. The preconditioner

is the Cholesky factor of a symmetric p ositiv e de�nite matrix deriv ed from the partial LQ

factorization:

N

T

N = Q

T

22

Q

22

= I � Q

T

12

Q

12

: (24)

Then a simple computation:

( Q

22

N

� 1

)

T

� Q

22

N

� 1

= N

� T

Q

T

22

Q

22

N

� 1

= I

sho ws that Q

22

N

� 1

is an orthogonal matrix. Hence the condition n um b er of L

22

Q

22

N

� 1

is

exactly the same as the condition n um b er of L

22

. F urthermore, N is an upp er triangular

matrix whic h also inherits the blo c k diagonal structure presen t in Q

T

12

Q

12

.

The op erator used in actual computation is A

P

(20). The preconditioned op erator is

therefore:

v

2

7! A

p

N

� 1

v

2

= ( A

22

� A

2

Q

T

1

Q

12

) N

� 1

v

2

4

= A

P N

v

2

: (25)

where it is implicit that the v ector N

� 1

v

2

is computed b y solving the triangular system

in v olving N . Since COND A

P N

= COND L

22

, (23) leads to the follo wing simple result:

Theorem. Given the LQ factorization (6) of an arbitr ary squar e matrix A and the op er-

ator A

P N

de�ne d in (25) with N de�ne d in (24), the 2-norm c ondition numb er of A

P N

is

guar ante e d to b e less than or e qual to the 2-norm c ondition numb er of the original matrix

A .

One ma y apply a left preconditioner of the user's c hoice to A

P N

. The ro ws in this

op erator represen t the b oundary no des in the subgraphs on the original grid. One w a y

to construct a left preconditioner is to extract the ro ws (equations) corresp onding to the

b oundary no des in eac h subgraph separately , and to compute an LQ factorization of these

ro ws alone, rep eating this pro cess for eac h subgraph. The resulting \L" factors for eac h

subgraph are then assem bled in to a blo c k diagonal left preconditioner, whic h w e lab el M

1

.

This preconditioner corresp onds to a blo c k Jacobi-t yp e preconditioner, and is a natural

c hoice if the equations for eac h subgraph w ere distributed to di�eren t pro cessors, as eac h

subgraph can b e handled indep enden tly .

One can re�ne this preconditioner b y �rst orthogonalizing the b oundary equations within

eac h subgraph against the in terior equations for the same subgraph and then carrying out the

ab o v e lo cal LQ factorization. This preconditioner, whic h w e lab el M

2

, can b e motiv ated as

follo ws. Let

~

A

g

1

represen t the ro ws from the in terior of a giv en subgraph g , and

~

A

g

2

represen t

the ro ws from the b oundary of the same subgraph, and consider the lo cal LQ factorization

corresp onding to this subgraph:

~

A

g

�

�

~

A

g

1

~

A

g

2

�

=

~

L

g

~

Q

g

�

�

~

L

g

11

0

~

L

g

21

~

L

g

22

� �

~

Q

g

1

~

Q

g

2

�

:

The blo c k

~

L

g

22

is used as a preconditioner for the ro ws

~

A

g

2

. All the

~

L

g

22

blo c ks are then

assem bled in to a blo c k diagonal preconditioner

M

2

= DIA G f

~

L

g

22

g

g =1 ;::: ;p

:
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Note that the blo c ks

~

L

g

11

and

~

Q

g

1

corresp onding to the in terior no des ha v e already b een

computed as part of (7), so here it is necessary only to extend that LQ factorization. This

preconditioner will also b e blo c k diagonal, but will ha v e more �ll than M

1

. F urther study of

the theoretical b eha vior of these preconditioners is needed and will b e rep orted in a future

pap er, but w e do giv e an indication of ho w they a�ected the conditioning on some sp eci�c

n umerical examples giv en in Sec. 7.

An alternate c hoice of left preconditioner could b e obtained b y assem bling the op erator

A

P N

, whic h is often itself sparse, and then applying an o�-the-shelf preconditioner suc h as

Incomplete LU [6]. The pros and cons of di�eren t left preconditioners, whic h can ha v e a

dramatic e�ect on the con v ergence of the o v erall algorithm, is b ey ond the scop e of this short

pap er, and is the sub ject of further study .

7 Example

W e illustrate ho w the sparse structure in A carries o v er the the computed L

11

and Q

1

. As

a �rst example, w e tak e a matrix arising from a simple 5 p oin t �nite-di�erence stencil on

a 2D grid in Fig. 1, after reordering according to Sec. 2, using 4 subgraphs. Fig. 2 sho ws

the structure of the resulting LQ factors, whic h preserv e the blo c k diagonal structure. W e

remark that the en tire Q

1

is needed for the LQ factorization, for the computation of x

1

and

for the computation of N . After that, Q

1

app ears only in the op erator A

P

buried within the

matrix pro duct A

2

Q

T

1

Q

12

. Because of the sparsit y structure of A

2

and of Q

12

, man y nonzero

en tries in Q

1

are m ultiplied b y only zero en tries in A

2

; Q

12

and hence can b e dropp ed. The

elemen ts of L

11

are needed to compute the LQ factorization, to solv e for x

1

, and to form

the preconditioner M

2

, but can b e dropp ed after that. All these en tries that are dropp ed

after x

1

; N ; M

2

ha v e b een computed are colored gra y in Fig. 2b. So during the iterativ e

solution of preconditioned system (28), only the blac k elemen ts of Fig. 2b m ust b e retained.

A detailed analysis of the exact memory requiremen ts dep ends critically on the underlying

structure of the equations b eing solv ed as w ell as on the sp eci�c ordering used.

In T able 1, w e summarize the e�ect of the LQ factorization approac h on the condition

n um b er for t w o t ypical examples. The FID AP004 matrix is a symmetric inde�nite matrix

tak en from the Harw ell-Bo eing matrix collection [3 ] and the RAEFSKY1 matrix is a nonsym-

metric matrix tak en from [2]. Using a partitioner based on the m ulti-no de lev el-set expansion

algorithm [4, 6], the results of T able 1 are enough to sho w certain prop erties enjo y ed b y the

LQ-Sc h ur metho d.

� The memory requiremen ts during the LQ factorization stage can b e considerable, but

once one reac hes the iteration stage, one can drop man y of the elemen ts substan tially

reducing the memory requiremen ts. But the memory requiremen ts during the LQ

factorization stage can b e mitigated b y using the fact that the LQ factorization for

eac h subgraph can b e computed separately .

� The conditioning of the reduced order op erator A

P N

can b e noticeably less than that of

the en tire matrix op erator, and in some cases less than that of the Sc h ur complemen t.

One can also note that the left preconditioners can b e e�ectiv e in further reducing the

10



matrix name FID AP004 RAEFSKY1

size 1601 3242

n um b er of partitions 4 2

size of L

22

blo c k 416 954

nonzeros in A 1 : 2% 2 : 8%

nonzeros in L

11

9 : 2% 20 : 7%

nonzeros in Q

1

13 : 4% 31 : 0%

in last stage 2 : 9% 8 : 7%

nonzeros in N 4 : 8% 24 : 3%

nonzeros in M

1

4 : 7% 15 : 1%

nonzeros in M

2

12 : 8% 25 : 0%

COND A 2 : 39 � 10

3

1 : 29 � 10

4

COND S 6 : 75 � 10

3

4 : 27 � 10

3

COND A

P

9 : 58 � 10

4

2 : 04 � 10

4

COND A

P N

1 : 05 � 10

3

6 : 47 � 10

3

COND M

� 1

1

A

P N

3 : 14 � 10

2

1 : 47 � 10

3

COND M

� 1

2

A

P N

2 : 23 � 10

2

1 : 08 � 10

3

T able 1: Summa ry of metho d results on t w o examples, sho wing ho w the condition numb er can

b e reduced in some cases, while maintaining the spa rse rep resentation of the op erato rs.

condition n um b er. On the other hand, it is clear that A

P

can ha v e a higher condition

n um b er than ev en the original matrix, so it is essen tial to use the righ t preconditioner

N to eliminate the e�ect of Q

22

in (18).

Both of these prop erties are critically dep enden t on the sp eci�c c hoice of partitioner and

on the success of �nding a go o d ordering that exp oses a sequence of m utually structurally

orthogonal ro ws in the matrix op erator. In fact, the partitioner w e used w as not c hosen with

these sp eci�c examples in mind, as this w as not the fo cus of this pap er. The partitioning

sho wn here, ho w ev er, is su�cien t to sho w some of the prop erties of the LQ-Sc h ur based

pro jection.

8 Summary

W e summarize the pro cess one w ould use to solv e a giv en system A x = b .

1. Compute a partitioning and an asso ciated ordering of the matrix A using an y metho d

so that the result satis�es the assumptions of Sec. 2. The result for a matrix deriv ed

from a 2D 5-p oin t �nite-di�erence stencil is illustrated in Fig. 1.

2. Compute a partial LQ factorization of A . The result is illustrated in Fig. 2. Solv e for

partial solution x

1

via (9) and residual r

2

4

= b

2

� A

2

x

1

(10).
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3. Collect the quan tities A

2

, Q

1

needed to form or apply the op erator A

P N

and righ t

preconditioner N .

Then the unpreconditioned system to b e solv ed is

A

P

w

2

= r

2

; (26)

where the solution to Ax = b is then

x = x

1

+ x

2

= x

1

+ ( I � Q

T

1

Q

1

)

�

0

w

2

�

(27)

4. Compute the righ t preconditioner N via (24). F orm the op erator A

P N

(25) either

implicitly or explicitly , and optionally compute a suitable left preconditioner M ,

5. Solv e the preconditioned system

M

� 1

A

P N

y

2

= M

� 1

r

2

(28)

using an iterativ e metho d, where the solution to A x = b is then

x = x

1

+ x

2

= x

1

+ ( I � Q

T

1

Q

1

)

�

0

N

� 1

y

2

�

(29)

F rom this summary , it is clear that there is a high degree of o v erlap with Sc h ur complemen t

metho ds. But Sc h ur complemen t dep ends on a partial Gaussian elimination of the original

op erator in whic h one m ust trade o� piv oting for n umerical stabilit y against ordering for

maxim um sparsit y . F or nonsymmetric op erators, it can also happ en that the condition n um-

b er of the reduced order op erator will exceed that of the original. On the other hand, using

an LQ factorization com bined with the righ t preconditioner, w e can b ound the condition

of the resulting op erator to b e at most that of the original matrix, and often it is m uc h

less. Though it has not b een discussed here, one is also free to order the columns of the

original matrix to lo w er the condition n um b er of the in termediate op erators N , etc. In this

sense, the metho d based on the LQ factorization enjo ys man y of the adv an tages of solving

a nonsymmetric system via the normal equations, but without su�ering the squaring of the

condition n um b er.

The main limitations of the LQ factorization approac h are the increased memory require-

men ts in order to compute ev en the partial factors. In a practical implemen tation, one can

mitigate this problem to some exten t b y computing the LQ factorization and partial solution

x

1

for eac h subgraph separately , sa ving only the items needed for the later iterativ e pro cess.

But the necessary b o okk eeping can b ecome rather complicated. W e ha v e not in v estigated

the p ossibilit y of k eeping Q

1

in some sort of factored form.
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