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Abstract

Elementary mode analysis is a useful metabolic pathwayyaisalool in understanding and analyzing cellular
metabolism, since elementary modes can represent matg@adtiways with unique and minimal sets of enzyme-
catalyzed reactions of a metabolic network under steady standitions. However, computation of the elementary
modes of a genome-scale metabolic network with 100-10Q@iozes is very expensive and sometimes not feasible
with the commonly used serial Nullspace algorithm. In thiskywe develop a distributed memory parallelization
of the Nullspace algorithm to handléheiently the computation of the elementary modes of a largeabudic
network. We give an implementation ir+@ language with the support of MPI library functions for theadkel
communication. Our proposed algorithm is accompanied waitlanalysis of the complexity and identification
of major bottlenecks during computation of all possiblehpatys of a large metabolic network. The algorithm
includes methods to achieve load balancing among the canmdes and specific communication patterns to
reduce the communication overhead and imprdiieiency.

Key words: biochemical network, metabolic pathway, Nullspace Algor, elementary flux mode

1. Introduction

Analysis of the metabolic networks is a common practice atdiihnology and metabolic engineering [1, 2,
3, 4]. Reconstruction of complete metabolic networks ofouzs organisms has allowed researchers to further
concentrate on the discovery and analysis of the feasibtalbokc pathways. The reconstructed metabolic net-
works of Escherichia col{5], Saccharomyces cerevisife 7], Streptomyces coelicold8], Helicobacter pylori
[9], H. influenzag10] and human mitochondria [11, 12] requirfiieient and accurate computational methods
for their analysis. By definition, a metabolic network is qmmed of metabolites together with a collection of
chemical reactions which consume or produce the respeaitabolites. An example of the metabolic network
for the central metabolism dscherichia colimicroorganism strain is given in Figure 1. In this figure, atoet-
lites outside the boundary are classified as external, vihdse inside the boundary are internal and subject to
mass balance constraints [13, 14, 15, 16]. External matabalan be further classified as substrates (inputs such
as glucose, galactose, mannose, etc.y@mutoducts (outputs such as ethanol, lactic acid, or sigairid) de-
pending on the direction of the corresponding reaction.cReas which exchange between internal and external
metabolites, such as the glucose-uptake reaction GG1a#lezl @xchange reactions or external reactions. Re-
actions just between internal metabolites, such as theioeaGG2r converting glucose-6-phosphate (G6P) into
fructose-6-phosphate (F6P), are internal to the network.

A metabolic pathway contains a subset of reactions of a métafetwork which have non-zero reaction rates
(or fluxes) at a given moment, and thus constitutes a posstinie of the cellular metabolism. Feasible metabolic
pathways, such as elementary flux modes [13], have beenasied¢ribe the cell functions and capabilities such
as growth and regulation [18, 19], estimation of productdgd14], evaluation of metabolic network robustness
[19] and rational design offecient and robust whole-cell biocatalysts [20, 17]. An elataey flux mode is an
admissible metabolic pathway which cannot be feasibleyfare of its reactions is removed or its flux is set to
zero.
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Figure 1: Metabolic network of E. Coli[17]

The remainder of this paper is organized as follows. In eac® we give an overview of the background
and related work. We state the definition of the stoichiognetodel and its mathematical representation, define
elementary flux modes and extreme pathways and the corglfbotheir admissibility, and give a description of
the Nullspace Algorithm, the basis for our parallel impleration. Section 3 gives a pseudocode of the serial
Nullspace Algorithm and points out its major bottleneckise Bection also presents the computational complexity
analysis of the algorithm implementation. The Parallelispdce Algorithm is given in section 4. Section 5 shows
the results of implementing the algorithm on specific patatchitectures using the metabolic network models
for E. coliandS. cerevisiae Finally, in section 6 we sketch some future developmentsapplications of the
algorithm.

2. Background and related work

Since the introduction of elementary flux modes into the fEmobof modeling and analyzing biochemical
reaction networks, two algorithms have been proposedt, Hies Canonical Basis Algorithm [15] was developed,
followed by the more ficient Nullspace algorithm [21, 22, 23, 24, 25, 26, 27]. Bdgp&athms are based on
convex analysis and the Double Description Method [28] usdtie mathematical problem of enumerating the
extreme rays in a convex polyhedral cone.

Here, we briefly give the outline of the theory used in the niodeof the metabolic networks and computing
the elementary flux modes.

2.1. Stoichiometry model

The stoichiometry model which describes a given metabaievark can be represented mathematically by
a stoichiometry matrixNmxq, With each row corresponding to one of tiremetabolites and each column corre-
sponding to one of thq reactions. Elemen\; ; of the stoichiometry matrix, if non-zero, denotes the simie
metric codficient for thei!” metabolite in the equation of thg! reaction. A positive [negative] stoichiometric
codficientN; ; denotes the molar concentration of it metabolite produced [consumed] with a unit flux for
the j-th reaction. Additionally, reactions are denoted as r&abéz or irreversible to reflect their thermodynamic
constraints. This property of directionality implies tliae reaction may or may not flow in both directions. Beside
the metabolite connectivity imposed by the reaction défing, an additional requirement is given in the form of
mass balance of the internal metabolites in the metabotigork [13, 14, 15, 16]. Thélux or reaction rateis the
numerical value which expresses the speed of the individizaltion. Fluxes for irreversible reactions are con-
strained to be non-negative. The set of active reactiorepi®sented by a vectriof lengthq in which each entry
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is the flux for the corresponding reaction. By assuming theriral metabolite concentrations remain constant at
the steady state, the mass-balance equations for all ateetabolites can be written as follows [13, 14, 15, 16]:

NimxgX = 0 1)

The elements in the flux vector whose indices correspond to active reactions have nonwvadues. In
addition, if a reaction is irreversible the correspondinggin the vectox has a non-negative value. Since the
number of metabolites is usually much smaller than thataétiens in a metabolic network, the system of linear
equations (1) is underdetermined.

2.2. Elementary flux modes and extreme pathways

If a flux vectorx satisfies equation (1) plus the applicable non-negatihstraints, we also call it an admis-
sible [flux] mode. Of all the admissible modes, the ones ofipaar interest are thelementary [flux] modes
described below.

Definition 1 (Elementary mode and extreme pathwalpt the Nn.q stoichiometry matrix be representimg
internal metabolites anglreactions connecting these metabolites. A flux vectorgssactorx of reaction rates.
The vectox is said to beadmissibléf it satisfies the following two conditions

1. pseudo steady-statdlx = 0 . Metabolite concentrations remain constant within théatnalic network.
2. thermodynamicsx; > 0 if thei' reaction is irreversible.

An admissible vector is said to be alementary modelementary flux moder elementary pathwaiy it satisfies
the above two conditions plus [13, 29, 15, 30]:

3. elementarity there is no other vector (v # x andv # 0) fulfilling conditions 1 and 2, such that the set of
indices of the non-zero elementsuiris a strictly proper subset of set of indices of the non-zéments in
X.

A vectorx is an extreme pathway if it is an elementary pathway and atsfies the following:

4. independencex is said to be extreme if it cannot be written as a convex coatlain of any other admissible
pathways.

In [16], an extreme pathway is defined as a member of a set ofegitary modes which are obtained when
the internal reversible reactions of the metabolic netwarek split into pairs of irreversible reactions. However,
if sufficiently many internal reversible reactions are split, tttenmetabolic network will not admit a completely
reversible pathway. In this case the set of extreme pathway#d coincide with the “minimal generating set” for
all admissible pathways [16, 31]. Geometrically, the seadrhissible extreme pathways would form a pointed
polyhedral cone [31].

2.3. Compression of metabolic networks

Metabolic networks may be reduced in size with respect tadte# number of participating metabolites and
reactions to remove redundancies and impossible combimsaf25, 32]. Among the heuristics applied in order
to compress the stoichiometric model are: detection of@masion relations, strictly detailed balanced reactjons
enzyme subsets and uniquely consumed (or produced) miggs@9]. Some of the reduction heuristics match
the methods for removal of redundant constraints in a lipeagramming problem [33]. All the methods in this
paper assume that the network has been already comprelisedatng all redundant constraints. The resulting
stoichiometry matrix has full row rank.

To illustrate the compression on the genome-scale metabetivorks, in Table 1 we give the original and
compressed size of representative metabolic networksf@ral organisms. The data was taken from the BiGG
database [34].

2.4. Nullspace Algorithm

The two algorithms typically used for the computation ofedmtary modes are the Canonical Basis Algorithm
[15] and the subsequent Nullspace Algorithm [21, 22, 23,254,26, 27]. Both algorithms are based on convex
analysis and computation of the extreme rays of a convexhgdisal cone. The Nullspace Algorithm is more
efficient for metabolic networks and is the subject of this paper

The Nullspace Algorithm begins by computing an initial Iséfsir the right nullspace of thex q stoichiometry
matrix such that the sign constraints are automaticallgféad for the firsg—mreactions. It then proceeds to form
convex combination of these vectors to impose the sign ameattarity constraints on the remaining reactions
one-by-one, until a complete set of elementary flux vectmamputed. In the following, we state some of the
basic properties of the Nullspace Algorithm.
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Table 1: Compression of genome-scale metabolic networks.

organism original size M x q(grev)) | compressed sizen(x q(Grev))
E. coliiJR904 904x 1361(674) 284x 740(389)
E. coli iAF1260 1972x 2980(1450) 579x 1567(769)
S. cerevisiae IND750 1177x 1498(778) 269x 597(345)
M. barkeri iIAF692 698x 830(406) 140x 300(181)
H. pylori ilT341 562x 702(388) 100x 236(164)
S. aureus iSB619 741x 911(473) 162x 368(215)

Proposition 1. If Nm.q is a stoichiometry matrix with full row rankn, then the columns may be permuted such
that a basis for the right nullspaceNfhas the form

l(o- _
KQX(Q—m) = [ (lq?mnj;(_qm:])] (2)

Proof. Apply elementary row operations (represented by the ngugam matrixX) to the matrixN to obtain the
reduced row echelon form

meq = memmeq = [_Rmx(q—m) |m><m]~ (3)
The new matrix has the same nullspace, which has the formy(2)sipection. O

For the application of Proposition 1 it isféicient to use compression techniques from subsection 2.8hwhi
will reduce the original stoichiometry matrix to the one aflfrow rank, even though it may be further reduced.
In addition, we will take further advantage of the reduced exhelon form already computed to obtain the
initial basis for the nullspace. Therefore, we shall headbfassume that the stoichiometry matiixhas been
compressed, reduced to row echelon form, and that the caliinen reactions) have been permuted so that the
row echelon form has the form (3). This is equivalent to figdin- m columns which form ad — m) x (g — m)
non-singular matrix and putting them first. We further assuhmat the corresponding— m reactions are all
irreversible, otherwise we must splitfBeiently many reversible reactions into pairs of irrevelesiteactions to
make this possible. Many networks do not require such syittf reversible reactions.

If Z denotes the set of indices corresponding to the nonzereenfra given vector, theN, 7 will denote the
submatrix ofN formed by extracting the columns corresponding to thosezeoo entries. It has been shown in
[23, 31] thatnullity(N, ) = 1 if and only ifx is elementary mode. Heralllity(A) denotes the dimension of the
right nullspace of a matriA. During the course of the Nullspace Algorithm, we enforaeftillowing property on
each prospective elementary vectaat each stagk so that at the end, this property implies tikas elementary
according to Definition 1.

Proposition 2. Let the Nullspace Algorithm be in ite" iteration of execution where = q—m+1,...,qg. A
vectorx is an elementary flux mode with respect to reactions.1k corresponding to firdt columns of matrix
N iff

nullity(N, 5, ) = 1. 4)
whereZ, is the union of the set of indices of non-zero values amongKientries of vectox together with all
indices k+1),...,Q. O

The property in equation (4) enforces the elementarity twvefirstk reactions. It will be observed that each
column of the initial basiK from equation (2) satisfies the partial elementary propaigve fork = q— m. As
a simple consequence of the above property, a vector datidlyis condition cannot have more non-zero entries
than one plus the number of rowshh leading to the following.

Proposition 3. Letx be a column-vector which is an elementary flux mode to thelsiometry matrixNmyq i.e.
Nx = 0. An upper bound on the number of non-zero elements in thierveds given by

IZ < m+1, (5)

where|Z| denotes the cardinality &. O

The upper bound stated in Proposition 3 is given for the felrentary property of Def. 1. At thé" iteration,
since the entries of a prospective vectocorresponding to indicek @+ 1),...,q are all considered implicitly
nonzero, the number of nonzeros among the kimsttries is reduced from4+ mto 1+ m— (q— k). The result
leads to the following necessary condition for elementahiat can be applied very fast.
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Proposition 4. Let x be a column-vector in the right nullspace matkixof the stoichiometry matrifNmyq i.e.
Nx = 0. Let the firstk elements of the vectar have non-negative values in the positions corresponding to

.....

.....

IZi W <k-q+m+1 (6)

Proof. Follows from Proposition 3. O

In brief, the Nullspace algorithm is an iterative procedutech starts with a nullspace basis as in Proposition
1. At each iteration it forms new prospective elementary esdoly pair-wise convex combinations of the partial
elementary modes it has accumulated so far. Each prospettimentary mode is tested to be elementary, first
by testing the condition of Proposition 4 and then by that mf®@sition 2. The steps to execute the Nullspace
algorithm are sketched in Algorithm 1, and the way the coraten is split into its essential parts is shown in
Algorithm 2.

Algorithm 1 Nullspace Algorithm (sketch) [31].

Assume we have a stoichiometry matNi.q that has full row rankn and in the form as given in Proposition
1, compressed if needed using the methods of subsectior-argher, letgirey andqg — girey be the number of

irreversible and reversible reactions, respectively. Nhspace Algorithm may be briefly sketched as follows:

1. Denote the initial right nullspad€yq-m (equation (2)) of the stoichiometry matii¥.q as:
([
(g-m) 1) |
K= (m){ { ';((2) } = [R(z)} (7)
where the upper matrix &, denoted a&"?, is an identity matrix q_mxq-m-
2. Fork=(q-m),...,(q-1),
(a) Generate convex combinations of all possible pairs bfroos inR so as to annihilate théc & 1)
entry of the resulting column. Each combination is formeitigist columnii whose k + 1) entry
is positive combined with a columjj whose k + 1) entry is negative. Following the results from
[25] we may perform the operation of bit-wise logical disjtion over the column parts belonging to
matrix RY, while performing the algebraic convex combination ovduom parts in matripR@.
(b) Eliminate duplicate columns among those generated R8hin the previous step.
(c) Apply the rank test as given in Proposition 2 to each cdet#imode, discarding those that fail the test.
(d) Append matrixR column-wise with the newly computed elementary modes whiere accepted by
the rank test in the previous step.
(e) Ifthe k + 1) reaction is irreversible, discard those old columns whiseX)" entry is negative.
In the next step, thek@ 1)™ row (the top row oR®) is moved to become the bottom rowR#). Following
[25], RY can be kept only as a bit mask, so the-(1)" row is converted to a bit mask (a 1 bit stands for a
non-zero value).
3. When the computation is complete, matR®) will be of dimensiong x nems Where thenemsis the total
number of elementary flux mode columns, wHR& will be empty. It is then necessary to recalculate the

numerical values. This process has linear complexity innim@bermgnsof elementary modes computed
[25]. O

The sketch of the Nullspace Algorithm presented omittecssvmprovements to thefficiency for clarity.
First, during every iteration, each new column is normaliwgth respect to the 1-norm. Second, we are able to
keep the matrixRY) as a bit-valued matrix and compress it into a matrix scalesindoy a factor equal to the
length of the machine word (32 or 64 bit). Accordingly, thengyessed matriR® as stored in memory has the
dimension of /width) x Nems Wherewidth=32 or 64.

We take advantage of the special row-echelon fornrNdb obtain a reduced-cost rank test, more properly
called a nullity test.

Proposition 5. (Proof in AppendixLet the Nullspace Algorithm be in it&" iteration of execution ak ranges

,,,,,,,,,,

,,,,,,,,,,
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with respect to reactions 1 ., k corresponding to the fir&tcolumns of matrix\ iff

nuIIity(NZq_mﬂwk’leq_m) =1 (8)
O

Proposition 5 gives a nullity test over a smaller submatnid thus reduces the cost of its computation. This
reduced nullity test decreases the size of both dimensithe submatrix by the same value, equal to the number

.....

2.5. Complexity of the Nullspace Algorithm

Enumeration of the elementary flux modes is equivalent tpthklem of enumeration of vertices in a bounded
polyhedron (polytope) [35]. The complexity of this probléystill an open question in computational geometry.
In order to illustrate and give the intuition to the possibé&dness of the elementary mode computation it may
be worth referring to the two earlier results [35, 36]. Fiisis not possible to generate in polynomial total time
all elementary flux modes that have non-zero flux for the sjpa@action unless#NP. Second, deciding if there
exists an elementary flux mode that has non-zero fluk fpecified reactions can be solved in polynomial time
via a linear program ik < 1, but is NP-complete fok > 2. The two results are obtained as a corollary to the
problem of enumeration of negative cycles in a weightedotié graph [37]. In these enumeration problems, it is
common to analyze the complexity as a function of the combéiee of the input and the output. In summary, itis
unknown if the complexity of the problem of the enumeratibalementary flux modes is polynomial as a function
of the combined size of the metabolic network and the final lmemof elementary flux modes. We do observe in
practice that the number of final elementary modes can beoadenagnitude larger than the dimensions of the
initial system, and the number of partial modes presenndtrntermediate stages of the algorithm can sometimes
be significantly larger than the number of final modes.

3. Serial Nullspace Algorithm

The serial Nullspace Algorithm given in Algorithm 2 takesiaput the compressed stoichiometry matrix
in the reduced row echelon form (Proposition 1), initiallspice, and the information on reaction reversibil-
ity/irreversibility. The algorithm is executed imiterations, each of them corresponding to one oftireactions.

Algorithm 2 [K] = SERTAL NSP(N, K)
Input:
reduced stoichiometry matri¥sxq);

- RY I
initial nullspace of the fornkqyq— = [R(Z)] = [R(Z)]
Output:

bit-valued matrix of elementary modig

Nems

1: fork=q-m+1toqdo

2 {find pairs of columns which when combined form candidateranii Algorithm B
3 combinations < GENERATE_CANDIDATES(K)

4 {remove duplicate columns by means of sorting. Algorithm 7

5: combinations < RADIXSORT(R(", combinations)

6 combinations < REMOVE_DUPLICATES(R(", combinations)

7 {accept those candidate columns which satisfy Propositiolldgorithm 8
8 combinations < RANKTESTS(N,K, combinations)

9:  {expandk matrix, i.e. itsR®) andR® submatrices. Algorithm)9
10: K < EXPAND(K, combinations)

11: end for

Algorithm 2 is comprised of the generation of the candidateimns (Algorithm 3), sorting (Algorithm 7)
and removal of the duplicate candidate columns, numera# testing (Algorithm 8) and update of the current
nullspace matrixk (RM and R®) (Algorithm 9). In an éort to eliminate the duplicate bit-valued candidate
columns we first sort them according to their binary values #ien use one scan to eliminate the duplicates.
This operation requires arfeient sorting method to reduce the cost of removing dumicalumns. Candidate
columns are sorted using a variation of radixsort algorif88j in order to attain linear complexity. We give the
outline of the radixsort over an array of bit-valued colunmalgorithm 7 in B.
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Algorithm 3 [combinations] = GENERATE_CANDIDATES(K)
Input:

. R
current nullspace matriXXqxn,,, = [R(Z)

Output:
pairs of indices of columns forming candidafesmbinations)

cirrevt & {i: R(lz)i >0 and(3j : j* reaction is irreversible,Rgl)i # 0)}
irrev- &{i: R(lz)i <0and(@j: j™ reaction is irreversible,Rg.l)i # 0)}

rev < {i: R(lz)i #0and(Vj: j®* reaction is reversibleor Rgl)i =0)}

: {combine columns that can annihilate the element in the atirmaw}

S<{(ii,jj): (1i,jj) € (irrev* x irrev ) U ((irrev' U irrev™ U rev) X rev)}
: for each(ii,jj)e S do

form candidate column from the pair of columns indexed by (ii,jj)
if candidate satisfies Proposition 4, add (ii,jj) to combinations
. end for

©e N R W DM R

The idea in Algorithm 7 is to sort bit-columns by first cuttiath columns horizontally into chunks of width
equal to & (whered = 3,4,5,...,) and ing/2¢ iterations sort the columns using the idea from the radix-$p
every iteration, columns would be sorted according to theevin the respective chunk. Complexity of this opera-
tionis O(Z—‘ij -Nemy, Wherenensis the number of candidate columns at the given iteratiorth Yiie proper selection
for width d, we may assume that the constant factor befiggis small enough to assume linear complexity. In B
we also give the pseudocode of the subroutines for rankdestgexpansion of nullspace matrix in every iteration.

3.1. Computational Complexity Analysis

Due to the unpredictable expansion of the size of elemembae matrix during each iteration of the com-
putation of elementary modes, it isflicult to directly estimate the computational cost within Hogtlenecks of
the algorithm. We observe from the algorithmic structurd amplementation that the three major bottlenecks
are (ordered by decreasing overall observed costs) (i)éhergtion of new candidate elementary mode columns,
(ii) the evaluation of the numerical rank tests, and (iiijtsa to eliminate duplicate candidate elementary mode
columns. Thus, we may decompose the total computationapeosteration ag (Nemg as:

T(nemg — Tgencands+ Tranktests+ Tsorting (9)

whereT9encands Tranktests Tsorting gre the computational costs for generation of candidatenwas, evaluation of
numerical rank test, and sorting of bit-valued candidatspectively. The complexity for the generation of candi-
date columng 9e"c@das an upper bound 6i(n2,,,). Sorting can be accomplished with almost linear compjexit
using the variation of the radix-sort algorithm as earliesctibed. Elimination of the duplicate candidate columns
after sorting has linear complexity and is of negligibletcé®r the rank test we used LU decomposition with full
pivoting [39]. The complexity of the single LU-based rankttes cubic in terms of the dimensions of submatrix
over which the rank is evaluated. It has linear complexityeims of the total number of candidate elementary
mode columns. We use the reduced rank test derived in PtapoS5ito decrease the cost of individual rank
computation. It remains to study how the numerical preaisitthe rank computation would behave as the size of
the initial stoichiometry problem grows, and if the moreusbsingular value decomposition would be necessary.

4. Parallel Nullspace Algorithm

For the metabolic networks which after compression haventimber of both metabolites and reactions on
the order of 18— 10°, the existing software is unable to complete the computatfahe elementary flux modes.
Thus, we resort to the idea of parallelizing the Nullspacgofithm.

We assume that the algorithm is designed for a parallel engient ofP compute-nodes, where each compute-
node has its own memory and executes an instance of thegdgmalram. The compute-nodes exchange mes-
sages over an unspecified network architecture. This pamiironment corresponds to a distributed memory
system, though our proposed algorithm may be easily exphimde hybrid parallel implementation with the
shared-memory paradigm. For convenience, in the sequelilvesfer to compute-nodes as simply nodes.



In Algorithm 4 we give the parallel Nullspace Algorithm wisim introduction of communication in line 7. We
parallelize the tasks of generating candidate columns Adgorithm 5 and by proper load balancing attain that
each participating compute-node generates approximielyame number of candidate columns.

Algorithm 4 [K] = PARALLEL NSP(N, K)
Input:

- . i , R
reduced stoichiometry matrifin.q); initial nullspace matrixKqxq-m = [R(Z)]
Output:
bit-valued matrix of elementary modgn,,.

1: fork=gq-m+1toqgdo

2:  combinations < GENERATE CANDIDATES PARALLEL(K)

3:  combinations < RADIXSORT(R, combinations,width)

4:  combinations & REMOVE_DUPLICATES(R(™, combinations)
5:  combinations & RANKTESTS(N,R(™), combinations)

6: {communicate columns and merge

7. combinations & COMMUNICATE_TREE(R(, combinations)
8: K < EXPAND(K, combinations)

9: end for

Load balancing is needed to assure that there is no serinagliscrepancy among the compute-nodes when
they perform the sorting and the evaluation of numericakt@sts. Each compute-node generates its share of
candidate elementary mode columns, and filters those whilvaid elementary modes at the given iteration
according to the same criteria as in serial Nullspace Atbori However, dierent compute-nodes may generate
identical candidate elementary mode columns, and compades will have to communicate to remove these du-
plicated bit-columns. The result of communication amongpote-nodes is the complete set of elementary modes
after processing thig" reaction. In a carefully designed communication pattesmpute-nodes would exchange
their generated elementary modes, and each compute-nade merge the arrays of bit-columns obtained from
other compute-nodes with its local set of elementary modienzes. The disadvantage of this approach, which
we have also implemented, is in theL-T0-ALL merge and communication pattern. The cost of communication
among compute-nodes is negligible compared to the totdlafafie merge and elimination of duplicated ele-
mentary modes which is performed on the compute-nodedyodalsubsection 4.2 we analyze the complexity
and give an improved communication algorithm for exchanfgeandidate elementary modes among compute-
nodes and ficient merge. Subroutines for sorting, elimination of doated candidates, and rank tests remain
unmodified from the serial Nullspace Algorithm.

Algorithm 5 [combinations] = GENERATE_CANDIDATES PARALLEL(K)

Input:
. rR®
current nullspace matriXXqxn,,. = RO
Output:

pairs of indices of columns forming candidafesmbinations)

. -
cirrevt & {i: R(li

>0 and(3j : j* reaction is irreversible,Rg.l’)i # 0)}

irrev- & {i: R(lzi <0and(3j: j™* reaction is irreversible,Rgl,)i #0)}

rev < {i: R(lzi #0and(Vj:jP reaction is reversibleor Rgli =0)}

s irrevp < {i:ie€irrev-andi = proc_id (mod P)}

revp<{i:ierevandi = proc_id (mod P )}

: Se{(ii,j3): (i1,jj) € (irrev* x irrev.p ) U ((irrev* Uirrev.p” Urev.p) X rev)}
. for each (ii, jj) e Sdo

form candidate column from the pair of columns indexed by (ii,jj)
if candidate satisfies Proposition 4 add to combinations

: end for

©oNoOa R W N R

=
o




4.1. Load Balancing

As shown in lines 4-5 of Algorithm 5 we partition the arraysmdices of columns of matrixrrev™ andrev
among the compute-nodes evenly. However, sinceRfRebit-matrix remains in sorted order at the beginning
of each iteration, the generated candidate elementary mibdelumns at every compute-node may have non-
uniform overall density of non-zero entries. This imbakmould occur if we assigned to each compute-node the
contiguous range of indices from arraisrev™ andrev. If this was the case, compute-nodes would generate the
set of candidate columns of non-uniform “sparsity” and thusduce an unequal number of candidate columns
which satisfy Proposition 4. This would result in the poaxddalancing in the sections of the algorithm corre-
sponding to the “sort & removal of duplicated columns” andrik tests of candidate columns”. As a solution to
this problem, we assigned to each compute-node the setioemftom bothirrev™ andrev which have values
congruent to the compute-node identifier modulo total nurobeompute-nodeR, as illustrated in Algorithm 5.

The comparison between “sequential” and “interleaved’egation of candidate columns is given in Table 2.
The imbalance rate in the two sections of algorithm ac®s®mpute-nodes is used as a measure, as given in
equation (10).

max<i<p TV
ImbalanceRatgask) = — = _task (10)

: i
MiNi<j<p Tt(a)sk

wheretaskcorresponds to the “sort & removal of duplicated columns'rank tests of candidate columns”, while

Tt(gsk is the timei™ compute-node spent performing thaesk

4.2. Computational Complexity Analysis

In order to estimate the complexity of the parallel Nullspadgorithm, we have to include the computational
complexity term corresponding to the communication amanmgpmute-nodes. We try to attain the load balanced
situation where every compute-node approximately geeetthie same number of elementary flux modes as de-
scribed in subsection 4.1. Initially, we implemented #h&-T0-ALL broadcast communication pattern in the en-
vironment ofP compute-nodes. The network parameters given are the latead the per-word transfer ting
[40]. The per-word transfer time is inversely proportiottaihe available bandwidth between the compute-nodes.
Every compute-node generates candidate elementary madigisites that they represent admissible elementary
modes by means of the numerical rank test, and communidegestp the other compute-nodes to eliminate the
duplicate columns and merge. The elementary mode colunm$séveen compute-nodes are in sorted order,
and only a proper merge subroutine is needed to eliminatiodgs. In theALL-TO-ALL communication, every
compute-node broadcasts its local set of elementary mddenos it generated to all other compute-nodes, and
each compute-node does the same task of merging the reseitted columns and eliminates the duplicates from
it. Note that the elementary mode columns are communica@aias of indices of current nullspace matrix and
not as full bit-columns, for the reason of more compactn@sshe end of this communication, every compute-
node will have the same result, i.e. the complete nullspaagixnof the elementary flux modes at the end of
current iteration of the Nullspace Algorithm. For networklatectures of ring, 2D-mesh, and hypercube the cost
of ALL-TO-ALL communication, if we assume that each compute-node hasaditlse message of approximately
the same siz&1, can be estimated [40]. In the case when very large messagesr@ over the network, what is
the case in our algorithm, the cost may be approximated as

T& lo=al(M, P) = O(tuM(P - 1)), (11)

whereM is the message length measured in units of pairs of indidag kent over the network, arirlis the num-
ber of participating compute-nodes. This approximationaims the same, irrespective of the network architecture
[40].

In order to sort the received messages, each compute-nede n@ergeP — 1 received messages. In each
merge, duplicates are being eliminated. Lebe the per unit of operation cost in the merge procedure. The

Table 2: Imbalance rate of interleaved and sequential generatioceoiidates.

number of compute-nodes
2 4 8 16 32

sequential sort & removal of dupllcated columng 1.91 | 255 | 4.75 6.49 | 14.57
rank tests of candidate columns | 2.04 | 2.97 | 535 | 10.13 | 34.34

interleaved sort & removal of duplicated columng 1.00 | 1.03 | 1.03 1.08 1.10
rank tests of candidate columns | 1.02 | 1.02 [ 1.04 1.07 1.12
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computational cost of a single merge of two sorted arraysmdthlen; andlen,, is equal ta.(lem + lery). We
can only give an upper bound on the complexity of this mergle &t a single compute-node, as follows:

T (M, P) = tc2M + tc3M+, ..., +tc(P — 1)M = to((P — 1)P/2 - 1)M = O(P*M). (12)

We notice in the case of good load balancing, the proBldtremains the same for the givélt iteration as the
number of compute-nodésgrows. Accordingly, we note that while the cost of commuti@awill remain the
same, the cost of merging the received messages will growRviTherefore, this would require the re-design of
the communication and merge pattern.

We may reduce the cost of merging the received messagesmitlieainative communication and merge pat-
tern which corresponds to the hypercube communicationait be illustrated with @REE-LIKE communication
and merge, as a complete binary tree of heighBamndP leaf nodes, wher® corresponds to the total number
of compute-nodes. The complete binary tree nodes at eaehdéthe tree correspond to those compute-nodes
which are being used in the current iteration. We may equel/the term hypercube or tree since the tree may
be embedded in a Idg-dimensional hypercube almost symmetrically [40]. Fonamence we will refer to the
TREE-LIKE communication and merge in the rest of this paper. In theginsise, there will be IoB iterations
of unidirectional point-to-point communication amongrngadf compute-nodes on the same level of the tree. At
thek!" iteration k € {1, .. .,logP}), each compute-nodesuch thai = 0 (mod 2) will receive the message from
compute-nodg = i + 2<1. Approximately, the size of the message sent will be of le@§t'M. The cost of each
iteration has an upper bound equal to the value of mergingnessages of length2M, i.e. t.2M. At the end
of the first phase, the resulting nullspace matrix will betagred in compute-node 0. We assume that the number
of compute-node® is a power of two, in order to maintain a complete binary tréecordingly, we assume
that due to proper load balancing, prior to communicaticchesompute-node has precomputed approximately
M elementary mode columns and needs to distribute them to otimepute-nodes for merge and elimination of
duplicates. The cost of this merge operation may be exmiesse

T};gﬁégke(lvl, P) = t(2M) + t:(22M)+,. .., +t(2M)

t(2(Z = 1)M) = t(2(P — 1)M) = O(PM) (13)

Hence, when compared to the result in equation (12), theadaserging given in equation (13) is reduced by the
factor of P. Since the produd®?M is constant a® scales, the cost of merge will remain constant as well for the
particular iteration of the algorithm.

Algorithm 6 [combinations] = COMMUNICATE TREE(K, combinations)
Input:

1
current nullspace matriXqxn,,. = [EEZ;};
local set of pairs of column indices which generate new cdaigis(combinations)
Output:
merged set of column-generating pairs of indigesmbinations)

1: proc.id < identifier of the local compute-node

2: for i = 1tologP do

3 if proc_id =0 (mod 2%) then

4 receive columns from compute-node proc_id + 27!
5: merge the local set of columns with the received columns
6: else

7 send columns to compute-nodeproc_id - 2!

8 endif

9: end for

10: if proc_id = 0 then

11: broadcast the columns to all other compute-nodes
12: end if

Apart from estimating the cost of merge, we estimate the @bSREE-LIKE communication across the net-
work. In everyk!" iteration the cost of exchanging a message of sfz&\2 between two compute-nodes is equal
to ts + t,2<"*M [40]. The cost oDNE-TO-ALL broadcast from the compute-node 0 after all data is mergagtial
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to (ts + tyPM) log P, and thus the total communication cost may be estimated as:

Tuselke(M,P) = (299 ts + ta2IM) + (ts + twPMlog P)
= tslogP + tyM(2°97 — 1) + ts + t,MPlog P

= ts(logP + 1) + t,(M(2°9P — 1) + MPlogP) (14)
= tg(logP+ 1)+ tu(M(P-1)+ MPlogP)
= ty(MPlogP) + O(tyMP)

The last approximation follows from the assumption thattstp time is much smaller than the per-word transfer
time [40]. Accordingly, we conclude that the communicatimst will grow with a factor of lod®, unlike in (11)
where it remains unchanged.

However, the cost estimates just given are upper boundsfiffdleset of merged columns which are broad-
casted from compute-node 0 may be significantly smalleralise a large share of duplicated elementary mode
columns are eliminated before the broadcast. In the exeat@mhresults on the computing platforms which were
used to test the software, the communication time was ribfgigompared to the total time required to merge and
eliminate duplicates at each compute-node, as will be shaten

5. Experimental evaluation

5.1. Experimental setup

We present the computational times obtained with both thialsend parallel Nullspace Algorithm. We plot the
runtime over five similar, but distinct models of the metabaktworks of the central metabolism Bécherichia
coli using our serial implementation, METATOOL v5.1 [29, 21] dEBMTools [27]. Further, we time the results
for the same set of models for our parallel implementatiah@serve the scalability as the number of compute-
nodes grows. For both serial and parallel implementatiomgesthe Template Numerical Toolkit [41] from the
National Institute of Technology and the+& library of linear algebra functions adapted from the JavdrMa
Library [42] developed by Mathworks and NIST.

We time the results of our parallel program on two distinehpaiting platforms: “Calhoun” of the Minnesota
Supercomputing Institute and Blue G¢lRef IBM. In the following discussion, we use the terms coneputde,
processor and core, to describe the hardware of the congppititforms. Note that compute-node as used in the
section 4 refers to the abstract node which executes orentesbf the parallel program in the message-passing
distributed memory communication environment.

The parallel program was compiled with Intet&€ compiler and OpenMPI on “Calhoun” platform. “Calhoun”
has 512 Intel Xeon 5355 (Clovertown) class multi-chip mesyMCMs). Each MCM is composed of two dies.
These dies are two separate pieces of silicon connectecctoather and arranged on a single module. Each
die has two processor cores that share a 4 MB L2 cache. Each ®tdinunicates with the main memory
in the system via a 1,333 MHz front-side bus (FSB). “Calhoimtonfigured to have 256 compute nodes, 2
interactive nodes, 5 server nodes, total of 2048 cores, 4T inain memory. Each node within the system has
two quad-core 2.66 GHz Intel Xeon (Clovertown) - class pssoes and 16GB memory running at 1,333 MHz.
All of the systems within Calhoun are interconnected wittDagigabit non-blocking InfiniBand fabric used for
interprocess communication (IPC). The InfiniBand fabria igh-bandwidth, low-latency network, the intent of
which is to accommodate high-speed communication for IMBé&jobs. The nodes are also interconnected with
two 1-gigabit ethernet networks for administration andditeess, respectively.

The architecture of Blue Gefie has been described elsewhere [43], but it is importantduighe a brief
overview of the components of Blue G¢Rdo understand the results presented here. The smallegiooemt
in the system is the chip. Single chip has a PowerPC 450 qosglprocessor. Each processor core runs at a
frequency of 850 MHz, and each processor core can performfli@ating-point operations per cycle, giving a
theoretical peak performance of 13.6 gigaFL@P%. The chip is soldered to a small processor card, one per
card, together with 2GB DRAM memory to create tteanpute card

Thel/O cardis the next building block. This card is physically very danito the compute card. However,
the /O card has the integrated Ethernet enabled for communicwiith the outside world. The/© cards and
the compute cards form a so-calledde card The node card has 2 rows of 16 compute cards and/Q-2ddes
depending on thg® configuration. Further, a midplane has 16 node cards. Alralts 2 midplanes, for a total of
32 node cards or 1024 compute cards. A full petaflop systeracmn/2 racks. Finally, the compute-nodes may
be configured at boot time to operate in one of three modesyrainetric multi-processing mobgvirtual node
modeand c)dual mode Symmetric-multiprocessing mode runs the main processiempoocessor and can spawn
up to 3 threads on remaining processors. In dual mode CPUsraitk O and 2 run a main program process,
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and each can spawn an additional thread. Virtual node maaethe program on all four processors, without
additional threading.

5.2. Serial program

Results of the execution of the three distinct implemeatetiover diferent metabolic networks are shown
in Table 3. As pointed out earlier [25] and in section 2.3, tbenpression of the stoichiometric matrix is very
important in reducing the computational cost. We preseatdsults over five models of central metabolism of
E. coli for METATOOL, our implementation, and EFMTools. EFMToolsdaour implementation perform the
identical iterative compression procedure of the giveramelic network, while METATOOL does not. A major
bottleneck is in the generation of candidate elementaryasdéscribed in Algorithms 3 and 5, followed to smaller
extent by the evaluation of numerical rank tests and sartegpectively. The serial program was timed on Intel
Pentium D CPU 3GHz, dual-core, 2GB main memory.

Table 3: Results for serial Nullspace Algorithm

original network | compressed netwoti Time (sec)
| METATOOL5.1 | NSPimpl. [ EFMTools #EFM

E. coli 47x 59(21) 26x 38(13) 13 3.16 3.91 44,354
E. coli 41x 61(19) 26 % 40(12) 16 2.65 4.89 38,002
E. coli 49x 64(19) 26x 41(12) 73 11.64 14.36 92,594
E. coli 50x 66(19) 27 % 43(13) 195 39.51 49.04 | 188,729
E. coli 50x 66(28) 29x 45(19) NCE 1372.77 929.94 | 1,224,785
; dimensions of stoichiometry matrix; number of reversilgaations given in parentheses

dimensions of the compressed metabolic network

w

NC (computation did not complete)

5.3. Parallel program

We give the results for the parallelimplementation oversdu®e set of the metabolic network models as for the
serial implementation. We also include the timing resudtglieS. cerevisiaenetabolic network, due to its higher
computational cost. With th&L.L-T0-ALL communication and merge implemented we have seen the geciea
the cost of merge proportional to the increase of the numbpgaxticipating processorB, as is demonstrated in
figure 2(a) and 2(b) for the two metabolic network model€otoli having 59 and 61 reactions, respectively.
When we replace th&LL-TO-ALL communication and merge pattern with tReEE-LIKE communication and
merge, we observe the reduced cost of merging local and estobimns in figures 2(c) and 2(d).

Table 4: Parallel Nullspace Algorithm on Blue GeRemachine for S. cerevisiae metabolic network.

Time (seq

32p 64p 128p 256p 512p H#EM
original gen. cand. | 19,644.09| 9,870.03 4,958.74 2,500.09 1281.13 13,322,495

62x 80(31) sorting 45.09 24.97 15.17 9.96 6.53
S. cerevisiae compressed rank tests| 2,169.65 1,244.22 726.45 435.44 299.25
! 38x 58(20) comm 1.22 1.22 1.24 1.26 1.28
merge 80.03 86.09 90.05 95.88 100.59
total 22,153.23| 11,414.66 5,952.08 3,203.84 1847.72

relative CPU 1.0 1.030 1.075 1.157 1.335

power ratid

1 relative CPU power ratie- (numbero f_processors total_time) / (32 x total_time_on_32_proc)

This is consistent with our theoretical prediction that TREE-LIKE communication and merge pattern re-
duces the overhead. For the three remaining variationseofrtbtabolic networks of the central metabolism of
E. coli, differing by the number of reactions, metabolites and reversddctions, we present the timing results
obtained on afore mentioned Intel Xeon (Clovertown) andeBRengP computing platforms in the tables 5 and
6. Both tables contain the results for the moffiéiceéent TREE-LIKE communication and merge pattern. Within the
tables, the metabolic networks are annotated with the $itteew original and compressed stoichiometry network
accompanied with the number of reversible reactions (inpérentheses), since the core Nullspace Algorithm
accepts the compressed stoichiometric network as inpatddition to theE. colimodels, we present in the Table
4 the results of the metabolic network obtained for heerevisiastrain, which contains 62 metabolites and 80
reactions, of which 31 reactions are reversible. Figure @ifees the diagram for the parallel program over the
E. coli 50x66(28) network, while the figure 2(f) gives the similar diagr for the computation given in Table 4
corresponding t&. cerevisia®2x80(31) metabolic network, computed using the Blue Geparallel platform.

From the experiments using the proposed parallel Nullspégarithm we see that the rank tests may not scale
as well as the remaining portions. The reason is that all emeipodes at the given iteration evaluate the rank
tests on approximately similar number of candidate colunitvever, some compute-nodes may be evaluating
the rank tests on submatrices oftdrent sizes which depends on the number and position of ammetements in
the candidate column.
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5.4. Other parallelizations of elementary mode computatio

In [44, 45] parallelizations of the older Canonical Basig@étithm was proposed for computation of extreme
pathways. The parallel approach in [44] is not specific wibpect to the attained load balancing and relies on
a custom based API for socket coomunication rather thamlatdmrmessage-passing interface (MPI). In addition
to using the older Canonical Basis Algorithm, both appreaatelied on a combinatorial search of the candidate
matrix rather than the algebraic rank test as in our appragleich has proved to be moréieient [25].

In [39], an alternative way of parallelizing the Nullspacéérithm is proposed in the form of using the
divide-and-conquer approach to split the set of all elemrgmtux modes into disjoint subsets across a subset of
reactions. The “divide” part of divide-and-conquer wa$ stirried out manually but the method shows enough
promise that we foresee its future use and incorporatidmimvgur algorithm and software. There are two issues to
be addressed in the divide-and-conquer approach. Fiistiitclear how to select the optimal subset of reactions
that would lead to the good load balancing during paralletgotation. Second, it is not known how to ensure that
the total number of intermediate candidate elementary siddereases as the problem is divided up, something
of critical importance since this is the major time and meyrtwttleneck of the Nullspace Algorithm.

Recently, the EFMTools software for the computation of edatary flux modes came out with a shared-
memory parallelization. The shared-memory paralleloratvas proposed in [27], where multiple threads may
search the same data structure to generate candidate ¢&eynux modes. However, the use of this approach
has its limits imposed by the available number of processoe< (threads) and the contention during shared
memory access. The distributed-memory approach we prdpargeis complementary to the shared-memory
parallelization implemented in EFMTools.

An out-of-core computation model is proposed in [44, 274 arfuture we will incorporate it in our software.
The out-of-core feature may reduce the memory requirentemtsg the computation of elementary flux modes,
but at additional time expense.

6. Discussion and Conclusions

The core of this work has been to develop dficeent and scalable distributed memory parallel Nullspace
Algorithm for the computation of minimal metabolic pathvgan metabolic networks, the so-called elementary
flux modes, and expose and remove the major bottlenecks.

We implemented the serial and parallel version of the NaltgpAlgorithm based on the algebraic rank test.
The parallel algorithm and its implementation are basecherheuristic which attains good load balancing and
good scalability, across the metabolic network dfetient dimensions. Algorithm implementation was tested
on the Blue Gen® and Intel Xeon (Clovertown) parallel platforms, attagnthe computation of more than 13
million elementary flux modes. For the future work and reskawe intend to address several issues. First, we
will improve the data structure and algorithm for the getieraof candidate elementary modes for the purpose
of improving the cache performance and memory locality.o8d¢cwe intend to address the issue of numerical
error present in the evaluation of algebraic rank test bynaed matrix decompositions. The error occurs due
to the nature of floating point operations in larger probleam we may address this issue using exact modular
arithmetic as it was already proposed in [27]. Third, we wvitorporate the shared-memory parallel paradigm
to work with the current distributed-memory parallelipstiwhich was implemented by means of MPI. Fourth,
we intend to work out the alternative divide-and-conquesrapch towards solving the problem of computing
elementary flux modes. Finally, we would incorporate theiamal out-of-core computation into the current
implementation to reduce the memory requirements inhesen the software is used over large metabolic
networks.
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A. Proofs

Proof of Algorithm 5.The reduced rank test is derived from the reduced row ecHelon of the compressed
stoichiometry matrix as is obtained in Proposition 1, wHigls the fornNT = (Nl I). We assume without loss
of generality thaN = N is mx q (by removing redundant rows in advance if necessary) matixhe stagek
of the Nullspace Algorithm, matriil can be further decomposed to:
(9-m) k—(q-m)
—_——

k
N = (Nl |) _ k@-m)tf P lk-@-m) O | (15)
(@Kt Q 0 lg-k

As stated in Proposition 2 we must select all the columns@ftbichiometric matrix whose indices correspond
to nonzero elements among, . . ., X« at stagek and the firstkk — (g — m) rows. According to Proposition 2 we
would have that:

ak(Per, s heamzmns) = [Franl+ Fomaid -1 (18)
To compute the rank of the submatrix obtained in this way wesha

rank (P*,Zl‘“q—m Ikiq-mﬂmk) = rank(PZq—m+1...kszl...q—m) + rEnk(Ik»querl...k) (17)
= rank(Pquerl...kszl...q—m) + |Zq—m+l,..k‘
and from (16) and (17) we have that
rank(Py, 7, ) = [Z1gom| - 1 (18)
or expressed in terms of nullity of the matrix
nuIIity(PZq_mﬂmk’zL“q_m) =1. (29)
O
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B. Algorithms

Algorithm 7 [combinations] = RADIXSORT(R(, combinations,width)

Input:

R® - bit pattern matrix used to generate new candidates

combinations - pairs of column indices which generate new candidates

width - width of the sequence of bits over which elementary radikisqrerformed
Output:

combinations - reordered pairs of indices so that corresponding columressarted

1 r & size(RW, 1)

2: col_length < number of machine words in r bits
3: for i = 1tocol_lengthdo

4. factor & = {number of sequences of length width in current word
5. for j = 1to factordo

6: counting < zeros(1, 2"i4th)

7 for k = 1to length(combinations)do

8: (ii, jj) & combinationsy

9: aa & Rilil or RSJ)J

10: aa < (aashlj-width) and (2¥i4th — 1)

11 counting,, & counting,, + 1

12: end for

13: for k = 1 to 2¥idth do

14: countingg < countingyg + countingg i

15: end for

16: for k = 1ength(combinations) downto 1 do

17: (ii, jj) & combinations(k)

18: aa & R:ii or RSJ)J

19: aa < (aa shlj -width) and 2%idth — 1
20: combinations_sorted[counting,, — 1] & combinationsy
21: counting,, & counting,, — 1
22: end for
23: combinations < combinations_sorted

24: end for
25: end for
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Algorithm 8 [combinations] = RANKTESTS(N, K, combinations)
Input:

rRM

reduced stoichiometry matriXN,.q; current nullspace matriXqxg-m = [R(Z) ; array of pairs of column-

generating indice¢combinations)
Output:
array column-generating pairs valid elementary moftesibinations)

1: k & size(RW, 1)

2: for each (ii, jj) € (c;)mbinations do
1

3 X =R, or R ),

4: aa & ind’ices of non-zero entries inXj g
5:  bb & indices of zero entries in Xg-mei1.k

6: {if Proposition 5 is not satisfied reject candidgte
7 if NULLITY(Npp.aa) # 1 then

8: combinations < combinations )\ (ii, jj)

9. endif

10: end for

Algorithm 9 [K]=EXPAND (X, combinations)
Input:

(1)

. R . . .
current nullspace matriXqxq-m = [R(Z) ; array of column-generating pairs of indicésombinations)

Output:
updated matrix K

1: k & size(RW, 1)

2: eps < 10710

3: for each (ii, jj) € combinations do
Kiex1 & Rfji)i or RSJ).J.
Y(g-r)x1 & linear combination of Rgl and Riz) so thaty; =0

{for simplicity we omit the check if improperly adopted talece assigns zero value erroneoysly
y(fabs(y) < eps) = 0

y = y/liylh

RO & [R(l) x]

100 R® < [R@y]

11: end for

12: if k™ reaction is irreversiblethen

13: delete from K columns with negative elements in current row

14: end if

©oNea R
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C. Figures
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Figure 2: Parallel Nullspace Algorithm (a), (b) ALL-TO-ALL, (c), (&), (f) TREE-LIKE communication and merge pattern. Subdig)
(a)-(f) are results of computation on Blue Génearallel platform.



D. Tables

Table 5: Results for parallel Nullspace Algorithm on Intel Xeon (@down) machine for E. coli metabolic networks.

Time (seg
1p 2p p 8p 16p 32p 64p | 128p #EM
original gen. cand. 13.45 7.12 3.73 1.92 1.28 1.21 1.17 0.81 92,594
49x 64(19} sorting 0.84 0.42 0.33 0.10 0.05 0.05 0.02 0.01
E. coli compressed rank tests 2.55 1.98 1.35 0.89 0.55 0.39 0.30 0.10
’ 26x 41(12% comm 0.00 0.01 0.01 0.01 0.01 0.02 0.04 0.08
merge 0.00 0.02 0.05 0.05 0.05 0.06 0.06 0.07
total 17.10 9.72 5.65 3.09 2.16 2.01 1.92 1.39
original gen. cand. 46.99 23.86 11.95 6.39 3.73 2.37 1.32 0.73 188,729
50x 66(19) sorting 2.94 1.48 0.82 0.55 0.27 0.11 0.06 0.03
E. coli compressed rank testg 8.15 6.27 4.27 2.74 1.54 0.90 0.69 0.47
’ 27x 43(13) comm 0.00 0.01 0.02 0.05 0.05 0.06 0.06 0.08
merge 0.00 0.05 0.08 0.09 0.10 0.11 0.11 0.12
total 58.90 32.35 17.71 10.31 6.57 3.91 2.31 1.63
original gen.cand| 2189.32 | 1077.90 | 538.30 | 268.93 | 135.53 | 67.48 | 37.35 | 21.25 | 1,224,785
50x 66(28) sorting 84.58 26.60 14.07 10.84 5.55 1.99 1.35 1.32
E. coli compressed rank tests ~ 91.60 70.40 48.58 30.57 17.89 | 10.06 5.27 2.85
: 29x 45(19) comm 0. 0.06 0.14 0.3 0.27 0.28 0.31 0.4
merge 0. 0.80 1.26 1.42 1.47 1.56 1.67 1.79
total 2381.49 | 1185.06 | 609.42 | 318.80 | 166.29 | 86.30 | 50.97 | 36.16

1 dimensions of stoichiometry matrix of the metabolic neteyorumber of reversible reactions given in parentheses

2 dimensions of stoichiometry matrix of the reduced metabaitwork

Table 6: Results for parallel Nullspace Algorithm on Blue G&hfor E. coli metabolic networks.

Time (seq
1p 2p 4p 8p 16p 32p 64p 128p HEM
original gen. cand 33.89 17.03 8.60 4.39 2.31 1.34 0.81 0.55 92,594
49 % 64(19) sorting 2.04 1.06 0.56 0.30 0.17 0.10 0.07 0.04
E. coli compressed  rank tests  16.39 12.65 8.65 5.56 3.24 191 1.05 0.50
’ 26x 41(12) comm 0.00 0.01 0.01 0.01 0.01 0.02 0.04 0.05
merge 0.00 0.19 0.31 0.39 0.44 0.48 0.50 0.52
total 53.77 31.92 18.87 11.37 6.93 4.53 3.21 2.50
original gen. cand| 117.46 58.85 29.52 14.86 7.55 3.97 2.14 1.24 188,729
50x 66(19) sorting 7.24 3.67 1.89 0.97 0.50 0.27 0.15 0.9
E coli compressed  ranktests 51.81 39.50 27.13 17.01 9.81 5.60 2.93 1.41
’ 27x 43(13) comm 0.00 0.01 0.02 0.02 0.02 0.02 0.04 0.04
merge 0.00 0.37 0.57 0.71 0.79 0.85 0.87 0.92
total 180.92 105.95 62.17 35.98 20.96 12.51 7.91 5.59
original gen. cand| 6599.20 [ 3319.78 | 1672.14 | 840.44 | 424.64 | 21529 | 109.75 56.47 | 1,224,785
50x 66(28) sorting 10.38 8.61 5.90 3.78 2.25 1.29 0.73 0.40
E. coli compressed rank tests  552.02 425.86 296.53 189.23 | 108.91 61.12 31.30 16.89
’ 29x 45(19) comm 0.0 0.10 0.20 0.43 1.03 1.14 0.93 0.95
merge 0.0 3.81 5.89 6.95 7.25 7.87 8.40 9.05
total 717493 | 3776.32 | 1999.33 | 1062.70 | 567.08 | 307.20 | 173.04 | 103.76
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