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Abstract. W e sho w that an arbitrary Hank el matrix of a �nite rank

admits a V andermonde decomp osition: H = V

T

D V , where V is a con-


uen t V andermonde matrix and D is a blo c k diagonal matrix. This result

w as �rst deriv ed b y V andev o orde; our con tribution here is a presen tation

that uses only linear algebra, sp eci�cally , the Jordan canonical form. W e

discuss the c hoices for computing this decomp osition in only O ( n

2

) op-

erations, and w e illustrate ho w to emplo y the decomp osition as a fast

w a y to analyze a noisy signal.

1 In tro duction

Let f h

k

g

1

k =1

denote a complex-v alued signal, and let H represen t the asso ciated

in�nite Hank el matrix whose ( i; j )-elemen t is de�ned b y H

ij

= h

i + j � 1

:

H =

0

B

B

B

@

h

1

h

2

h

3

h

4

.

.

.

h

2

h

3

h

4

h

5

.

.

.

h

3

h

4

h

5

h

6

.

.

.

h

4

h

5

h

6

h

7

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

1

C

C

C

A

(1)

This matrix is symmetric (not Hermitian if complex): H

T

= H . Throughout

this pap er, the notation M

T

denotes the transp ose of M and not the conjugate

transp ose. Supp ose that the underlying signal is a sum of r exp onen tials, i.e.,

for k = 1 ; 2 ; : : : ,

h

k

=

r

X

i =1

�

k

i

d

i

; (2)

where the �

i

's are distinct complex n um b ers. Then the Hank el matrix H will

ha v e rank r . In this case, the Hank el matrix admits the factorization:

H = V

T

D V ;

where D is diagonal and V is V andermonde:

D

4

= diag( d

1

; d

2

; : : : ; d

r

)

?
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W e stress that a diagonal decomp osition is p ossible only if the �

j

's are distinct.

In this pap er, w e consider the general case where the �

j

's are m ultiple. The

factorization m ust b e generalized so that the matrix D b ecomes blo c k diagonal

and the matrix V tak es on a con
uen t V andermonde structure. The theory w as

�rst dev elop ed in V andev o orde's Ph.D. thesis [11 ]. The next section is dev oted

to a deriv ation of this generalized V andermonde decomp osition based en tirely on

concepts from linear algebra. In Section 3 w e sk etc h ho w the decomp osition can

b e computed quic kly , viz., using O ( n

2

) op erations and O ( n ) space. W e conclude

in Section 4 with an example illustrating to use the metho d to analyze a noisy

signal.

2 Deriv ation via Jordan Canonical F orm

Assume that the matrix H of (1) has rank r . By a theorem of Gan tmac her [5,

v ol. 2, p. 207], the signal satis�es a recurrence relation of length r :

h

k

= a

r � 1

h

k � 1

+ a

r � 2

h

k � 2

+ � � � + a

0

h

k � r

; (3)

whic h generates the en tire signal once the r initial v alues f h

1

; h

2

; : : : ; h

r

g are

�xed. The recurrence (3) is a di�erence equation whic h can b e used to solv e for

the a

i

's after the next r v alues f h

r +1

; h

r +2

; : : : ; h

2 r

g b ecome kno wn.

Let C denote the companion matrix corresp onding to the p olynomial:

p ( � )

4

= �

r

� a

r � 1

�

r � 1

� � � � � a

1

� � a

0

; (4)

that is,

C

4

=

0

B

B

B

B

B

B

B

@

0 1

0 1

.

.

.

.

.

.

.

.

.

.

.

.

0 1

a

0

a

1

a

2

� � � a

r � 2

a

r � 1

1

C

C

C

C

C

C

C

A

: (5)

W e sho w that the �rst r ro ws of H can b e regarded as a Krylo v sequence gen-

erated b y C . Let

h

k

4

=

0

B

B

@

h

k

h

k +1

.

.

.

h

k + r � 1

1

C
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A

(6)



denote the �rst r en tries in the k -th column of H . The �rst r ro ws of H can b e

written as

H

1: r ; 1: 1

= ( h

1

h

2

h

3

� � � ) = ( h

1

C h

1

C

2

h

1

� � � ) : (7)

Supp ose �

1

; �

2

; : : : ; �

s

denote the ro ots of the p olynomial p ( � ) with resp ectiv e

m ultiplicities m

1

; m

2

; : : : ; m

s

so that

m

1

+ m

2

+ � � � + m

s

= r :

Denote a Jordan canonical decomp osition of C b y

C = P J P

� 1

;

with J in the canonical form:

J =

0

B

B

@

J

m

1

( �

1

)

J

m

2

( �

2

)

.

.

.

J

m

s

( �

s

)

1

C

C

A

r � r

;

where

J

m

i

( � ) =

0

B

B

B

B

@

�

i

1

�

i

1

.

.

.

.

.

.

�

i

1

�
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m

i

� m

i

; (8)

for i = 1 ; 2 ; : : : ; s . The companion matrix C is guaran teed to b e nonderogatory ,

i.e., it has one Jordan blo c k p er distinct eigen v alue. The transformation P is not

unique, but ha ving �xed the order for the eigen v alues, an y alternativ e transfor-

mation

e

P also yielding the same Jordan canonical form m ust b e related to P

b y

e

P Q = P ;

where

Q =

0

B

B

@

Q

m

1

Q

m

2

.

.

.

Q

m

s

1

C

C

A

r � r

; (9)

with eac h Q

m

i

as an m

i

� m

i

nonsingular and upp er triangular matrix whose

diagonal en tries are all the same. This is b ecause the columns of an y

e

P are

Jordan c hains, and there are only limited kinds of transformations to the Jordan

c hains that will yield the same Jordan form [5 , v ol. 1, p. 172]. Note that Q is

blo c k diagonal with blo c ks conforming to the Jordan blo c ks.



F or the purp oses of computation, or for �xing ideas, it is often con v enien t to

c ho ose a sp eci�c P . One suc h c hoice is that of a con
uen t V andermonde matrix

[6 , p. 188]:

P

4

=

0

B

B

@

p

T

p

T

J

.

.

.

p

T

J

r � 1

1

C

C

A

r � r

; (10)

where

p

T

=

�

e

[ m

1

] T

1

e

[ m

2

] T

1

: : : e

[ m

s

] T

1

�

1 � r

;

so p is partitioned conformally with the Jordan canonical form J and eac h

partition e

[ m

i

] T

1

represen ts a �rst unit-co ordinate v ector:

e

[ m

i

] T

1

= ( 1 0 : : : 0 )

1 � m

i

:

It is easy to v erify (for an y c hoice of a starting v ector p ) that

C P =

0

B

B

B

B

@

p

T

J

p

T

J

2

.

.

.

p

T

J

r � 1

p

T

� ( a

r � 1

J

r � 1

+ � � � + a

1

J + a

0

I )

1

C

C

C

C

A

=

0

B

B

B

B

@

p

T

J

p

T

J

2

.

.

.

p

T

J

r � 1

p

T

J

r

1

C

C

C
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= P J ;

where w e ha v e used the the c haracteristic equation for J :

p ( J ) = J

r

� a

r � 1

J

r � 1

� � � � � a

1

J � a

0

I = 0 :

Hence C = P J P

� 1

, supp orting our c hoice of the sp ecial form of P in (10).

No w, de�ne a generalized V andermonde matrix V b y

V

4

= ( v J v J

2

v � � � ) ;

where

v

4

= P

� 1

h

1

:

The relation (7) can b e written as

H

1: r ; 1: 1

= P V : (11)

Let V

r

denote the �rst r columns of V . W e will express the Jordan decomp osition

of C in terms of V

r

. F orming the pro duct V

r

C

T

column wise, w e get

V

r

C

T

= ( v J v � � � J

r � 2

v J

r � 1

v ) C

T

= ( J v J

2

v � � � J

r � 1

v ( a

0

+ a

1

J + � � � + a

r � 1

J

r � 1

) v )

= ( J v J

2

v � � � J

r � 1

v J

r

v )

= J V

r

:

(12)

Since the �rst r columns of (11) are indep enden t b y assumption, the matrix V

r

m ust b e nonsingular. So w e obtain the decomp osition:

C

T

= V

� 1

r

J V

r

;



or equiv alen tly ,

C = V

T

r

J

T

V

� T

r

:

W e will use this result to express the transformation P in terms of V

r

. De�ne

the blo c k diagonal \
ip" matrix as follo ws:

F

4

=

0

B

B

@

F

m

1

F

m

2

.

.

.

F

m

s

1

C

C

A

r � r

; (13)

where

F

m

i

4

=

0

B

B

B

@

1

0 1

.

.

.

1 0

1

1

C

C

C

A

m

i

� m

i

;

for i = 1 ; 2 ; : : : ; s , partitioned conformally with the Jordan blo c k J

m

i

( �

i

). This

matrix is in v olutory ( F

2

= I ) and symmetric ( F

T

= F ). When applied to the

Jordan matrix J , the matrix F has the e�ect of transp osing it:

F J F = J

T

:

W e can thereb y write the Jordan decomp osition of C as

C = V

T

r

J

T

V

� T

r

= V

T

r

F J F V

� T

r

: (14)

Setting

P = V

T

r

F Q

for some matrix Q of the form (9), w e get the decomp osition of the leading r � r

part of the Hank el matrix as

H

r

= P V

r

= V

T

r

F QV

r

:

Giv en that H is symmetric and V

r

is nonsingular, w e obtain

V

T

r

F QV

r

= H = H

T

= V

T

r

( F Q )

T

V

r

:

Hence the matrix D , de�ned b y

D

4

= F Q;

m ust b e symmetric; furthermore, it is blo c k diagonal with blo c ks conforming to

the Jordan blo c ks. Since eac h diagonal blo c k of Q is upp er triangular, w e deriv e

the follo wing form for D :

D =

0

B

B

@

D

1

D

2

.

.

.

D

s

1

C

C

A

r � r

; (15)



where

D

i

=

0

B

B

B

@

� � � � d

i

� � � d

i

� �

.

.

.

� d

i

0

d

i

1

C

C

C

A

m

i

� m

i

;

for i = 1 ; 2 ; : : : ; s ; eac h blo c k D

i

is symmetric and upp er an ti-triangular, with

a constan t v alue along the main an tidiagonal. Com bining these form ulas, w e

obtain b oth a relation b et w een P and V

r

:

P = V

T

r

D ;

and a symmetric decomp osition for the leading r � r Hank el matrix:

H

r

= P V

r

= V

T

r

D V

r

= P D

� 1

P

T

: (16)

F rom (12) w e get

V = ( V

r

J

r

V

r

J

2 r

V

r

� � � ) = ( V

r

V

r

( C

T

)

r

V

r

( C

T

)

2 r

� � � ) :

Since C H

r

= H

r

C

T

, w e obtain

H =

0

B

B

@

I

r

C

r

C

2 r

.

.

.

1

C

C

A

� H

r

� ( I

r

( C

T

)

r

( C

T

)

2 r

� � � ) = V

T

D V ; (17)

i.e., a factorization for the en tire in�nite Hank el matrix.

A further analysis of the structure of the matrices in (16) yields the fact that

the diagonal blo c ks of D

� 1

and D ha v e Hank el structure. F or D

� 1

, w e start

with the iden tit y

( P J P

� 1

)( P D

� 1

P

T

) = C H = H C

T

= ( P D

� 1

P

T

)( P

� T

J

T

P

T

) ;

whic h simpli�es to J D

� 1

= D

� 1

J

T

. The matrix D

� 1

is blo c k diagonal with

blo c ks conforming to those of J . So the i -th blo c k of this last relation is

J

m

i

( �

i

) D

� 1

i

= D

� 1

i

J

T

m

i

( �

i

) ;

for i = 1 ; : : : ; s . Subtracting �

i

I from b oth sides yields

Z

i

D

� 1

i

= D

� 1

i

Z

T

i

;

where Z has the form of an upshift matrix of appropriate size:

Z

i

= J

m

i

( �

i

) � �

i

I =

0

B

B

B

B

@

0 1

0 1

.

.

.

.

.

.

0 1

0

1

C

C

C

C

A

m

i

� m

i

: (18)



Hence D

� 1

i

m ust ha v e a Hank el structure. F or D , w e carry out a similar argumen t

using V

T

r

F instead of P and D instead of D

� 1

, and apply the factorization (14)

to get a Hank el structure for the diagonal blo c ks D

i

.

W e no w sho w ho w w e ma y mo dify the V andermonde matrix V

r

so that its

�rst column consists of all ones. Supp ose that no comp onen t of v is zero. De�ne

a new diagonal matrix D

v

b y

D

v

4

= diag ( v

1

; v

2

; : : : ; v

r

) ;

and a new generalized V andermonde matrix W

r

b y

W

r

4

= D

� 1

v

V

r

:

Then

D

� 1

v

v = e

4

= ( 1 1 : : : 1 )

T

;

and w e can re-write (16) as

H

r

= W

T

r

( D

v

D D

v

) W

r

;

where the pro duct D

v

D D

v

is a blo c k diagonal matrix with blo c ks conforming

to J . The matrix W

r

has the follo wing structure:

W

r

= ( e D

� 1

v

J D

v

e D

� 1

v

J

2

D

v

e � � � D

� 1

v

J

r � 1

D

v

e )

=

�

e

b

J e

b

J

2

e � � �

b

J

r � 1

e

�

;

(19)

with

b

J

4

= D

� 1

v

J D

v

:

W e observ e that the matrix

b

J p ossesses a sort of generalized Jordan structure.

W e conclude this section with three notes.

First, consider the sp ecial case that all the eigen v alues of C are simple. In

this case, the Jordan matrix J =

b

J is diagonal, F is the iden tit y , D = Q is

\scalar" diagonal, and

P = V

T

r

D :

The decomp osition (16) simpli�es to

H

r

= V

T

r

( D ) V

r

= W

T

r

( D D

2

v

) W

r

; (20)

where the parts enclosed in paren theses are diagonal matrices. The last expres-

sion on the righ t applies if v has no zero comp onen t, whic h is guaran teed in this

case b y the nonsingularit y of V

r

. In fact, the matrix W

r

of (19) for this case has

the usual V andermonde structure. The ab o v e holds for an y c hoice of P , but if

w e �x P as giv en in (10), w e see that P = W

T

r

.

Second, the factorization (16) can b e used to factor an y nonsingular r � r

Hank el matrix H

r

. This matrix is �lled b y the en tries h

1

; h

2

; : : : ; h

2 r � 1

; hence

to �x the p olynomial (4) and carry out the rest of the dev elopmen t ab o v e, w e

m ust c ho ose some v alue for h

2 r

. With suc h a c hoice, the rest of the dev elopmen t

ab o v e go es through unc hanged.



Third, w e address the issue of factoring a singular n � n Hank el matrix H

n

.

One w a y to do this is to em b ed this n � n matrix inside an in�nite Hank el matrix

H

1

of a �nite rank r b y extending it with in�nitely man y zeros. W e could use

a di�eren t c hoice for the extension to a v oid a nilp oten t C , and one op en issue is

ho w to c ho ose the extension to minimize the resulting rank. F actor the in�nite

Hank el matrix as

H

1

= V

T

D V ;

where D is r � r and V is r � 1 , and extract the �rst n ro ws and columns of

this decomp osition to get

H

n

= V

T

n

D V

n

;

where V

n

is the r � n matrix consisting of the �rst n columns of V . Note that it

could b e that r < n or r > n . The former case o ccurs, for example, if the rank

of H

n

is r < n and the leading r � r part of H

n

happ ens to b e nonsingular.

3 Algorithms (Generic case)

W e brie
y discuss c hoices of algorithms that can b e used to compute the V an-

dermonde decomp osition. Man y of the individual pieces to the algorithms are

o�-the-shelf metho ds; some are quite exp erimen tal and some ha v e receiv ed v ery

little atten tion in the literature. The metho ds w e presen t are based on the use

of the Lanczos algorithm or its deriv ativ es. Most details can b e found in [11 ].

W e b egin with an outline of the basic steps:

1. Compute the \mo des" generating the Hank el matrix, viz., the ro ots of the

p olynomial p ( � ) of (4).

2. Compute the \diagonal" matrix D :

D = V

� T

H V

� 1

;

where V is the V andermonde matrix generated b y the eigen v alues in step 1.

The diagonal structure of D follo ws from the theory dev elop ed in the previ-

ous section.

3. Optionally scale the columns of V to unit norm, scaling the en tries in D

appropriately .

F or eac h of these steps there are c hoices for the algorithm to use. F or step 1, w e

could solv e for the co e�cien ts in the recurrence (3) b y simply plugging the v alues

for h

i

( i = 1 ; : : : ; 2 n � 1), yielding a sp ecial set of n equations in n unkno wns

originally prop osed b y Pron y [10 ] and p opularized b y Y ule [14 ] and W alk er [12].

Then w e m ust �nd all the ro ots of the p olynomial p ( � ).

V andev o orde [11 ] prop osed an alternativ e for step 1. W e use a v arian t of a

nonsymmetric Lanczos pro cess to generate a tridiagonal matrix T whose eigen-

v alues matc h those of C . Then w e compute the eigen v alues of T . It turns out that

b oth these steps (generating T and computing its eigen v alues) can b e p erformed

v ery e�cien tly . Space do es not p ermit a full description of the pro cess, but w e

can giv e a hin t on the basic ideas used. W e ha v e already seen that the n � n



Hank el matrix H

n

can b e though t of as a Krylo v sequence generated b y C and

h

1

(cf. (7)). If w e let H

2 n

b e the 2 n � 2 n Hank el matrix obtained b y extending

the \signal" f h

k

g with all zeros, then H

2 n

can similarly b e though t of as the

Krylo v sequence generated b y the 2 n � 2 n upshift matrix Z of the form (18).

The nonsymmetric Lanczos pro cess in [11 ] is equiv alen t to a pro cedure that

bi-orthogonalizes the Krylo v sequence w e just men tioned against another se-

quence (called the \left" Krylo v sequence). If the co e�cien ts computed b y the

enforcemen t of the bi-orthogonalization conditions in v olv e only the �rst n en-

tries of eac h v ector, the Lanczos co e�cien ts generated b y C and b y H

2 n

will

b e iden tical. This can happ en, for example, b y making the left Krylo v sequence

upp er triangular, so that the righ t Krylo v sequence will b e bi-orthogonalized

to lo w er triangular. This can b e arranged b y starting the left Krylo v sequence

with the co ordinate unit v ector e

1

. As a result, eac h new v ector is generated

b y shifting up the previous v ector and then orthogonalizing it against the t w o

previous v ectors. This tak es linear time and linear space, and there are at most

O ( n ) steps so that the total time is O ( n

2

). The resulting algorithm is describ ed

in detail in [2]. There is also a symmetric v arian t originally prop osed in [9] that

can generate a symmetrized tridiagonal matrix directly from this non-symmetric

recursion. This symmetric v arian t has similar costs.

Once the tridiagonal matrix has b een generated, the task is to �nd its eigen-

v alues. There are t w o v arian ts of the QR-t yp e algorithm that can b e applied

here. One is the complex symmetric QR algorithm prop osed in [4 ], for whic h

the matrix T m ust b e symmetrized. Ev en when T is real, if the signs of the

corresp onding sup erdiagonal and sub diagonal en tries of T are opp osite, then the

symmetrized matrix will b e complex. The resulting QR algorithm is a direct

analog of the ordinary Hermitian QR metho d, but it uses complex orthogonal

rotations and complex symmetric matrices instead of unitary rotations and Her-

mitian matrices, resp ectiv ely . Another option is to use the LR algorithm [13 ],

whic h is based on the LU factorization without piv oting to preserv e the tridi-

agonal structure. The LR algorithm can break do wn, but if a random shift is

applied when zero piv ot o ccurs during the LU factorization, the pro cess can still

exhibit v ery rapid con v ergence. If T is real, an implicit double-shift LR algorithm

can in principle b e carried out in real arithmetic [13 ]. Both algorithms require

linear time for eac h iteration in a manner v ery similar to the Hermitian analog,

and the n um b er of iterations is generally O ( n ) in a manner v ery similar to the

QR algorithm usually emplo y ed. The relativ e merits b et w een these alternativ e

algorithms ha v e not b een studied in detail.

The other ma jor task is �nding the diagonal matrix D in step 2. Because of

the structure of V , the diagonal en tries of D app ear in the �rst column of the

pro duct D V . But D V = V

� T

H . Hence this �rst column is the solution d to the

V andermonde system:

V

T

d = h

1

;

where h

1

is the �rst column of H . This can b e solv ed with a fast O ( n ) V an-

dermonde solv er [1 ], where to main tain stabilit y Higham [7, p. 438] recommends

arranging the eigen v alues with a so-called Leja ordering.



4 Analysis of a Signal

Consider a signal f h

k

g whic h su�ers from the presence of noise. Ho w can w e

reco v er the principal mo des that generate the signal? A p opular metho d b y

Kung [8 ] based on the singular v alue decomp osition (SVD) is kno wn to b e an

e�ectiv e metho d for this purp ose, but it su�ers from the need to carry out b oth

an SVD and a matrix eigensolution, eac h costing O ( n

3

) op erations. A second

p opular approac h is to form the Hank el matrix generated b y the signal, and then

pro ceed to �nd a nearb y Hank el matrix of a lo w er rank [3 ]. The V andermonde

decomp osition of this nearb y lo w-rank Hank el matrix yields the parameters in

(2). The metho d of [3] iterates un til it con v erges to a nearb y Hank el matrix.

Unfortunately , this metho d requires the rep eated use of the SVD and hence

costs up to O ( n

3

) op erations p er iteration.

W e indicated in Section 3 ho w the V andermonde decomp osition can b e com-

puted quic kly . An ob vious w a y to obtain a nearb y Hank el matrix of a lo w er rank

is to set to zero all the diagonal en tries in D that are smaller than a certain

tolerance. Although this crude metho d do es not alw a ys yield the b est appro xi-

mation, a judicious com bination of this approac h with other criteria can yield a

go o d result. W e conclude this pap er with an illustration of one suc h approac h

in the next paragraph.

Start with a signal generated b y �v e mo des, sho wn b y circles on the complex

plane in Figure 1, to whic h has b een added white noise with a signal-to-noise

ratio of 3.55dB. F orm the 128 � 128 Hank el matrix H and compute its V ander-

monde decomp osition H = V

T

D V . Figure 2 sho ws the absolute v alues of the

diagonal en tries of D in descending order. It turns out that selecting the mo des

corresp onding to the �v e largest v alues of D do es not yield satisfactory results,

but w e can almost reco v er the correct mo des b y the follo wing simple pro cedure.

Cho ose the mo des corresp onding to the largest en tries in D (also called w eigh ts),

sp eci�cally those that are within 10% of the largest en try (in absolute v alue); in

this case fourteen mo des remained. Then c ho ose a subset of these fourteen using

a second criterion based on the Discrete F ourier T ransform (DFT) of the signal.

The DFT of the original signal is sho wn b y the dotted line in Figure 3. As most

of the mo des lie relativ ely close to the unit circle, their argumen t (angle on the

complex plane) maps to the horizon tal axis of Figure 3. In fact, w e ha v e mark ed

the angles corresp onding to the �v e original \unkno wn" mo des b y means of cir-

cles along the x -axis. This leads to our second criterion, viz., select those mo des

for whic h the DFT is larger than a certain threshold (in this case 30%) of the

largest v alue in the DFT (in absolute v alue). This selection criterion is applied

only to those mo des that surviv ed the �rst selection pro cess. In this example, out

of the fourteen mo des only sev en surviv ed the second selection pro cess. These

�nal sev en mo des are mark ed b y * 's in Figure 1, and the resulting DFT using

these sev en mo des is sho wn b y the solid line in Figure 3. W e remark that one can

still distinguish the t w o close p eaks in this DFT corresp onding to the t w o v ery

close original mo des. W e should emphasize that the c hoice of criteria requires

further study . Indeed, a more sophisticated selection criterion is presen ted in

[11 ].
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