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Abstract

In several modern applications, one considers high dimensional data with time varying covariance matrices. While

methods such as Principal Component Analysis (PCA) are well suited for dimensionality reduction of static data,

such methods were not designed to find a suitable subspace which can account for the variability in the covariance

structure. In this paper, we present a new model which finds a suitable low-dimensional subspace which captures the

variations of high-dimensional covariance matrices. While the problem can be posed as one of tensor decomposition,

standard approaches to tensor decomposition rely on suitable initialization and may obtain poor local minima on

convergence. By analyzing the structure of the problem, we establish lower and upper bounds of the global maximum

in terms of a simpler problem. We use the bounds to propose an initialization and an iterative update algorithm with

provable approximation guarantees with respect to the global maximum. We also establish conditions under which the

method will obtain the global maxima. We illustrate the effectiveness of the proposed method through experiments

on synthetic data as well as two real stock market datasets each spanning 14 years where the method finds major

financial events in low dimensions.

1 Introduction

In recent years, the availability of high-dimensional temporal data ranging from finance to climate and environmental

sciences is making the study of time varying covariance matrices increasingly important [21, 20, 19]. Traditionally,

analysis of covariance matrices has been shown to be particularly challenging when the data is high dimensional and/or

the sample size is small (see e.g., [6, 21]). The high dimensionality or small sample size often leads to covariance

matrices which are not invertible. In addition, many processes depends on latent factors lying in a space with dimen-

sion much lower than the observation space. Consequently, latent covariance is not only more tractable but also more

expressible than observation covariance. The most famous method for analyzing covariance matrices in low dimen-

sional spaces is Principal Component Analysis (PCA) [7]. In PCA, a single observation covariance is first built for the

entire dataset under consideration. PCA attempts to find a lower dimensional representation (latent covariance) which

is close to the observation covariance in the least squares sense.

When data varies over time, the standard assumption that covariance is stationary does not apply in several domains,

e.g., finance, climate sciences, etc. The covariance matrices are themselves time varying, and there in an increasing

need for methods which systematically study such time varying covariance matrices. While the observed covariance

matrices over time are still high-dimensional, a natural question to investigate can be posed as follows: Is there is a

low-dimensional space where the time varying covariances can be suitably captured? In one can find such a space, then

it is sufficient to track the dynamics of the time varying covariance matrices in the low-dimensional space resulting in

both computational feasibility and interpretability of results.
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Based on such a motivation, we investigate the problem of modeling time varying covariance matrices in low di-

mensions. We introduce a new model for finding a suitable low dimension which approximates the observed high-

dimensional covariance matrices with corresponding low-dimensional covariance matrices in a well-defined least

squares sense. The model can start with a pre-defined low dimension or a pre-defined approximate relative error

w.r.t. the observed covariances. For a given low-dimension r, the goal is to find a r-dimensional subspace such that the

projection of the observed covariance matrices into this subspace is as close as possible to the observed covariances in

a least square sense. The problem can be posed as one of tensor decomposition and, in principle, recent advances in

multiway data analysis [14] or tensor decomposition [12, 16, 13, 10] can be suitably leveraged. However, unlike PCA,

tensor decomposition methods are not guaranteed to give globally optimal solutions. Most existing approaches start

with an initialization, often chosen at random, and iteratively improves it to reach a local optimum. The quality of the

final solution depends crucially on the initialization. With a careful analysis of the problem under consideration, we es-

tablish lower and upper bounds for the global maximum of our problem based on a related eigen-value decomposition

problem. The analysis leads an effective initialization for our problem. Based on existing ideas in tensor decomposi-

tion, we then propose an iterative algorithm for improving the objective till convergence. The final solution will have

clear approximation guarantees w.r.t. the global maximum. Instead of a low-dimension r, if a approximate relative

error is specified, existing tensor decomposition algorithms do not have an effective way to choose a low dimension-

ality which guarantees the given approximate relative error. The reason is simply because tensor decompositions do

not enjoy the incremental residual error reduction property which PCA has. By utilizing the bounds on the problem

under consideration, we propose an effective way to choose a dimensionality which is guaranteed to satisfy a given

approximate relative error guarantee. We also derive conditions under which the proposed algorithm is guaranteed to

find the global maximum. We illustrate the effectiveness of the proposed method through experiments on synthetic

data as well as two real stock market datasets each spanning 14 years where the method finds major financial events

in low dimensions.

To summarize, four contributions of our work are highlighted here:

1. We propose a new model, called time varying covariance approximation 2 (TVCA2), for low dimensional

approximation of time varying covariance matrices. While PCA tries to find a single latent covariance for

the entire period, TVCA2 attempts to find a single subspace but a sequence of different latent covariances

corresponding to different time points.

2. The computational problem for learning TVCA2 is equivalent to maximizing (not minimizing) a convex function

over a compact but non-convex set. As a result, finding the global maximum in general is difficult. With a

analysis using a simpler variant of TVCA2, we derive lower and upper bounds for the global maximum of

TVCA2.

3. Using the bounds, we propose an initialization and an iterative algorithm which is guaranteed to converge with

approximation guarantees w.r.t. the global maximum. We also give sufficiency conditions under which global

maximum will be achieved.

4. Instead of starting with a given low dimension, we show that the model can start with a target relative approxi-

mation error w.r.t. the global maximum and choose the dimensionality appropriately.

The remainder of this paper is organized as follows. Section 2 reviews some related work, including PCA and tensor

decomposition. In section 3, to suitably model time varying high-dimensional covariance matrices, we introduce

Time Varying Covariance Approximation 2 (TVCA2). In section 4, we analyze the problem and establish lower and

upper bounds for the global maximum in terms of a simpler variant of the problem, called Time Varying Covariance

Approximation 1 (TVCA1). Section 5 presents two algorithms for learning the model approximately based on the

bounds give a low-dimensionality and given an approximate relative error respectively; we also establish conditions

under which global maximum will be achieved. We report experimental results on synthetic data as well as two stock

market datasets each spanning 14 years to illustrate the performance of the proposed ideas in Section 6, and conclude

in Section 7.

Notation: Matrices are denoted by uppercase bold letters (e.g.,X). Vectors are denoted by bold lowercase letters

(e.g.,x). The diagonal entries in a diagonal matrix are generally assumed to be in non-decreasing order. Ir, where r
is an integer, denotes an identity matrix of size r. If clear from context, r may be omitted (usually dimension n).
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2 Related Work

Given a set of observations, Principal Component Analysis (PCA) first constructs a total observation covariance X and

then aims to find the so-called principal components U ∈ R
n×r (r ≤ n) so that the observation covariance X ∈ R

n×n

is well preserved in a lower dimensional subspace in the least square sense. Mathematically, PCA solves the following

maximization problem

max
UTU=Ir

f0(U) = Tr(UTXU) (1)

which can be solved using the eigenvalue decomposition (EVD) of X. The global maximum f0
max is attained when U

is the matrix of leading eigenvectors of X, the eigenvalue matrix UTXU is a diagonal matrix and its diagonal entries

are the leading eigenvalues of X. Any orthonormal matrix U whose column space matches the span of the leading

eigenvectors of X will do, but using the eigenvectors themselves simplifies the analysis. In the EVD, if eigenvalues

are distinct, eigenvectors are unique up to sign. Therefore, the solution of problem (1) is essentially unique in the

EVD sense for a given chosen rank r. Letting latent covariance Y = UTXU ∈ R
r×r be the diagonal matrix of

eigenvalues, the observation covariance can be well approximated by its latent covariance such that

X = UYUT +E (2)

where E is the residual.

In realizing that data is essentially high dimensional, there are numerous methods proposed for higher-order tensor

decomposition [14, 16, 12, 13, 18, 17]. In Kroonenberg, several classical tensor decomposition methods, such as

variants of Tucker model and Parafac Model, are discussed systematically. In [16], the authors extended the classical

matrix SVD to the higher-order tensor SVD, called HOSVD. In [10], Inoue et. al. shows the equivalence among

HOSVD, 2DSVD, Tensor PCA and etc.. Kolda and Bader [12] gives a through review about tensor decomposition.

However, all these methods lead to a local maximum. It is still unclear how good the local maximum is or how to

achieve the global maximum.

3 Problem Formulation

In real word, it is highly possible that covariance matrices of interest change over time. Consider the covariance over

500 stocks in the S&P500 index. If one computes the 500× 500 covariance matrix Xt over each month t, it is likely

that Xt will change from month to month. One possible way to explain the fluctuations in Xt is by treating them as

random perturbations of an otherwise stationary covariance matrix X. In other words, the environment is assumed

to be stationary, and a simple PCA over the accumulated data should serve well to explain the observed covariance

in low dimensions. However, if one looks at real historical market data, it is difficult to justify stationarity of the

covariance matrices. A similar argument holds for several other domains with dynamic data. This motivates our

proposed model which allows the covariance matrices to change over time, but assumes that change in covariance can

mostly be explained by changes in a set of much lower dimensional covariance matrices Yt.

Assume a set of time varying high dimensional covariance matrices Xt ∈ R
n×n, 1 ≤ t ≤ T . The key hypothesis

driving our analysis is that the high-dimensional covariance matrices are indeed a linearly transformed version of a set

of low dimensional covariance matrices Yt ∈ R
r×r, 1 ≤ t ≤ T . While the linear transformation U ∈ R

n×r as well

as the low dimensional covariance matrices Yt, 1 ≤ t ≤ T , are unknown, Xt is assumed to be well approximated by

UYtU
T . In particular,

Xt = UYtU
T +Et (3)

where Et is the residual matrix. Without loss of generality, U is assumed to be orthonormal, i.e., UTU = Ir. Consider

that problem (3) is a mode-2 decomposition as Tucker2 model [14], our problem is called Time Varying Covariance

Approximation 2 (TVCA2) in this paper.

Since the residual matrices at every time step is expected to small Frobenius norm, the problem is posed as follows:

min
U,Yt

U
T
U=Ir

T
∑

t=1

‖Xt −UYtU
T ‖2F . (4)
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We start the analysis with the following result.

Lemma 1 The optimum Yt in (4) satisfies Yt = UTXtU. Further, the optimal U in (4) is the solution to the

following problem:

max
UTU=Ir

f2(U) = max
UTU

Tr(UTM(U)U) , (5)

where

M(U) =
T
∑

t=1

XtUUTXt . (6)

Proof: Since UTU = Ir, taking the derivative of objective function in (4) with respect to Yt and setting it to zero,

we obtain

UTXtU−Yt = 0 ,

proving the first part of the result. Replacing this expression for Yt in (4), we obtain

min
UTU=Ir

T
∑

t=1

‖Xt −UYtU
T ‖2F = min

UTU=Ir

T
∑

t=1

Tr((Xt −UYtU
T )T (Xt −UYtU

T ))

= min
UTU=Ir

T
∑

t=1

Tr(X2
t − 2XtUYtU

T +UYtU
TUYtU

T )

(a)
= min

UTU=Ir

T
∑

t=1

Tr(X2
t − 2XtUUTXtUUT +UUTXtUUTXtUUT )

(b)
= min

UTU=Ir

T
∑

t=1

Tr(X2
t −UTXtUUTXtU)

= min
UTU=Ir

Tr

(

T
∑

t=1

X2
t

)

− Tr

(

T
∑

t=1

UTXtUUTXtU

)

,

where (a) holds because Yt = UTXtV, and (b) holds since Tr(AB) = Tr(BA) and UTU = Ir. Since Tr(
∑N

t X2
t )

is a constant, problem (4) is equivalent to the following maximization problem

max
UTU=Ir

Tr(UTM(U)U)

where

M(U) =
∑

t

XtUUTXt .

That completes the proof.

Next we show that f2(U) in (5) is convex. For this we need a lemma

Lemma 2 0 ≤ Tr(A ·B) ≤ Tr(A) · Tr(B) for any two symmetric positive semi-definite matrices A,B,

Proof: Factor A = KKT , B = LLT . Then using the identity Tr(XY) = Tr(YX) for any X,Y:

Tr(A ·B) = Tr(KKTLLT ) = Tr(LTKKTL)
= ‖KTL‖2F .

Hence we have

0 ≤ ‖KTL‖2F ≤ ‖KT ‖2F · ‖L‖2F = Tr(A) · Tr(B).
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Lemma 3 For U ∈ R
n×r (not necessarily orthonormal), f2(U) is a convex function.

Proof: It suffices to show fX(U) = Tr[FX(U)] is a convex function of U for any single symmetric positive semidef-

inite matrix X, where FX(U) = UTXUUTXU.

We show convexity by showing that the second derivative in any particular direction is non-negative. Pick an arbitrary

direction V and compute

FX(U+ sV) = FX(U) + sG+ s2H+ h.o.t., (7)

where h.o.t. denotes the high order terms, G,H are expressions in X,U,V to be computed. We want to show

Tr(H) ≥ 0. Expanding (7) yields the following expression for H:

H=VTXVUTXU+UTXUVTXV (a)

+ VTXUUTXV +UTXVVTXU (b)

+ VTXUVTXU+UTXVUTXV (c)

=VTXVUTXU+UTXUVTXV (a)

+ (VTXU+UTXV)2 (d)=(b)+(c)

The trace of (a) is non-negative from Lemma 2. The expression (d) is the square of a symmetric matrix, and hence its

trace is also non-negative.

Unfortunately, the fact that f2(U) is convex does not help us in any way. Note that from (5), the problem is one of

maximizing f2(U) instead of minimizing it. Further, the constraint set UTU = Ir is not convex. As a result the

problem in (5) is not convex. In fact, the problem is one of maximizing a convex function over a non-convex feasible

set. As a result, there may be several local maxima. In particular, a standard approach of starting from an initial

guess, as is commonly employed in alternating least squares, will likely get stuck in local minima. Furthermore, it

is difficult to characterize the proximity of such solutions in terms of the function value achieved with respect to the

global optimum. In the next two sections, we develop a novel way to initialize U along with an algorithm for iterative

updates with guarantees relative to the global optimum.

4 Analysis of Time Varying Covariance Approximation 2 (TVCA2)

In this section, we analyze TVCA2 in terms of a simpler model called Time Varying Covariance Approximation 1

(TVCA1). We show that TVCA1 can be solved using a suitable eigen-value decomposition (EVD). More importantly,

the solution to TVCA1 leads to lower and upper bounds of the global maximum of TVCA2, and suggests a good

initialization for any iterative algorithm for solving TVCA2. Further, the analysis shows how one can start with a give

upper bound on the approximate relative error (ARE) for TVCA2 and obtain a U of suitable dimensionality to satisfy

the bound.

4.1 A Simpler Model: TVCA1

Instead of the original problem in (4), we consider a simpler decomposition given by

Xt = UYt +Et (8)

where U ∈ R
n×r and Yt ∈ R

r×n. Assuming the residual norms to be small, the problem of finding U, Yt can be

posed as follows:

min
U,Yt

U
T
U=Ir

T
∑

t=1

‖Xt −UYt‖2F . (9)

We call the above problem TVCA1 since it corresponds to a mode-1 decomposition as in Tucker1 model[14]. Note

that TVCA2 corresponds to a mode-2 decomposition as in Tucker2 model. As in the original problem, the simplified

problem TVCA1 allows an alternative characterization as follows:
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Table 1: TVCA2 and TVCA1
TVCA2 TVCA1

Xt = UYtU+Et Xt = UYt+Et

M(U) =
∑

t XtUUTXt M(In) =
∑

t X
2
t

f2(U) = Tr(UTM(U)U) f1(U) = Tr(UTM(In)U)

Lemma 4 The optimal Yt in (9) satisfies Yt = UTXt. Further, the optimal U in (8) is the solution to the following

problem:

max
UTU=Ir

f1(U) = max
UTU=Ir

Tr(UTM(In)U) , (10)

where

M(In) =

T
∑

t=1

X2
t . (11)

Proof: Since UTU = Ir, taking derivative of (8) w.r.t. Yt and setting to zero yields UTXt −Yt = 0, proving the

first part. Replacing this expression for Yt in (8), we obtain

min
UTU=Ir

T
∑

t=1

‖Xt −UYt‖2F = min
UTU=Ir

T
∑

t=1

‖Xt −UUTXt‖2F

= min
UTU=Ir

T
∑

t=1

Tr((In −UUT )XtXt(In −UUT ))

= min
UTU=Ir

T
∑

t=1

Tr(X2
t −UUTX2

t +UUTX2
tUUT )

(a)
= min

UTU=Ir

T
∑

t

Tr(X2
t −UTX2

tU)

= min
UTU=Ir

Tr

(

T
∑

t=1

X2
t

)

− Tr

(

T
∑

t=1

UTX2
tU

)

where (a) holds since Tr(AB) = Tr(BA) and UTU = Ir. Since Tr(
∑T

t=1 X
2
t ) is a constant, problem (8) is

equivalent to the following maximization problem

max
UTU=Ir

Tr(UTM(In)U)

where M(In) =
∑T

t=1 X
2
t . That completes the proof.

First note that TVCA1 as in (10) is exactly the PCA problem, which is much easier to solve than TVCA2. Table 1

shows a relative comparison between TVCA1 and TVCA2.

4.2 Lower and Upper Bounds

The solution of TVCA1 helps significantly in characterizing the solution to TVCA2. We focus on developing lower

and upper bounds to optimum value of TVCA2 based on the solution of TVCA1. Since TVCA1 is essentially the PCA

problem over M(In) =
∑

t X
2
t , if U0 denotes the top r eigenvectors of M(In) =

∑T

t=1 X
2
t , then U0 is the solution

to (10). Let fmax
1 = f1(U0) be the maximum value of f1(U). Further, let MT = Tr(M(In)) = Tr

(
∑

t X
2
t

)

. With

this notation, we have the following result:
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Theorem 1 Let MT = Tr(
∑

t X
2
t ). Then, with f1(U) and f2(U) denoting the objective functions for TVCA1 and

TVCA2 respectively as in (10) and (5), for any U with UTU = Ir, we have

f2
1 (U)

MT

≤ f2(U) ≤ f1(U) . (12)

Proof: By definition,

f2(U) = Tr(UTM(U)U) ≤ Tr(M(U)) =
T
∑

t=1

Tr(XtUUTXt) =
T
∑

t=1

Tr(UTX2
tU) = f1(U) .

Now, we prove f2(U) ≥ f2
1 (U)
MT

. Since Xt is symmetric positive semidefinite, it can be written as Xt = X
1
2

t X
1
2

t . We

define the following matrices:

A =
[

X
1
2

1 UUTX
1
2

1 , · · · ,X
1
2

TUUTX
1
2

T

]

B = [X1, · · · ,XT ] .

The trace of their product is given by

Tr(ABT ) =

T
∑

t=1

Tr(X
1
2

t UUTX
1
2

t Xt) =

T
∑

t=1

Tr(UTX2
tU) = f1(U) .

Now, f2(U) is rewritten as

f2(U) =
T
∑

t=1

Tr(UTXtUUTXtU)

=
T
∑

t=1

Tr(UTX
1
2

t X
1
2

t UUTX
1
2

t X
1
2

t U)

=
T
∑

t=1

Tr(X
1
2

t UUTX
1
2

t X
1
2

t UUTX
1
2

t )

= Tr(AAT ) ,

and MT is

MT = Tr(
T
∑

t=1

X2
t ) = Tr(BBT ) .

From the Cauchy-Schwarz inequality, we have

f2(U)MT = Tr(AAT ) Tr(BBT ) ≥
[

Tr(ABT )
]2

= f2
1 (U) .

Dividing both sides by MT completes the proof.

Definition 1 Let p1 denote the fraction of ‘energy’ in
∑

t X
2
t captured by the rank-r PCA solution U0. In particular,

p1 =
f1

max

MT

=
Tr
(

UT
0

(
∑

t X
2
t

)

U0

)

Tr (
∑

t X
2
t )

, (13)

so that 0 ≤ p1 ≤ 1.

Using this definition and Theorem 1, we have the following result which bounds the value of the global maximum of

TVCA2.
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Corollary 1 Let f1
max

and f2
max

be the global maximum of TVCA1 and TVCA2 respectively over UTU = Ir, and

p1 is as defined in Definition 1. Then, we have

p1f1
max ≤ f2

max ≤ f1
max (14)

Proof: Let U0 be the solution of TVCA1, so that f1
max = f1(U0) and p1 = f1

max/MT . According to Theorem 1,

we have

f2(U0) ≥
f2
1 (U0)

MT

=
fmax
1

MT

fmax
1 = p1f1max .

Hence, for the global maximum of TVCA2, we have

f2
max ≥ f2(U0) ≥ p1f1max

Further, since f1(U) is an upper bound of f2(U), we have f2
max ≤ f1

max. That completes the proof.

Recall that the solution to TVCA1 is U0, the top-r eigenvectors of
∑

t X
2
t . Thus, it is easy to compute fmax

1 = f1(U0)
and p1 = fmax

1 /MT . From Theorem 1, it follows that p1f
max
1 ≤ f2(U0) ≤ fmax

1 . Now if we do iterative updates for

f2(U) which start with initialization U0 and converges to U∗

0, we have

p1f
max
1 ≤ f2(U0) ≤ f2(U

∗

0) ≤ fmax
2 ≤ fmax

1 . (15)

From (15), we note that if p1 is close to 1, then f2(U
∗

0) will be close to the global maximum fmax
2 . The property is

formalized in the result below:

Corollary 2 Let U0 be the r principal eigenvectors of M(In) =
∑

t X
2
t , and f2(U

∗

0) be the solution to TVCA2 with

the initialization U0. Then, the relative error of f2(U
∗

0) with respect to f2
max

satisfies

∣

∣

∣

∣

f2
max − f2(U

∗

0)

f2
max

∣

∣

∣

∣

≤ 1− p1 (16)

Proof: Consider the inequality f2(U
∗

0) ≥ p1f1max. Dividing both sides by fmax
2 we get

f(U∗

0)

f2
max ≥ p1

f1
max

f2
max

(a)

≥ p1 ,

where (a) follows since f1
max ≥ f2

max. Consequently

∣

∣

∣

∣

fmax
2 − f(U∗

0)

fmax
2

∣

∣

∣

∣

= 1− f(U∗

0)

fmax
2

≤ 1− p1 .

Note that initialization itself satisfies the above bound, so that f2(U0) ≥ p1f
max
2 . In other words, U0 forms a good

initialization assuming p1 is large. In particular, if p1 = 1, then U0 achieves the global maximum for f2(U). Since

U0 gives a good initialization with guarantees, our algorithm will start with U0 and do iterative updates to hopefully

reach an even better solution. In particular, if p1 is large and U0 is in the basin of attraction of the global maxima, the

iterative updates will be able to reach the global maxima.

4.3 Approximate Relative Error and Rank

In certain applications, one may have to pick a suitable rank r to preserve certain fraction of the observed covariance

structure. The goal is to keep the rank r minimum while explaining a given fraction of the observed covariance, or,

equivalently, having the error in approximating the observed covariance go below a given threshold. In PCA, since its

solution based on EVD has a nested structure, there is a simple way to obtain a suitable rank r. In particular, one can
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keep incrementally adding rank till the error goes below the desired threshold. The rank r solution includes the rank

(r − 1) solution and an additional dimension. Further, obtaining the best rank-r solution from the best rank-(r − 1)
solution is computationally simple. However, such nested approximation structure is not present in TVCA2 and more

generally in case of tensor decompositions. Thus, the best rank (r − 1) solution to TVCA2 does not provide any

help in computing the best rank r solution. Thus, if the rank (r − 1) solution does not satisfy a given threshold in

approximation error, the computation has to be entirely redone to check if the rank r solution is sufficient to meet

the given approximation error. In this section, we show that such elaborate calculations can be avoided by using the

bounds relative to the TVCA1 problem.

We start with defining Approximate Relative Error (ARE) as a measure of how good the approximation obtained by

TVCA2 is. For any U, we have

ARE =

∑T

t=1 ‖Xt −UYtU
T ‖2F

∑T

t=1 ‖Xt‖2F
, ARE(U) (17)

We define the cumulative percentage of energy captured by the solution to TVCA2 as follows:

Definition 2 Let MT = Tr(M(I)), and let f2(U
∗

0) be the maximum of TVCA2 with initialization U0. The cumulative

percent of energy p2 captured by U∗

0 is defined as the

p2 =
f2(U

∗

0)

MT

(18)

where 0 ≤ p2 ≤ 1.

For our problem, p2 defines how much energy of time varying covariances is preserved by their corresponding latent

covariances. Dividing by MT on both sides of inequality (15) and plugging in p1 = f1
max/MT , the lower and upper

bounds of p2 are

p21 ≤ p2 ≤ p1 (19)

Recall that p1 is defined in the PCA setting. In TVCA1, given a p1, the corresponding rank r is easy to obtain. Using

the bounds for p2, one can also develop a simple way of obtaining a suitable rank-r for TVCA2. To do this, we first

establish a relationship between p2 and approximate relative error ARE(U∗

0).

Proposition 1 Let U∗

0 be the solution of TVCA2. Then ARE(U∗

0) = 1− p2.

Proof: From the proof of Lemma 1, we have

T
∑

t=1

‖Xt −UYtU
T ‖2F = Tr

(

T
∑

t=1

X2
t

)

− Tr

(

T
∑

t=1

UTXtUUTXtU

)

= MT − f2(U) .

Let U∗

0 be the solution of TVCA2. Then

ARE(U∗

0) =
MT − f2(U

∗

0)

MT

= 1− p2 .

Plugging ARE(U∗

0) into inequality (19), it is easy to derive the following lower and upper bounds for ARE(U∗

0):

1− p1 ≤ ARE(U∗

0) ≤ 1− p21 (20)

Given an upper bound δ for ARE(U∗

0), we now show how to obtain a suitable rank r for U∗

0 in TVCA2. Since

ARE(U∗

0) ≤ 1−p21, it sufficient to ensure 1−p21 ≤ δ ⇒ p1 ≥
√
1− δ. Since p1 corresponds to U0 in a PCA setting,

one can easily obtain a rank-r U0 such that p1 ≥
√
1− δ. Initializing the iterations for TVCA2 with U0 will lead to

U∗

0 which satisfies ARE(U∗

0) ≤ δ. Note that since the construction is based on a bound, there may be a lower rank

U∗

0 which satisfies the constraint.

9



5 Algorithms

In this section, we present two algorithms for solving TVCA2. Algorithm 1 is applicable to the case when a fixed

dimensionality r of U is given. Algorithm 2 is applicable when an upper bound to the approximate relative error

(ARE) is given, and the goal is to find U of suitable dimensionality which satisfies the given ARE bound.

5.1 TVCA2 Algorithm For A Given Dimensionality

If a dimensionality r is given, EVD can be used to solve for U in the PCA problem as in (1) as well as TVCA1 as in

(10). However, TVCA2 in (5) has four Us which cannot be found using the same approach, since it does not correspond

to an EVD problem. Instead, we perform EVD iteratively by fixing two of the inner U to the current iterate Uk, thereby

reducing the problem into an EVD problem. Recall that TVCA2 involves maximizing f2(U) = Tr(UTM(U)U)

where M(U) =
∑T

t=1 XtUUTXt. If Uk is the current iterate, then we compute M(Uk) and solve the following

surrogate problem to obtain Uk+1:

max
UTU=Ir

Tr(UTM(Uk)U) . (21)

Clearly, Uk+1 can be obtained by applying rank-r EVD on M(Uk). As the following result shows, such as update

will improve the objective function, i.e., f2(Uk+1) ≥ f2(Uk).

Theorem 2 Let Uk+1 be the r principal eigenvectors of M(Uk), then f2(Uk+1) ≥ f2(Uk). The equality holds when

Uk+1 and Uk spans the same subspace.

Proof: We define the matrix Ak = A(Uk) as follows

Ak =
[

X
1
2

1 UkU
T
kX

1
2

1 , · · · ,X
1
2

TUkU
T
kX

1
2

T

]

By definition, we have

Tr(AkA
T
k ) = Tr

(

T
∑

t=1

X
1
2

t UkU
T
kX

1
2

t X
1
2

t UkU
T
kX

1
2

t

)

= Tr

(

T
∑

t=1

UT
kXtUkU

T
kXtUk

)

= f2(Uk)

Let Uk+1 be the r principal eigenvectors of M(Uk). By a similar analysis, f2(Uk+1) = Tr(Ak+1A
T
k+1). Now note

that

Tr(AkA
T
k+1) = Tr

(

∑

t

X
1
2

t UkU
T
kX

1
2

t X
1
2

t Uk+1U
T
k+1X

1
2

t

)

= Tr

(

UT
k+1

∑

t

XtUkU
T
kXtUk+1

)

= Tr(UT
k+1M(Uk)Uk+1)

Given that Uk+1 is the r principal eigenvectors of M(Uk), then

Tr(UT
k+1M(Uk)Uk+1) ≥ Tr(UT

kM(Uk)Uk) = f2(Uk) , (22)

where the equality holds iff Uk+1 and Uk span the same subspace.

Then, we have

f2(Uk)f2(Uk+1) = Tr(AkA
T
k ) Tr(Ak+1A

T
k+1)

(a)

≥
[

Tr(AkA
T
k+1)

]2

=
[

Tr(UT
k+1M(Uk)Uk+1)

]2

(b)

≥ f2
2 (Uk) ,

10



Algorithm 1 TVCA2 Algorithm for a given dimensionality r

Input: Xt, 1 ≤ t ≤ T , dimensionality r
Output: U,Yt, 1 ≤ t ≤ T
{Initialization}
Perform EVD on M(I) =

∑

t X
2
t and choose the leading r eigenvectors U0

{Iteration}
repeat

Perform EVD on M(Uk) =
∑

t XtUkU
T
kXt

Choose the leading r eigenvectors Uk+1

until

∣

∣

∣

f2(Uk+1)−f2(Uk)
f2(Uk)

∣

∣

∣
≤ ε

Perform the SVD on Uk+1M(Uk+1)Uk+1 to get P , then U = Uk+1P
Compute Yt = UTXtU

where (a) follows from Lemma 2 and (b) follows from (22). If Uk+1 and Uk span the same subspace, the equality in

(b) holds, and Ak = Ak+1 by definition. As a consequence, equality in Cauchy-Schwarz inequality (a) also holds.

Since f2(Uk) and f2(Uk+1) are nonnegative, therefore

f2(Uk+1) ≥ f2(Uk)

The equality holds when Uk and Uk+1 spans the same subspace.

By performing the EVD iteratively, the objective function increases every step until a certain stopping criterion is

satisfied such that
∣

∣

∣

∣

f2(Uk+1)− f2(Uk)

f2(Uk)

∣

∣

∣

∣

≤ ε (23)

where ε is a small constant. In the ideal case, when Uk and Uk+1 span the same subspace, the stopping criterion

value will be 0, but we can still have Uk+1 6= Uk. To ensure Uk+1 = Uk, a more strict stopping criterion to consider

would be
‖Uk+1 −Uk‖F
‖Uk‖F

≤ ε (24)

If Uk+1 = Uk, then f2(Uk+1) = f2(Uk). However, ensuring (24) through iterative updates is extremely time

consuming in practice, so we will use (23) in the experiments.

Let Uk denote the basis for the subspace obtained after the algorithm converges. The objective function f2(Uk) only

depends on the subspace determined by Uk. A different run of the algorithm may lead to a different U′

k which spans

the same space, but is different from Uk. Such differences can be inconvenient for interpretation and development

of subsequent applications based on the solution. To avoid such issues, in the algorithm, we output a unique U

corresponding to each subspace. Thus, if Uk and U′

k are different but determine the same subspace, the output U of

the algorithm will be the same in both cases.

For any solution Uk, let the EVD of UkM(Uk)Uk be PDPT . Let U = UkP, then M(U) = M(Uk), so

UTM(U)U = D

We use U as the unique basis for the subspace determined by Uk. The following result shows that U is the r principal

eigenvectors of M(U).

Theorem 3 Let U be a basis of the subspace determined by the solution Uk. If

UTM(U)U = D

where D is a diagonal matrix, then U are the r principal eigenvectors of M(U) corresponding to r leading nonzero

eigenvalue matrix D.

11



Proof: For any basis V of the subspace determined by the solution Uk, both A = M(V) and f2(V) remain un-

changed. Let the SVD of VTAV be PTDP and U = VP, so UTAU = D, where A = M(U). Let Û be the r

principal eigenvectors of A associated with nonzero eigenvalues D̂, then ÛTAÛ = D̂. Since the EVD is unique for

the same subspace, U = Û and D = D̂.

Algorithm 1 presents the TVCA2 algorithm for a given dimensionality r as input. From Theorem 3, the iterative

updates converge to Uk and the subspace is represented with basis U. Note that such a representation is unique in the

EVD sense, and thus Yt = UXtU is unique.

The following result shows that Algorithm 1 converges to a local maximum with guarantees on the approximate

relative error with respect to the global maximum.

Proposition 2 Let U0 be the initialization, i.e., the r primary eigenvectors of M(I) =
∑

t X
2
t , and let p1 =

Tr(UT

0 M(I)U0)
Tr(M(I)) be the fraction of energy captured by U0. Then, the solution U∗ obtained by Algorithm 1 has the

following properties:

1. U∗ is a local maximum such that f2(U
∗) ≥ p1f2

max
, where f2

max
is the global maximum of TVCA2;

2. The approximate relative error (ARE) of U∗ w.r.t. the global maximum satisfies 1− p1 ≤ ARE(U∗) ≤ 1− p21.

Proof: (1) From Theorem 2, the objective function increases iteratively at each step till subsequent iterates Uk and

Uk+1 span the same space. Thus, the final solution is a local maximum. According to (15), f2(U0) ≥ p1f1
max. Since

f1
max ≥ f2

max and f2(U
∗) ≥ f2(U0), we have f2(U

∗) ≥ p1f2
max.

(2) The bounds on ARE follow directly from (20).

5.2 TVCA2 Algorithm For A Given ARE Upper Bound

We consider a setting where the dimensionality r is not given, but an upper bound δ on the approximate relative error

(ARE) w.r.t. the global maximum is given. Since r is not given, Algorithm 1 cannot be directly used. In Algorithm
2, we present an algorithm which takes a given ARE bound δ as input and chooses the dimensionality such that the

bound will be satisfied. In particular, it is sufficient to choose the dimensionality r of the initialization U0 such that the

fraction of energy captured in the context of TVCA1 given by p1 =
Tr(UT

0 M(I)U0)
Tr(M(I)) satisfies p1 ≥

√
1− δ, as discussed

in Section 4. Since M(I) is fixed, and TVCA1 is an EVD problem, choosing a suitable dimensionality r such that

p1 ≥
√
1− δ is straightforward.

The following result establishes the properties of Algorithm 2.

Proposition 3 Let U0 be the initialization and U∗ be the final solution from Algorithm 2. The final solution has the

following properties:

1. U∗ is a local maximum such that f2(U
∗) ≥

√
1− δf2

max
, where f2

max
is the global maximum of TVCA2;

2. The approximate relative error ARE of U∗ satisfies the given upper bound on ARE, i.e, ARE(U∗) ≤ δ.

Proof: (1) We have already shown that the iterative EVD converges to a local maximum. According to (15),

f2(U
∗) ≥ p1f1

max. Since p1 ≥
√
1− δ and f1

max ≥ f2
max, we have f2(U

∗) ≥
√
1− δf2

max.

(2) From (20) and the fact that p1 ≥
√
1− δ, we have ARE(U∗) ≤ δ.

Remark. The iterative steps in both algorithms were also used in the TuckerALS algorithm [14, 15]. In particular,

[15] shows that such an iterative EVD converges to a local maximum. The proposed initialization, called high-order

12



Algorithm 2 TVCA2 Algorithm for a give ARE upper bound δ

Input: Xt, 1 ≤ t ≤ T , ARE upper bound δ
Output: U,Yt and p2
{Initialization}
Perform EVD on M(I) =

∑

t X
2
t and choose the leading r eigenvectors U0 such that Tr(UT

0 M(I)U0) ≥√
1− δTr(M(I))
{Iteration}
repeat

Perform EVD on M(Uk) =
∑

t XtUkU
T
kXt

Choose the leading r eigenvectors Uk+1

until

∣

∣

∣

f2(Uk+1)−f2(Uk)
f2(Uk)

∣

∣

∣
≤ ε

Perform the SVD on Uk+1M(Uk+1)Uk+1 to get P , then U = Uk+1P
Compute Yt = UTXtU

SVD initialization in tensor decomposition, have also been widely used in practice. The fact that such an initialization

often leads to a global maximum has also been observed, particularly in the rank-1 approximation experiments [17, 11].

However, to the best of our knowledge, there is no existing theoretical analysis to explain these observations. This

paper is the first to establish the lower and upper bounds which explains the good performance of such algorithms.

Further, this paper also shows how to choose the dimensionality r according to a given upper bound on the approximate

relative error.

5.3 Conditions for Global Maximum

We now analyze a condition under which a global maximum of TVCA2 is achieved. The particular case under

consideration is when equality holds in (15), i.e., f2(U
∗

0) = fmax
1 , where U∗

0 is the maximum found in Algorithm 1,

implying f2(U
∗

0) = fmax
2 . We need the following result for the analysis.

Lemma 5 For any symmetric positive semi-definite matrices A,A1,A2, . . . and vector v,

(a) vTAv = 0 iff vTA2v = 0;
(b) vT (

∑

k Ak)v = 0 iff vTAkv = 0 for every k;
(c) colspan (

∑

k Ak) = colspan
(
∑

k A
2
k

)

(d) rank (
∑

k Ak) = rank
(
∑

k A
2
k

)

Proof: Let A = QDQT be the eigendecomposition of A, with D = diag(D1, 0), where D1 is a diagonal matrix

with strictly positive diagonal elements, and Q = [Q1,Q2] is partitioned conformally. Then A2 = QD2QT has the

same set of eigenvectors and same nullspace as A. Since A is positive semi-definite, vTAv = 0 iff v ⊥ Q1, and (a)

follows.

To prove (b), note that the term vTAkv is never negative, and the left hand side is just the sum of all these terms for all

k. A sum of non-negative numbers can be zero iff the numbers themselves are zero. This implies that (
∑

k Ak)v = 0
if and only if

(
∑

k A
2
k

)

v = 0 for any vector v, which in turn implies that the nullspace of the left hand side of (c)

must match the nullspace of the right hand side of (c), proving (c) and (d).

Using the above results, we now prove the following theorem.

Theorem 4 Let U be the r principal eigenvectors of M(In) associated with nonzero eigenvalues, then rank(M(U0)) ≥
r.

13



Proof: Let s be the rank of M(In) so that s ≥ r. Then

s = rank

(

∑

t

X2
t

)

= rank

(

∑

t

Xt

)

.

For an arbitrary n× r matrix U with orthonormal columns,

p = rank
[

UT
(
∑

t XtUUTXt

)

U
]

= rank
[

∑

t

(

UTXtU
)2
]

= rank
[
∑

t

(

UTXtU
)]

= rank
[

UT
∑

t (Xt)U
]

≤ r,

with equality if and only if the column space of U is contained within the column space of (
∑

t Xt), the latter column

space having dimension s. Examples of such a U include the orthonormal matrix of the eigenvectors corresponding

to the leading r eigenvalues of (
∑

t Xt), or of
(
∑

t X
2
t

)

.

Using the fact that rank(UTAU) ≤ rank(A), it follows that

rank(M(U)) ≥ rank

[

UT

(

∑

t

XtUUTXt

)

U

]

= p.

If U ∈ colsp(M(In)), then p = r and the result follows.

Let U0 be the initialization in Algorithm 1 consisting of the r principal eigenvectors of M(I), and let U∗

0 be the final

solution. Based on Theorem 4, we now show that rank(M(U0)) = r is the necessary and sufficient condition that

f2(U
∗

0) = fmax
1 , thereby implying that U∗

0 achieves the global optimum. Moreover, in this situation, the solution

achieving the global maximum is the initialization U0 itself.

Theorem 5 Let U0 be the solution to TVCA1, i.e., the r principal eigenvectors of M(I), and let U∗

0 be the maximum

found in Algorithm 1 with initialization U0. Then, rank(M(U0)) = r is the necessary and sufficient condition that

f2(U
∗

0) = fmax
1 . Moreover, U0 is the solution achieving the global maximum for TVCA2.

Proof: Let U0 be the solution of TVCA1, fmax
1 = f1(U0). Provided that rank(M(U0)) = r, the EVD of M(U0)

is given by

M(U0) = U1D1U
T
1 ,

where U1 are the r principal eigenvectors of M(U0) associated with the nonzero eigenvalue matrix D1. Then

f2(U1) = Tr(D1) = Tr(M(U0)) = f1(U0) = fmax
1

On the other hand, we have

fmax
1 ≥ f1(U1) ≥ f2(U1) = fmax

1

Therefore, f1(U1) = fmax
1 = f1(U0), i.e., U1 and U0 spans the same subspace. We can conclude that f2(U0) =

f2(U1) = fmax
1 . Since fmax

2 ≤ fmax
1 , f2(U0) = fmax

1 clearly implies f2(U0) = fmax
2 . U0 is the solution achieving

the global maximum.

We now prove the converse, i.e., f2(U
∗

0) = fmax
1 ⇒ rank(M(U0)) = r. Since f2(U

∗

0) = fmax
1 holds, and since f1

is the upper bound of f2, we have

fmax
1 = f2(U

∗

0) ≤ f1(U
∗

0) ≤ fmax
1 = f1(U0)

So f1(U
∗

0) = f1(U0), implying U∗

0 and U0 spans the same subspace. Then

fmax
2 ≥ f2(U

∗

0) = f2(U0) = fmax
1 ≥ fmax

2 ,
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implying U0 achieves the global maximum of TVCA2.

Recall that U0 are the principal eigenvectors of M(U0) corresponding to nonzero eigenvalues, and rank(M(U0)) ≥ r
according to Theorem 4. If rank(M(U0)) > r, there are more than r nonzero eigenvalues. Let U1 be the r principal

eigenvectors of M(U0). Then

Tr(M(U0)) > Tr(UT
1 M(U0)U1) ≥ Tr(UT

0 M(U0)U0) = f2(U0) ,

since U1 are the principal eigenvectors. However, fmax
1 = f1(U0) = Tr(M(U0)). Consequently, f2(U0) < fmax

1 ,

which contradicts the fact that f2(U0) = fmax
1 . Thus, rank(M(U0)) = r.

A special case of the result is when rank(M(I)) = r. When rank(M(I)) = r, rank(M(U0)) ≤ rank(M(I)) = r.

According to Theorem 4, rank(M(U0)) ≥ r, implying rank(M(U0)) = r. Thus U0 achieves the global maximum.

In this case, since all the eigenvectors are kept, the fraction of energy p1 = 1. The global optimality then follows

straightforwardly from the bounds discussed in Section 4.

6 Experimental Results

In this section, the performance of TVCA2 is evaluated on both artificial datasets and two real-world stock market

datasets in terms of the Approximate Relative Error (ARE) defined in (17). The performance of TVCA2 is compared

with PCA and Random Projection (RP) [5, 1]. PCA is computed based on the aggregated covariance over the entire

time period. For RP, U was generated as follows: (i) Each entry of U is generated via an i.i.d. normal distribution; and

(ii) U is normalized via Gram-Schmidt orthogonalization [8] and normalization. For both artificial and real datasets,

we perform experiments on the training data, from where U is estimated, and on test data, where the estimated U

is used to evaluate approximation performance. Since there is no learning involved in RP, it was evaluated only on

the training data. We also report some results comparing the lower and upper bounds with the true performance. We

also report results on the stock market datasets based on Algorithm 2, where a dimensionality is selected based on a

prescribed threshold on the fraction of covariance explained by the low dimensional representation. Finally, we take

a closer look at some specific simple examples in low dimensions where the objective functions for TVCA2 and its

lower and upper bounds based on TVCA1 can be plotted and the path of the iterative solution can be traced. We give

examples of scenarios where the iterations converge to the global maxima as well as local maxima.

6.1 Artificial Data

Artificial data was generated following the model in (3). In particular, Yt and U were generated first, then Xt was

calculated by adding noise to UYtU
T . Yt was generated as the covariance matrix of a set of randomly generated

samples. The samples were generated from a Gaussian distribution with mean is µ = [0, 0] and covariance Σ =
VTDV, where V ∈ R

2×2 = QR(randn(2, 2)) is a randomly generated orthonormal matrix and diagonal matrix

D ∈ R
2×2 has two positive diagonal entries which were also randomly generated. QR represents QR factorization,

and randn(2, 2) is a 2×2 matrix whose entries are i.i.d. from a normal distribution. However, instead of using a fixed

U over time, it was mildly perturbed as follows:

Ut+1 ← QR(Ut + γ × randn(n, r)) (25)

where γ is a small constant. In (25), the initial U is randomly generated.

Methodology: The experiment was done as follows: With T = 20, n = 20, r = 2, and τ = 5, we generated (T + τ)
sets of matrices Ut,Yt and Xt. The first T observation covariances Xt, 1 ≤ t ≤ T were used as training data and the

last τ steps were used as the test set. TVCA2 and PCA were applied on the training set to estimate U. The estimated

U from TVCA2 and PCA were evaluated on the testing set in terms of ARE. The experiment was repeated 50 times,

and the final results reported are the average over the 50 runs.
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(a) r = 2
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(b) r = 5
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(c) r = 8

Figure 1: Approximation Relative Error (ARE) on artificial data in different dimensions r and increasing noise level

γ. TCVA2 outperforms PCA and RP, especially in low dimensions and high noise levels.

Table 2: ARE(%)(std) on test set of artificial data when r = 2
γ = 0.05 γ = 0.1

Step TVCA2 PCA TVCA2 PCA

1 15.01(6.92) 17.19(6.00) 37.85(10.89) 43.53(10.5)
2 16.85(6.22) 18.83(6.34) 46.54(12.45) 51.6(11.33)
3 20.54(6.32) 22.77(6.57) 51(11.96) 54.95(11.9)
4 22.82(7.35) 24.59(7.10) 56.5(11.87) 59.64(12.05)
5 25.00(6.10) 27.14(6.15) 58.92(13.5) 61.88(13.32)

Results: Figure 1 shows the performance, in terms of ARE (lower is better), across different noise levels γ for fixed

dimensionality r. As seen in the figure, TCVA2 outperforms PCA and significantly outperforms RP. The improvements

are most significant for lower dimensions, e.g., r = 2. All three methods improve with increase in dimensionality of

the latent space (r = 5, 8), and PCA almost catches up with TVCA2 when r = 2. Further, the improvements of

TVCA2 over PCA is more pronounced when the noise level γ is high.

Table 2 showed the ARE results for the five steps in the test set along with standard deviation (std) when r = 2. In

Table 2, the numbers in the leftmost column represents the time step. The performance of both TVCA2 and PCA

deteriorates further into the future, but TVCA2 outperforms PCA for all 5 steps for both noise levels considered

(γ = 0.05, 0.1).

Figure 6.1 shows the shape of all the latent covariances for all 25 time steps, including 20 in the training set and 5

in the test set. The ground truth are the generated Yt plotted as blue ellipses. For TVCA2 and PCA, their latent

covariances were calculated based on the leading 2 components. TVCA2 is plotted as red ellipses and PCA is plotted

as green ellipses. A visual comparison shows that TVCA2 is able to track most of the ground truth on training set as

well as testing set much better than PCA, which also explains the quantitative results in Figure 6.1 and Table 2.

6.2 Stocks Data

We considered two real world stock market datasets, each spanning 14 years at a daily resolution. The first dataset,

S&P500, contains all 381 stocks in the current S&P index which has been in the S&P index from 1995 to 2008. The

second dataset, NYSE, is a widely used dataset [9, 2, 4] consisting of 36 stocks at daily resolution spanning from 1971

to 1984. For both datasets, the first 10 years’ data was used as the training set, and the last 4 years’ data used for

testing.

Methology: For the experiments, the covariance of the daily return, given by Return =
closing price - opening price

opening price
× 100%

(see details in [3]) was considered for both datasets. For each dataset, we constructed monthly average of the daily

covariances, and each average monthly covariance was considered as an observed covariance matrix Xt. For both

datasets, the training set had 10 years, leading to 120 observed covariances, i.e., T = 120. Further, the test set spanned
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Figure 2: Latent Covariances of Artificial Data. TVCA2 is seen to track the true latent covariance better than PCA

both in the training and test set. (Best viewed in color)
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(a) S&P training
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(b) S&P testing

Figure 3: The change of ARE versus R on the testing set of S&P500.

4 years, thus having 48 observed covariances.

Results: The training and test set performance on S&P500 and NYSE are shown respectively in Figures 3 and 4, where

the x-axis is the dimensionality r and the y-axis is the ARE (lower is better). On both datasets, TCVA2 outperforms

PCA and significantly outperforms RP. The performance improvements of TCVA2 over PCA is more pronounced in

S&P500 as compared to NYSE possibly since S&P500 is a higher dimensional dataset with n = 381 as opposed to

NYSE for which n = 36. Another reason is that the stock market has been volatile from 1995 to 2008, while from

1971 to 1985 the stock market was relatively less volatile. Further, the improvements are more prominent in the test

set. For the S&P500 dataset, the improvements are more significant in the lower dimensions and PCA catches up

as the dimensionality is increased. All these observations demonstrate the potential advantages TVCA2 can provide

over PCA. In Figures 5 and 6, we plot the latent covariance matrices (level sets) obtained from TVCA2 in dimensions

r = 2 and r = 3 for S&P500. We plot one covariance matrix Yt for each year corresponding to the first month of

the year. The variations in the latent covariance matrix Yt over time are clear from the figure. More interestingly, the

latent covariances for S&P 500 even in such a low dimensions seem to capture the two major financial bubbles and

market meltdowns as seen around 2001 (dot-com bubble) and 2008 (housing bubble). Similarly, the latent covariance

for NYSE captures the stock market crash around 1974 resulting from the collapse of the Bretton Woods system along
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(b) NYSE testing

Figure 4: The change of ARE versus R on the testing set of NYSE.
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(a) The lower and upper bound of p2 on S&P500
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(b) The lower and upper bound of p2 on NYSE

Figure 5: The lower and upper bound of p2
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Figure 6: Latent Covariances over time for S&P500 from 1995 to 2008. The two financial meltdowns in 2001 and

2008 are prominently captured in the latent low dimensional space. (Best viewed in color)
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Figure 7: Latent Covariances over time for NYSE from 1970 to 1984. The stock market crash of 1974 is captured in

the latent low dimensional space. (Be viewed in color)

with the ‘Nixon Shock’ and the devaluation of the US dollar. In addition, Fig. 5 plots the upper and lower bounds of

p2, which experimentally corroborates the result in Proposition 2 (b).

We also evaluated the efficacy of Algorithm 2 for a given ARE upper bound. The results on two stock market datasets

are shown in Table 6.2 and 6.2 respectively. Given an ARE upper bound δ (first row), the corresponding dimensionality

r (second row) is computed in the initialization step in Algorithm 2. The true ARE on the training and testing sets are

shown in the subsequent rows. The fact that the training set ARE is guaranteed to satisfy the given upper bound is

ensued by Proposition 3(c). As seen in the table, the bound is indeed satisfied in all cases.

δ(%) 30 20 10 5
r 73 115 187 287

training ARE(%) 24.20 17.05 9.01 4.72
testing ARE(%) 31.30 28.48 20.59 11.08

Table 3: Results of Algorithm 2 on S&P 500.

δ(%) 30 20 10 5
r 5 8 16 23

training ARE(%) 22.52 15.59 8.01 4.31
testing ARE(%) 36.53 29.40 18.44 10.01

Table 4: Results of Algorithm 2 on NYSE.
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Figure 8: Optimizing f2(U) in TVCA2 based on TVCA1 initialization and iterative updates. Objective f2(U) for

TVCA2 is shown in red; the lower and upper bounds based on f1(U) for TVCA1 is shown in green and blue respec-

tively. Three scenarios: (a) Iterations converge to the global maxima, (b) Iterations converge to a local maxima, and

(c) Initialization is the global maxima.

6.3 Numerical simulation of lower and upper bound

We study TVCA2, TVCA1, and Algorithm 1 on small low dimensional problems to get additional insights into work-

ings of the idea, including cases where the approach can and cannot find the global maxima of f2(U). It is important

to recall that while f2(U) is a convex function for unconstrained U, the model requires maximizing f2(U) on the

domain of U determined by UTU = Ir, and the problem may thus have multiple local maxima.

We illustrate different scenarios for using Algorithm 1 to solve TVCA2 in Figure 8. In Figure 8(a), we consider 3 time

steps for a 2-dimensional covariance matrix, with

X = [X1|X2|X3] =
[

1 0 0 0 0.22 0.22
0 0.25 0 1 0.22 0.22

]

.

The vector u is parameterized as u = [sin(θ), cos(θ)], and the x-axis denotes θ. Note that f2(u) is convex in u but

not that θ, which explains the nonconvex plot of the objective (in red). Further, the domain of θ in [−π, π], and the

function is periodic beyond that domain. Algorithm 1 is used to find the best rank-1 approximation u. In particular, the

initialization u0 is the optimal solution of f1(u), which is denoted by a small blue circle ◦. The searching trajectory

is denoted by magenta +, and the optimal solution of f2(U) by a green �. The upper and lower bounds are plotted in

blue and green respectively. For this scenario, with the proposed initialization, the global maximum can be found, as

illustrated in Figure 8(a). However, the initialization does not always lead to the global maximum as shown in Figure

8(b). In Figure 8(b), we consider

X = [X1|X2|X3] =

[

29.7995 2.5707 1.7377 21.8515 −2.2068 2.0377 8.5273 −2.5322 1.1011
2.5707 30.1445 −0.0292 −2.2068 22.8371 0.0490 −2.5322 9.6724 −0.9796
1.7377 −0.0292 24.1799 2.0377 0.0490 21.1336 1.1011 −0.9796 6.4754

]

,

and the vector u is parameterized as u = [sin(θ), cos(θ) sin(φ), cos(θ) cos(φ)]. In Figure 8(b), θ and φ are the x-

axis and y-axis respectively, and f2(u) is shown in the z-axis. For this scenario, the final solution is a good local

maxima but is not the global maxima, which is also marked in the figure. Finally, Figure 8(c) shows a case where the

initialization itself achieves the global maximum of TVCA2. In Figure 8(c), we consider

X = [X1|X2] =
[

1 0 0 0
0 0 0 1

]

,

and u is parameterized as in Figure 8(a). For this scenario, if u0 denotes the initialization obtained from TVCA1, we

see that fmax
1 = f1(u0) = f2(u0), implying f2(u0) = fmax

2 .
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7 Conclusions

The ability to study and analyze time varying covariance matrices is becoming important in several domains. Since data

lives in a high-dimensional space, directly working with high dimensional covariance matrices may be problematic.

Further, in several domains, the latent dynamics is expected to be in a lower dimensional space. In this paper, we have

introduced a framework called TVCA2 for modeling time varying covariance matrices in low dimensions. While the

framework has similarities with existing approaches to tensor decomposition, we present a novel and unique analysis

of TVCA2 in terms of a more tractable framework called TVCA1. The key optimization problem in the context of

TVCA1 is an EVD problem, and can be readily obtained. Interestingly, the solution to TVCA1 can be used to construct

lower and upper bounds for the global maximum for TVCA2. The analysis leads to an effective initialization scheme

for TVCA2. We also present an algorithm which iteratively improves the objective till convergence. We consider the

algorithm in two different settings, given a fixed dimensionality and given an upper bound on the relative error w.r.t. the

global maximum. The corresponding algorithms converge to local maxima of the objective with clear approximation

guarantees w.r.t. the global maximum. We also discuss non-trivial conditions under which a global maximum will

be achieved. We illustrate the effectiveness of the approach on synthetic data as well as two real world stock market

datasets, each spanning 14 years.

While the algorithms presented in the paper follow a somewhat standard approach of starting with a reasonable initial-

ization followed by iterative updates, the analysis presented in the paper relates the result obtained by the algorithm to

the global maximum of the problem. Such an analysis can potentially be extended to more general settings considered

in the tensor decomposition literature, and will be considered in the future work. In the analysis, all covariance ma-

trices over time were assumed to be available. In real life domains such as finance and climate sciences, the observed

covariance matrices become available over time. We plan to investigate extensions of the TVCA2 framework to the

online setting where the observed matrices become available over time.
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