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Abstract
A number of real-world domains such as social networks and
e-commerce involve heterogeneousdata that describes rela-
tions betweenmultiple classesof entities. Understanding the
natural structure of this type of heterogeneousrelational data
is essential both for exploratory analysis and for performing
various predictiv emodeling tasks. In this paper, weproposea
principled multi-w ay clustering framework for relational data,
wherein di�eren t types of entities are simultaneously clus-
tered based not only on their intrinsic attribute values, but
alsoon the multiple relations betweenthe entities. To achieve
this, we intro duce a relation graph model that describes all
the known relations between the di�eren t entit y classes,in
which each relation betweena given set of entit y classesis rep-
resented in the form of multi-mo dal tensor over an appropri-
ate domain. Our multi-w ay clustering formulation is driv en
by the objectiv e of capturing the maximal \information" in
the original relation graph, i.e., accurately approximating the
set of tensorscorresponding to the various relations. This for-
mulation is applicable to all Bregman divergences(a broad
family of loss functions that includes squared Euclidean dis-
tance, KL-div ergence), and also permits analysis of mixed
data types using convex combinations of appropriate Breg-
man lossfunctions. Furthermore, we present a large family of
structurally di�eren t multi-w ay clustering schemesthat pre-
serve various linear summary statistics of the original data.
We accomplish the above generalizations by extending a re-
cently proposedkey theoretical result, namely the minim um
Bregman information principle [1], to the relation graph set-
ting. We also describe an e�cien t multi-w ay clustering al-
gorithm based on alternate minimization that generalizesa
number of other recently proposedclustering methods. Em-
pirical results on datasets obtained from real-world domains
(e.g., movie recommendations, newsgroup articles) demon-
strate the generality and e�cacy of our framework.

1 In tro duction

In recent years, there has beena lot of interest in prob-
abilistic relational learning due to a plethora of real-
world applications that involve modeling the relations
betweenmultiple typesof entities, e.g., social networks,
e-commerce.Often, the data available in thesedomains
is sparse,high dimensional, incomplete, and noisy, which
makes modeling di�cult, e.g., movie ratings data in
movie recommendationenginessuch as Yahoo! Movies,
o�er descriptions on product search web sites such as
Froogle. Understanding the latent structure of this type
of heterogeneousrelational data is important for ex-
ploratory analysis and as pre-processingfor subsequent
predictive modeling tasks. In caseof homogeneousdata,

� Departmen t of CSE, Univ ersity of Minnesota
yAI Center, SRI International
zYahoo! Research

this is typically doneusingclustering techniques[14] that
discover the \laten t" groupsof objects basedon attribute
similarit y. To model the relationships betweena pair of
entit y classes,several structurally di�eren t co-clustering
techniques [9, 1, 7], which involve simultaneous cluster-
ing of the two entit y classesrepresented as the rows and
columnsof a data matrix, have beenproposed. Recently ,
these techniques were extended to multi-w ay clustering
formulations [15, 4] involving multiple entit y classeswith
pair-wise relations for certain speci�c structural con�g-
urations.

In this paper, we propose a principled multi-w ay
clustering framework for relational data wherein di�er-
ent classesof entities are simultaneously clusteredbased
not only on the intrinsic attribute valuesof the entities,
but also on the multiple relations between the entities.
Furthermore, each relation can involve multiple sets of
entities (as opposed to pair-wise relations) and the re-
lations can also have attributes. To achieve this, we
intro duce a relation graph model that describes all the
known relations between the di�eren t entit y classes.In
this model, each relation between a given set of entit y
classesis represented as a multi-dimensional tensor (or
data cube) over an appropriate domain, with the dimen-
sions being associated with the various entit y classes.
Further, each cell in the tensor encodes the relation be-
tweena particular set of entities and can either take real
values, i.e., the relation has single attribute, or itself is
a vector of attributes. This general model is useful for
applications in several domains that have multi-t ype re-
lational datasets. Let us consider one such real-world
example.

Example 1 Consideronline movie recommendationap-
plications such as Yahoo! Movies. These sites have
movie viewer information linked to movie descriptions,
which can be represented as several relations { (i) f 1:
ratings for (movie, viewer, actor) tuples correspond-
ing to viewers' feedback on the performance of actors
in di�eren t movies; (ii) f 2: co-occurrence indicators
for (movie, actor) pairs specifying which actors acted
in which movies; (iii) f 3: counts for (movie, review
words) tuples encoding the movie reviews; (iv) f 4: val-
uesfor (viewer, demographicattributes) that specify de-
tails such as age,gender,etc., for di�eren t viewers. Fig-
ure 1.1 shows an illustration of this dataset as a set of
tensors(or data cubes) with a few common dimensions,



Figure 1.1: Example of multi-t ype relational data in
movie recommendation.

e.g., f 1 and f 4 sharethe viewer dimension while f 1 and
f 2 share both the actor and movie dimensions and f 3

also has the movie dimension. A typical application in
this domain would be recommendinga movie to a user
who has not seenit before. Clustering jointly acrossthe
multiple entit y classes,(i.e., movies, viewers, actors and
words) allows us to capture most of the \information"
in the inter-link ed datasets in terms of compressedrep-
resentations comprising of cluster-basedstatistics. This
compressionaids considerably in handling sparsity and
high-dimensionality issues. This in turn enablesus to
obtain high quality predictions on the desiredunknown
ratings by extrapolating from the ratings of userswith
similar pro�les (in terms of both movie preferences,de-
mographicattributes) for similar movies(in terms of user
preferences,review descriptions and cast).

There are several other domains where the relation
graph over tensor representation would be directly ap-
plicable. Important examplesinclude - (i) e-commerce
applications, e.g., Froogle, which make useof data con-
sisting of product descriptions, customer demographic
pro�les, transaction data, customer reviews of products
and sellers, etc.; (ii) targeted internet advertising, e.g.,
AdSense,which makes use of a web page content, ad's
textual content, past click-through rates of ads posted
on web pages; (iii) social network analysis, e.g., Blog-
ger, which involvesmodeling userpro�les, usergenerated
content, interactions betweenusers,etc.

1.1 Con tributions. This paper provides a fairly
general multi-w ay clustering framework for relation
graphs, which is driven by the objective of preserving
the maximal \information" in the original data. In
particular, we make the following key contributions.

1. We intro duce a multi-w ay clustering formulation for
relation graphs that is motivated by an approximation
point of view, i.e., accurately reconstructing the tensors
corresponding to the various relations.

2. Our formulation is applicable to all Bregman diver-
gences(a broad family of loss functions that include
squared Euclidean distance, KL-div ergence), and also
permits analysisof mixed data typesusing convex com-
binations of appropriate Bregman loss functions.

3. We present a large family of structurally di�eren t
multi-w ay clustering schemes that involve preserving
summary statistics that are conditional expectations
basedon arbitrary partitionings of the tensorsassociated
with the di�eren t relations.

4. To achieve the above generalizations,we extend the
recently proposedminimum Bregman information prin-
ciple [1], which generalizesboth least squaresand max-
imum entropy principles, to the relation graph setting.
This alsoallows us to provide an alternate interpretation
of our clustering formulation in terms of minimizing the
loss in Bregman information .

5. We also propose a highly scalable algorithm based
on alternate minimization that is linear in the number
of non-zeros in the sparse data, converges to a local
optimum of the multi-w ay clustering objective function,
and generalizesseveral existing algorithms.

1.2 Ov erview of the Paper. We begin with a re-
view of preliminary de�nitions in Section 2. Section 3
considersthe caseof a single relation over multiple en-
tit y classesrepresented as a multi-dimensional tensor,
and presents the multi-w ay clustering formulation and
algorithm in detail for this case. Section 4 intro duces
the notion of a relation graph for representing multi-
ple relations over a set of entit y classes,and describes
how the multi-w ay clustering formulation for tensorscan
be extended to relation graphs associated with a set of
tensors. Section 5 provides empirical evidence on the
bene�ts of our multi-w ay clustering framework on real
datasets. Section 6 discussesrelated work and explains
how some of the existing co-clustering and multi-w ay
clustering methods [15, 1, 9, 8] can be derived as special
casesof our framework.

2 Preliminaries

In this section, we describe our notation and present
some de�nitions related to Bregman divergences[6],
which form a large classof well-behaved loss functions.

Notation: Sets such as f x1; � � � ; xn g are enumer-
ated as f x i gn

i =1 and an index i running over the set
f 1; � � � ; ng is denoted by [i ]n1 . Sets are denoted using
calligraphic upper casevariables, e.g., S. Random vari-
ablesand random vectors are denotedusing plain upper
caseletters, e.g., Z with the corresponding lower case
letters z denoting the instantiated values. Tensorsare
denoted using upper casebold letters, e.g., Z, whereas
the corresponding subscripted lower caseletters zu de-
note the elements.



2.1 Bregman Div ergence and Information

De�nition 1 Let � be a real-valued strictly convex
function de�ned on the convex set S � dom(� ) (�
Rd), the domain of � , such that � is di�eren tiable
on int (S), the interior of S. The Bregman divergence
d� : S � int (S) 7! R+ is de�ned as

d� (z1; z2) = � (z1) � � (z2) � hz1 � z2; r � (z2)i ;

where r � is the gradient of � .

Specialcasesof Bregmandivergencesinclude squared
loss, i.e., d� (z1; z2) = (z1 � z2)2, which corresponds to
� (z) = z2; z 2 R and I-divergence, i.e., d� (z1; z2) =
z1 log(z1=z2) � (z1 � z2), which corresponds to � (z) =
z logz � z; z 2 R+ . Given a Bregman divergence
and a random variable, the uncertainty in the random
variable can be captured in terms of a useful concept
called Bregman information [3, 1] de�ned below.

De�nition 2 For any Bregman divergenced� : S �
int (S) 7! R+ and any random variable Z � w(z); z 2
Z � S, the Bregman information of Z is de�ned as the
expected Bregman divergenceto the expectation, i.e.,

I � (Z ) = Ew [d� (Z; Ew [Z ])] :

Intuitiv ely, this quantit y is a measureof the \spread"
or the \information" in the random variable. Examples
of Bregman information include squared Frobeniusnorm
(for squaredloss)and negativeentropy (for I-divergence),
which respectively correspond to random variables that
are uniformly distributed over the entries of a given
matrix and the joint probabilit y values of two other
random variables [1].

3 Multi-w ay Clustering on Tensors

In this section, we consider the special casewhere there
are multiple classesof entities connectedvia a single re-
lation, which can be described by a multi-dimensional
tensor. For this case,we develop a multi-w ay clustering
formulation that extendsthe matrix co-clusteringframe-
work presented in [1] to multi-dimensional tensors. Our
formulation is driven by the objective of accurately ap-
proximating the original tensor using a reconstruction
determined solely by the multi-w ay clustering and cer-
tain summary statistics of the original tensor.

3.1 Tensor Mo del. We begin with a description of
our tensor representation. Let Ui ; [i ]n1 ; indicate random
variables that take values over n di�eren t classesof
entities with cardinalities m i ; [i ]n1 ; respectively. Without
loss of generality, we can assumethat the support set
of Ui corresponds to f 1; � � � ; m i g for [i ]n1 . Any relation
f between all the variables Ui can be considered as

a deterministic function on the random vector Ual l =
(U1; � � � Un ). Let the range of f be a subset of the
convex set S = dom(� ):1 Sinceeach random variable Ui

takes m i possiblevalues, this relation f can be exactly
described by a n-dimensional tensor Z 2 Sm 1 ���� � m n .
Further, let Z = f (Ual l ) = f (U1; � � � ; Un ). Then, Z is
a Ual l -measurable random variable taking values in Z
following the joint distribution p(Ual l ) = p(U1; � � � ; Un ).
For notational simplicit y, let w denote the measure
induced on Z by p(Ual l ) so that p(Z = zu1 ;��� ;u n ) =
wu1 ��� u n = p(u1; : : : ; un ) = p(ual l ).

Example 2 Consider the ratings data in the movie-
recommendation problem in Example 1. This data can
be viewed as describing a single relation between three
classesof entities, i.e., viewers (U1), actors (U2), and
movies (U3), and corresponds to a 3-dimensional tensor
Z wherezu1 ;u 2 ;u 3 is the rating of viewer u1 for actor u2 in
the movie u3. The measurew correspondsto the weights
on the ratings and is usually assumedto be uniform over
the known valuesand zero for the missing ones.

3.2 Multi-w ay Clustering Form ulation. Let ki �
mi ; [i ]n1 denotethe number of clustersdesiredfor the en-
tit y classUi . Then, a multi-w ay clustering of theseentit y
classesis de�ned as the n-tuple � = (� 1; � � � ; � n ) where
each � i : f 1; � � � ; m i g 7! f 1; � � � ; ki g denotesa mapping
from the entities to their respective clusters. Let Ûi

be a random variable that takes values in f 1; � � � ; ki g
such that Ûi = � i (Ui ). We now seekto characterize the
\goodness"of a multi-w ay clustering � in terms of an ap-
proximation to the original tensor Z that dependssolely
on � and certain pre-speci�ed summary statistics that
needto be preserved. Let Ẑ = Ẑ(� ) be such an approxi-
mation and let Ẑ be a Ual l -measurablerandom variable
that takesvaluesin this approximate tensor Ẑ following
w. Then, the quality of the multi-w ay clustering � can
be readily measuredin terms of the approximation error
or the expectedBregman distortion betweenthe random
variables Z and Ẑ , i.e.,
(3.1)

Ew [d� (Z; Ẑ )] =
X

uall

wuall d� (zuall ; ẑuall ) = d� w (Z; Ẑ) ;

where � w is a separable convex function induced on
the tensors by the convex function � . The multi-w ay
clustering problem is then to �nd the optimal � that
minimizes this expected Bregman distortion.

1Note that S can be any arbitrary convex set associated with
a well de�ned convex function � . For example, S could be
[0; 1]d1 � Rd2 , in which case f maps each instan tiation of Uall
to an attribute vector of size (d1 + d2 ) where the �rst d1 attributes
tak e values in [0; 1] and the last d2 attributes are real-valued.



Our formulation clearly depends on how Ẑ is char-
acterized,with di�eren t choicesleading to di�eren t clus-
tering formulations. To characterize Ẑ , we needto spec-
ify (i) what summary statistics are to be preserved, and
(ii) how to get an approximation basedon the summary
statistics. We discusstheseaspects in detail in the next
two subsections.

3.3 Summary Statistics. We consider summary
statistics that are conditional expectations over di�er-
ent partitions of the tensor Z. Our choice of conditional
expectation-basedstatistics is drivenby the fact that the
conditional expectation E [Z jV ] is the optimal approxi-
mation of the original Z with respect to any Bregman
divergenceamongall V -measurablefunctions [3] for any
random variable V . Depending on the variable V , or
equivalently , the partitionings of the tensor that onecon-
siders, one can obtain di�eren t sets of summary statis-
tics. The simplest set of summary statistics is one that
consistsof the (weighted) multi-w ay cluster means,i.e.,
just one conditional expectation E [Z jÛ1; � � � ; Ûn ] corre-
sponding to V = (Û1; � � � ; Ûn ). Another simple example
consists of the marginal averagesalong any particular
dimension of the tensor, i.e., conditional expectations of
the form E[Z jUi ] corresponding to V = Ui . In general,
the summary statistics may compriseof multiple condi-
tional expectations as we now describe.

Let f Vsgr
s=1 be a set of r random variables corre-

sponding to di�eren t partitionings (or sub-� -algebras)
of the tensor that are determined completely by the
random variables Ui and Ûi ; [i ]n1 . For example, for
a two-dimensional tensor, i.e., a matrix, we may have
V1 = (Û1; U2) and V2 = (U1; Û2) with r = 2. We call
such a set a multi-way clustering basis and associate
it with summary statistics given by the corresponding
set of conditional expectations f E [Z jVs]gr

s=1 . Note that
each such setof conditional expectations leadsto a di�er-
ent optimal reconstruction for the samemulti-w ay clus-
tering, and hence, a structurally di�eren t co-clustering
scheme. We now describe two speci�c examplesof multi-
way clustering basesthat will be usedin the experiments
in Section 5.
Blo ck Multi-w ay Clustering (BMC). This is the
simple casewhere the basis is the singleton set f V1g =
f (Û1; � � � ; Ûn )g. The summary statistics are just the
(weighted) multi-w ay cluster meansor E [Z jÛ1; � � � ; Ûn ].
In particular, for each multi-w ay cluster (û1; � � � ; ûn ),
there is a singlestatistic givenby E[Z jû1; � � � ; ûn ] sothat
we have

Q n
i =1 ki parametersto approximate the original

tensor Z.
Bias-Adjusted Multi-w ay Clustering (BAMC).
Another important caseis onewherethe basisconsistsof
r = n + 1 random variables f Vsgn +1

s=1 whereVs = Us; [s]n1 ;
and Vn +1 = (Û1; � � � ; Ûn ). In this case, the summary

statistics not only include the multi-w ay cluster means
E[Z jÛ1; � � � ; Ûn ], but also the (weighted) averagevalues
over every possible(n� 1) dimensionalsliceof the tensor,
i.e., f E [Z jUi ]gn

i =1 . These additional summary statistics
capture the biases of the individual entities, and pro-
vide a better approximation. Sinceeach conditional ex-
pectation E [Z jUi ] results in m i values, the total size of
the summary statistics is

Q n
i =1 ki +

P n
i =1 mi related viaP n

i =1 ki linear dependencies.

Example 3 For the movie recommendation example,
one could consider either the BMC/BAMC basesde-
scribed above or even a more general clustering basis.
However, the BAMC scheme is usually a good choice
since the summary statistics encode the biasesassoci-
ated with the individual viewers(e.g., level of criticalit y),
actors (e.g., quality of acting) and movies (e.g., quality
of plot/direction) in terms of the averageviewer rating
E [Z jU1], averageactor rating E [Z jU2] and averagemovie
rating E [Z jU3] respectively. The coarsestructure of the
ratings, on the other hand, is captured by the multi-w ay
cluster meansE[Z jÛ1; Û2; Û3], i.e., the averagerating of
a viewer cluster for the performanceof a cluster of actors
in a movie cluster.

3.4 Minim um Bregman Information Principle.
Given a multi-w ay clustering � and a clustering basis
f Vsgr

s=1 , we now seekto characterize the best approxi-
mation Ẑ to the original Z . We begin by considering
a special class of approximations SA such that every
Z 0 2 SA preserves the conditional expectations associ-
ated with the speci�ed multi-w ay clustering basis, i.e.,

(3.2) SA = f Z 0jE [Z jVs] = E [Z 0jVs]; [s]r1g:

To �nd the best approximation in the set SA , we invoke
the minimum Bregman information principle, which was
�rst proposed in [1], and which generalizesthe well-
known maximum entropy and least squaresprinciples.
The MBI principle posits that the best approximation Ẑ
is the random variable ẐA 2 SA that has the minimum
Bregman information, i.e.,

(3.3) ẐA = argmin
Z 02S A

I � (Z 0):

Intuitiv ely, the \b est" approximation givencertain infor-
mation is onethat doesnot make any extra assumptions
over the available information. Mathematically, under
certain de�nition of optimalit y, the notion of \no extra
assumptions" translates to minimum Bregman informa-
tion while the \available information" correspondsto the
linear constraints associated with the conditional expec-
tation statistics.

The following theorem characterizesthe solution to
the MBI problem (3.3).



Theorem 1 2 For any random variable Z , Bregman
divergence d� , multi-way clustering � , and clustering
basis f Vsgr

s=1 , the problem (3.3) reduces to a convex
optimization problemwith a unique solution

ẐA = h� (� � ; Ual l ; � (Ual l )) ;

where h� is uniquely determined function and � � =
(� �

V1
; � � � ; � �

Vr
) are the optimal Lagrange multipliers

with respect to the linear constraints E [Z 0jVs] =
E [Z jVs]; [s]r1 .

Though the MBI problem (3.3) hasa unique solution
ẐA , in general,the solution cannot beexpressedin closed
form as a function of the summary statistics, except for
certain special basessuch as BMC and BAMC, which
are discussedbelow.
Blo ck Multi-w ay Clustering. The MBI solu-
tion ẐA in this case is the conditional expectation
E [Z jÛ1; � � � ; Ûn ] itself for all Bregman divergences,i.e.,
each entry zu1 ;��� ;u n = zuall in the original tensor Z is ap-
proximated by the averagevalue acrossthe correspond-
ing the multi-w ay cluster, i.e., E [Z jû1; � � � ; ûn ].
Bias-Adjusted Multi-w ay Clustering. For this
basis, the MBI solution has a closed form only for
speci�c choices of Bregman divergences. In particular,
for squaredloss, the MBI solution is given by

ẐA =
nX

i =1

(E [Z jUi ] � E [Z jÛi ]) + E [Z jÛ1; � � � ; Ûn ];

whereasfor I-divergence,the MBI solution is given by

ẐA =
Q n

i =1 E[Z jUi ]E [Z jÛ1; � � � ; Ûn ]
Q n

i =1 E[Z jÛi ]
:

In other words, the entry zu1 ;��� ;u n is approximated
by additiv e/multiplicativ e combinations of the average
ratings of the entities u1; � � � ; un as well as those of the
corresponding clusters û1; � � � ; ûn and also the average
rating acrossthe corresponding multi-w ay cluster.

A natural question to ask is: Why is the MBI
solution ẐA a good approximation to the original Z ?
First, the approximation is basedsolelyon the multi-w ay
clustering and the speci�ed summary statistics derived
from the original Z . Second, the approximation ẐA

actually preservesall the statistics under consideration.
Lastly and more importantly , it can be shown that
the MBI solution is the optimal approximation to the
original Z among a large classof reconstructions, as the
following result shows.

Theorem 2 Given a random variable Z , Bregman di-
vergence d� , multi-way clustering � and clustering ba-
sis f Vsgr

s=1 , let SB be the set of generalized additive

2Please see[18] for more details on the theorems and proofs.

functions based on natural parameterizations(denoted by
g� (�)) of the summary statistics, i.e.,

SB =

(

Z 00

�
�
�
�
�
Z 00= g( � 1)

�

 
rX

s=1

qs(g� (E [Z jVs]))

! )

;

where qs; [s]r1 are arbitrary functions. Then, the MBI
solution ẐA in (3.3) is the unique minimizer of the
expected distortion with respect to Z in SB , i.e.,

ẐA = argmin
Z 002S B

E[d� (Z; Z 00)] :

Note that for the simple BMC case, the summary
statistics consist of a single conditional expectation
so that SB includes all deterministic functions of the
summary statistics, and hence, the MBI solution is
the optimal reconstruction in this entire set. In the
general case, the optimalit y property is limited to the
speci�c, but large class of approximations described
in Theorem 2. In particular, for squared error, the
natural parameterization g� is the identit y mapping
itself so that SB consists of all generalized additiv e
models, while in caseof I-divergence,g� corresponds to
log transformation and SB is the set of all generalized
multiplicativ e models.

Choosing the MBI solution as the best approxima-
tion, i.e., Ẑ = ẐA alsoleadsto the following result, which
shows that the expected distortion betweenthe original
Z and the approximation Ẑ is exactly equal to the loss
in Bregman information, thus, providing an alternativ e
characterization of the problem formulation in terms of
minimizing the loss in Bregman information.

Theorem 3 For any random variable Z , Bregman di-
vergence d� and MBI solution Ẑ as de�ned in (3.3),

E [d� (Z; Ẑ )] = I � (Z ) � I � (Ẑ ) :

The multi-w ay clustering problem for tensors, can
therefore be posedas one of �nding the optimal multi-
way clustering � � that solvesthe minimization problem:

(3.4) min
�

E[d� (Z; Ẑ )] = min
�

[I � (Z ) � I � (Ẑ )] :

3.5 Algorithm. We now proposean alternate mini-
mization schemefor optimizing the multi-w ay clustering
objective function in (3.4) that is applicable to all Breg-
man loss functions and multi-w ay clustering bases.Our
algorithm considerseach dimensionin turn, �nds the op-
timal clustering with respect to that dimension keeping
everything else�xed, and recomputesthe MBI solution,
and this processis repeated till convergence.



Sincethe cluster assignment step along each dimen-
sion is going to have similar form, we focus on the i th

dimension with index Ui and current clustering � i . Let
U� i be the index and � � i denote the clustering over all
the other dimensions. From Theorem 1, the MBI solu-
tion in this caseis given by Ẑ = h� (� ; Ual l ; � (Ual l )) =
h� (� ; (Ui ; U� i ); (� i (Ui ); � � i (U� i ))) where � are the
optimal Lagrange multipliers w.r.t � . Now, for
any candidate clustering ~� i over the i th dimen-
sion, we consider a new reconstruction ~Z =
h� (� ; (Ui ; U� i ); ( ~� i (Ui ); � � i (U� i ))). Then, from the def-
inition of expectation, it follows that

E [d� (Z; ~Z )] =
m iX

u i =1

wu i EU � i j u i [d� (Z; ~Z (ui ; ~� i (ui )))]

where ~Z (ui ; ~� i (ui )) = h� (� ; (ui ; U� i ); ( ~� i (ui ); � � i (U� i ))).
Thus, the objective function can be decomposedinto a
weighted averageover m i terms, each of which depends
on a single ui and its assignment ~� i (ui ). Hence, the
optimal clustering � new

i can be obtained by computing
the optimal cluster assignments for each ui as in step B
of Algorithm 2.

Once the cluster assignments are updated, the ob-
jective function decreases,but the reconstruction ~Z new

based on � and the new cluster assignments � new =
(� new

i ; � � i ) need not be the MBI solution. As the fol-
lowing theorem shows, we can, in fact, obtain a better
approximation to the original Z by computing the MBI
solution Ẑ new with respect to � new .

Theorem 4 For any random variable Z , Bregman di-
vergence d� and multi-way clustering � new , the MBI re-
construction Ẑ new has less expected distortion with re-
spect to Z than any reconstruction ~Z new based on non-
optimal Lagrangemultipliers, i.e.,

E [d� (Z; Ẑ new )] � E [d� (Z; ~Z new )] :

To draw analogy with the KMeans algorithms, the com-
putation of the MBI solution is equivalent to computing
the meansof every cluster. Putting together the cluster
assignment stepsand the computation of MBI solution,
we have a simple and elegant algorithm (Algorithm 1)
for multi-w ay clustering of tensors, which is conceptu-
ally similar to the KMeans algorithm. Since both step
B and C decreasethe objective function, Algorithm 1 is
guaranteed to convergeto a local optimum.

Theorem 5 The multi-way tensor clustering algorithm
(A lgorithm 1) monotonically decreases the multi-way
clustering objective function in (3.4) and converges to
a locally optimal solution.

Algorithm 1 Multi-w ay TensorClustering
Input: Tensor Z � Sm 1 ����� m n , probabilit y measure w,

Bregman divergenced� : S� int( S) 7! R+ , num. of clusters
(k1 ; � � � ; kn ), co-clustering basis f Vsgr

s=1 .
Output: Multi-w ay clustering � � that (locally) optimizes the

objectiv e function in (3.4).
Metho d:

Initialize with an arbitrary clustering � .
rep eat

Step A: Pick a dimension i; (1 � i � n) to update.
Step B: Compute cluster assignments � i

� i (ui ) = argmin
û i :[ û i ]

k i
1

EU � i j u i [d� (Z; h� (� ; (ui ; U� i ); (ûi ; � � i (U� i ))))]

Step C: Compute the MBI solution and optimal La-
grange multipliers � for � using (3.3).

un til convergence
return �

For someimportant choicesof Bregman divergences
and clustering bases(BAMC/BMC), the MBI solution
in Step C can be computed in closed form, so that
Algorithm 1 requiresa computational e�ort that is only
linear per iteration in the size of the data (non-zeros
in the tensor) and is hence, very scalable. It must
be noted here that Algorithm 1 is a meta algorithm
that can be instantiated for any choice of Bregman
divergenceand clustering basis, since the MBI solution
can always be computed numerically using iterativ e
projection algorithms [6]. In practice, we can also use
multiple restarts or local search heuristics [8] to improve
the locally optimal solution.

4 Multi-w ay Clustering on Relation Graphs

In this section, we intro duce our relation graph model,
which captures multiple relations between a speci�ed
set of variables, where each relation corresponds to a
tensor over possibly di�eren t domains. Then, we ex-
tend the multi-w ay clustering formulation in Section 3
for this setting by de�ning a suitable convex function
over these relation graphs. More speci�cally , we use
this convex function to de�ne the Bregman information
of a relation graph and thereby, characterize the opti-
mal reconstruction of the relation graph via MBI prin-
ciple. The multi-w ay clustering problem is then posed
in terms of determining the clustering that �nds the op-
timal reconstruction of the original relation graph. We
also describe an e�cien t alternate minimization-based
algorithm (MRGC) for multi-w ay relation graph clus-
tering.

4.1 Relation Graph Mo del. We begin with a de-
scription of the multi-relational setting. As in Sec-
tion 3, let Ui ; [i ]n1 indicate random variables that take
values over n di�eren t classesof entities indexed by
f 1; � � � ; m i g; [i ]n1 respectively and let Ual l = f Ui gn

i =1 .



Figure 4.2: Relation graph for movie recommendation.

The tensor formulation in Section 3 considersthe case
where there is a single relation connecting the entit y
classesUi ; [i ]n1 . In a multi-relational setting, there ex-
ist multiple such relations betweenthe variables in Ual l .
Let f j ; [j ]l1 denote theserelations, each of which corre-
sponds to a set of variablesUf j

� Ual l , and alsoa tensor
Z j whoseentries take values in an appropriate domain.
Note that it is possiblethat a relation f j corresponds to
a singleton set, i.e., Uf j

= f Ui g for somei; (1 � i � n),
in which casef j just maps the entities denoted by Ui

to their intrinsic attributes. Let U f j
denote the random

vector corresponding to the variables in Uf j
. Then, we

can de�ne a new random variable Z j = f j (U f j
), which

takesvaluesamongthe elements of the tensor Z j follow-
ing the probabilit y distribution pj (U f j

) associated with
the relation f j .3 The dependenciesbetweenthe various
entit y classesUi ; [i ]n1 , relations f j ; [j ]l1, data tensors
Z j ; [j ]l1 and random variables Z j ; [j ]l1 can be conve-
niently represented in the form of relation graph de�ned
below.

De�nition 3 A relation graph G is a directed (Ual l +
F ; E)-bipartite graph where Ual l = f Ui gn

i =1 is a set of
random variables and F = f f j gl

j =1 is a set of relations.
Each relation f j is a deterministic mapping de�ned over
the random vector U f j

determined by all the variables
U 2 Uf j

� Ual l that are linked to f j by an edge
eU;f j 2 E. Further, each relation node f j 2 F is
associated with a random variable Z j = f j (U f j

), whose
support set is the tensor Z j .

Example 4 Figure 4.1 shows the relation graph for the
scenariodescribed in Example 1. First, we observe that
there are four classesof entities corresponding to viewers
(U1), actors (U2), movies (U3) and review words (U4).
We also have four relations betweentheseentit y classes:

3Note that the probabilit y distributions are conditioned on the
relations and do not have to be consistent with respect to each
other.

(1) f 1: viewer U1 's rating of actor U2 in movie U3, (2)
f 2: actor U2 's participation in movie U3, (3) f 3: word
U4 's occurrencein description of movie U3, and (4) f 4:
viewer U1 's attributes such as gender and age. Each of
theserelations f j corresponds to a data tensor Z j . Note
that we view Z4 to be a tensor with a single axis and
elements corresponding to (gender, age)pairs which can
be embeddedin S = [0; 1] � R++ .

4.2 Multi-w ay Clustering Form ulation. We de-
�ne a multi-w ay clustering � = (� 1; � � � ; � n ) for
(k1; � � � ; kn ) clustersalongeach dimensionand the corre-
sponding random variables Ûi = � i (Ui ); [i ]n1 , exactly as
in Section 3. To characterize the \goodness" of a multi-
way clustering, we �rst observe that the relation graph
G with l relations is describedby the l data tensorsZ j or
equivalently , the random variables Z j . Hence,a natural
formulation would be in terms of approximating each of
these tensors basedon the multi-w ay clustering. How-
ever, it is often not possibleto have a single lossfunction
to measurethe distortion acrossall the data tensorsZ j ,
as they might take values in di�eren t domains, e.g., in
the movie recommendersystem, the entries in Z1 take
real values in the range [-10,10] while those in Z2 take
only binary values.

To handle this, we measurethe approximation error
in terms of a weighted combination of the suitable Breg-
man loss functions applied to each of the tensors. More
speci�cally , let � j be a suitable convex function de�ned
over the entries in Z j and let � j denote the weight as-
sociated with Z j . In practice, the weights � j ; [j ]l1 can
be chosento be proportional to the number of observa-
tions on the corresponding relations or the relevance of
theserelations for a speci�c prediction problem of inter-
est. Let Ẑ j be a reconstruction of the original tensor Z j ,
such that Ẑ j dependsonly upon the clustering of the ran-
dom variablesin U f j

, and a pre-speci�ed set of summary
statistics derived from the multi-w ay clustering and Z j .
Further, let Ẑ j be a random variable that takes values
in the approximate tensor Ẑ j following the distribution
pj (U f j

). The \goodness" of the multi-w ay clustering
can now be measuredin terms of the weighted expected
distortion betweenthe random vectors (Z 1; � � � ; Z l ) and
(Ẑ 1; � � � ; Ẑ l ), i.e.,

(4.5)
lX

j =1

� j Epj [d� j (Z j ; Ẑ j )] :

One can arrive at a more elegant interpretation of
the above cost function by observing that the random
variables Ûi ; [i ]n1 ; and Ẑ j ; [j ]l1 de�ne a new relation
graph Ĝ which has identical structure as the original
relation graph G, but is an approximation in terms of
the data values. Let G = (Z 1; � � � ; Z l ) be the random



vector that capturesall information in the relation graph
G and similarly, let Ĝ = Ĝ(� ) = (Ẑ 1; � � � ; Ẑ l ). The cost
function in (4.5) can now be expressedas E[d� (G; Ĝ)]
where

(4.6) � (G) =
lX

j =1

� j � j (Z j ):

The multi-w ay clustering problem is to �nd the � that
minimizes the expectedBregmandistortion E [d� (G; Ĝ)].

Example 5 In the movie recommendation example,
since Z1 corresponds to ratings in [� 10; 10], it is rea-
sonableto have � (1) as the squarederror. For the ten-
sors Z2 and Z3 consisting of co-occurrencevalues, it is
more appropriate to have � (2) and � (3) as I-divergence.
Similarly, � (4) can be chosenas an appropriate convex
function over a 2-tuple of binary and real values.

Similar to the tensor setting, the choice of Ĝ is crit-
ical to the clustering formulation. Further, as before, it
can be fully described in terms of the summary statis-
tics that need to be preserved and the reconstruction
procedurebasedon the MBI principle.

4.3 Summary Statistics. As in the case of tensor
formulation, for each relation f j , we consider summary
statistics that areconditional expectationsof the random
variables Z j with respect to random variables f V j

s gr j
s=1 ,

that correspond to the di�eren t partitions of Z j . The
complete clustering basis in this case is the union of
all these sets of random variables, i.e., ff V j

s gr j
s=1 gl

j =1 .
Further, sincethe random variables Z j ; [j ]l1 correspond
to di�eren t relations, one can consider di�eren t set
of conditional expectations for each of these random
variables, as illustrated in the following example.

Example 6 For the movie recommendation example,
we have four relations and corresponding random vari-
ablesZ 1; : : : ; Z 4. Following Example 3, we observe that
for the �rst relation involving viewer ratings, it would be
appropriate to choosethe bias-adjusted multi-w ay clus-
tering (BAMC) basis. Similarly for the relations f 2; f 3

based on co-occurrence counts, one could chose either
the BAMC or BMC scheme depending on the promi-
nenceof the entit y-bias whereasfor f 4, compressioncan
be obtained by only choosing the BMC scheme.

4.4 MBI Principle for Relation Graphs. We now
focuson obtaining the approximation Ĝ = (Ẑ 1; � � � ; Ẑ l ),
given a �xed multi-w ay clustering a clustering basis,by
following a similar strategy as in the caseof the tensor
formulation.

First, we characterize the Bregman information of
the random vector G = (Z 1; � � � ; Z l ) associated with a

relation graph G using the convex function � in (4.6),
i.e.,

I � (G) = E[d� (G; E [G])]

=
lX

j =1

� j Epj [d� j (Z j ; Epj [Z j ])] =
lX

j =1

� j I � j (Z j ) :

This allows to invoke the minimum Bregman informa-
tion (MBI) principle and pick the \b est" approximation
as the one that has the minimum Bregman information,
subject to the linear constraints arising from the sum-
mary statistics to be preserved, i.e.,

(4.7) ĜA � argmin
G02S A

I � (G0)

where G0 = (Z 01; � � � ; Z 0l ) and SA is given by

SA = f G0jEpj [Z 0j jV j
s ] = Epj [Z j jV j

s ]; 8[s]r j
1 ; 8[j ]l1g:

Due to the separability of the convex function � and
the resulting Bregman information, it can be shown that
the MBI solution ĜA can in fact be readily expressed
in terms of the MBI solutions corresponding to the
component random variables Z j ; [j ]l1 .

Theorem 6 For any relation graph G, Bregman diver-
gence d� and multi-way clustering � , and clustering basis
ff V j

s gr j
s=1 gl

j =1 , the MBI solution ĜA = (Ẑ 1
A ; � � � ; Ẑ l

A );
where ĜA is as in (4.7) and Ẑ j

A is the MBI solution for
the tensor Z j with respect to the basis f V j

s gr j
s=1 and clus-

tering � , as de�ned in (3.3).

Using the above decomposition result and Theorem 1,
one can uniquely determine the MBI solution ĜA . This
reconstruction not only preserves all the speci�ed sum-
mary statistics, but alsoresults in the minimum expected
Bregmandistortion with respect to the original G among
a large classof possiblereconstructions. Further, the ex-
pected Bregman distortion between the original G and
the MBI approximation ĜA can alsobe expressedas the
loss in Bregman information due to clustering, i.e.,

(4.8) E [d� (G; ĜA )] = I � (G) � I � (ĜA ):

Hence forth, we de�ne Ĝ � ĜA so that the multi-w ay
clustering problem can be posedas that of �nding the
optimal multi-w ay clustering � � that solvesthe following
minimization problem,

(4.9) min
�

E[d� (G; Ĝ)] = min
�

I � (G) � I � (ĜA ):

4.5 MR GC Algorithm. In order to solve the multi-
way clustering problem for relation graphs, we adopt a
similar alternate minimization strategy as in the caseof



tensor clustering. Similar to Section 3, multi-w ay rela-
tion graph clustering (MRGC) involvesan iterativ e pro-
cesswherethe cluster assignments of each dimensionare
updated followed by the computation of the MBI solu-
tion. The only di�erence is that the optimal cluster as-
signments and the MBI computation depend on multiple
tensorsassociated with di�eren t relations.

First, we consider the cluster assignment step for
the i th dimension. For any relation f j , let U f j

� i denote
the random variable over the dimensions other than i
and � j

� i the corresponding clustering. For any multi-
way clustering � , the MBI solution Ĝ = (Ẑ 1; � � � ; Ẑ l )
where Ẑ j is the MBI solution associated with the tensor
Z j and is determined by Theorem 1. Now, for any
candidate clustering ~� i along the i th dimension, we
can consider a reconstruction ~G consisting of relation-
wise reconstructions ~Z j similar to the one described in
Section3.4. In particular, ~Z j = Ẑ j when the relation f j

doesnot involve the i th dimension, i.e., Ui =2 Uf j
.

As in Section 3.4, the expected distortion
E [d� (G; ~G)] can be expressedas a sum overs m i terms,
each of which dependson a single ui and its assignment
~� i (ui ). Hence, the new clustering � new

i can be obtained
by computing the optimal cluster assignments for each
ui (Step B of Algorithm 2). The new cluster assignment
� new = (� new

i ; � � i ) has a lower expected distortion, but
the resulting reconstruction ~Gnew is not the MBI solu-
tion. From Theorems6 and 4, it can be shown that [18]
the MBI solution Ĝnew corresponding to � new is a bet-
ter approximation that ~Gnew . Hence,we recompute the
MBI solution Ĝnew , which becauseof Theorem 6 only
involvesrecomputing the MBI solutions of the relations
that involve Ui . Algorithm 2 shows the main steps and
is guaranteed to monotonically decreasethe multi-w ay
clustering objective function till it reaches a local opti-
mum [18]. For special caseswherethe multi-w ay cluster-
ing basisand the Bregmanlossfunctions (� 1; � � � ; � j ) are
such that the MBI solutions for all relations havea closed
form, the multi-w ay relation graph clustering (MRGC)
algorithm only requires linear computational time per
iteration and is highly scalable. Further asnoted earlier,
Algorithm 2 can be instantiated for any relation graph
setting with a well de�ned set of Bregman lossfunctions
and multi-w ay clustering basis.

5 Exp erimen tal Results

In this section, we provide experimental results that
highlight the 
exibilit y and e�ectiv enessof our multi-
way clustering framework. First, we describe experi-
ments on synthetic data for studying the dependence
of the clustering quality and the resulting approxima-
tion on the choiceof Bregman divergenceand multi-w ay
clustering basis. Then, we present results on real world
datasetsfor document and movie categorization tasks to

Algorithm 2 Multi-w ay Relation Graph Clustering
Input: Relation graph G = (Z 1 ; � � � ; Z j ) basedon relations

f j ; [j ]l1 , associated weights � j ; [j ]l1 , probabilit y measures
wj ; [j ]l1 , Bregman divergencesd� j : S � int( S) 7! R+ ,
num. of clusters (k1 ; � � � ; kn ), multi-w ay clustering basis
ff V j

s g
r j
s=1 gl

j =1 .
Output: Multi-w ay clustering � � that (locally) optimize the

objectiv e function in (4.9).
Metho d:

Initialize with an arbitrary clustering � .
rep eat

Step A: Pick a dimension i; (1 � i � n) to update.
Step B: Compute cluster assignments � i

� i (ui ) = argmin
û i :[ û i ]

k i
1

P
j :U i 2U f j � j wj

u i EU � i j u i [d� (Z j ; ~Z j (ui ; ûi ))]

where ~Z j (ui ; ûi ) = h� (� j ; (ui ; U
f j
� i ); (ûi ; � j

� i (U
f j
� i ))

Step C: Compute MBI solution Ĝ for � using (4.7).
un til convergence
return �

Con�guration Squared Error nMI
A 55:9 � 7:7 0:742 � 0:026
B 71:3 � 8:9 0:664 � 0:051
C 190:9 � 21:2 0:528 � 0:053

Table 5.1: Performance using di�eren t Bregman diver-
gencesand clustering baseswith k1 = k2 = k3 = 5. nMI
was averagedover U1; U2 and U3 and � (1) = � (2) .

demonstrate the bene�ts of tensor and multi-relational
clustering over 2-dimensionalco-clustering. We also de-
scribe a casestudy on performing collaborative �ltering
for movie recommendationsvia a multi-w ay clustering
approach.

5.1 Choice of Bregman Div ergence and Cluster-
ing Basis. As mentioned earlier, the MRGC algorithm
is applicable for any choiceBregman divergenceand also
for any valid clustering basis(including, but not limited
to BAMC and BMC). When the choice of the Bregman
divergenceand the clustering basis capture the natural
structure of the data, one can obtain a highly accurate
approximation of the original data. To study this de-
pendence,we generated10 setsof two 50 � 50 matrices
Z1 and Z2 (shown in Figure 5.3), which correspond to
relations between U1; U2 and U1; U3 respectively, where
U1; U2; U3 are three classesof entities. The matrices Z1

and Z2 were obtained from structured Gaussian mix-
ture models[18] corresponding to the B AM C and B M C
scheme respectively with k1 = k2 = k3 = 5. The bi-
jection result betweenBregman divergencesand regular
exponential families [3] suggeststhat the squared loss
as the appropriate Bregman divergencein this case. To
validate this, we performed multi-w ay clustering using
the following three con�gurations - (A) squared error
and BAMC for Z1/BMC for Z2, (B) I-divergenceand
BAMC for Z1/BMC for Z2, (C) squarederror and BMC
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Figure 5.3: Multi-w ay clustering-based reconstruction with
con�guration A (bottom row) of relational data consisting of
two 50x50 matrices (top row).

for both Z1 and Z2. Table 5.1 shows the approximation
error/clustering quality (as measuredby normalized mu-
tual information (nMI) [20]) with respect to the original
matrices, clearly demonstrating that the right choice of
Bregman divergenceand clustering basis (i.e., con�gu-
ration A) results in better performance. Figure 5.3 also
shows the reconstruction for this case.Theseresult sug-
gest that one could use domain knowledge to identify
a suitable generative distribution (e.g., Gaussian,Pois-
son) and summary statistics (e.g., entit y classbias) and
instantiate the multi-w ay clustering algorithm with the
appropriate Bregman divergenceand clustering basis.

5.2 Bene�t of Tensor Structure: Newsgroup
Topics. In this experiment, we demonstrate the im-
provement in clustering performanceby considering the
tensor structure. We consider a subset of the well-
known 20 Newsgroups[9] data. Following the methodol-
ogy of [16], we createa subsetof 100documents sampled
randomly from 4 newsgroups{ sci.space,sci.electronics,
talk.p olitics.guns, talk.p olitics.mideast. For each arti-
cle, we extracted information about the author, the
newsgroup, and the words in the post. By aggregat-
ing acrossall the 400 documents in this collection, we
created a tensor with 3 dimensions: author, newsgroup
category, and words used. The goal of this experiment
is to get good topics from word clusters. Note that in
this dataset, the 4 newsgroupscategoriesform a natu-
ral partitioning into 2 clusters: one related to science
(sci.spaceand sci.electronics) and the other to politics
(talk.p olitics.gunsand talk.p olitics.mideast). Soweclus-
tered this tensor using BMC with I-divergenceto get
2 newsgroup clusters, 20 author clusters, and 20 word
clusters. We compare the performancewith matrix co-

Tensor Matrix
Topic 1 Topic 2 Topic1 Topic2

arab nasa arab rocket
land earth space land

jewish space turkish nasa
israel rocket israeli earth
policy international israel jewish

program president
million

Table 5.2: Two sample word clusters each from tensor co-
clustering and matrix co-clustering, representing topics about
Arab-Israel politics and NASA's spaceprogram.

clustering using I-divergence, by considering only the
word distributions in every newsgroup(no author infor-
mation).

Both the algorithms were able to �nd the clustering
of the newsgroupcategories.However, the word clusters
or topics obtained for the tensor structure were much
better than those in the matrix structure. As seenin
Table 5.2, the tensor structure enablesthe algorithm to
�nd coherent topic words, whereasthe topics obtained
with the matrix structure have some noise words in
them, e.g., \space" in topic about Arab-Israel politics,
\jewish" and \president" in the topic about NASA's
spaceprogram.

5.3 Bene�t of Relation Graph: Mo vie Cate-
gories. This experiment illustrates the utilit y of clus-
tering over the relation graph structure. We consider
the IMDB-EachMovie dataset [2], which has movies
with descriptions from the IMDB dataset (actors, genre,
etc.) and corresponding userratings from the EachMovie
dataset. We create a subset of 100 movies on which
39031usershave provided ratings on a scaleof 1-5. For
each movie, we consider the actors and the genre labels
from IMDB. Note that movies can be associated with
multiple genre labels. Altogether, the 100 movies have
19di�eren t genrelabels,and there are1177actors acting
in them.

We created a relation graph comprising of two ma-
trices hinged along the movie dimension: (movie, user
ratings) and (movie, actor). Using BAMC along the user
ratings matrix and BMC along the actor matrix, we par-
titioned the movies into 20 clusters. The quality of the
clusters were evaluated using the pair-wise F-measure
metric [2], which is a useful extrinsic cluster evaluation
measurewhendata points havemultiple classlabels. For
the datasetconsidered,the pairwiseF-measurescorewas
0.4. As a baseline, we consideredmatrix co-clustering
over the (movie, userratings) matrix, using BAMC. The
pairwise F-measurewasa substantially lower value, 0.13,
illustrating that using the relation graph structure over
the multiple relations of the movie data givesbetter clus-
tering results.



Algo MR GC COCLUST SVD PLSA CORR
MAE 0.723 0.743 0.754 0.739 0.813

Table 5.3: Mean absolute error (MAE) on MovieLens for
collaborativ e �ltering approaches. For MRGC (� genr e =0.2)
and COCLUST, #clusters on each dimension (movie, user,
genre) = 5, I-div ergence loss is used. Rank of SVD and
#topics in PLSA = 5, #neigh bors in the correlation method
= 50. Std. devn. in all results is below 0.02.

5.4 Augmen ted Collab orativ e Filtering Case
Study . The main task in collaborative �ltering is to
predict the preferenceof a given user for an item us-
ing known preferencesof the other users. In this study,
we explore the possibility of obtaining better predic-
tions using additional information via multi-w ay cluster-
ing. We useda subsetof the MovieLensdataset (movie-
lens.umn.edu)consistingof 456users,600movies (13158
ratings in the range [1-5]) aswell as the movie-genre(19
genres) information. Our prediction approach involved
performing multi-w ay clustering on a subsetof the user-
movie ratings as well as the movie-genre memberships
in order to obtain a grouping of the users, movies and
the genres. In particular, we used BAMC scheme for
the ratings and BMC for the genre memberships with
I-divergenceas the loss function. The multi-w ay clus-
ters as well as the summary statistics were then used
to make predictions on the test set. To take into ac-
count missingvalueswhile clustering, we assumeda uni-
form measurefor known valuesand zeromeasurefor the
missing onesas in [1]. We also tried varying the relative
importance of the genremembershipsand ratings by set-
tings � genr e = [0; 0:2; 0:4; 0:6; 0:8] on training sets with
di�eren t levels of sparsity in the ratings. We �nd that
the genre information tends to becomemore useful as
the sparsity increases,in particular the optimal � genr e

(w.r.t test error) for 20%; 40%; 60% and 80% ratings
was found to 0:6; 0:4; 0:2 and 0:2 respectively.

Table5.3shows the averagemeanabsoluteerror on a
80%-20%train-test split of (456 users� 500movies) for
the multi-w ay clustering approach aswell asother collab-
orative �ltering approachessuch asSVD [19], PLSA [13],
Pearsoncorrelation and also co-clustering [1]. From the
table, we note that the multi-w ay clustering provides
slightly better accuracy than other methods becauseof
the additional genre information. This becomeseven
more evident when we consider the prediction accuracy
on ratings corresponding to the 100 movies that are not
included in the clustering. In the multi-w ay clustering
approach, the \unseen" movie is assignedto a cluster
basedsolely on genre and the rating is predicted to be
the user'saveragerating for that movie cluster resulting
in (MAE =0.809), whereasin all the other approaches,
the prediction for a \unseen" movie is just the user's
overall averagerating that results in much higher error
(MAE =0.883).

6 Related W ork

In this section, we brie
y describe how the multi-w ay
relation graph clustering (MRGC) model is related to
other clustering models as well as graphical models that
have beenproposedin the literature.

6.1 Other Multi-w ay Clustering Mo dels. Long et
al. [16] recently proposedthe collective factorization of
related matrices (CFRM) model for joint clustering on
multi-t ype relational data. The CFRM model is, how-
ever, restricted to only pairwise relations betweenentit y
types. As in the caseof MRGC, the CFRM formula-
tion is also motivated from an approximation point of
view, but the distortion is measuredusing squaredloss.
Further, the optimal approximation is obtained via non-
negative factorization of relevant matrices,unlikeMRGC
where the approximation is determined in terms of the
conditional expectations via the MBI principle. It can
be shown that the CFRM model corresponds to a real
relaxation of a special caseof MRGC model for the block
clustering formulation (BMC) and squaredloss. Though
the spectral clustering algorithm is not scalableto large
datasets, it can give better results than alternate mini-
mization in somecases.

A follow-up paper by Long et al. [15] proposed a
relational summary network (RSN) model for clustering
over k-partite graphs using Bregman divergences. The
RSN model considers only pairwise interactions, and
in fact, follows as a special caseof the MRGC model
whereall the relations are described by matrices and the
summary statistics correspond to the block clustering
(BMC) scheme.

Bekkerman et al. [4] intro ducea model of multi-w ay
distributional clustering (MDC) based on pairwise in-
teractions betweenvariables,which maximizesan objec-
tiv e function equal to the sum of weighted pairwise mu-
tual information betweenthe clusteredrandom variables.
The MDC formulation can be shown to be a special case
of MRGC assuming only pairwise relations, summary
statistics corresponding to the BAMC schemeand an I-
divergencedistortion measure. However, MDC usesan
interleaved top-down and bottom-up algorithm, which
can be more e�ectiv e at performing correction for local
optimization than the alternate minimization MRGC al-
gorithm. Multiv ariate information bottleneck [10] is an-
other important work that corresponds to a soft cluster-
ing formulation similar to MRGC for a speci�c classof
loss functions basedon I-divergence.

In addition to the clustering modelsdiscussedabove,
there are several other \m ulti-w ay" clustering tech-
niques, that share the samenomenclature, but address
slightly unrelated problems,someof which are discussed
in [15, 16].



6.2 Matrix Co-clustering and KMeans. As men-
tioned in Section3, our tensorclustering formulation in a
direct generalizationof Bregmanmatrix co-clustering[1].
In this work, Banerjee et al. [1] demonstrate how Breg-
man matrix co-clustering generalizesa variety of par-
titional co-clustering algorithms: information theoretic
co-clustering [9], minimum sum-squareresidue cluster-
ing [8], fully-automatic cross-associations [7], as well as
clustering algorithms such as KMeans. Hence, these
methods can be consideredasspecial casesof the MRGC
model aswell. There areseveral related co-clusteringfor-
mulations that have been proposedin the literature |
[17] contains an extensive survey on various models and
their applications.

6.3 Probabilistic Graphical Mo dels. The MRGC
model is also closely related to probabilistic graphical
models. More speci�cally , the bijection between expo-
nential families and Bregman divergences[3] suggests
that it is possible to have a probabilistic view of the
multi-w ay clustering problem asmaximum likelihood es-
timation over a structured mixture of exponential distri-
butions. Basedon this connection, it can be shown that
the MRGC formulation is associated with a family of
graphical models over the latent cluster variables where
the dependenciesaredeterminedby the choiceof cluster-
ing basis. This is similar in principle to the recent work
on Bayesianmodels, e.g., LDA [5], which formulate the
clustering problem in terms of a graphical model with
latent variables. Several papers have proposed various
speci�c model structures for clustering in particular do-
mains [21]. The MRGC formulation, in particular, has
several commonalities with relational clustering meth-
odsbasedon Probabilistic Relational Models(PRM) [11]
and Probabilistic Entit y-Relationship (PER) [12] mod-
els, which support probabilistic inferenceover relations.

7 Conclusions

In summary, our current work signi�cantly expands
the applicabilit y of clustering techniques by providing
a broad multi-w ay clustering framework with 
exibilit y
along two directions |(a) simutaneously clustering of
multiple classesof entities, (b) extension to multiple
relations via a relation-graph model. Furthermore, our
formulation is applicable to all Bregman loss functions
and also allows a large family of structurally di�eren t
multi-w ay clustering schemes based on the summary
statistics that need to be preserved. The proposed
MRGC algorithm is also highly scalable and suitable
for handling high dimensional, sparse data involving
mixed data types. Our formulation can alsobe shown to
have a natural interpretation in terms of probabilistic
generative model, which in turn allows extensions to
active, online and semi-supervised learning.
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