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Abstract

In this paperwe describea scalableparallelalgorithmfor sparsematrix factorization analyzetheir per
formanceandscalability andpresenexperimentakesultsfor up to 1024processorsna Cray T3D parallel
computer Throughour analysisandexperimentalresults,we demonstratéhat our algorithmsubstantially
improvesthe stateof theartin paralleldirectsolutionof sparsdinear systems—botln termsof scalability
andoverallperformancelt is awell known factthatdensematrixfactorizatiorscalesvell andcanbeimple-
mentedefficiently on parallelcomputersin this paper we presenthefirst algorithmto factora wide class
of sparsematrices(including thosearisingfrom two- andthree-dimensiondinite elementproblems)that
is asymptoticallyasscalableasdensematrix factorizationalgorithmson a variety of parallelarchitectures.
Ouralgorithmincurslesscommunicatioroverheadandis morescalablehanary previously known parallel
formulation of sparsematrix factorization. Although, in this paper we discussCholeslk factorizationof
symmetricpositive definite matricesthe algorithmscanbe adaptedor solving sparsdinear leastsquares
problemsandfor Gaussiareliminationof diagonallydominantmatricesthatarealmostsymmetricin struc-
ture. An implementatiorof our sparseCholesly factorizationalgorithmdeliversup to 20 GFlopson a Cray
T3D for medium-sizestructuralengineeringandlinear programmingproblems. To the bestof our knowl-
edge thisis the highestperformancever obtainedfor sparseCholesly factorizationon any supercomputer
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Center



1 Intr oduction

Solving large sparsesystemsof linear equationgs at the coreof mary problemsin engineeringandscientific
computing.Suchsystemsaretypically solved by two differenttypesof methods—#erative methodsanddirect
methods The natureof the problemat handdeterminesvhich methodis more suitable. A direct methodfor
solvingasparsdinearsystenof theform Az = b involvesexplicit factorizationof the sparsecoeficient matrix
A intotheproductof loweranduppertriangularmatricesl. andU . Thisis ahighly timeandmemoryconsuming
step;neverthelessdirectmethodsareimportantbecausef their generalityandrobustnessFor linearsystems
arisingin certainapplications,suchaslinear programmingand structuralengineeringapplications they are
the only feasiblesolutionmethods.In mary otherapplicationgoo, directmethodsareoften preferredbecause
theeffort involved in determiningandcomputinga goodpreconditionefor aniterative solutionmay outweigh
the costof directfactorization. Furthermoredirect methodsprovide an effective meansfor solving multiple
systemswith the samecoeficient matrix anddifferentright-handsidevectorsbecausehe factorizationsieeds
to be performedonly once.

A wide classof sparsdinear systemshave a symmetricpositive definite (SPD) coeficient matrix thatis
factoredusingCholesly factorization.Although Cholesly factorizationusedextensvely in practice their use
for solving large sparsesystemshasbeenmostly confinedto big vector supercomputerdueto its high time
andmemoryrequirements.As a result, parallelizationof sparseCholesly factorizationhasbeenthe subject
of intensve researcH26, 55, 12, 15, 14,18, 54, 40, 41, 3, 49, 50, 57, 9, 28, 26, 27, 51, 2, 1, 44, 58, 16, 55,
43, 33, 5, 42, 4, 59]. We have developedhighly scalableformulationsof sparseCholesly factorizationthat
substantiallyimprove the stateof the art in parallel direct solution of sparsdinear systems—botfin terms
of scalabilityand overall performance.lt is well knowvn that densematrix factorizationcanbe implemented
efficiently on distributed-memoryparallelcomputerd8, 46, 10, 34]. We shawv thatthe parallelCholesky fac-
torizationalgorithmdescribedhereis asscalableasthe bestparallelformulationof densematrix factorization
on both meshandhypercubearchitecturegor a wide classof sparsematrices,including thosearisingin two-
andthree-dimensiondinite elementproblems. This algorithmincurslesscommunicatioroverheadthanary
known parallelformulationof sparsematrix factorization,andhence,canutilize a highernumberof proces-
sorseffectively. The algorithm presentedherecandeliver speedupsn proportionto anincreasingnumberof
processorsvhile requiringalmostconstantnemoryperprocessor

It is difficult to derive analyticalexpressiongor thenumberof arithmeticoperationsn factorizationandfor
the size (in termsof numberof nonzeroentries)of the factorfor generalsparsanatrices. This is becausdhe
computatiorandfill-in duringthe factorizationof a sparsamatrix is a function of the the numberandposition
of nonzerodn the original matrix. In the contet of the importantclassof sparsematricesthat areadjaceng
matricesof graphswhosen-nodesubgraph$iave O(/n)-nodeseparatorgthis classincludessparsematrices
arisingout of all two-dimensionafinite differenceandfinite elementproblems)the contrikution of this work
canbesummarizedy Figure1!. A simplefan-outalgorithm[12] with column-wisepartitioningof an N x N
matrix of this type on p processorsesultsin anO(Nplog N) total communicatiorvolume[15] (box A). The
communicationvolume of the column-basedchemesepresenteih box A hasbeenimproved usingsmarter
waysof mappingthe matrix columnsonto processorssuchas, the subtree-to-subcubmapping[14] (box B).
A numberof column-basegarallelfactorizationalgorithms[40, 41, 3, 49, 50, 57, 12, 9, 28, 26, 55, 43, 5]

In [47], PanandReif describea parallelsparsamatrix factorizationalgorithmfor a PRAM typearchitecture This algorithmis not
cost-optimal(i.e., the processotime productexceedsthe serialcompleity of sparsematrix factorization)andis not includedin the
classificatiorgivenin Figurel.
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have alower boundof O(Np) onthetotal communicatiorvolume[15]. Sincethe overall computationis only
O(N'5) [13], the ratio of communicationto computationof column-basedchemess quite high. As a re-
sult, thesecolumn-casedgchemescalevery poorly asthe numberof processorss increased55, 53]. In [2],
Ashcraftproposesa fan-bothfamily of parallelCholesly factorizationalgorithmsthat have a total communi-
cationvolume of ©(N,/plog N). Although the communicatiornvolumeis lessthanthe othercolumn-based
partitioningschemesthe isoeficiengy function of Ashcrafts algorithmis still ©(p®) dueto concurreng con-
straintsbecausehe algorithmcannoteffectively utilize morethanO(v/N) processorfor matricesarisingfrom
two-dimensionakonstantnode-dgree graphs. Recently a numberof schemeswith two-dimensionabparti-
tioning of the matrix have beenproposed18, 53, 52, 18, 54, 1, 44, 58, 16, 33, 42, 4, 59]. The leasttotal
communicatiorvolumein mostof theseschemess O(N ,/plog p) (box C)>.

Mostresearchersofar have analyzedparallelsparsematrix factorizationin termsof thetotal communica-
tion volume. It is notevorthy that,on ary parallelarchitecturethetotal communicatiorvolumeis only alower
boundontheoverall communicatioroverheadlt is thetotal communicatioroverheadhatactuallydetermines
the overall efficiency andspeedupandis definedasthe differencebetweerthe parallelprocessoetime product
andtheserialruntime [23, 34]. Thecommunicatioroverheactanbe asymptoticallyhigherthanthe communi-
cationvolume.For example,aone-to-allbroadcasalgorithmbasedn abinarytreecommunicatiorpatternhas
atotal communicatiorvolumeof m(p — 1) for broadcastingn wordsof dataamongp processorsHowever,
the broadcastakeslog p stepsof O(m) time each;hence the total communicatioroverheads O(mp log p)
(onahypercube).In the context of matrix factorization the experimentalstudy by Ashcraftet al. [3] senes
to demonstratehe importanceof studyingthe total communicatioroverheadratherthanvolume. In [3], the
fan-in algorithm,which hasa lower communicationvolumethanthe distributed multifrontal algorithm,hasa
higheroverheadandhence alower efficiengy) thanthe multifrontal algorithmfor the samedistribution of the
matrix amongthe processors.

The performanceand scalability analysisof our algorithmis supportedby experimentalresultson up to
1024processorsf NCUBE2[24] andCray T3D parallelcomputersWe have beenableto achieve speedupsf
up to 364 0n 1024 processorand2300n 512 processorsver a highly efficient sequentialmplementatiorfor
moderatelysizedproblemsfrom the Harwell-Boeingcollection[6]. In [29], we have appliedthis algorithmto
obtainahighly scalableparallelformulationof interior pointalgorithmsandhave obseredsignificantspeedups
in solvinglinear programmingproblems.On the Cray T3D, we have beenableto achiere up to 20 GFlopson
medium-sizestructuralengineeringandlinear programmingproblems. To the bestof our knowvledge,this is
thefirst parallelimplementatiorof sparseCholesly factorizationthathasdeliveredspeedupsf this magnitude
andhasbeenableto benefitfrom severalhundredprocessors.

In summary researcherbdave improved the simple parallel algorithmwith O(Nplogp) communication
volume(box A) alongtwo directions—onddy improving the mappingof matrix columnsonto processorgbox
B) andthe other by splitting the matrix along both rows and columns(box C). In this paper we describe
a parallel implementationof sparsematrix factorizationthat combinesthe benefitsof improvementsalong
boththeselines. The total communicatioroverheadof our algorithmis only O(V/p) for factoringan N x
N matrix on p processorsf it correspondgo a graphthat satisfiesthe separatorcriterion. Our algorithm
reducesthe communicationoverheadby a factor of O(log p) over the bestalgorithmimplementedto date.
Furthermoreaswe shav in Section5, thisreductionin communicatioroverheady afactorof O(log p) results
in animprovementin the scalability of the algorithm by a factor of O((log p)?); i.e., the rate at which the

2[4] and[59] couldbepossibleaxceptions put neithera detailedcommunicatioranalysisnor ary experimentaresultsareavailable.



problemsizemustincreaseawith the numberof processor$o maintaina constanefficiency is lower by afactor
of O((logp)?). This can malke the differencebetweenthe feasibility and non-feasibility of parallel sparse
factorizationon highly parallel(p > 256) computers.

Theremainderof the paperis organizedasfollows. Section2 describegshe serial multifrontal algorithm
for sparsematrix factorization.Section3 describesur parallelalgorithmbasedon multifrontal elimination. In
Section4, we derive expressiondor the communicatioroverheadof the parallelalgorithm. In Section5, we
usetheisoeficiengy analysig34, 36, 17] to determinethe scalabilityof our algorithmandcomparst with the
scalabilityof otherparallelalgorithmsfor sparsamatrix factorization.Section6 containsexperimentalresults
onaCrayT3D parallelcomputer Section7 containsconcludingremarks.

2 The Multifr ontal Algorithm for SparseMatrix Factorization

The multifrontal algorithmfor sparsamatrix factorizationwas proposedndependentlyandin somavhat dif-
ferentforms, by Speelpening56] andDuff andReid[7], andlater elucidatedn atutorial by Liu [39]. In this
sectionwe briefly describea condensedersionof multifrontal sparseCholesly factorization.

Given a sparsematrix and the associateclimination tree, the multifrontal algorithm can be recursvely
formulatedasshavn in Figure2. Considerthe Cholesly factorizationof an N x N sparsesymmetricpositve
definitematrix A into LL”, whereL is alower triangularmatrix. Thealgorithmperformsa postordetraversal
of the eliminationtree associatedvith A. Thereis a frontal matrix F* andan updatematrix U* associated
with ary nodek. Therow andcolumnindicesof F'* correspondo the indicesof row andcolumnk of L in
increasingorder

In the beginning, £ is initialized to an (s + 1) x (s + 1) matrix, wheres + 1 is the numberof nonzeros
in the lower triangularpartof columnk of A. Thefirst row andcolumnof this initial F* is simply the upper
triangularpartof row & andthe lower triangularpartof columnk of A. Theremainderof F* is initialized to
all zeros.Line 2 of Figure2 illustratestheinitial £

After the algorithmhastraversedall the subtreegootedat a nodek, it endsup with a (¢ + 1) x (¢ + 1)
frontal matrix £%, wheret is thenumberof nonzerosn thestrictly lower triangularpartof columnk in L. The
row andcolumnindicesof thefinal assembled™* correspondo ¢ + 1 (possibly)noncontiguousndicesof row
andcolumnk of L in increasingorder If k is aleafin the eliminationtreeof A, thenthefinal F* is the same
astheinitial F'*. Otherwisethefinal F* for eliminatingnodef is obtainedoy meiging theinitial £'* with the
updatematricesobtainedfrom all the subtreesootedat & via an extend-addoperation.The extend-adds an
associatie andcommutatve operatoron two updatematricessuchthe index setof the resultis the union of
theindex setsof the original updatematrices.Eachentryin the original updatematricesis mappedontosome
locationin theaccumulatednatrix. If entriesfrom both matricesoverlapon alocation,they areadded.Empty
entriesareassigned valueof zero.Figure3 illustratesthe extend-addoperation.

After F* hasbeenassemblethroughthe stepsof lines3—7 of Figure2, asinglestepof the standardiense
Cholesly factorizationis performedwith nodek asthe pivot (lines8-12). At the endof the eliminationstep,
thecolumnwith index k is remavedfrom F* andformsthecolumnk of L. Theremainingt x ¢ matrixis called
the updatematrix U* andis passedn to the parentof & in the eliminationtree.

Themultifrontal algorithmis furtherillustratedin a step-by-steashionin Figure5 for factoringthe matrix
of Figure4(a).



/*

AlisthesparseN x N symmetricpositive definitematrix to befactored.L is the
lower triangularmatrix suchthat A = LL' afterfactorization.A = (a; ;) and

L = (l;;), where0 < ,j < N. Initially, ; ; = 0 for all 4, j.

*/

1. beginfunction Factor{)
gk Ok, Qk,ge " Qkygs
agr 0 o - 0

2. FFi= [ agr 0 o - 0 [
ag,r 0 o - 0

3. for all ¢ suchthatParent{) = & in theeliminationtreeof A, do

4., begin

5. Factor();

6. F* .= Extendadd*, U?);

7. end

/*

At thisstage,F*¥ isa(t + 1) x (¢t + 1) matrix, wheret is thenumberof nonzeros
in thesub-diagonapartof columnk of L. U* is at x t matrix. Assumethat
anindex i of F* or U* correspondso theindex ¢; of A andL.

*/

8. fori:=0totdo

9. Lok == F*(i,0)/1/ F*(0,0);

10. for j:=1totdo

11. fori:= jtotdo

12. UR(i,5) == FR (i, 5) — Lo,k X lgy ks

13. endfunction Factor

Figure2: An elimination-treeguidedrecursve formulation of the serial multifrontal algorithmfor Cholesly
factorizationof a sparsesymmetricpositive definitematrix A into LL”, whereL is a lower-triangularmatrix.
If r is theroot of the postorderealiminationtreeof A, thenacall to Factor() factorsthe matrix A.
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Figured: A symmetricsparsamatrix andtheassociate@liminationtreewith subtree-to-subcubmappingonto
8 processorsThenonzerosn the original matrix aredenotedoy thesymbol“ x” andfill-ins aredenotedoy the

symbol“o”.

3 A Parallel Multifr ontal Algorithm

In thissectionwe describegheparallelmultifrontalalgorithm.We assume hypercubeénterconnectiometwork;
however, the algorithm also can be adaptedfor a meshtopology (Section3.2) without ary increasein the
asymptoticcommunicatioroverhead On otherarchitectureaswell, suchasthoseof theCM-5, CrayT3D, and
IBM SP-2 theasymptoticexpressiorfor the communicatioroverheademainsthe same.In this paper we use
thetermrelaxedsupernoddor agroupof consecutie nodesn theeliminationtreewith onechild. Henceforth,
ary referencedo the height,depth,or levels of thetreewill bewith respecto therelaxed supernodatree. For
thesale of simplicity, we assumehattherelaxed supernodagliminationtreeis a binarytreeup to thetop log p
relaxed supernodalevels. Any eliminationtree canbe corvertedto a binary relaxed supernodatree suitable
for parallelmultifrontal eliminationby a simplepreprocessingtepdescribedn detailin [24].
In orderto factorizethe sparsematrixin parallel,portionsof the eliminationtreeareassignedo processors

usingthe standardsubtree-to-subcubassignmenstratgy. This assignments illustratedin Figure 4(b) for



0 [X] 1[x] 3 [X] 4 [X] 9 [X] 10[x] 12[X] 13[x]
2 |X 2 |X 5 |X 5 |X 11| X 11| X 14 | X 14 | X
7 X | 6 |X | 8 X | 6 | X | 16| X | 15X | 17X | 15|X |
8 |X [ ] 7[x [ ] 18[x [ ] 18]x [ ] 17|x [ ] 18]x | ] 18]x [ ] 18[x | ]
0278 1267 3 5 818 4 5 6 18 9 111617 1011 1516 121417 18 13141518
Fo Fi [ Fy Fo Fio Fi, Fis
(a) Initial frontal matrices
2 [x] 2 [X] 5 [x] 5 [X] 11 [X] 11[X] 14 [X] 14/ X]
7 [x]x] 6 [0]X] 8 [x]x] 6 [X|X 16 [ X[ X 15 [O[X] 17 [ X[ X] 15 X[ X]
8 [0 x[X] 7 [X[x[x] 18 [ x[O]X] 18 [x|0]x] 17 [O] x| x] 16 | X [X | Xx] 18 |x|0]x] 181X]0[X]
278 267 5 818 5 6 18 1116 17 1115 16 1417 18 14 15 18
Uo U Us U, Ug Uio U, U,
(b) Update matrices after one step of elimination in each frontal matrix
2 [X] 11 [X]
6 [O]X 11[x] 150X
U + U = 7 [x][x]x] F, = 1x[ | + Ug + Uy = 186 x[x[X]
8 0] [x]X] 1116 17[0] [x]X]
2 6 8 111516 17
5 [X] 14 [X] 14 [X]
6 |X|X 15 | X 15 [ X[ X
+ U+ U, = 7[X Fia= 16[X + Up+ Uiz = 18[X
8 |X X] 17X | 17X X]
18 [x[o| [o[X] 18 X | ] 18 [x]|o] [o[X]
56 7 818 14 15 16 17 18 14 15 16 17 18
(c) Frontal matrices at the second level of the elimination tree
= 6 [X] = 15 [X|
6 | X oo 15| X oo
e o [o[x[x] NS 17 [BIx[%]
U Us; 18|0|0]O[X] U U 18 0]|0]|O]X]
2 6 7 8 5 1 1516 17 14
6 7 8 18 1516 17 18
(d) Update matrices after elimination of nodes 2, 5, 11, and 14
6 [x] 15[x]
6 7 [ XX 15 [ x| 16 | X|X
Fe = 7[x| ] + U, + Ug = 8|0[X][X] Fig = 1[x ] + Uy + U, = 17[0[x[X]
6 7 18 [0|o]o]x] 1516 18 [0]0[0]X]
6 7 8 18 1516 17 18
7 [x] 16 [X] 16 [X]
7 _ 8 [x[x] 16L _16 1 [x[x] 17 [x[X]
F;=8 = wlojolx] Fe=1[X[ ]+ Ups=17 *1s[0o|x] = 18[0[0[X]
7 818 1617 1617 16 17 18 1617 18
8 [X 8 [X 17 [X 17 [X
Fe=eD+u = ex] + 18 18 Fip= 7+ U= v+ 18 = 18
8 8 8 18 8 18 e o 17 18 17 18
Fio = 8[x] Uy + Uy = 1] . 8[x] L 18[x] 18 [X]
18 18 18 18 18

(e) Factorization of the remainder of the matrix

Figure5: Stepsin serialmultifrontal Cholesly factorizationof the matrix shovn in Figure4(a). The symbol
“+" denotesan extend-addoperation.The nonzerosn the original matrix aredenotedoy the symbol“ x” and

fill-ins aredenotedby the symbol“o”.



eight processors.With subtree-to-subcubassignmentall p processorsn the systemcooperateo factorize
the frontal matrix associatedvith the topmostrelaxed supernodeof the eliminationtree. The two subtrees
of the root areassignedo subcube®f p/2 processorgach. Eachsubtreeis further partitionedrecursvely
usingthe samestrat@y. Thus,the p subtreesat a depthof log p relaxed supernodalevels are eachassigned
to individual processors Eachprocessocanwork on this part of the tree completelyindependentlywithout
ary communicationoverhead. A call to the function Factor given in Figure 2 with the root of a subtreeas
the agumentgeneratethe updatematrix associatedvith that subtree. This updatematrix containsall the
informationthatneedgo be communicatedrom the subtredn questionto othercolumnsof the matrix.

After theindependentactorizationphase pairsof processor§F,; and Py, for 0 < j < p/2) performa
parallelextend-addon their updatematrices sayC and D, respectiely. At theendof this parallelextend-add
operation,P,; and P,; roughlyequallyshareC + D. Here,andin theremainderof this papey the sign“+”
in the context of matricesdenotesan extend-addoperation.More precisely all evencolumnsof C' + D goto
P,; andall odd columnsof C' + D goto P;,;. At thenext level, subcubesf two processorgachperform
a parallelextend-add Eachsubcubenitially hasoneupdatematrix. The matrix resultingfrom the extend-add
on thesetwo updatematricesis nov meiged and split amongfour processors.To effect this split, all even
rows are moved to the subcubewith the lower processotabels,andall odd rows are moved to the subcube
with the higherprocessotabels. During this processgachprocessoneedsto communicateonly oncewith
its counterpartn the othersubcube After this (second)parallelextend-addeachof the processorfiasa block
of the updatematrix roughly one-fourththe size of the whole updatematrix. Note that, boththe rows andthe
columnsof theupdatematrix aredistributedamongthe processori acyclic fashion.Similarly, in subsequent
parallelextend-addoperationsthe updatematricesarealternatinglysplit alongthe columnsandrows.

Assumethatthe levels of the binary relaxed supernodakliminationtree arelabeledstartingwith 0 at the
top asshawn in Figure4(b). In generalatlevel [ of therelaxed supernodagliminationtree,2'°¢?—! processors
work on a singlefrontal or updatematrix. Theseprocessor$orm a logical 2L(es?—1)/2] » 9[(logp—1)/2] megh,
All updateandfrontal matricesat this level aredistributed on this meshof processorsThe cyclic distribution
of rows andcolumnsof thesematricesamongthe processorielpsmaintainload-balanceThedistribution also
ensureghata parallelextend-addoperationcanbe performedwith eachprocessoexchangingroughly half of
its dataonly with its counterparprocessoin the othersubcube.This distribution is fairly straightforvard to
maintain. For example,during the first two parallelextend-addoperationscolumnsandrows of the update
matricesare distributed dependingon whethertheir leastsignificantbit (LSB) is 0 or 1. Indiceswith LSB
= 0 go to the lower subcubeandthosewith LSB = 1 go to the highersubcube. Similarly, in the next two
parallelextend-addoperationsgolumnsandrows of the updatematricesareexchangedamongthe processors
dependingon the second_SB of theirindices.

Figureé6 illustratesall the parallelextend-addoperationghattake placeduring parallelmultifrontal factor
ization of the matrix shawvn in Figure4. The portion of anupdatematrix thatis sentout by its original owner
processors shawvn in grey. Hence,if processorg’; and P; with respectie updatematricesC' and D performa
parallelextend-addthenthefinal resultat P; will bethe add-etensionof thewhite portionof C' andthe grey
portionof D. Similarly, thefinal resultat P; will bethe add-extensionof the grey portionof C' andthe white
portionof D. Figure7 furtherillustratesthethis processeby shaving four consecutie extend-addperations
on hypotheticalupdatematricesto distribute the resultamongl6 processors.

Betweentwo successie parallelextend-addoperationsseveral stepsof denseCholesly eliminationmay
be performed.The numberof suchsuccessi eliminationstepsis equalto the numberof nodesin therelaxed
supernoddeingprocessedThe communicatiorthat takesplacein this phases the standarccommunication



2 [X] [X] 5 [X] 5 [X] 11 [X] 11 [X] 14 [X] 14/ X]

7 [x[x]  =— & [O]X 8 [x[x] —=— 6 [X]|X 16 [x[x] = 15[0[X 17 [X[X]  =— 15/X[X

8 [o]x[X] 7 X[ x[x] 18 [x|o]x] 18 [x|O]X] 17 [0 x| X] 16 [ x| x[X] 18 [x|o]x] 181X[o]X]
278 267 5 8 18 5 6 18 11 16 17 111516 141718 14 15 18
Po[Uo P, [U; P, [Us P3|U, P4|Ug Ps Uy, Ps Uy, P7|Ups

(a) Update matrices before the first parallel extend-add operation

2 [X] 11 [X] 14 [X] -

6 [O]X 6 [X 15 O] x 15 | X | 15 [X

7 [x]X 7 [X] 8| |x 16 [X] 16 [ X|X 17 X 17 |x

8 0] [X] 8 |X] 18 [0]O]X] 17 [ X 17 0] [x] 18 [ x| x] 18 0|0
26 8 7 6 8 18 5 16 111517 14 18 1517

PolUg+ U  Py|Ug+U;  PplUs+ U, PglUs+ Uy PyUg+ Uy PslUg+ Uy PglUpp+Ups Py [Upp+Usg

(b) Update matrices after the first parallel extend-add operation

o 6 [x] o o 15[ x]
6[x] __ 7[X 7 18 [X] 1s[x] 18X
7 x| =— 8[o[X 7 [x] =— 8[X] 16[X] =— 17|X 16 | X -— 17/0[X
8 |O|X] 18 [0]0[X] 8 |X] 18[0| 17 [X] 18 0]X] 17 [0]X] 18[0]0
6 8 6 818 7 7 16 16 18 1517 1517
Po[U, P, [Us P, [U, P3|Us PylUp Ps[U14 Ps Uy P7[Usq
(c) Update matrices before the second parallel extend-add operation
6 [X] - - -
8 [O]X 8 16 [X 16 [X 15[ X
18 [O]O]X] 7 [X] 18 Q] 7 [X] 18 [O]X] 17 [X] 18 [0[0] 17 [O] X]
6 8 18 6 7 7 16 18 16 1517 1517

PolUp+Us  PyUp+Us  P[U,+Us  PylUp+Us  PyfUp+ Uy, PglUp+Uy, Ps|UptUy,  Pr U+ Uy

(d) Update matrices after the second parallel extend-add operation

18[x] — 18[X]

18 18
F)0 ‘US P4 ‘U 17 Pl I:)5 I:)2 PG P3 P7
(e) Update matrices before the third parallel extend-add operation
18
18
Po P4|Ug + Up7 Py Ps P, Pe P3 Py

(f) Update matrices after the third parallel extend-add operation

Figure6: Extend-addperationon the updatematricesduring parallelmultifrontal factorizationof the matrix
shavn in Figure4(a) on eight processors.P;| M denoteghe part of the matrix M that resideson processor
numberi. M maybeanupdatematrix or the resultof performingan extend-addon two updatematrices.The
shadedortionsof a matrix aresentout by a processoto its communicatiorpartnerin thatstep.
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olo] — 2[1] 6[2] — (3] ol4] — 3[5] 706 — 4[7]
1/0]o0] 3[1]1] 7]2]2] 7[3]3] 1[4]4] 4[5]5] 8l6]6] 57]7]
2]o]o]o] 41]1]1] 8|2]2]2] 10[3[3][3] 34]4]4] 5/5/5]5] 9l6|6]6] 617]7]7]
3lofofolo] sla]1]1]1] 9o|2]2]2[2] 11[3]|3|3|3] 4|4]4]|4a|4] e6|5[5/5]5] 10l6|6l6]6] 7|7|7]7]7]
0123 2345 6789 6 7 1011 0134 3456 78910 456 7
A B C D E F G H
6[8] — 79| 0 [10] — 3[11] 0/12| — 413 2 [14] —— &/15|
8[8]8] 8l9]9] 4110]10] 411]11] 1 [12]12] 5 [13]13] 3 [14)24] 7 [15[15]
9/8|8]|8] 9/9]9]9] 7 |10[10[10| 5]11]11]11] 3|12[12[12] 6 [13[13[13] 6 |14[14[14] 10[1515[15]
11/8]8[8[8] 10/9|9]9]9] o[iw0/10/1020] 6[1112]12[11] 4|1212[12[12] 7[13|13]13[13] 7[14|14|14]14] 11]15[15]15]15|
68 911 78910 04709 3456 0134 4567 2367 6 7 1011
I J K L M N o P
(a) Update matrices before first parallel extend-add -
- - - 4161
ofo] 6 [2] o[4] 5 6/7
1]o]1 7 [2]3 1 [4]s 6|6/7]6
2 |o]1]o 8 |2[3]2 3[4]5]5 7[6|7]6]7
3 [o]1]o]1 9 [2]3]2]3 4 [4]5]5]4 8 [6/7]6]7]6
4 |o]1]o]1]0] 10]2]3]2]3]2] 5 [4]5[5[4]5] 916|7]6]7]6][7]

5 [01]o]1]o]1] 11(2[3]2]3[2][3] 6 4]5]5]4|5]4] 10]6]7]6|7][6]7]6]
012345 6 78 91011 013456 45678910
A+B C+D E+F G+H

_ 0 [10] 012 -
6[8] 3 [10]12 1 1213 2 [14]
718|9 - 4 |10/11/10 3 |12]13[13 - 3 1415
EEIRIE - 5 [10]1110[11 4 |12]13[13[12 - 6 141514
9 [8]9]8]9 6 [10]11]10[1110 5 [12]13[13]12]13 7 [14]15)14]15
10]8|9|8]9]8] 7 |10/11]10]11]10[11] 6 |12|13]13]12[13[12] 10 [14{15[14/15]14]
11[8|9[8[9]8[9] 9 [10[1110[11]10]12[11] 7 [12]13]13[12]13]12[13] 11 [14[15|1415]14]15)
6 7 8 9 1011 03456709 01346567 236 71011
I+J K+L M+ N O+P
olo] (b) Update matrices before second parallel extend-add
1/2]3 - - -
2[0]1]0 of[4] o8] 0[12]
3[2]3]2(3 - 167 3 [10/11 - 1 [14]15
4]01]o1]0 3(6|7]7 4 (8|98 2 [12[13[12
5(2[3[2[3]2]3 4[4]5]5]4 5 [10]11]10[11 3 [14]15]14]15
6lo/1]of1]o]1]0 5(6/7]7]6]7 6 [8]o]s[o]8 4 [12[13]12]13[12
7]2]3]2]3]2]3]2]3 6 |4]5/5]/4[5]4 7 [10]12]10[11]10[21 5 [14]15/14]15]14[15
glo|1fo]1]o[1]0]1]0 7]6l7|7]6]7]6]7 8 |8|o[8[o]8|9]8 6 [12[13[12]13]12[13]12
9/2]3[2[3][2]3]2]3]2]3 8 [4]5]5]4[5]4[5]4 9 [10]11]10[11]10[11]10[12 7 [14]1514]15[14[15[14]15
1000[1]o1]o]1]o]1]0]1]0] olel7]7]6]7|6]7]6|7] 10|8|9]|s|o]8|o[s]9]8]  10]12[13]12[13]12[13[12]1312]
11)2[3]2]3[2|3]2]3]2]3[2]|3] 10|4]5|5]4]5[4]|5]4[5|4] 11 |10[11]10]11]10[11|10[11]10[12] 11 |14[15[14|15[14]15|14]15]14]15]
0123456 78091011 01345678910 034567891011 0123456 71011
A+B+C+D E+F+G+H [+J+K+L M+N+O+P
(c) Update matrices before third parallel extend-add
olo] o[s] ofo]
1[2]3 1 [10[11 1[2][3
2 [o]1]4 2 [8]9]12 2 [8]9]12
3 [2]3]6]7 3 [10]11]14[15 3 [10]11]14[15
4 [o0]1]4a]5]0 4 [8]9l12[13[8 4 [0]1]4a]5]0
5 2[3]6]7]2]3 5 [10[11]14]15[10[11 5(2[3]6]7]2]3
6 [0]1]4][5]0]1]4 6 [8]9]12[13[8]9]12 6 [8]9]12[13[8 912
7 [2]3]6]7]2]3]6]7 7 [10]11]14[15]10[11[14]15 7 [10]11]14[15]10[11[14]15
8 [o]1]4][5]0[1]4]5]0 8 [8]912[13/8]9]12[13]8 8 [o]1]4][5]0[1]4]5]0
9 [2]3]6][7]2]3]6]7]2]3 9 [10]1114]15[10[11[14]1510[11 9 [2]3]6[7]2]3]6]7]2]3
10[0]1]4]5]o[1]4]5][0]1]4] 10 [8]9]12[13]8[ 9 ]12[13[8 [9]12] 10 [89]12[13] 8] 9 ]12[13[8 [ 9]12]
112]3]|6|7]2]3]6]7]2]|3]6]|7] 11 [10[111415]10|11[14[151011]14]15] 11 [10[111415]10]11[14[151011]14]15]
01234567 8091011 01234567 891011 012345678291011
A+B+C+D+E+F+G+H [+J+K+L+M+N+O+P A+ +P

(d) Update matrices before fourth parallel extend-add

(e) Final distribution on 16 processors

Figure 7: Four successie parallel extend-addoperationg(denotedby “+”) on hypotheticalupdatematrices
for multifrontal factorizationon 16 processorspumberedrom 0 to 15. The numberinsidea box denoteshe

numberof the processothatownsthe matrix elementepresentetly the box.
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Horizontal comunication

o [o]
1]2][3
2 [8]9]12 0 1
3 [1oli1l1al15 4| |o 1 4 5 5/ |2 3 6 7
4 |o|1]4]5]o0 8 9
5 2[3]6]7[2]3 0 0
6 |8]9]12[13[8 912 3 3
7 |10[11]14]15]10|11]14|15
s ol1ilalslolil2al50 160@8 9 12 13 171@10 11 14 15
9 [2]3]6]7]2]3]6]7]2][3]<. 5 5
10 8912138 |9|12]13| 8| 9 |12| <= Processor numbers
11 |10[11|14]15|10[11|14]15|10[11]14]15] <~ Vertical communication
0123456 7 8 91011 <= Matrix indices
0 1
i 4| o 2 8 10 5[ |3 9 11 1
Horizontal subcubes 8 9
(0,1,4,5), (2,3,6,7), (8,9,12,13), (10,11,14,15) 0 0
3 3
Vertical subcubes 6| |12 14 4 6 715 5 7 13
10 11
(0,2,8,10), (1,3,9,11), (4,6,12,14), (5,7,13,15) 0 0

Figure8: Thetwo communicatioroperationsnvolvedin a singleeliminationstep(index of pivot = 0 here)of
Cholesly factorizationrona 12 x 12 frontal matrix distributedover 16 processors.

in pipelinedgrid-basedenseCholesly factorization[46, 34]. If theaveragesizeof thefrontal matricess ¢ x ¢
during the processingf a relaxed supernodevith m nodeson a g-processosubcubethenO(m) messages
of sizeO(t/,/q) arepassedhroughthe grid in a pipelinedfashion. Figure 8 shavs the communicatiorfor
onestepof denseCholesly factorizationof a hypotheticafrontal matrix for ¢ = 16. It is shavn in [35] that
althoughthis communicatiordoesnot take placebetweerthe nearesheighborson a subcubethe pathsof all
communication®n ary subcubeare conflict free with e-cuberouting [45, 34] and cut-throughor worm-hole
flow control. Thisis a directconsequencef the factthata circular shift is conflict free on a hypercubewith
e-cuberouting. Thus,a communicatiorpipelinecanbe maintainedamongthe processorsf a subcubeluring
thedenseCholesly factorizationof frontal matrices.

3.1 Block-cyclic mapping of matrices onto processors

In the parallel multifrontal algorithm describedn this section,the rows and columnsof frontal and update
matricesaredistributedamongthe processorsf a subcubean a cyclic manner For example thedistribution of
amatrixwith indicesfrom 0 to 11 ona 16-processcosubcubas shavn in Figure7(e). The 16 processorform a
logical mesh.Thearrangementf the processore thelogical meshis shavn in Figure9(a). In thedistribution
of Figure 7(e), consecutie rows and columnsof the matrix are mappedonto neighboringprocessor®f the
logical mesh. If thereare morerows and columnsin the matrix thanthe numberof processorsn a row or
columnof the processomesh thenthe rows andcolumnsof the matrix arewrappedaroundon the mesh.
Although the mappingshawvn in Figure 7(e) resultsin a very goodload balanceamongthe processorsit
hasa disadwantage.Notice thatwhile performingthe stepsof Cholesly factorizationon the matrix shavn in
Figure7(e), the computationcorrespondindo consecutie pivots startson differentprocessorsFor example,
pivot 0 on processo, pivot 1 onprocessoB, pivot 2 onprocessof 2, pivot 3 onprocessofl5,andsoon. If the
messagstartuptimeis high, thismayleadto significantdelayshetweerthestageof thepipeline. Furthermore,
on cache-basegrocessorsthe useof BLAS-3 for eliminatingmultiple columnssimultaneouslyields much
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0 [0]

1(0|0

212|283

3(2(2|3]|3

4|8|8|9|9]12
0 1 4 5 2 180 180 fl 191 1‘21 131 15 Proce.ssor numbers
2136l 7 7 |10[10(11|11|14|14|15|15 ‘

8 |10/0]|1]/1|4[4|5|5|0] ¢ /:
8 | 9 12 13 9 [o]of1]1]a]4a[5]5][0]0]/ !

10(2]2|3|3|6|6|7|7|2|2|3]|vV
10111114 15 11[2]2]3]3]6]6]7][7]2][2]3]3]

0123 456 7 8 9 1011 <--- Matrix indices
(@) A logical mesh of 16 processors (b) Block-cyclic mapping with & 2 blocks

Figure9: Block-¢yclic mappingof a12 x 12 matrix onalogical processomeshof 16 processors.

higherperformancéhantheuseof BLAS-2 for eliminatingonecolumnatatime. Figure9(b) shavs avariation
of the cyclic mapping,calledblock-g/clic mapping[34], thatcanalleviate theseproblemsat the costof some
addedoadimbalance.

Recallthatin the mappingof Figure 7(e), the leastsignificant[log p/2] bits of a row or columnindex
of the matrix determinethe processoto which that row or columnbelongs. Now if we disregardthe least
significantbit, and determinethe distribution of rows and columnsby the [logp/2] bits startingwith the
secondeastsignificantbit, thenthe mappingof Figure9(b) will result.In generalwe candisregardthefirst &
leastsignificantbits, andarrive at a block-g/clic mappingwith a block sizeof 2% x 2*. The optimal value of
k depend®n theratio of computatiortime andthe communicatiorlatens of the parallelcomputerin useand
may vary from onecomputerto anotherfor the sameproblem.In addition,increasingheblock sizetoo much
may causetoo muchload imbalanceduring the denseCholesly stepsandmay offsetthe advantageof using
BLAS-3.

3.2 Subtree-to-submeshmapping for the 2-D mesharchitecture

The mappingof rows and columnsdescribedso far works fine for the hypercubenetwork. At eachlevel, the
updateandfrontal matricesare distributed on a logical meshof processorge.g., Figure 9(a)) suchthateach
row andcolumnof this meshis a subcubeof the hypercubeHowever, if theunderlyingarchitecturds amesh,
thena row or a columnof the logical meshmay not correspondo a row or a columnof the physicalmesh.
Thiswill leadto contentiorfor communicatiorchannelsluringthe pipelineddenseCholesky stepsof Figure8
on a physicalmesh. To avoid this contentionfor communicationchannelswe definea subtree-to-submesh
mappingin this subsectionThe subtree-to-subc@mappingdescribedn Figure4(b) ensureghatary subtree
of the relaxed supernodakliminationtree is mappedonto a subcubeof the physicalhypercube.This helps
in localizing communicationat eachstageof factorizationamonggroupsof asfew processorsas possible.
Similarly, the subtree-to-submeshappingensureghata subtreeis mappedentirely within a submestof the
physicalmesh.

Note thatin subtree-to-subcebmappingfor a 2%-processohypercubeall level-d subtreef the relaxed
supernodagliminationtreearenumberedn increasingorderfrom left to right anda subtredabeled: is mapped
ontoprocessot. For example,the subtredabelingof Figure 10(a)resultsin the updateandfrontal matrices
for the supernode thetopmost(level-0) relaxed supernodéo be distributedamongl16 processorasshavn
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T | | | A | S | R
BB e e s A e s e s

(a) Subtree-subcube assignment of level-4 subtrees and the corresponding logical mesh for level-0 supernode

T | || A | S | s o 1 u
0 A o\ [5) BB\ o [0\ 6\ /8 ho b b A Aa s S

(b) Subtree-submesh assignment of level-4 subtrees and the corresponding logical mesh for level-0 supernode

Figure10: Labelingof subtreesn subtree-to-subcub@) andsubtree-to-submegb) mappings.

in Figure9(a). The subtree-to-submeshappingstartswith a differentinitial labelingof the level-d subtrees.
Figurel0(b)shaws this labelingfor 16 processorswhich will resultin the updateandfrontal matricesof the
topmostrelaxed supernodédeingpartitionedona 4 x 4 arrayof processortabeledin arow-majorfashion.

We now definea function map suchthat replacingevery referenceto processor in subtree-to-subceb
mappingby areferenceo processofnap(i, m, n) resultsin asubtree-to-submeshappingonanm x n mesh.
We assumethat both m andn are powers of two. We alsoassumehat eitherm = n or m = n/2 (this
configurationmaximizesthe cross-sectionvidth and minimizesthe diameterof anmn-processomesh).The
functionmap(i, m, n) is givenby thefollowing recurrence:

map(i,m,n) = i, if i < 2.
map(i,m,n) = map(i, §,n), ifm=mn, i<
map(i,m,n) = % +map(i — 5, T, n), if m=mn,qi> ="

map(i,m,n) = m|map(i,m, 5)/m] +map(i,m, 3), ifm=3g, 1<
mn 77/) n

m(|map(i — %5, m,5)/m| + 1) + map(i — %, m,5), ifm=75, i> %"

map(ia m, n)

Theabove recurrencealwaysmapsa level-l relaxed supernodef a binary relaxed supernodaglimination
treeontoan (mn/2!)-processosubmestof themn-processotwo-dimensionamesh.
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4 Analysis of Communication Overhead

In this section,we derie expressiondor the communicationoverheadof our algorithmfor sparsematrices
resultingfrom afinite differenceoperatoron regulartwo- andthree-dimensionajrids. Within constanfactors,
theseexpressionscan be generalizedo all sparsematricesthat are adjaceng matricesof graphswhosen-
nodesubgraph$iave O(y/n)-nodeand O(n?/3)-nodeseparatorsiespectiely. This is becausehe properties
of separatorgan be generalizedrom grids to all suchgraphswithin the sameorder of magnitudebounds
[38, 37, 13]. We derive theseexpressiondor both hypercubeand mesharchitecturesand also extend the
resultsto sparseamatricegesultingfrom three-dimensionajraphswhosen-nodesubgraphfiave O (n?/3)-node
separators.

Theparallelmultifrontalalgorithmdescribedn Section3 incurstwo typesof communicatioroverhead.one
during parallelextend-addoperationgFigure7) andthe otherduringthe stepsof denseCholesly factorization
while processinghe supernodegFigure8). Crucialto estimatingthe communicatioroverheads estimating
thesizesof frontal andupdatematricesat ary level of the supernodagliminationtree.

Considea /N x+/N regularfinite differencegrid. We analyzethecommunicatioroverheador factorizing
the N x N sparsamnatrix associateavith thisgrid onp processorsin orderto simplify theanalysiswe assume
a somevhat differentform of nested-dissectiothanthe oneusedin the actualimplementation.This method
of analyzingthe communicationcompl«ity of sparseCholesly factorizationhasbeenusedin [15] in the
contet of a column-basedubtree-to-subcubgcheme. Within very small constanfactors,the analysisholds
for the standardnesteddissection[11] of grid graphs. We considera cross-shapedeparator(describedn
[15]) consistingof 2v/N — 1 nodesthat partitionsthe N-nodesquaregrid into four squaresubgridsof size
(VN —1)/2 x (VN — 1)/2. We call this the level-0 separatothat partitionsthe original grid (or thelevel-0
grid) into four level-1 grids. The nodesin the separatoare numberedafter the nodesin eachsubgridhave
beennumbered.To numberthe nodesin the subgrids,they arefurther partitionedin the sameway, andthe
processs appliedrecursvely until all nodesof theoriginal grid arenumberedThe supernodagéliminationtree
correspondingo this orderingis suchthateachnon-leafsupernodéiasfour children. Thetopmostsupernode
has2v'N — 1 (= 2V/N) nodes,andthe sizeof the supernodest eachsubsequenievel of the treeis half of
thesupernodeizeatthe previouslevel. Clearly thenumberof supernodecreasedy afactorof four ateach
level, startingwith oneatthetop (level 0).

Thenesteddissectiorschemalescribecabore hasthefollowing properties:(1) the sizeof level-l subgrids
is approximatelyy/N /2! x /N /2!, (2) the numberof nodesin alevel-l separatois approximately2/N /2¢,
andhence the lengthof a supernodeat level I of the supernodakliminationtreeis approximately2v/N /2",
It hasbeenprovedin [15] thatthe numberof nonzeroghatani x i subgridcancontritute to the nodesof its
borderingseparatorss boundedby ki?, wherek = 341/12. Hence,a level- subgridcancontritute at most
kN /4! nonzerodo its borderingnodes. Thesenonzerosarein the form of the triangularupdatematrix thatis
passedalongfrom theroot of the subtreecorrespondingo the subgridto its parentin the eliminationtree. The
dimensionof amatrix with adenseriangularpartcontainingk N /4! entriesis roughly v/2kN /2! x v/2kN /2L
Thus,the size of an updatematrix passedn to level [ — 1 of the supernodakliminationtreefrom level [ is
roughly upperboundedby v/2kN /2! x \/2kN /2! for [ > 1.

Thesizeof alevel-l supernodés 2v/N /2'; henceatotal of 21/N /2! eliminationstepstake placewhile the
computatiornproceedsrom the bottomof a level-l supernodédo its top. A singleeliminationstepon a frontal
matrix of size(t + 1) x (¢t + 1) producesainupdatematrix of sizet x ¢. Sincethesizeof anupdatematrixatthe
top of alevel-l supernodes atmostv/2kN /2! x v/2kN /2, the sizeof the frontal matrix at the bottomof the
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samesupernodés upperboundeddy (v2k+2)v/N /2! x (v2k+2)v/N /2!, Hencetheaveragesizeof afrontal
matrix atlevel [ of thesupernodagliminationtreeis upperboundedoy (v2k + 1)v/N /2! x (V2k+1)vV/N /2.
Letv2k — 1 =a. Thenav/'N /2! x an/N /2! is anupperboundon the averagesizeof a frontal matrix at level
l.

We arenow readyto derive expressiondor the communicationoverheaddueto the parallel extend-add
operationsandthe eliminationstepsof denseCholesly onthefrontal matrices.

4.1 Overheadin parallel extend-add

Beforethe computatiorcorrespondingo level [ — 1 of the supernodagliminationtreestarts,a parallelextend-
addoperationis performedon lower triangularportionsof the updatematricesof sizev/2kN /2! x v/2kN /2!,
eachof which is distritutedon a ,/p/2! x ,/p/2' logical meshof processors.Thus, eachprocessomolds
roughly (kN/4') + (p/4') = kN/p elementsof an updatematrix. Assumingthat eachprocessoexchanges
roughly half of its datawith the correspondingrocessoof anothersubcubet, + t,,kN/(2p) timeis spentin
communicationwheret; is the messagetartuptime andt,, is the perword transfertime. Note thatthis time
isindependenof I. Sincethereare(log p) /2 levelsatwhich parallelextend-addperationgake place thetotal
communicatiortime for theseoperationss O(N/p) log p on ahypercube Thetotal communicatioroverhead
dueto the parallelextend-addperationss O(N log p) onahypercube.

4.2 Overheadin factorization steps

We have shawn earlierthatthe averagesize of a frontal matrix at level [ of the supernodakliminationtreeis
boundedby av'N /2! x av/N /2!, wherea = /341/6 — 1. This matrix is distritutedon a /p/2! x /p/2!
logical meshof processorsAs shavn in Figure8, therearetwo communicatioroperationsnvolved with each
eliminationstepof denseCholesly. Theaveragesizeof amessagés (av/N/2') =+ (,/p/2') = a/N/p. It can
beshavn [46, 34] thatin apipelinedimplementatiorona /g x /g meshof processordhecommunicatiorime
for s eliminationstepswith anaveragemessagsizeof m is O(ms). Thereasornis thatalthougheachmessage
mustgoto O(,/q) processoranessagesorrespondingo O(,/q) eliminationstepsareactive simultaneouslyn
differentpartsof the mesh.Hence gachmessageffectively contributesonly O(m) to thetotalcommunication
time. In our case,at level [ of the supernodakliminationtree, the numberof stepsof denseCholesl is
2v/N /2. Thusthe total communicationtime at level I is a/N/p x 2v/N /2! = O((N//p)(1/2})). The
total communicatiortime for the eliminationstepsattop (log p) /2 levels of the supernodagliminationtreeis
O((N/\/ﬁ)E}OZggp_l(l/?)). This hasanupperboundof O(N/,/p). Hence thetotal communicatioroverhead
dueto theeliminationstepsis O(p x N/,/p) = O(N/p).

Theparallelmultifrontal algorithmincursanadditionaloverheadf emptyingthe pipelinelog p times(once
beforeeachparallelextend-addjandthenrefilling it. It canbe easilyshavn thatthis overheads O (V) each
time the pipelinerestarts.Hence the overall overheaddueto restartingthe pipelinelog p time is O(N log p),
whichis smallerin magnitudethanthe O(N,/p) communicatioroverheadof the denseCholesly elimination
steps.

4.3 Communication overheadfor 3-D problems

The analysisof the communicatiorcompleity for the sparsematricesarisingout of three-dimensiondinite
elementproblemscanbe performedalongthe lines of the analysisfor the caseof two-dimensionagrids. Con-
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sideran N1/3 x N1/3 x N1/3 grid thatis recursvely partitionedinto eightsubgridsby a separatothatconsists
of threeorthogonalN'/3 x N'/3 planes.The numberof nonzeroghatani x i x i subgridcontritutesto the
nodesof its borderingseparatorss O(i*) [15]. At level [, dueto I bisections; is no morethanN1/3/21. As
a result,an updateor a frontal matrix at level [ of the supernodakliminationtreewill containO(N*/3/24)
entriesdistributed amongyp/8' processors.Thus, the communicationtime for the parallel extend-addoper
ation at level I is O(N*/3/(2p)). The total communicatiortime for all parallel extend-addoperationsis
O((N*/3 /p)x, 2857~ (1/21)), whichis O(N*/3 /p). For thedenseCholesly eliminationstepsatary level, the
messagsizeis O(N?/3/,/p). Sincethereare3N?/3/4! nodesin alevel-l separatorthe total communication
time for the eliminationstepsis O((N4/3/,/p) X, 2557~ (1/4)), whichis O(N*/3/,/p).

Hence, the total communicatioroverheaddueto parallelextend-addoperationss O(N*/?) andthatdue
to the denseCholesly elimination stepsis O(N4/3\/1‘9). As in the 2-D case,theseasymptoticexpressions
canbe generalizedo sparsematricesresultingfrom three-dimensionayjraphswhosen-nodesubgraphdiave
O(n2/3)-nodeseparatorsThis classincludesthelinearsystemsrisingout of three-dimensiondinite element
problems.

4.4 Communication overheadon a mesh

The communicatioroverheadduethe denseCholesk eliminationstepsis the sameon boththe meshandthe
hypercubearchitecturebecausehe frontal matricesaredistributedon alogical meshof processorsHowever,
the parallelextend operationsusethe entire cross-sectiobandwidthof a hypercubeandthe communication
overheaddueto themwill increaseon a meshdueto channekontention.

Recallfrom Section4.1 thatthe communicatiortime for parallelextend-addat ary level is O(/N/p) ona
hypercube The extend-adds performedamonggroupsof p/4! processorstlevel I of the supernodaglimina-
tion tree. Therefore atlevel I, thecommunicatiortime for parallelextend-addna /p/2! x /p/2' submestis
O(N/(2/p)). Thetotal communicatiortime for all thelevelsis O((N/,/p),. %47~ (1/21)). Thishasanup-
perboundof O(N/,/p), andtheupperboundonthecorrespondingommunicatioroverheadermis O(N /p).
This is the sameasthe total communicatioroverheadfor the eliminationsteps. Hence,for two-dimensional
problems the overall asymptoticcommunicatioroverheads the samefor bothmeshandhypercubearchitec-
tures.

The communicationtime on a hypercubefor the parallel extend-addoperationat level [ is O(N4/3/
(2'p)) for three-dimensionaproblems(Section4.3). The correspondingcommunicationtime on a mesh
would be O(N*/3/(4!,/p). The total communicationtime for all the parallel extend-addoperationsis
O((N*/3/ /B2 P~ 1 (1/41)), which is O(N*/3/,/p). As in the caseof two-dimensionalproblems,this
is asymptoticallyequalto the communicatiortime for the eliminationsteps.

5 Scalability Analysis

The scalability of a parallel algorithm on a parallel architecturerefers to the capacity of the algorithm-
architecturecombinationto effectively utilize anincreasingnumberof processorsin this sectionwe usethe
isoeficienoy metric[34, 36, 17] to characterizeéhe scalabilityof our algorithm. Theisoeficiency functionof a
combinationof aparallelalgorithmanda parallelarchitecturgelateshe problemsizeto thenumberof proces-
sorsnecessaryo maintaina fixed efficiengy or to deliver speedupsncreasingproportionallywith increasing
numberof processors.
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5.1 Theisoefficiencymetric of scalability

Let W bethe sizeof a problemin termsof the total numberof basicoperationgequiredto solve a problem
on a serialcomputer For example,IW = O(N?) for multiplying a denseN x N matrix with an N-vector
The serialrun time of a problemof size W is givenby Ts = ¢.W, wheret, is thetime to performa single
basiccomputationstep. If Tp is the parallelrun time of the sameproblemon p processorsthenwe define
anoverheadfunctionT, aspTp — Ts. BothT’» andT, arefunctionsof W andp, andwe oftenwrite them
asTp(W,p) andT,(W, p), respectiely. The efficiengy of a parallel systemwith p processorss given by
E =Ts/(Ts + T,(W,p)). If aparallelsystemis usedto solve a probleminstanceof afixedsize W, thenthe
efficieny decreasesasp increases.This is becausehe total overhead?, (W, p) increasesith p. For mary
parallelsystemsfor afixedp, if the problemsize W is increasedthenthe efficiengy increasedecausdor a
givenp, T,(W, p) grows slower thanO(WW). For theseparallelsystemsthe efficieney canbe maintainedat a
desiredvalue(betweerD and1l) for increasingp, provided IV is alsoincreasedWe call suchsystemsscalable
parallelsystems.Note thatfor a given parallelalgorithm,for differentparallelarchitecturesj¥ may have to
increaseat differentrateswith respecto p in orderto maintaina fixed efficiengy. As thenumberof processors
areincreasedthe smallerthe growth rate of problemsize requiredto maintaina fixed efficiengy, the more
scalablegheparallelsystemis.

GiventhatE = 1/(1+T,(W,p)/(t.W)), in orderto maintainafixedefficiency, W shouldbe proportional
to 7, (W, p). In otherwords,thefollowing relationmustbe satisfiedn orderto maintainafixedefficiency:

W = =T,(W.p), (1)

(&
wheree = F/(1 — E) is aconstantdependingon the efficiengy to be maintained.Equation(1) is the central
relationthatis usedto determinethe isoeficiengy function of a parallelalgorithm-architectureombination.
This is accomplishedy abstractinglV’ asa function of p throughalgebraicmanipulationson Equation(1).
If the problemsize needsto grow asfastas fz(p) to maintainan efficiengy E, then fr(p) is definedasthe
isoeficiengy functionof the parallelalgorithm-architect@ combinationfor efficiency E.

5.2 Scalability of the parallel multifr ontal algorithm

It is well known [13] thatthe total work involved in factoringthe adjaceng matrix of an V-nodegraphwith
anO(v/N)-nodeseparatousingnesteddissectiororderingof nodesis O(N'?). We have shavn in Section4
thatthe overall communicatioroverheadof our schemés O(N,/p). FromEquationl, afixed efficiency can
be maintainedf andonly if N> o« N\/p, or VN o \/p, or N** = W o p'5. In otherwords,the problem
sizemustbeincreasedas O (p'~®) to maintaina constantefficiency asp is increased.In comparisona lower
boundon theisoeficieng function of Rothbeg andGuptas schemd53, 18] with acommunicatioroverhead
of atleastO(IN /plog p) is O(p'°(log p)*). Theisoeficieng functionof ary column-basedchemés atleast
O(p?) becausehe total communicatioroverheadhasa lower boundof O(Np). Thus,the scalability of our
algorithmis superiorto thatof the otherschemes.

It is easyto shav thatthe scalabilityof our algorithmis O(p!-®) evenfor the sparsematricesarisingout of
three-dimensiondinite elemengrids. The problemsizein thecaseof an IV x N sparsamatrixresultingfrom a
three-dimensionadrid is O(N?) [15]. We have shavn in Section4.3thatthe overall communicatioroverhead
in this casds O(N*/3, /p). To maintainafixedefiicienc, N? o« N3, /p, or N¥/3  \/p,0r N? = W  p'?.

A lowerboundontheisoeficiengy functionfor densematrix factorizatioris ©(p'-%) [34, 35] if thenumber
of rank-lupdategerformedby the serialalgorithmis proportionalto the rank of the matrix. Thefactorization
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of asparsamatrix derivedfrom an N-nodegraphwith an.S(NV)-nodeseparatomvolvesadenseS(N) x S(NN)
matrix factorization. S(N) is ©(v/N) and ©(N?/3) for two- and three-dimensionatonstantnode-dgree
graphsyrespectrely. Thus,the compleity of thedenseportion of factorizationfor thesetwo typesof matrices
is ©(N'-5) andO(N?), respectiely, whichis of the sameorderasthe computatiorrequiredto factortheentire
sparsamatrix [13, 15]. Thereforetheisoeficiencgy functionof sparsdactorizationof suchmatricesis bounded
from belav by the isoeficieng function of densematrix factorizationwhich is ©(p'-5). As we have shavn
earlierin this section,our algorithmachiezesthis lower boundfor bothtwo- andthree-dimensionatases.

5.3 Scalability with respectto memory requirement

We have shavn thatthe problemsize mustincreasen proportionto p'-® for our algorithmto achieve a fixed
efficiengy. As the overall problemsizeincreasesso doesthe overall memoryrequirement.For an N-node
two-dimensionaktonstantnode-dgree graphs,the size of the lower triangularfactor L is ©(N log N) [13].
For a fixed efficiengy, W = N5  p!3, whichimplies N o« p and N log N « plogp. As aresult,if we
increasethe numberof processorsvhile solving bigger problemsto maintaina fixed efficiengy, the overall
memoryrequiremenincreasest the rate of O(plog p) andthe memoryrequiremeniper processolncrease
logarithmicallywith respecto the numberof processors.

In thethree-dimensionatase sizeof thelower triangularfactor L is @(N4/3) [13]. For afixedefficiengy,
W = N2 x p'5, whichimplies N « p*/* and N*/? x p. Hence,in this casethe overall memoryrequirement
increasesinearly with the numberof processorandthe perprocessomemoryrequirementis constantfor
maintaininga fixed efficiengy. It canbe easily shavn that for the three-dimensionatase,the isoeficiency
functionshouldnot be of a higherorderthan®(p'-) if speedupgroportionalto the numberof processorare
desiredwithoutincreasinghe memoryrequiremenperprocessorTo the bestof our knowledge thealgorithm
describedn Section3 is the only parallel algorithmfor sparseCholesly factorizationwith an isoeficiengy
functionof ©(p'%).

6 Experimental Results

We implementedbur new parallelsparsemultifrontal algorithmon a 1024-processoC€ray T3D parallelcom-
puter Eachprocessoonthe T3D is a 150 Mhz Dec Alpha chip, with peakperformanceof 150 MFlops for
64-bit operationgdouble precision). However, the peakperformanceof mostlevel threeBLAS routinesis
around50 MFlops. The processorsreinterconnectedia a threedimensionakorusnetwork that hasa peak
unidirectionalbandwidthof 150 MBytes per second.anda very smalllateng. Eventhoughthe memoryon
T3D is physicallydistributed, it canbe addressedlobally Thatis, processorgandirectly accesgreadand/or
write) otherprocessos memory T3D providesa library interfaceto this capabilitycalled SHMEM. We used
SHMEM to develop a lightweight messageassingsystem. Using this systemwe were ableto achieze uni-
directionaldatatransferratesup to 70 MBytes per second. This is significantly higherthanthe 35 MBytes
channebandwidthusuallyobtainedwhenusingT3D’s PVM.

For the computationperformedduring the denseCholesly factorization,we usedsingle-processample-
mentationof BLAS primitives. Theseroutinesarepartof the standardscientificlibrary on T3D, andthey have
beenfine tunedfor the Alpha chip. The new algorithmwastestedon matricesfrom a variety of sourcesFour
matrices(BCSSTK30,BCSSTK31,BCSSTK32,andBCSSTK33)comefrom the Boeing-Harwellmatrix set.
MAROS-RY7is from alinearprogrammingproblemtakenfrom NETLIB. COPTER2comesfrom amodelof a

19



helicopterrotor. CUBE35is a35 x 35 x 35 regularthree-dimensionajrid. NUG15is from alinearprogram-
ming problemderived from a quadraticassignmenproblemobtainedfrom AT&T. In all of our experiments,
we usedspectralnesteddissection[48] to orderthe matrices. The factorizationalgorithm describedn this
papemwill work well with arny typeof nesteddissectionln [21, 22, 20, 32, 30], we shav thatnestedlissection
orderingswith properselectionof separatorganyield betterquality orderingsthattraditionalheuristics,such
as,the multiple minimumdegreeheuristic.

The performancenbtainedby this algorithmin someof thesematricesis shavn in Tablel. The operation
countshavs only the numberof operationgequiredto factorthe nodesof the eliminationtree.

Figure11 graphicallyrepresentthedatashavn in Tablel. Sinceall theseproblemsrun out of memoryon
oneprocessqrthe standardspeedu@mndefficiengy could not be computedexperimentally

Numberof Processors

Problem n |A] |L| OPC 16 32 64 | 128 | 256 | 512 | 1024
PILOT87 2030 | 122550 | 504060 240M 0.32| 0.44| 0.73 | 1.05
MAROS-R7 | 3136 | 330472 | 1345241 | 720M 048] 0.83| 1.41| 2.14| 3.02| 4.07 | 4.48

FLAP 51537 | 479620 | 4192304 | 940M 048] 0.75| 1.27| 1.85| 2.87 | 3.83 | 4.25
BCSSTK33 | 8738 | 291583 | 2295377 | 1000M || 0.49 | 0.76 | 1.30 | 1.94| 2.90 | 4.36 | 6.02
BCSSTK30 | 28924 | 1007284 | 5796797 | 2400M 148 | 2.42 | 359 | 556 | 7.54
BCSSTK31 | 35588 | 572914 | 6415883 | 3100M 0.80| 1.45| 248 | 3.97| 6.26 | 7.93
BCSSTK32 | 44609 | 985046 | 8582414 | 4200M 151 263 | 416 | 6.91 | 8.90

COPTER2 | 55476 | 352238 | 12681357 9200M || 0.64 | 1.10 | 1.94| 3.31 | 5.76 | 9.55 | 14.78
CUBE35 42875| 124950 | 11427033| 10300M || 0.67 | 1.27 | 2.26 | 3.92 | 6.46 | 10.33 | 15.70
NUG15 6330 | 186075 | 10771554| 29670M 432 | 754 | 1253 | 19.92

Tablel: Theperformanceof sparsalirectfactorizationon Cray T3D. For eachproblemthe tablecontainsthe
numberof equations: of the matrix A, the original numberof nonzerosn A, the nonzerosn the Cholesly
factor L, the numberof operationgequiredto factorthe nodes andthe performancen gigaflopsfor different
numberof processors.

Thehighesiperformancef 19.9GFlopswasobtainedor NUG15,whichis afairly denseroblem.Among
the sparseproblems,a performanceof 15.7 GFlopswas obtainedfor CUBE35, which is a regular three-
dimensionalproblem. Nearly as high performancg14.78 GFlops)was also obtainedfor COPTER2which
is irregular Sinceboth problemshave similar operationcount,this shavs thatour algorithmperformsequally
well in factoringmatricesarisingin irregular problems.Focusingour attentionon the otherproblemsshavn in
Table 1, we seethat even on smallerproblems,our algorithmperformsquite well. For example,BCSSTK33
wasableto achiere 2.90GFlopson 256 processorandBCSSTK30achieved 3.59 GFlops.

To further illustrate how variouscomponentof our algorithmwork, we have includeda breakdan of
the variousphasedor BCSSTK3land CUBE35in Table2. This table shavs the averagetime spentby all
the processorsn the local computationandin the distributed computation.Furthermorewe breakdown the
time taken by distributedcomputationinto two majorphases(a) denseCholesly factorization(b) extend-add
overhead.Thelatterincludesthe costof performingthe extend-addoperation splitting the stacks transferring
the stacks,andidling dueto loadimbalancesn the subforest-to-sulube partitioning. Note thatthefiguresin
this table are averagesover all processorsandthey shouldbe usedonly asan approximatendicationof the
time requiredfor eachphase.

A numberof interestingobsenations can be madefrom this table. First, asthe numberof processors
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Figurell: Plotof thetotal Gigaflopsobtainedby our parallelsparsanultifrontal algorithmon variousproblems
onaCrayT3D.

increaseghetime spentprocessinghelocaltreein eachprocessodecreasesubstantialljpecaus¢éhesubforest
assignedo eachprocessobecomesmaller This trendis more pronouncedor three-dimensiongbroblems,
becausehey tendto have fairly shallav trees. The costof the distributed extend-addohasedecreasealmost
linearly asthe numberof processoréncreases.This is consistenwith the analysispresentedn 4, sincethe

overheadf distributedextend-adds O((n log p)/p). Sincetheexpressiorfor thetime spentduringtheextend-

addstepsalsoincludestheidling dueto load imbalance the almostlinear decreasealso shawvs that the load

imbalancds quitesmall.

Thetime spentin distributeddenseCholesly factorizationdecreaseasthe numberof processorgcreases.
Thisreductionis notlinearwith respecto the numberof processorfor two reasons(a) theratio of communi-
cationto computatiorduringthe denseCholesly factorizationstepsincreasesand(b) for afixedsizeproblem
loadimbalanceslueto the block cyclic mappingbecomesvorseasp increases.

DistributedComputation
P LocalComp. Factorization Extend-Add
BCSSTK31| 64 0.17 1.34 0.58
128 0.06 0.90 0.32
256 0.02 0.61 0.18
CUBE35 64 0.15 3.74 0.71
128 0.06 2.25 0.43
256 0.01 1.44 0.24

Table2: A break-davn of thevariousphase®f thesparsamultifrontal algorithmfor BCSSTK31andCUBE35.
Eachnumberrepresentime in seconds.
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For reasongliscussedn Section3.1, we distributedthe frontal matricesin a block-gyclic fashion. To get
goodperformancenCray T3D outof level threeBLAS routineswe usedablock sizeof sixteen(block sizesof
lessthansixteenresultin degradationof level 3 BLAS performanceon Cray T3D) For small problemssucha
largeblocksizeresultsin asignificantioadimbalancewithin thedensdactorizatiorphase Thisloadimbalance
becomesvorseasthe numberof processorsncreases.However, asthe size of the problemincreasesboth
the communicatioroverheadduring denseCholesly andtheloadimbalancedueto the block cyclic mapping
becomedesssignificant. The reasonis that larger problemsusually have larger frontal matricesat the top
levels of the eliminationtree, so even large processogrids can be effectively utilized to factorthem. This
is illustratedby comparinghow the variousoverheadsiecreasdor BCSSTK31land CUBE35. For example,
for BCSSTK31,the factorizationon 128 processorss only 48% fastercomparedo 64 processorswhile for
CUBE35,thefactorizationon 128 processorss 66%fastercomparedo 64 processors.

7 Concluding Remarks

In this paper we analyticallyandexperimentallydemonstratehat scalableparallelimplementation®f direct
methoddor solvinglarge sparsesystemsarepossible We describeanimplementatioron Cray T3D thatyields
up to 20 GFlopson medium-sizeproblems. We usethe isoeficiengy metric[34, 36, 17] to characterizahe
scalabilityof our algorithm. We shav thattheisoeficiengy functionof our algorithmis O(p*-®) on hypercube
andmesharchitecturesor sparsematricesarisingout of both two- andthree-dimensiongbroblems.We also
shav that O(p'?) is asymptoticallythe bestpossibleisoeficieng function for a parallelimplementationof
ary directmethodfor solvinga systenmof linearequationseithersparseor denseln [55], Schreibeconcludes
thatit is not yet clearwhethersparsedirect solvers canbe madecompetitve at all for highly (p > 256) and
massiely (p > 4096) parallel computers. We hopethat, throughthis paper we have given an affirmative
answetto atleasta partof thequery

The processof obtaininga directsolutionof a sparsesystemof linear equationf the form Az = b con-
sistsof the following four phases:Ordering, which determinegpermutationof the coeficient matrix A such
that the factorizationincurslow fill-in andis numericallystable;Symbolic Factorization, which determines
the structureof the triangularmatricesthatwould resultfrom factorizingthe coeficient matrix resultingfrom
the orderingstep; Numerical Factorization, which is the actualfactorizationstepthat performsarithmetic
operationonthecoeficient matrix A to performsarithmeticoperationson the coeficient matrix A to produce
a lower triangularmatrix . andan uppertriangularmatrix U; and Solution of Triangular Systems which
produceghe solutionvectorz by performingforwardandbackward eliminationson thetriangularmatricesre-
sultingfrom numericalfactorization.Numericalfactorizationis the mosttime-consumingf thesefour phases.
However, in orderto maintainthe scalability of the entiresolutionprocessandto getaroundsingle-processor
memoryconstraintsthe otherthreephaseseedto be parallelizedaswell. We have developedparallelalgo-
rithmsfor the otherphaseshataretailoredto work in conjunctionwith the numericalfactorizationalgorithm.
In [31], we describean efficient parallelalgorithmfor determiningfill-reducing orderingsfor parallelfactor
ization of sparsematrices.This algorithm,while performingthe orderingin parallel,alsodistributesthe data
amongthe processorsn way that the remainingstepscanbe carriedout with minimum data-meement. At
the endof the parallelorderingstep,the parallel symbolicfactorizationalgorithmdescribedn [19] canpro-
ceedwithout ary redistrilution. In [19, 25], we presentfficient parallelalgorithmsfor solvingthe upperand
lower triangularsystems.The experimentalresultsin [19, 25] shav thatthe datamappingschemedescribed
in Section3 works well for triangularsolutions. We hopethat the work presentedn this paper alongwith

22



[19, 25, 31] will enablethe developmentof efficient practicalparallel solvers for a broadrangeof scientific
computingproblems.
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