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Abstract

In thispaper, wedescribeascalableparallelalgorithmfor sparsematrix factorization,analyzetheir per-
formanceandscalability, andpresentexperimentalresultsfor up to 1024processorson aCrayT3D parallel
computer. Throughour analysisandexperimentalresults,we demonstratethatour algorithmsubstantially
improvesthestateof theart in paralleldirectsolutionof sparselinearsystems—bothin termsof scalability
andoverallperformance.It is awell known factthatdensematrixfactorizationscaleswell andcanbeimple-
mentedefficiently on parallelcomputers.In this paper, we presentthefirst algorithmto factora wide class
of sparsematrices(including thosearisingfrom two- andthree-dimensionalfinite elementproblems)that
is asymptoticallyasscalableasdensematrix factorizationalgorithmson a varietyof parallelarchitectures.
Ouralgorithmincurslesscommunicationoverheadandis morescalablethanany previouslyknown parallel
formulationof sparsematrix factorization.Although, in this paper, we discussCholesky factorizationof
symmetricpositive definitematrices,the algorithmscanbe adaptedfor solving sparselinear leastsquares
problemsandfor Gaussianeliminationof diagonallydominantmatricesthatarealmostsymmetricin struc-
ture.An implementationof oursparseCholesky factorizationalgorithmdeliversup to 20 GFlopson aCray
T3D for medium-sizestructuralengineeringandlinearprogrammingproblems.To thebestof our knowl-
edge,this is thehighestperformanceeverobtainedfor sparseCholesky factorizationonany supercomputer.
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1 Intr oduction

Solving largesparsesystemsof linearequationsis at thecoreof many problemsin engineeringandscientific
computing.Suchsystemsaretypically solvedby two differenttypesof methods—iterativemethodsanddirect
methods. Thenatureof theproblemat handdetermineswhich methodis moresuitable.A direct methodfor
solvingasparselinearsystemof theform �����
	 involvesexplicit factorizationof thesparsecoefficientmatrix
� into theproductof loweranduppertriangularmatrices� and � . Thisis ahighly timeandmemoryconsuming
step;nevertheless,directmethodsareimportantbecauseof their generalityandrobustness.For linearsystems
arising in certainapplications,suchas linear programmingandstructuralengineeringapplications,they are
theonly feasiblesolutionmethods.In many otherapplicationstoo,directmethodsareoftenpreferredbecause
theeffort involvedin determiningandcomputingagoodpreconditionerfor aniterative solutionmayoutweigh
the costof direct factorization.Furthermore,direct methodsprovide an effective meansfor solving multiple
systemswith thesamecoefficient matrix anddifferentright-handsidevectorsbecausethefactorizationsneeds
to beperformedonly once.

A wide classof sparselinear systemshave a symmetricpositive definite(SPD)coefficient matrix that is
factoredusingCholesky factorization.AlthoughCholesky factorizationusedextensively in practice,their use
for solving large sparsesystemshasbeenmostly confinedto big vectorsupercomputersdueto its high time
andmemoryrequirements.As a result,parallelizationof sparseCholesky factorizationhasbeenthe subject
of intensive research[26, 55, 12, 15, 14, 18, 54, 40, 41, 3, 49, 50, 57, 9, 28, 26, 27, 51, 2, 1, 44, 58, 16, 55,
43, 33, 5, 42, 4, 59]. We have developedhighly scalableformulationsof sparseCholesky factorizationthat
substantiallyimprove the stateof the art in parallel direct solution of sparselinear systems—bothin terms
of scalabilityandoverall performance.It is well known that densematrix factorizationcanbe implemented
efficiently on distributed-memoryparallelcomputers[8, 46, 10, 34]. We show that theparallelCholesky fac-
torizationalgorithmdescribedhereis asscalableasthebestparallelformulationof densematrix factorization
on bothmeshandhypercubearchitecturesfor a wide classof sparsematrices,including thosearisingin two-
andthree-dimensionalfinite elementproblems.This algorithmincurslesscommunicationoverheadthanany
known parallel formulationof sparsematrix factorization,andhence,canutilize a highernumberof proces-
sorseffectively. Thealgorithmpresentedherecandeliver speedupsin proportionto an increasingnumberof
processorswhile requiringalmostconstantmemoryperprocessor.

It is difficult to deriveanalyticalexpressionsfor thenumberof arithmeticoperationsin factorizationandfor
thesize(in termsof numberof nonzeroentries)of the factorfor generalsparsematrices.This is becausethe
computationandfill-in duringthefactorizationof a sparsematrix is a functionof thethenumberandposition
of nonzerosin theoriginal matrix. In thecontext of the importantclassof sparsematricesthatareadjacency
matricesof graphswhose
 -nodesubgraphshave ����� 
�� -nodeseparators(this classincludessparsematrices
arisingout of all two-dimensionalfinite differenceandfinite elementproblems),thecontribution of this work
canbesummarizedby Figure11. A simplefan-outalgorithm[12] with column-wisepartitioningof an �����
matrix of this typeon � processorsresultsin an ��������� ������� total communicationvolume[15] (box A). The
communicationvolumeof thecolumn-basedschemesrepresentedin box A hasbeenimprovedusingsmarter
waysof mappingthematrix columnsontoprocessors,suchas,thesubtree-to-subcubemapping[14] (box B).
A numberof column-basedparallel factorizationalgorithms[40, 41, 3, 49, 50, 57, 12, 9, 28, 26, 55, 43, 5]

1In [47], PanandReif describea parallelsparsematrix factorizationalgorithmfor aPRAM typearchitecture.This algorithmis not
cost-optimal(i.e., the processor-time productexceedstheserialcomplexity of sparsematrix factorization)andis not includedin the
classificationgivenin Figure1.
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Figure1: An overview of the performanceandscalability of parallelalgorithmsfor factorizationof sparse
matricesresultingfrom two-dimensional� -nodegrid graphs. Box D representsour algorithm, which is a
significantimprovementover otherknown classesof algorithmsfor thisproblem.

3



ha
 

ve a lower boundof �������!� on thetotal communicationvolume[15]. Sincetheoverall computationis only
�����#"%$ &�� [13], the ratio of communicationto computationof column-basedschemesis quite high. As a re-
sult, thesecolumn-casedschemesscalevery poorly asthenumberof processorsis increased[55, 53]. In [2],
Ashcraftproposesa fan-bothfamily of parallelCholesky factorizationalgorithmsthathave a total communi-
cationvolumeof '���� � ��� ������� . Although the communicationvolumeis lessthanthe othercolumn-based
partitioningschemes,theisoefficiency functionof Ashcraft’s algorithmis still '��(�*)�� dueto concurrency con-
straintsbecausethealgorithmcannoteffectively utilize morethan ��� � �+� processorsfor matricesarisingfrom
two-dimensionalconstantnode-degreegraphs. Recently, a numberof schemeswith two-dimensionalparti-
tioning of the matrix have beenproposed[18, 53, 52, 18, 54, 1, 44, 58, 16, 33, 42, 4, 59]. The leasttotal
communicationvolumein mostof theseschemesis ����� � ��� �����,� (box C)2.

Most researcherssofarhave analyzedparallelsparsematrix factorizationin termsof thetotal communica-
tion volume.It is noteworthy that,onany parallelarchitecture,thetotalcommunicationvolumeis only a lower
boundon theoverall communicationoverhead.It is thetotal communicationoverheadthatactuallydetermines
theoverall efficiency andspeedup,andis definedasthedifferencebetweentheparallelprocessor-time product
andtheserialrun time[23, 34]. Thecommunicationoverheadcanbeasymptoticallyhigherthanthecommuni-
cationvolume.For example,aone-to-allbroadcastalgorithmbasedonabinarytreecommunicationpatternhas
a total communicationvolumeof -.�(�0/21�� for broadcasting- wordsof dataamong� processors.However,
the broadcasttakes � ���3� stepsof ���(-.� time each;hence,the total communicationoverheadis ���(-4��� ���5�,�
(on a hypercube).In the context of matrix factorization,theexperimentalstudyby Ashcraftet al. [3] serves
to demonstratethe importanceof studyingthe total communicationoverheadratherthanvolume. In [3], the
fan-inalgorithm,which hasa lower communicationvolumethanthedistributedmultifrontal algorithm,hasa
higheroverhead(andhence,a lower efficiency) thanthemultifrontal algorithmfor thesamedistribution of the
matrixamongtheprocessors.

The performanceandscalabilityanalysisof our algorithmis supportedby experimentalresultson up to
1024processorsof nCUBE2[24] andCrayT3D parallelcomputers.Wehave beenableto achieve speedupsof
up to 364on 1024processorsand230on 512processorsover a highly efficient sequentialimplementationfor
moderatelysizedproblemsfrom theHarwell-Boeingcollection[6]. In [29], we have appliedthis algorithmto
obtainahighly scalableparallelformulationof interiorpointalgorithmsandhaveobservedsignificantspeedups
in solving linearprogrammingproblems.On theCrayT3D, we have beenableto achieve up to 20 GFlopson
medium-sizestructuralengineeringandlinear programmingproblems.To the bestof our knowledge,this is
thefirst parallelimplementationof sparseCholesky factorizationthathasdeliveredspeedupsof thismagnitude
andhasbeenableto benefitfrom severalhundredprocessors.

In summary, researchershave improved the simpleparallelalgorithmwith �����6��� �����,� communication
volume(box A) alongtwo directions—oneby improving themappingof matrixcolumnsontoprocessors(box
B) and the other by splitting the matrix along both rows and columns(box C). In this paper, we describe
a parallel implementationof sparsematrix factorizationthat combinesthe benefitsof improvementsalong
both theselines. The total communicationoverheadof our algorithmis only ����� � �7� for factoringan �8�
� matrix on � processorsif it correspondsto a graphthat satisfiesthe separatorcriterion. Our algorithm
reducesthe communicationoverheadby a factor of ����� ���5�,� over the bestalgorithm implementedto date.
Furthermore,asweshow in Section5, thisreductionin communicationoverheadby afactorof ����� �����,� results
in an improvementin the scalabilityof the algorithm by a factor of ������� ���5�,� ) � ; i.e., the rateat which the

2[4] and[59] couldbepossibleexceptions,but neitheradetailedcommunicationanalysis,norany experimentalresultsareavailable.
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problem9 sizemustincreasewith thenumberof processorsto maintainaconstantefficiency is lowerby a factor
of ������� ���:�,�;)�� . This can make the differencebetweenthe feasibility and non-feasibilityof parallel sparse
factorizationon highly parallel(�=<
>�?�@ ) computers.

The remainderof thepaperis organizedasfollows. Section2 describestheserialmultifrontal algorithm
for sparsematrix factorization.Section3 describesourparallelalgorithmbasedonmultifrontalelimination.In
Section4, we derive expressionsfor thecommunicationoverheadof theparallelalgorithm. In Section5, we
usetheisoefficiency analysis[34, 36, 17] to determinethescalabilityof our algorithmandcompareit with the
scalabilityof otherparallelalgorithmsfor sparsematrix factorization.Section6 containsexperimentalresults
on aCrayT3D parallelcomputer. Section7 containsconcludingremarks.

2 The Multifr ontal Algorithm for SparseMatrix Factorization

Themultifrontal algorithmfor sparsematrix factorizationwasproposedindependently, andin somewhat dif-
ferentforms,by Speelpening[56] andDuff andReid[7], andlaterelucidatedin a tutorial by Liu [39]. In this
section,we briefly describea condensedversionof multifrontal sparseCholesky factorization.

Given a sparsematrix and the associatedelimination tree, the multifrontal algorithmcanbe recursively
formulatedasshown in Figure2. ConsidertheCholesky factorizationof an �A�#� sparsesymmetricpositive
definitematrix � into �3�CB , where� is a lower triangularmatrix. Thealgorithmperformsapostordertraversal
of the eliminationtreeassociatedwith � . Thereis a frontal matrix DFE andan updatematrix ��E associated
with any node G . The row andcolumnindicesof D E correspondto the indicesof row andcolumn G of � in
increasingorder.

In thebeginning, D E is initialized to an ��HJIK1��J�L��HJI21�� matrix, where H:I21 is thenumberof nonzeros
in the lower triangularpartof column G of � . Thefirst row andcolumnof this initial DFE is simply theupper
triangularpartof row G andthe lower triangularpartof column G of � . Theremainderof DFE is initialized to
all zeros.Line 2 of Figure2 illustratestheinitial DFE .

After thealgorithmhastraversedall the subtreesrootedat a node G , it endsup with a �(M5IN1��O�P�(MJIQ1��
frontalmatrix D E , whereM is thenumberof nonzerosin thestrictly lower triangularpartof column G in � . The
row andcolumnindicesof thefinal assembledD E correspondto MRIP1 (possibly)noncontiguousindicesof row
andcolumn G of � in increasingorder. If G is a leaf in theeliminationtreeof � , thenthefinal DFE is thesame
astheinitial DFE . Otherwise,thefinal DOE for eliminatingnode G is obtainedby merging theinitial DFE with the
updatematricesobtainedfrom all thesubtreesrootedat G via anextend-addoperation.Theextend-addis an
associative andcommutative operatoron two updatematricessuchthe index setof the result is the union of
theindex setsof theoriginal updatematrices.Eachentryin theoriginal updatematricesis mappedontosome
locationin theaccumulatedmatrix. If entriesfrom bothmatricesoverlapon a location,they areadded.Empty
entriesareassignedavalueof zero.Figure3 illustratestheextend-addoperation.

After DFE hasbeenassembledthroughthestepsof lines3–7of Figure2, asinglestepof thestandarddense
Cholesky factorizationis performedwith node G asthepivot (lines8–12). At theendof theeliminationstep,
thecolumnwith index G is removedfrom DOE andformsthecolumn G of � . TheremainingMS�TM matrix is called
theupdatematrix � E andis passedon to theparentof G in theeliminationtree.

Themultifrontalalgorithmis furtherillustratedin astep-by-stepfashionin Figure5 for factoringthematrix
of Figure4(a).
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/*
� is thesparse�U�#� symmetricpositive definitematrix to befactored.� is the
lower triangularmatrix suchthat �V�N�3� B afterfactorization.�2�N��WYX[Z \]� and
�.�
��^_X[Z \]� , wherèbadcfehg�iN� . Initially, ^_X[Z \F�
` for all cfehg .
*/
1. begin function Factor(G )

2. D Ekj �

W E Z E W E Z lnm W E Z lpo qrqrq W E Z lfsW l m Z E ` ` qrqrq `
W lpo�Z E ` ` qrqrq `

...
...

...
. ..

...
W lfstZ E ` ` qrqrq `

;

3. for all c suchthatParent(c ) = G in theeliminationtreeof � , do
4. begin
5. Factor(c );
6. DOE := Extendadd(DFE , � X );
7. end
/*
At this stage,DFE is a �(MuIv1��5�#�(MwId1�� matrix,whereM is thenumberof nonzeros
in thesub-diagonalpartof column G of � . � E is a MO�xM matrix. Assumethat
anindex c of D E or � E correspondsto theindex y%X of � and � .
*/
8. for c j �N` to M do

9. ^ l%z(Z E j �NDFE{�(cfer`���| D E ��`�er`�� ;
10. for g j �
1 to M do
11. for c j �dg to M do
12. �OE}�(cfehg{� j �NDFE{�(cfehg{�~/v^ l�z(Z E ��^ l���Z E ;
13. end function Factor.

Figure2: An elimination-treeguidedrecursive formulationof the serialmultifrontal algorithmfor Cholesky
factorizationof a sparsesymmetricpositive definitematrix � into ���CB , where � is a lower-triangularmatrix.
If � is therootof thepostorderedeliminationtreeof � , thenacall to Factor(� ) factorsthematrix � .
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3 A Parallel Multifr ontal Algorithm

In thissectionwedescribetheparallelmultifrontalalgorithm.Weassumeahypercubeinterconnectionnetwork;
however, the algorithm also can be adaptedfor a meshtopology (Section3.2) without any increasein the
asymptoticcommunicationoverhead.Onotherarchitecturesaswell, suchasthoseof theCM-5,CrayT3D, and
IBM SP-2,theasymptoticexpressionfor thecommunicationoverheadremainsthesame.In this paper, we use
thetermrelaxedsupernodefor agroupof consecutive nodesin theeliminationtreewith onechild. Henceforth,
any referenceto theheight,depth,or levelsof thetreewill bewith respectto therelaxedsupernodaltree.For
thesakeof simplicity, weassumethattherelaxedsupernodaleliminationtreeis abinarytreeupto thetop � ���3�
relaxed supernodallevels. Any eliminationtreecanbeconvertedto a binary relaxed supernodaltreesuitable
for parallelmultifrontal eliminationby asimplepreprocessingstepdescribedin detail in [24].

In orderto factorizethesparsematrix in parallel,portionsof theeliminationtreeareassignedto processors
using the standardsubtree-to-subcubeassignmentstrategy. This assignmentis illustratedin Figure4(b) for
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eight� processors.With subtree-to-subcubeassignment,all � processorsin the systemcooperateto factorize
the frontal matrix associatedwith the topmostrelaxed supernodeof the elimination tree. The two subtrees
of the root areassignedto subcubesof �,|�> processorseach. Eachsubtreeis further partitionedrecursively
usingthe samestrategy. Thus,the � subtreesat a depthof � ���5� relaxed supernodallevels areeachassigned
to individual processors.Eachprocessorcanwork on this part of the treecompletelyindependentlywithout
any communicationoverhead.A call to the function Factor given in Figure2 with the root of a subtreeas
the argumentgeneratesthe updatematrix associatedwith that subtree. This updatematrix containsall the
informationthatneedsto becommunicatedfrom thesubtreein questionto othercolumnsof thematrix.

After theindependentfactorizationphase,pairsof processors( �,�%\ and �,�%\p� " for `0aKgxi2�,|�> ) performa
parallelextend-addon their updatematrices,say � and � , respectively. At theendof this parallelextend-add
operation,�,�%\ and �,�%\p� " roughlyequallyshare��IK� . Here,andin theremainderof this paper, thesign“+”
in thecontext of matricesdenotesanextend-addoperation.More precisely, all evencolumnsof �2I2� go to
�,�%\ andall oddcolumnsof �NIV� go to �,�%\n� " . At thenext level, subcubesof two processorseachperform
a parallelextend-add.Eachsubcubeinitially hasoneupdatematrix. Thematrix resultingfrom theextend-add
on thesetwo updatematricesis now mergedandsplit amongfour processors.To effect this split, all even
rows aremoved to the subcubewith the lower processorlabels,andall odd rows aremoved to the subcube
with the higherprocessorlabels. During this process,eachprocessorneedsto communicateonly oncewith
its counterpartin theothersubcube.After this (second)parallelextend-addeachof theprocessorshasa block
of theupdatematrix roughlyone-fourththesizeof thewholeupdatematrix. Notethat,boththerows andthe
columnsof theupdatematrixaredistributedamongtheprocessorsin acyclic fashion.Similarly, in subsequent
parallelextend-addoperations,theupdatematricesarealternatinglysplit alongthecolumnsandrows.

Assumethat the levelsof thebinary relaxed supernodaleliminationtreearelabeledstartingwith 0 at the
topasshown in Figure4(b). In general,at level ^ of therelaxedsupernodaleliminationtree, >n�������]��� processors
work on a singlefrontal or updatematrix. Theseprocessorsform a logical >,��� �������]���(�¡  ��¢ �L>,£¤� �������]���¥�_  ��¦ mesh.
All updateandfrontal matricesat this level aredistributedon this meshof processors.Thecyclic distribution
of rowsandcolumnsof thesematricesamongtheprocessorshelpsmaintainload-balance.Thedistribution also
ensuresthata parallelextend-addoperationcanbeperformedwith eachprocessorexchangingroughlyhalf of
its dataonly with its counterpartprocessorin theothersubcube.This distribution is fairly straightforward to
maintain. For example,during the first two parallelextend-addoperations,columnsandrows of the update
matricesaredistributed dependingon whethertheir leastsignificantbit (LSB) is 0 or 1. Indiceswith LSB
= 0 go to the lower subcubeand thosewith LSB = 1 go to the highersubcube.Similarly, in the next two
parallelextend-addoperations,columnsandrows of theupdatematricesareexchangedamongtheprocessors
dependingon thesecondLSB of their indices.

Figure6 illustratesall theparallelextend-addoperationsthattake placeduringparallelmultifrontal factor-
izationof thematrix shown in Figure4. Theportionof anupdatematrix that is sentout by its original owner
processoris shown in grey. Hence,if processors�!X and �,\ with respective updatematrices� and � performa
parallelextend-add,thenthefinal resultat �!X will betheadd-extensionof thewhite portionof � andthegrey
portionof � . Similarly, thefinal resultat �,\ will betheadd-extensionof thegrey portionof � andthewhite
portionof � . Figure7 furtherillustratesthethisprocessesby showing four consecutive extend-addoperations
on hypotheticalupdatematricesto distributetheresultamong16processors.

Betweentwo successive parallelextend-addoperations,several stepsof denseCholesky eliminationmay
beperformed.Thenumberof suchsuccessive eliminationstepsis equalto thenumberof nodesin therelaxed
supernodebeingprocessed.Thecommunicationthat takesplacein this phaseis thestandardcommunication
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(d)  Update matrices before fourth parallel extend-add
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Figure7: Four successive parallelextend-addoperations(denotedby “+”) on hypotheticalupdatematrices
for multifrontal factorizationon 16 processors,numberedfrom 0 to 15. Thenumberinsidea box denotesthe
numberof theprocessorthatownsthematrixelementrepresentedby thebox.
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Figure8: Thetwo communicationoperationsinvolved in a singleeliminationstep(index of pivot = 0 here)of
Cholesky factorizationon a 1�>��#1�> frontal matrixdistributedover 16 processors.

in pipelinedgrid-baseddenseCholesky factorization[46, 34]. If theaveragesizeof thefrontalmatricesis M��kM
during the processingof a relaxed supernodewith - nodeson a y -processorsubcube,then ���(-.� messages
of size ���(Mr| � y«� arepassedthroughthe grid in a pipelinedfashion. Figure8 shows the communicationfor
onestepof denseCholesky factorizationof a hypotheticalfrontal matrix for y0�¬1�@ . It is shown in [35] that
althoughthis communicationdoesnot take placebetweenthenearestneighborson a subcube,thepathsof all
communicationson any subcubeareconflict freewith e-cuberouting [45, 34] andcut-throughor worm-hole
flow control. This is a directconsequenceof the fact thata circularshift is conflict freeon a hypercubewith
e-cuberouting. Thus,a communicationpipelinecanbemaintainedamongtheprocessorsof a subcubeduring
thedenseCholesky factorizationof frontalmatrices.

3.1 Block-cyclic mapping of matricesonto processors

In the parallelmultifrontal algorithmdescribedin this section,the rows andcolumnsof frontal andupdate
matricesaredistributedamongtheprocessorsof asubcubein acyclic manner. For example,thedistribution of
amatrixwith indicesfrom 0 to 11ona16-processorsubcubeis shown in Figure7(e).The16processorsform a
logicalmesh.Thearrangementof theprocessorsin thelogicalmeshis shown in Figure9(a). In thedistribution
of Figure7(e), consecutive rows andcolumnsof the matrix aremappedonto neighboringprocessorsof the
logical mesh. If therearemore rows andcolumnsin the matrix than the numberof processorsin a row or
columnof theprocessormesh,thentherows andcolumnsof thematrixarewrappedaroundon themesh.

Although themappingshown in Figure7(e) resultsin a very goodload balanceamongtheprocessors,it
hasa disadvantage.Notice thatwhile performingthestepsof Cholesky factorizationon thematrix shown in
Figure7(e), thecomputationcorrespondingto consecutive pivots startson differentprocessors.For example,
pivot 0 onprocessor0, pivot 1 onprocessor3,pivot 2 onprocessor12,pivot 3 onprocessor15,andsoon. If the
messagestartuptimeis high,thismayleadto significantdelaysbetweenthestagesof thepipeline.Furthermore,
on cache-basedprocessors,theuseof BLAS-3 for eliminatingmultiple columnssimultaneouslyyieldsmuch
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Figure9: Block-cyclic mappingof a 1�>��#1�> matrixon a logicalprocessormeshof 16 processors.

higherperformancethantheuseof BLAS-2 for eliminatingonecolumnatatime. Figure9(b)showsavariation
of thecyclic mapping,calledblock-cyclic mapping[34], thatcanalleviate theseproblemsat thecostof some
addedloadimbalance.

Recall that in the mappingof Figure7(e), the leastsignificant ­h� ���5�,|�>p® bits of a row or column index
of the matrix determinethe processorto which that row or columnbelongs. Now if we disregard the least
significantbit, and determinethe distribution of rows and columnsby the ­h� ���3�!|�>p® bits startingwith the
secondleastsignificantbit, thenthemappingof Figure9(b) will result.In general,we candisregardthefirst G
leastsignificantbits, andarrive at a block-cyclic mappingwith a block sizeof >rEx�.>rE . Theoptimalvalueof
G dependson theratioof computationtime andthecommunicationlatency of theparallelcomputerin useand
mayvary from onecomputerto anotherfor thesameproblem.In addition,increasingtheblock sizetoo much
may causetoo muchload imbalanceduring the denseCholesky stepsandmay offset the advantageof using
BLAS-3.

3.2 Subtree-to-submeshmapping for the 2-D mesharchitecture

Themappingof rows andcolumnsdescribedso far worksfine for thehypercubenetwork. At eachlevel, the
updateandfrontal matricesaredistributedon a logical meshof processors(e.g.,Figure9(a)) suchthat each
row andcolumnof thismeshis asubcubeof thehypercube.However, if theunderlyingarchitectureis amesh,
thena row or a columnof the logical meshmay not correspondto a row or a columnof the physicalmesh.
Thiswill leadto contentionfor communicationchannelsduringthepipelineddenseCholesky stepsof Figure8
on a physicalmesh. To avoid this contentionfor communicationchannels,we definea subtree-to-submesh
mappingin this subsection.Thesubtree-to-subcube mappingdescribedin Figure4(b) ensuresthatany subtree
of the relaxed supernodaleliminationtree is mappedonto a subcubeof the physicalhypercube.This helps
in localizing communicationat eachstageof factorizationamonggroupsof as few processorsas possible.
Similarly, thesubtree-to-submeshmappingensuresthata subtreeis mappedentirelywithin a submeshof the
physicalmesh.

Note that in subtree-to-subcube mappingfor a >r¯ -processorhypercube,all level-° subtreesof the relaxed
supernodaleliminationtreearenumberedin increasingorderfrom left to right andasubtreelabeledc is mapped
ontoprocessorc . For example,thesubtreelabelingof Figure10(a)resultsin theupdateandfrontal matrices
for thesupernodesin thetopmost(level-0) relaxedsupernodeto bedistributedamong16 processorsasshown
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(b)  Subtree-submesh assignment of level-4 subtrees and the corresponding logical mesh for level-0 supernode
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(a)  Subtree-subcube assignment of level-4 subtrees and the corresponding logical mesh for level-0 supernode

Figure10: Labelingof subtreesin subtree-to-subcube(a) andsubtree-to-submesh(b) mappings.

in Figure9(a).Thesubtree-to-submeshmappingstartswith a differentinitial labelingof the level-° subtrees.
Figure10(b)shows this labelingfor 16 processors,which will resultin theupdateandfrontal matricesof the
topmostrelaxedsupernodebeingpartitionedon a ±²�x± arrayof processorslabeledin a row-majorfashion.

We now definea function -.W©� suchthat replacingevery referenceto processorc in subtree-to-subcube
mappingby areferenceto processor-.W©�!�(cfeh-.eh
�� resultsin asubtree-to-submeshmappingonan -³��
 mesh.
We assumethat both - and 
 are powers of two. We also assumethat either - �U
 or - �U
�|�> (this
configurationmaximizesthecross-sectionwidth andminimizesthediameterof an -4
 -processormesh).The
function -.W]�,�(cfeh-.eh
�� is givenby thefollowing recurrence:

-.W]�,�(cfeh-.eh
��#�´c , if c3iN>�µ
-.W]�,�(cfeh-.eh
��#�´-.W©�,�(cpe·¶ � eh
�� , if -´��
�eCc3i¸¶�¹� µ
-.W]�,�(cfeh-.eh
��#� ¶�¹� I#-.W]�,�(c~/ ¶3¹� e ¶ � eh
�� , if -´��
�eCc3< ¶�¹� µ
-.W]�,�(cfeh-.eh
��#�´-2º»-.W©�,�(cpeh-.e ¹ � ��|p-4¼TI�-.W©�!�(cfeh-.e ¹ � � , if -´� ¹ � eRc3i ¶�¹� µ
-.W]�,�(cfeh-.eh
��#�´-.�]º»-.W©�,�(c½/ ¶�¹� eh-.e ¹ � ��|p-4¼�Iv1��RI�-.W©�,�(cu/ ¶�¹� eh-.e ¹ � � , if -´� ¹ � eRc3< ¶�¹� µ

Theabove recurrencealwaysmapsa level-̂ relaxedsupernodeof a binaryrelaxedsupernodalelimination
treeontoan �(-4
�|�> � � -processorsubmeshof the -4
 -processortwo-dimensionalmesh.
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4
¾

Analysis of Communication Overhead

In this section,we derive expressionsfor the communicationoverheadof our algorithmfor sparsematrices
resultingfrom afinite differenceoperatoronregulartwo- andthree-dimensionalgrids.Within constantfactors,
theseexpressionscanbe generalizedto all sparsematricesthat areadjacency matricesof graphswhose
 -
nodesubgraphshave ����� 
w� -nodeand ���(
 �   )·� -nodeseparators,respectively. This is becausetheproperties
of separatorscan be generalizedfrom grids to all suchgraphswithin the sameorder of magnitudebounds
[38, 37, 13]. We derive theseexpressionsfor both hypercubeand mesharchitectures,and also extend the
resultsto sparsematricesresultingfrom three-dimensionalgraphswhose
 -nodesubgraphshave ���(
 �   ) � -node
separators.

Theparallelmultifrontalalgorithmdescribedin Section3 incurstwo typesof communicationoverhead:one
duringparallelextend-addoperations(Figure7) andtheotherduringthestepsof denseCholesky factorization
while processingthesupernodes(Figure8). Crucial to estimatingthecommunicationoverheadis estimating
thesizesof frontal andupdatematricesatany level of thesupernodaleliminationtree.

Considera � �v� � � regularfinite differencegrid. Weanalyzethecommunicationoverheadfor factorizing
the �¿�6� sparsematrixassociatedwith thisgrid on � processors.In orderto simplify theanalysis,weassume
a somewhat differentform of nested-dissectionthantheoneusedin theactualimplementation.This method
of analyzingthe communicationcomplexity of sparseCholesky factorizationhasbeenusedin [15] in the
context of a column-basedsubtree-to-subcubescheme.Within very small constantfactors,theanalysisholds
for the standardnesteddissection[11] of grid graphs. We considera cross-shapedseparator(describedin
[15]) consistingof > � �U/
1 nodesthat partitionsthe � -nodesquaregrid into four squaresubgridsof size
� � �À/21���|�>Á�.� � �À/21���|�> . We call this thelevel-0 separatorthatpartitionstheoriginal grid (or thelevel-0
grid) into four level-1 grids. The nodesin the separatorarenumberedafter the nodesin eachsubgridhave
beennumbered.To numberthe nodesin the subgrids,they are further partitionedin the sameway, andthe
processis appliedrecursively until all nodesof theoriginalgrid arenumbered.Thesupernodaleliminationtree
correspondingto this orderingis suchthateachnon-leafsupernodehasfour children.Thetopmostsupernode
has > � �³/21 ( ÂÃ> � � ) nodes,andthe sizeof thesupernodesat eachsubsequentlevel of the treeis half of
thesupernodesizeat thepreviouslevel. Clearly, thenumberof supernodesincreasesby a factorof four ateach
level, startingwith oneat thetop (level 0).

Thenesteddissectionschemedescribedabove hasthefollowing properties:(1) thesizeof level-̂ subgrids
is approximately� ��|�> � � � �+|�> � , (2) thenumberof nodesin a level-̂ separatoris approximately> � ��|�> � ,
andhence,the lengthof a supernodeat level ^ of the supernodaleliminationtreeis approximately> � ��|�> � .
It hasbeenproved in [15] that thenumberof nonzerosthatan c��4c subgridcancontribute to thenodesof its
borderingseparatorsis boundedby GYc � , where G.�Ã�p±71�|�1�> . Hence,a level-̂ subgridcancontribute at most
G��0|p±*� nonzerosto its borderingnodes.Thesenonzerosarein theform of thetriangularupdatematrix that is
passedalongfrom therootof thesubtreecorrespondingto thesubgridto its parentin theeliminationtree.The
dimensionsof amatrixwith adensetriangularpartcontainingG��0|p± � entriesis roughly � >�G��#|�> � � � >�G���|�> � .
Thus,thesizeof an updatematrix passedon to level ^Ä/Q1 of thesupernodaleliminationtreefrom level ^ is
roughlyupper-boundedby � >�G��#|�> � � � >�G��+|�> � for ^Ä<N1 .

Thesizeof a level-̂ supernodeis > � ��|�>r� ; hence,a totalof > � ��|�>r� eliminationstepstakeplacewhile the
computationproceedsfrom thebottomof a level-̂ supernodeto its top. A singleeliminationstepon a frontal
matrixof size �(MÄI�1��R�=�(M!I�1�� producesanupdatematrixof sizeMw��M . Sincethesizeof anupdatematrixat the
top of a level-̂ supernodeis at most � >�G���|�> � � � >�G��#|�> � , thesizeof thefrontal matrix at thebottomof the
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samesupernodeis upper-boundedby � � >�GÅI0>�� � �+|�> � �Æ� � >�GÄI0>�� � �Ç|�> � . Hence,theaveragesizeof afrontal
matrixat level ^ of thesupernodaleliminationtreeis upper-boundedby � � >�G3I�1�� � ��|�> � �6� � >�G3I+1�� � ��|�> � .
Let � >�G�/v1 = È . Then È � ��|�>r�~�#È � ��|�>r� is anupperboundon theaveragesizeof a frontalmatrixat level
^ .

We arenow readyto derive expressionsfor the communicationoverheaddueto the parallelextend-add
operationsandtheeliminationstepsof denseCholesky on thefrontalmatrices.

4.1 Overheadin parallel extend-add

Beforethecomputationcorrespondingto level ^·/�1 of thesupernodaleliminationtreestarts,aparallelextend-
addoperationis performedon lower triangularportionsof theupdatematricesof size � >�G���|�> � � � >�G���|�> � ,
eachof which is distributed on a � �7|�> � � � �,|�> � logical meshof processors.Thus, eachprocessorholds
roughly ��G��0|p± � �wÉÊ�(�,|p± � � = G��0|p� elementsof an updatematrix. Assumingthat eachprocessorexchanges
roughlyhalf of its datawith thecorrespondingprocessorof anothersubcube,M�Ë�I�M�Ì�G��0|���>p�!� time is spentin
communication,whereM Ë is themessagestartuptime and M Ì is theper-word transfertime. Notethat this time
is independentof ^ . Sincethereare ��� ���5�,��|�> levelsatwhichparallelextend-addoperationstakeplace,thetotal
communicationtime for theseoperationsis �����0|p�,��� ���:� on a hypercube.Thetotal communicationoverhead
dueto theparallelextend-addoperationsis �����Ê� ���5�,� on ahypercube.

4.2 Overheadin factorization steps

We have shown earlierthat theaveragesizeof a frontal matrix at level ^ of thesupernodaleliminationtreeis
boundedby È � ��|�> � ��È � ��|�> � , where È = �p±71�|�@�/Q1 . This matrix is distributedon a � �,|�> � � � �!|�> �
logicalmeshof processors.As shown in Figure8, therearetwo communicationoperationsinvolvedwith each
eliminationstepof denseCholesky. Theaveragesizeof amessageis ��È � ��|�> � �ÅÉK� � �7|�> � � = È �0|p� . It can
beshown [46, 34] thatin apipelinedimplementationona � yÄ� � y meshof processors,thecommunicationtime
for H eliminationstepswith anaveragemessagesizeof - is ���(-.HY� . Thereasonis thatalthougheachmessage
mustgoto ��� � y«� processors,messagescorrespondingto ��� � yY� eliminationstepsareactivesimultaneouslyin
differentpartsof themesh.Hence,eachmessageeffectively contributesonly ���(-.� to thetotalcommunication
time. In our case,at level ^ of the supernodalelimination tree, the numberof stepsof denseCholesky is
> � ��|�> � . Thus the total communicationtime at level ^ is È �0|p�P�2> � �+|�> � = �������0| � �,����1�|�> � ��� . The
total communicationtime for theeliminationstepsat top ��� ���3�!��|�> levelsof thesupernodaleliminationtreeis
�������0| � �,��Í �����rÎY�]� "�(Ï � ��1�|�>r�t��� . Thishasanupperboundof �����0| � �,� . Hence,thetotalcommunicationoverhead
dueto theeliminationstepsis ���(�²�#�0| � �7� = ����� � �,� .

Theparallelmultifrontalalgorithmincursanadditionaloverheadof emptyingthepipeline � ����� times(once
beforeeachparallelextend-add)andthenrefilling it. It canbeeasilyshown that this overheadis �����+� each
time thepipelinerestarts.Hence,theoverall overheaddueto restartingthepipeline � ���3� time is �����Ð� �����,� ,
which is smallerin magnitudethanthe ����� � �7� communicationoverheadof thedenseCholesky elimination
steps.

4.3 Communication overheadfor 3-D problems

Theanalysisof thecommunicationcomplexity for thesparsematricesarisingout of three-dimensionalfinite
elementproblemscanbeperformedalongthelinesof theanalysisfor thecaseof two-dimensionalgrids.Con-
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sideran �#"   )��²��"   )��4��"   ) grid thatis recursively partitionedinto eightsubgridsby aseparatorthatconsists
of threeorthogonal�#"   )Á�.�#"   ) planes.Thenumberof nonzerosthatan c��=c��=c subgridcontributesto the
nodesof its borderingseparatorsis ���(ctÑ·� [15]. At level ^ , dueto ^ bisections,c is no morethan � "   ) |�>r� . As
a result,an updateor a frontal matrix at level ^ of the supernodaleliminationtreewill contain �����6Ñ%  ) |�>nÑ%�h�
entriesdistributed among�,|�Ò � processors.Thus, the communicationtime for the parallelextend-addoper-
ation at level ^ is ����� Ñ%  )*|���> � �,��� . The total communicationtime for all parallel extend-addoperationsis
������� Ñ%  )*|p�,��Í �����]Ó©�]� "�¥Ï � ��1�|�> � ��� , which is ����� Ñ%  )·|p�,� . For thedenseCholesky eliminationstepsat any level, the
messagesizeis ����� �   )·| � �!� . Sincethereare ��� �   )·|p± � nodesin a level-̂ separator, the total communication

time for theeliminationstepsis �������6Ñ%  ) | � �,��Í �����]ÓÔ�]� "�¥Ï � ��1�|p±*����� , which is �����xÑ%  ) | � �,� .
Hence,the total communicationoverheaddueto parallelextend-addoperationsis �����xÑ%  ) � andthat due

to the denseCholesky elimination stepsis ����� Ñ%  ) � �,� . As in the 2-D case,theseasymptoticexpressions
canbegeneralizedto sparsematricesresultingfrom three-dimensionalgraphswhose
 -nodesubgraphshave
���(
 �   )·� -nodeseparators.Thisclassincludesthelinearsystemsarisingoutof three-dimensionalfinite element
problems.

4.4 Communication overheadon a mesh

ThecommunicationoverheadduethedenseCholesky eliminationstepsis thesameon boththemeshandthe
hypercubearchitecturesbecausethefrontal matricesaredistributedon a logical meshof processors.However,
theparallelextendoperationsusetheentirecross-sectionbandwidthof a hypercube,andthecommunication
overheaddueto themwill increaseon ameshdueto channelcontention.

Recallfrom Section4.1 that thecommunicationtime for parallelextend-addat any level is �����0|p�,� on a
hypercube.Theextend-addis performedamonggroupsof �,|p± � processorsat level ^ of thesupernodalelimina-
tion tree.Therefore,at level ^ , thecommunicationtimefor parallelextend-addona � �,|�> � � � �7|�> � submeshis

�����0|���> � � �7��� . Thetotal communicationtime for all thelevelsis �������0| � �7��Í �����©ÎY�]� "�¥Ï � ��1�|�> � ��� . Thishasanup-
perboundof �����0| � �,� , andtheupperboundonthecorrespondingcommunicationoverheadtermis ����� � �,� .
This is thesameasthe total communicationoverheadfor the eliminationsteps.Hence,for two-dimensional
problems,theoverall asymptoticcommunicationoverheadis thesamefor bothmeshandhypercubearchitec-
tures.

The communicationtime on a hypercubefor the parallel extend-addoperationat level ^ is ����� Ñ%  )*|
��> � �!��� for three-dimensionalproblems(Section4.3). The correspondingcommunicationtime on a mesh
would be �����6Ñ%  ) |��(±*� � �,� . The total communicationtime for all the parallel extend-addoperationsis

�������xÑ%  ) | � �7��Í ����� Ó �]� "�¥Ï � ��1�|p±*�h��� , which is �����6Ñ%  ) | � �!� . As in the caseof two-dimensionalproblems,this
is asymptoticallyequalto thecommunicationtime for theeliminationsteps.

5 Scalability Analysis

The scalability of a parallel algorithm on a parallel architecturerefers to the capacityof the algorithm-
architecturecombinationto effectively utilize an increasingnumberof processors.In this sectionwe usethe
isoefficiency metric[34, 36, 17] to characterizethescalabilityof ouralgorithm.Theisoefficiency functionof a
combinationof aparallelalgorithmandaparallelarchitecturerelatestheproblemsizeto thenumberof proces-
sorsnecessaryto maintaina fixed efficiency or to deliver speedupsincreasingproportionallywith increasing
numberof processors.
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5.1 The isoefficiencymetric of scalability

Let Õ be thesizeof a problemin termsof the total numberof basicoperationsrequiredto solve a problem
on a serialcomputer. For example, Õ �U����� � � for multiplying a dense�8�d� matrix with an � -vector.
The serialrun time of a problemof size Õ is given by ÖÄ×2�ØM�ÙnÕ , whereM�Ù is the time to performa single
basiccomputationstep. If ÖÅÚ is the parallel run time of the sameproblemon � processors,thenwe define
an overheadfunction ÖÅÛ as �*ÖÄÚP/�ÖÅ× . Both ÖÅÚ and ÖÅÛ arefunctionsof Õ and � , andwe often write them
as ÖÅÚ5��Õ�eh�,� and ÖÅÛ«��Õ+eh�,� , respectively. The efficiency of a parallel systemwith � processorsis given byÜ ��ÖÄ×C|��(ÖÄ×=I�ÖÅÛ«��Õ+eh�,��� . If a parallelsystemis usedto solve a probleminstanceof a fixedsize Õ , thenthe
efficiency decreasesas � increases.This is becausethe total overheadÖ Û ��Õ�eh�,� increaseswith � . For many
parallelsystems,for a fixed � , if theproblemsize Õ is increased,thentheefficiency increasesbecausefor a
given � , ÖÅÛÔ��Õ�eh�,� grows slower than ����ÕÐ� . For theseparallelsystems,theefficiency canbemaintainedat a
desiredvalue(between0 and1) for increasing� , provided Õ is alsoincreased.Wecall suchsystemsscalable
parallelsystems.Note that for a givenparallelalgorithm,for differentparallelarchitectures,Õ mayhave to
increaseat differentrateswith respectto � in orderto maintaina fixedefficiency. As thenumberof processors
are increased,the smallerthe growth rateof problemsize requiredto maintaina fixed efficiency, the more
scalabletheparallelsystemis.

Giventhat
Ü �N1�|���1SIxÖÄÛ���Õ�eh�,��|��(M�Ù©ÕÐ��� , in orderto maintainafixedefficiency, Õ shouldbeproportional

to ÖÄÛ«��Õ�eh�,� . In otherwords,thefollowing relationmustbesatisfiedin orderto maintainafixedefficiency:

ÕÝ�ßÞM�Ù ÖÅÛY��Õ�eh�,��e (1)

where Þ �
Ü |���1T/ Ü � is a constantdependingon theefficiency to bemaintained.Equation(1) is thecentral

relationthat is usedto determinethe isoefficiency function of a parallelalgorithm-architecturecombination.
This is accomplishedby abstractingÕ asa function of � throughalgebraicmanipulationson Equation(1).
If the problemsizeneedsto grow asfastas àrá:�(�,� to maintainan efficiency

Ü
, then àrá:�(�,� is definedasthe

isoefficiency functionof theparallelalgorithm-architecture combinationfor efficiency
Ü

.

5.2 Scalability of the parallel multifr ontal algorithm

It is well known [13] that the total work involved in factoringtheadjacency matrix of an � -nodegraphwith
an ��� � �+� -nodeseparatorusingnesteddissectionorderingof nodesis �����#"%$ &·� . We have shown in Section4
that theoverall communicationoverheadof our schemeis ����� � �7� . FromEquation1, a fixedefficiency can
bemaintainedif andonly if � "%$ &0â¸ã�ä å , or ä ãçæØä å , or ã#è%é êÁëØì æ2å!è%é ê . In otherwords,theproblem
sizemustbe increasedas í�î å è%é ê�ï to maintaina constantefficiency as å is increased.In comparison,a lower
boundon theisoefficiency functionof Rothberg andGupta’s scheme[53, 18] with a communicationoverhead
of at leastí�î ã ä å�ð ñ�ò�å ï is í�î å è%é ê·î ð ñ�ò�å ï;ó·ï . Theisoefficiency functionof any column-basedschemeis at least
í�î å ó«ï becausethe total communicationoverheadhasa lower boundof í�î ã6å ï . Thus,the scalabilityof our
algorithmis superiorto thatof theotherschemes.

It is easyto show thatthescalabilityof ouralgorithmis í�î å!è%é ê ï evenfor thesparsematricesarisingoutof
three-dimensionalfinite elementgrids.Theproblemsizein thecaseof an ãÐôkã sparsematrixresultingfrom a
three-dimensionalgrid is í�î ã6õ ï [15]. Wehave shown in Section4.3thattheoverall communicationoverhead
in thiscaseis í�î ãxö%÷ ó ä å ï . To maintainafixedefficiency, ã6õbæ
ã6ö%÷ ó ä å , or ã6õ%÷ ó æ ä å , or ã6õbë
ìøæ�å è%é ê .

A lowerboundontheisoefficiency functionfor densematrix factorizationis ùbî å è%é ê�ï [34, 35] if thenumber
of rank-1updatesperformedby theserialalgorithmis proportionalto therankof thematrix. Thefactorization
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ofú asparsematrixderivedfrom an ã -nodegraphwith an ûwî ã ï -nodeseparatorinvolvesadenseûwî ã ï ô ûwî ã ï
matrix factorization. ûwî ã ï is ùbî ä ã ï and ùbî ãxõ%÷ ó·ï for two- and three-dimensionalconstantnode-degree
graphs,respectively. Thus,thecomplexity of thedenseportionof factorizationfor thesetwo typesof matrices
is ù�î ã�è%é ê ï and ùbî ã õ ï , respectively, which is of thesameorderasthecomputationrequiredto factortheentire
sparsematrix [13, 15]. Therefore,theisoefficiency functionof sparsefactorizationof suchmatricesis bounded
from below by the isoefficiency functionof densematrix factorization,which is ùbî å è%é ê·ï . As we have shown
earlierin thissection,ouralgorithmachievesthis lowerboundfor bothtwo- andthree-dimensionalcases.

5.3 Scalability with respectto memory requirement

We have shown that theproblemsizemustincreasein proportionto å è%é ê for our algorithmto achieve a fixed
efficiency. As the overall problemsize increases,so doesthe overall memoryrequirement.For an ã -node
two-dimensionalconstantnode-degreegraphs,the sizeof the lower triangularfactor ü is ùbî ãýð ñ�òTã ï [13].
For a fixed efficiency, ì ë³ã è%é ê æ¸å è%é ê , which implies ãþæ¸å and ãýð ñ�òTãþæ¬å�ð ñ�ò3å . As a result, if we
increasethe numberof processorswhile solving biggerproblemsto maintaina fixed efficiency, the overall
memoryrequirementincreasesat the rateof ùbî å�ð ñ�ò5å ï andthe memoryrequirementper processorincrease
logarithmicallywith respectto thenumberof processors.

In thethree-dimensionalcase,sizeof thelower triangularfactor ü is ùbî ã ö%÷ ó ï [13]. For a fixedefficiency,
ìÿëNãxõ�æ�å è%é ê , which implies ãUæ�å ó ÷�ö and ã6ö%÷ ó ædå . Hence,in this casetheoverall memoryrequirement
increaseslinearly with the numberof processorsand the per-processormemoryrequirementis constantfor
maintaininga fixed efficiency. It canbe easily shown that for the three-dimensionalcase,the isoefficiency
functionshouldnot beof a higherorderthan ù�î å!è%é ê ï if speedupsproportionalto thenumberof processorsare
desiredwithout increasingthememoryrequirementperprocessor. To thebestof our knowledge,thealgorithm
describedin Section3 is the only parallelalgorithmfor sparseCholesky factorizationwith an isoefficiency
functionof ùbî å è%é ê�ï .

6 Experimental Results

We implementedour new parallelsparsemultifrontal algorithmon a 1024-processorCrayT3D parallelcom-
puter. Eachprocessoron the T3D is a 150 Mhz Dec Alpha chip, with peakperformanceof 150 MFlops for
64-bit operations(doubleprecision). However, the peakperformanceof most level threeBLAS routinesis
around50 MFlops. The processorsareinterconnectedvia a threedimensionaltorusnetwork that hasa peak
unidirectionalbandwidthof 150 MBytes per second,anda very small latency. Even thoughthe memoryon
T3D is physicallydistributed,it canbeaddressedglobally. Thatis, processorscandirectly access(readand/or
write) otherprocessor’s memory. T3D providesa library interfaceto this capabilitycalledSHMEM. We used
SHMEM to develop a lightweight messagepassingsystem.Using this systemwe wereableto achieve uni-
directionaldatatransferratesup to 70 MBytes per second.This is significantlyhigher thanthe 35 MBytes
channelbandwidthusuallyobtainedwhenusingT3D’sPVM.

For thecomputationperformedduring thedenseCholesky factorization,we usedsingle-processorimple-
mentationof BLAS primitives.Theseroutinesarepartof thestandardscientificlibrary on T3D, andthey have
beenfine tunedfor theAlpha chip. Thenew algorithmwastestedon matricesfrom a varietyof sources.Four
matrices(BCSSTK30,BCSSTK31,BCSSTK32,andBCSSTK33)comefrom theBoeing-Harwellmatrix set.
MAROS-R7is from a linearprogrammingproblemtakenfrom NETLIB. COPTER2comesfrom a modelof a
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helicopter
�

rotor. CUBE35is a ��� ô ��� ô ��� regularthree-dimensionalgrid. NUG15is from a linearprogram-
ming problemderived from a quadraticassignmentproblemobtainedfrom AT&T. In all of our experiments,
we usedspectralnesteddissection[48] to order the matrices. The factorizationalgorithmdescribedin this
paperwill work well with any typeof nesteddissection.In [21, 22, 20, 32, 30], we show thatnesteddissection
orderingswith properselectionof separatorscanyield betterquality orderingsthat traditionalheuristics,such
as,themultiple minimumdegreeheuristic.

Theperformanceobtainedby this algorithmin someof thesematricesis shown in Table1. Theoperation
countshows only thenumberof operationsrequiredto factorthenodesof theeliminationtree.

Figure11 graphicallyrepresentsthedatashown in Table1. Sinceall theseproblemsrunoutof memoryon
oneprocessor, thestandardspeedupandefficiency couldnotbecomputedexperimentally.

Numberof Processors
Problem � � ��� � �	� OPC 16 32 64 128 256 512 1024
PILOT87 2030 122550 504060 240M 0.32 0.44 0.73 1.05
MAROS-R7 3136 330472 1345241 720M 0.48 0.83 1.41 2.14 3.02 4.07 4.48
FLAP 51537 479620 4192304 940M 0.48 0.75 1.27 1.85 2.87 3.83 4.25
BCSSTK33 8738 291583 2295377 1000M 0.49 0.76 1.30 1.94 2.90 4.36 6.02
BCSSTK30 28924 1007284 5796797 2400M 1.48 2.42 3.59 5.56 7.54
BCSSTK31 35588 572914 6415883 3100M 0.80 1.45 2.48 3.97 6.26 7.93
BCSSTK32 44609 985046 8582414 4200M 1.51 2.63 4.16 6.91 8.90
COPTER2 55476 352238 12681357 9200M 0.64 1.10 1.94 3.31 5.76 9.55 14.78
CUBE35 42875 124950 11427033 10300M 0.67 1.27 2.26 3.92 6.46 10.33 15.70
NUG15 6330 186075 10771554 29670M 4.32 7.54 12.53 19.92

Table1: Theperformanceof sparsedirectfactorizationon CrayT3D. For eachproblemthetablecontainsthe
numberof equations
 of thematrix � , theoriginal numberof nonzerosin � , the nonzerosin the Cholesky
factor ü , thenumberof operationsrequiredto factorthenodes,andtheperformancein gigaflopsfor different
numberof processors.

Thehighestperformanceof 19.9GFlopswasobtainedfor NUG15,whichis afairly denseproblem.Among
the sparseproblems,a performanceof 15.7 GFlopswas obtainedfor CUBE35, which is a regular three-
dimensionalproblem. Nearly as high performance(14.78GFlops)wasalso obtainedfor COPTER2which
is irregular. Sincebothproblemshave similar operationcount,this shows thatour algorithmperformsequally
well in factoringmatricesarisingin irregularproblems.Focusingourattentionon theotherproblemsshown in
Table1, we seethatevenon smallerproblems,our algorithmperformsquitewell. For example,BCSSTK33
wasableto achieve 2.90GFlopson256processorsandBCSSTK30achieved3.59GFlops.

To further illustratehow variouscomponentsof our algorithmwork, we have includeda breakdown of
the variousphasesfor BCSSTK31andCUBE35in Table2. This tableshows the averagetime spentby all
theprocessorsin the local computationandin thedistributedcomputation.Furthermore,we breakdown the
time takenby distributedcomputationinto two majorphases,(a) denseCholesky factorization,(b) extend-add
overhead.Thelatter includesthecostof performingtheextend-addoperation,splitting thestacks,transferring
thestacks,andidling dueto loadimbalancesin thesubforest-to-subcubepartitioning. Notethat thefiguresin
this tableareaveragesover all processors,andthey shouldbe usedonly asan approximateindicationof the
time requiredfor eachphase.

A numberof interestingobservationscan be madefrom this table. First, as the numberof processors
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Figure11: Plotof thetotalGigaflopsobtainedby ourparallelsparsemultifrontalalgorithmonvariousproblems
on aCrayT3D.

increases,thetimespentprocessingthelocaltreein eachprocessordecreasessubstantiallybecausethesubforest
assignedto eachprocessorbecomessmaller. This trendis morepronouncedfor three-dimensionalproblems,
becausethey tendto have fairly shallow trees.Thecostof thedistributedextend-addphasedecreasesalmost
linearly asthe numberof processorsincreases.This is consistentwith the analysispresentedin 4, sincethe
overheadof distributedextend-addis í�î�î

 ð ñ�ò5å ï�� å ï . Sincetheexpressionfor thetimespentduringtheextend-
addstepsalsoincludesthe idling dueto load imbalance,the almostlinear decreasealsoshows that the load
imbalanceis quitesmall.

Thetimespentin distributeddenseCholesky factorizationdecreasesasthenumberof processorsincreases.
This reductionis not linearwith respectto thenumberof processorsfor two reasons:(a) theratioof communi-
cationto computationduringthedenseCholesky factorizationstepsincreases,and(b) for a fixedsizeproblem
loadimbalancesdueto theblock cyclic mappingbecomesworseaså increases.

DistributedComputation� LocalComp. Factorization Extend-Add
BCSSTK31 64 0.17 1.34 0.58

128 0.06 0.90 0.32
256 0.02 0.61 0.18

CUBE35 64 0.15 3.74 0.71
128 0.06 2.25 0.43
256 0.01 1.44 0.24

Table2: A break-down of thevariousphasesof thesparsemultifrontalalgorithmfor BCSSTK31andCUBE35.
Eachnumberrepresentstime in seconds.
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For reasonsdiscussedin Section3.1,we distributedthe frontal matricesin a block-cyclic fashion.To get
goodperformanceonCrayT3D outof level threeBLAS routines,weusedablocksizeof sixteen(blocksizesof
lessthansixteenresultin degradationof level 3 BLAS performanceon CrayT3D) For smallproblems,sucha
largeblocksizeresultsin asignificantloadimbalancewithin thedensefactorizationphase.Thisloadimbalance
becomesworseas the numberof processorsincreases.However, as the sizeof the problemincreases,both
thecommunicationoverheadduringdenseCholesky andthe load imbalancedueto theblock cyclic mapping
becomeslesssignificant. The reasonis that larger problemsusually have larger frontal matricesat the top
levels of the elimination tree,so even large processorgrids canbe effectively utilized to factor them. This
is illustratedby comparinghow the variousoverheadsdecreasefor BCSSTK31andCUBE35. For example,
for BCSSTK31,the factorizationon 128 processorsis only 48% fastercomparedto 64 processors,while for
CUBE35,thefactorizationon 128processorsis 66%fastercomparedto 64 processors.

7 Concluding Remarks

In this paper, we analyticallyandexperimentallydemonstratethatscalableparallelimplementationsof direct
methodsfor solvinglargesparsesystemsarepossible.WedescribeanimplementationonCrayT3D thatyields
up to 20 GFlopson medium-sizeproblems. We usethe isoefficiency metric [34, 36, 17] to characterizethe
scalabilityof our algorithm.We show thattheisoefficiency functionof our algorithmis í�î å è%é ê·ï on hypercube
andmesharchitecturesfor sparsematricesarisingout of both two- andthree-dimensionalproblems.We also
show that í�î å!è%é ê ï is asymptoticallythe bestpossibleisoefficiency function for a parallel implementationof
any directmethodfor solvingasystemof linearequations,eithersparseor dense.In [55], Schreiberconcludes
that it is not yet clearwhethersparsedirect solverscanbe madecompetitive at all for highly (å���� ��� ) and
massively (å�������� � ) parallel computers.We hopethat, throughthis paper, we have given an affirmative
answerto at leastapartof thequery.

Theprocessof obtaininga directsolutionof a sparsesystemof linearequationsof theform ��� ë�� con-
sistsof the following four phases:Ordering , which determinespermutationof thecoefficient matrix � such
that the factorizationincurslow fill-in andis numericallystable;Symbolic Factorization, which determines
thestructureof thetriangularmatricesthatwould resultfrom factorizingthecoefficient matrix resultingfrom
the orderingstep;Numerical Factorization, which is the actualfactorizationstepthat performsarithmetic
operationson thecoefficient matrix � to performsarithmeticoperationson thecoefficient matrix � to produce
a lower triangularmatrix ü andan uppertriangularmatrix  ; andSolution of Triangular Systems, which
producesthesolutionvector� by performingforwardandbackwardeliminationsonthetriangularmatricesre-
sultingfrom numericalfactorization.Numericalfactorizationis themosttime-consumingof thesefour phases.
However, in orderto maintainthescalabilityof theentiresolutionprocessandto getaroundsingle-processor
memoryconstraints,theotherthreephasesneedto be parallelizedaswell. We have developedparallelalgo-
rithmsfor theotherphasesthataretailoredto work in conjunctionwith thenumericalfactorizationalgorithm.
In [31], we describean efficient parallelalgorithmfor determiningfill-reducing orderingsfor parallelfactor-
izationof sparsematrices.This algorithm,while performingtheorderingin parallel,alsodistributesthedata
amongthe processorsin way that the remainingstepscanbe carriedout with minimum data-movement. At
the endof the parallelorderingstep,the parallelsymbolicfactorizationalgorithmdescribedin [19] canpro-
ceedwithout any redistribution. In [19, 25], we presentefficient parallelalgorithmsfor solvingtheupperand
lower triangularsystems.Theexperimentalresultsin [19, 25] show that thedatamappingschemedescribed
in Section3 works well for triangularsolutions. We hopethat the work presentedin this paper, alongwith
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[19, 25, 31] will enablethe developmentof efficient practicalparallelsolvers for a broadrangeof scientific
computingproblems.
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