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Relating the nominal and HOAS worlds

Many approaches to formalizing systems with binding structure

Nominal: names, name-abstraction, freshness, U-quantifier
HOAS: A-terms, raising, V-quantifier

Some convergence: Nominal vs higher-order pattern unification
[Cheney 2005, Levy and Villaret 2008]

Difficulties: aProlog vs AProlog

Current work: a translation from aProlog to G~
and from AProlog to G~



aProlog example

Encoding of A-terms
AXAy.xy ~» lam((a)lam({b)app(var(a),var(b))))

Type checking for A-terms

tc(G, var(X), A) :— lookup(X, A, G)
tc(G, app(M, N), B) :— 3A.tc(G, M, arr(A, B)) A tc(G, N, A)
tc(G, lam((x)E), arr(A, B)) :— x#G A tc(bind(x, A, G), E, B)

Nx VG.VE.VAVB.
te(G, lam({x)E), arr(A, B)) :—
x#G A te(bind(x, A, G), E, B)



aProlog basics

Syntax

—.

tuz=al|X|f(f)|(ab)-t|(at
G:=T|pt)|a#t|t~u| GANG |GV G |3X.G|WNa.G
D ::=NavX.[p(f) :— G|

Notions

Swapping: (a b) - ((a)b) = (b)a

Freshness: a#(a)t

a-Equivalence: (a)a~ (b)b

Variable capture: Na.3X.(a)X ~ (b)b has solution X — a



aProlog rules

A— T NVE A A—tru
A = Gy A:>GQAND A = Gj OR
A=— G NG A= GV G
A = Gt/ X] A— G
A — 3x.G XISTS A — Nag EW
A = 7.(GO)
— = BACKCHAIN
A = p(t)

Where N3.¥X.[p(i) :— G] € A and = is a permutation and 6 is
a substitution for X such that f ~ ().



G~ example

Encoding of A\-terms

AXAY.Xy ~» lam (Ax.lam (\y.app (var x) (var y)))

Type checking for \-terms

tc G (var X) A= lookup X A G
tc G (app M N) B2 3Atc GM (arr AB)Atc GN A
tc G (lam \x.E x) (arr A B) £ Vx.tc (bind x A G) (E x) B



G~ basics

Syntax

tuz=x|clal(tu)]  x.t
B,C:=T|pt|t=u|BAC|BvC|3x.B|VzB
D ::=VX.[(VZ.pU) = B

Notions
Equality is A\-conversion: Aa.a = Ab.b, (Ax.t) u = t{u/x]
Capture-avoiding substitution: 3X.Aa.X = Ab.b has no solution.



G rules

=R

— T —t=t

— By — By — B;

=
— By ABs —>B1\/B2\/R

—Blx] _, — Bla/x

— 3Ix.B — Vx.B VR, a ¢ supp(B)

— B9 emr

Where VX.[(VZ.p U) £ B] € D and ¢ is a substitution for Z and
X such that each z;0 is a unique noqminal constant,
supp(X0) N {Z0} = 0, and t = Uf.



A Naive Translation

Problem

Na3X.(a)X ~ (b)b ~~ VadX.\aX=Ab.b

The first has solution X — a, the second has no solution

Solution
Use raising to explicitly encode dependencies:

NadX.(a)X ~ (b)b ~ 3XAaXa=\b.b

Now the second formula has solution X — Ay.y



Freshness

There is no direct analog of a#tin G~
But we can define it:
VE.(Vx.freshx E) £ T

x is quantified inside the scope of E so no substitution for E
can contain the value of x



Translation for terms

d@=a (D) =fa(t)  o(@t)=rat)

¢(Xa)=Xa ¢((ab)-1) = (ab)- (1)

Example
lam((a)lam((b)app(X, (a b) - X)))

od

lam (A\a.lam (Ab.app (X a b) (X b a))))



Translation for goals and clauses

¢z(T)=T
oa(p 1) = Va.p o(1)
¢z (a#t) = Va.fresh ¢(a) ¢(t)
¢z (t = u) = Va.(¢(t) = (v))
03 (G1 A G2) = 93(Gi) A 93(Go)
$5(G1 Vv Gz2) = ¢3(Gi) V ¢3(G2)
¢z (3X.G) = IX.95(G[X &/ X])
¢z (Nb.G) = ¢3,(G)

6 (MaYX [p(D) - Gl) = VX[(Vap 6(to)) 2 6(Go))]
where o = {X3/X | X € X}



Correctness of the translation

Theorem (Soundness)
If A = G then — ¢(G) with the definitions ¢(A)

Theorem (Completeness)
If — ¢(G) with the definitions ¢(A) then A = G



Type checking example

tc(G, var(X), A) :— lookup(X, A, G)
tc(G, app(M, N), B) :— 3A.tc(G, M, arr(A, B)) A tc(G, N, A)
te(G, lam((x)E), arr(A, B)) :— x#G A tc(bind(x, A, G), E, B)

tc G (var X) A= lookup X A G
tcG(app M N)B=3AtcGM (arr AB)AtcGN A
(Vx.tc (Gx) (lam \x.E x) (arr (Ax) (Bx))) =
(Vx.freshx (Gx)) A
(Vx.tc (bind x (Ax) (Gx)) (E x) (Bx))



Simplifications

(Vx.tc (Gx) (lam \x.E x) (arr (Ax) (Bx))) £
(Vx.fresh x (Gx)) A
(Vx.tc (bind x (Ax) (Gx)) (E x) (Bx))

1. Statically solve freshness constraint:
(Vx.tc G (lam M\x.E x) (arr (Ax) (Bx))) =
Vx.tc (bind x (Ax) G) (E x) (Bx)

2. Use subordination to elimination vacuous raisings:
(Vx.tc G (lam \x.E x) (arr AB)) =&
Vx.tc (bind x A G) (Ex) B

3. Remove vacuous Vs:
tc G (lam \x.E x) (arr A B) = Vx.tc (bind x A G) (E x) B



Extending the translation

aProlog allows arbitrary abstraction and swapping:

(ut (ur ) - t

t' ~ (u)yt ~ abstutt

' ~(up )t ~ swapujustt

VE.(Vx.abstx (Ex) (AX.Ex)) &£ T
VE.(Vx,y.swapx y (Exy) (Eyx)) =T
VE.(Vx.swap x x (Ex) (Ex)) =T

(1> ‘<



Going fully higher-order

Encoding of A-terms
AXAY. Xy ~» lam Ax.am \y.app x y

Type checking for A-terms in AProlog

tc(app M N)B:—tc M (arr AB)Atc N A
fc (lam Ax.Rx) (arr AB) :— ¥x.tcx A= tc (Rx) B

Free lemma
If A tc(lam Ax.Rx) (arr AB)and A - fc N Athen
AFtc(RN)B



AProlog in G~

seqLT=2T
seqL(BANC)&2seqLBAseqlL C
seqL(A= B)£=seq(A:L)B
seq L (Vx.Bx) = Vx.seq L (Bx)

(

(

seq L (A) = member A L

=
seq L (A) = 3B.progABAseqlL B
prog (tc (app M N) B)

(
((tcM(arr AB)) A(tc N A) &2 T
(tc
(

prog (tc (lam Ax.R x) (arr A B))
Vx.tcx A= (tc (Rx)B)) &£ T



Future Work

v

Reverse translation [Cheney 2005]

v

Mixing G~ and AProlog specifications

» Reasoning about aProlog via G

v

ldentifying special subclasses of aProlog specifications

v

Unification, specification, reasoning



