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Optimal Motion Strategies for Range-Only
Constrained Multisensor Target Tracking

Ke Zhou, Student Member, IEEE, and Stergios I. Roumeliotis, Member, IEEE

Abstract�In this paper, we study the problem of optimal tra-
jectory generation for a team of mobile sensors tracking a moving
target using distance-only measurements. This problem is shown to
be NP-Hard, in general, when constraints are imposed on the speed
of the sensors. We propose two algorithms, modified Gauss–Seidel
relaxation and linear programming (LP) relaxation, for determin-
ing the set of feasible locations that each sensor should move to in
order to collect the most informative measurements; i.e., distance
measurements that minimize the uncertainty about the position of
the target. These algorithms are applicable regardless of the pro-
cess model that is employed for describing the motion of the target,
while their computational complexity is linear in the number of
sensors. Extensive simulation results are presented demonstrating
that the performance attained with the proposed methods is com-
parable to that obtained with grid-based exhaustive search, whose
computational cost is exponential in the number of sensors, and sig-
ni�cantly better than that of a random, toward the target, motion
strategy.

Index Terms�Active sensing, linear programming (LP) relax-
ation (LPR), mobile sensors, modi�ed Gauss�Seidel relaxation
(MGSR), target tracking.

I. INTRODUCTION

TARGET tracking has recently attracted significant interest
in the research community because of its importance in

a variety of applications such as environmental monitoring [1],
surveillance [2], human–robot interaction [3], as well as defence
applications [4]. In order to obtain increased tracking accuracy
and monitor extensive areas, a large number of sensors are of-
ten utilized for tracking, while communicating over a wireless
sensor network. When multiple nodes obtain measurements of
a target of interest, the acquired data can be processed, either at
a fusion center or in a distributed fashion, in order to estimate
the target’s trajectory.

As an alternative to using static sensors, the deployment of
mobile sensors (i.e., robots) for tracking offers significant ad-
vantages. By providing mobility to the sensors, a larger area can
be covered without the need to increase the number of nodes
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in the sensing network [5]. Additionally, the spatial distribution
of the sensors can change dynamically in order to adapt to the
motion of the target. For example, a team of sensors can actively
pursue a target, to avert the target’s evasion from the sensors’
visibility range [6].

Regardless of the estimation algorithm employed in a given
application, the processing of every new measurement by a net-
worked tracking system incurs a penalty in terms of use of
communication bandwidth and CPU time, as well as in terms of
power consumption. Since these resources are inevitably lim-
ited, it is necessary to devise active sensing algorithms that
guarantee their optimal utilization. Moreover, in many track-
ing applications, the time needed for determining the trajectory
of a target is critically important (e.g., when tracking a hostile
target). Sensors that actively pursue a target and move to loca-
tions where they collect the most informative measurements, can
achieve optimal tracking performance. That is, they can mini-
mize the uncertainty about the position of the target significantly
faster as compared to a random motion strategy.

In this paper, we study the problem of determining optimal
trajectories for a team of sensors that track a moving target
using range (distance) measurements. Since the measurement
model is nonlinear, the locations where distance measurements
are collected have a profound effect on the estimation accuracy.
Consider, for example, the simple case of a single sensor track-
ing a target using distance measurements corrupted by Gaussian
noise [cf. Fig. 1(a) and (b)]. In this scenario, the prior uncer-
tainty for the position of the target Pk+1|k is depicted by the
solid-line 3� ellipse shown in Fig. 1(a). If the sensor remains
still and measures the distance to the target, then based solely
on this measurement, the sensor believes that the target is within
the dotted-line circular ring with probability 99.7%. Combining
the prior estimate with this measurement, the posterior uncer-
tainty Pk+1|k+1 is only slightly reduced [dashed-line ellipse in
Fig. 1(a)]. As evident, by remaining in the same position, the sen-
sor’s measurement provides limited information for the target’s
position along the x-direction. If instead, the sensor moves to a
new location [cf. Fig. 1(b)], then combining this new measure-
ment with the prior estimate will result in significant reduction
of the uncertainty in both directions, but primarily along the
x-axis. The improved confidence in the target-position estimate
after this informative measurement is processed, is depicted by
the small dashed-line ellipse in Fig. 1(b).

In this paper, we extend this intuitive strategy to the case
of one moving target and multiple mobile sensors and deter-
mine the optimal trajectories that the sensors should follow to
minimize the error in the posterior estimate of the position of
the target [7]. Here, optimality is sought with respect to the
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Fig. 1. (a) Suboptimal target tracking: The sensor remains in the same location. (b) Optimal target tracking: The sensor moves to the position that minimizes
the uncertainty for the target’s position along the x-axis. In both plots, the prior uncertainty (3�) is denoted by a solid-line ellipse, the posterior by a dashed-line
ellipse, while the measurement uncertainty is depicted as a circular ring (dotted-line) with center the location of the sensor.

accuracy of the target’s localization, i.e., we seek to minimize
the trace of the covariance matrix of the target’s position esti-
mate. We show that regardless of the target’s motion model, this
optimization problem can be exactly reformulated as that of min-
imizing the norm of the sum of a set of vectors of known length
(cf. Section III). The motion direction of each sensor affects the
direction of the corresponding vector, while the speed of motion
determines the range of possible angles (constraints) for each
vector. We also prove that this optimization problem is indeed
NP-Hard in general (cf. Section IV) and show that minimizing
the trace of the covariance matrix is equivalent to maximizing
the minimum eigenvalue of its inverse (cf. Section III).

Two novel relaxation algorithms, modified Gauss–Seidel
relaxation (MGSR) and linear programming (LP) relaxation
(LPR), are proposed for solving this problem (cf. Section V),
and it is shown through extensive simulation studies that the per-
formance attainable with each of them is comparable to that ob-
tained with a grid-based exhaustive search algorithm. While the
computational complexity of exhaustive search is prohibitively
large (exponential in the number of sensors), both proposed re-
laxation methods have complexity only linear in the number
of sensors, and are thus well suited for real-time implementa-
tions. Additionally, the accuracy achieved by both MGSR and
LPR is significantly better than that obtained when following a
“random” motion strategy (cf. Section VI).

Following a brief review of related literature in Section II,
we present the formulation of the target tracking problem in
Section III. In Section IV, we show that the problem is NP-hard.
We describe two proposed relaxation algorithms in Section V.
Extensive simulation results are presented in Section VI. Finally,
in Section VII, the conclusions of this paper are drawn, and
future research directions are suggested.

II. LITERATURE REVIEW

Target tracking has received considerable attention (e.g., [8],
[9]). In most cases, however, the sensors involved are static
and the emphasis is on the optimal processing of the available

information rather than the placement or repositioning of the
sensors. The idea of choosing sensing locations in order to
maximize information gain (also known as adaptive sensing
or active perception [10]) has been applied to the problems
of cooperative localization [11], simultaneous localization and
mapping (SLAM) [10], parameter detection [12], [13], and op-
timal sensor selection [14]. In particular for single-sensor tar-
get tracking using bearing-only measurements, significant work
has been presented in [15]–[19]. In these cases, the most com-
mon optimization criterion used is the determinant of the Fisher
information matrix (FIM) over a horizon of one or multiple
time-steps.

Due to the key differences in the observation model when
distance, instead of bearing, measurements are used and the
implications on the selection process of the next best sensing
location, we hereafter limit our discussion to single- and multi-
sensor active sensing approaches that use distance and bearing
or distance-only measurements to the target. The latter case is
the main focus of our work.

A. Active Target Tracking—Distance and Bearing
Measurements

Stroupe and Balch [20] propose an approximate tracking be-
havior, where the mobile sensors attempt to minimize the target’s
location uncertainty using distance and bearing measurements.
The objective function is the determinant of the target position
estimates’ covariance matrix. The optimization process in this
case does not consider the set of all possible trajectories. In-
stead, a greedy search is performed over the discretized set of
candidate headings, separately for each sensor. Additionally, the
expected information gain from the teammates’ actions is ap-
proximated by assuming that the other sensors’ measurements
in the next time-step will be the same as these recorded at their
current locations.

Olfati-Saber [21] addresses the problem of distributed target
tracking for mobile sensor networks with a dynamic commu-
nication topology. The author tackles the network connectivity
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issue using a flocking-based mobility model, and presents a
modified version of the distributed Kalman filter algorithm for
estimating the target’s state. In this case, the sensors use both
distance and bearing measurements to a target that moves in 2-D
with constant velocity driven by zero-mean Gaussian noise, and
seek to minimize their distance to the target, while avoiding col-
lisions. The proposed algorithm does not consider positioning
information from previous time-steps.

Chung et al. [22] present a decentralized motion planning
algorithm for solving the multisensor target-tracking problem
using both distance and bearing measurements. The authors
employ the determinant of the target’s position covariance ma-
trix as the cost function. The decentralized control law in this
case is based on the gradient of the cost function with respect
to each of the sensor’s coordinates with constant step-size of 1.
The authors, however, do not account for the speed constraints
on the motion of sensors. In addition, the convergence rate of
the gradient-based method and the existence of local minima
are not considered.

B. Active Target Tracking—Distance-Only Measurements

Contrary to [22], where sensors can transmit/receive in-
formation to/from all their teammates, in [23] they are con-
fined to communicate with one-hop neighbors only. In this
case, distance-only measurements are used, while both the
trace and the determinant of the covariance matrix for the
target’s position estimates are considered as objective func-
tions. The control law, with constant step size, is computed
from the cost function’s gradient with respect to each sen-
sor’s coordinates. As in [22], however, physical constraints
on the motion of the sensors are not accounted for. Further-
more, the impact of the step-size selection on the convergence
of the algorithm and the existence of local minima are not
considered.

In [24], Martı́nez and Bullo address the problem of optimal
sensor placement and motion coordination strategies for mobile
sensor networks using distance-only measurements. In this case,
all the sensors are assumed to be identical (i.e., same level of
accuracy in the distance measurements). The authors consider
the optimal sensor placement for (nonrandom) static target po-
sition estimation. The objective is to maximize the determinant
of the FIM, or equivalently, minimize the determinant of the
covariance matrix. However, the optimization process does not
address the dynamic target case. Instead, the authors argue that
the optimal sensor placement derived for the static target sce-
nario is also expected to have good performance in the dynamic
case. By not considering the prior estimates and assuming a
homogeneous sensor team with no motion constraints, the op-
timal placement of the sensors can be computed analytically.
The resulting control law requires that the sensors move on a
polygon surrounding the static target so as the vectors from
the target to each sensor are uniformly (in terms of direction)
spaced.

The main drawback of the previous approaches is that no
constraints on the speed of the sensors are considered. Fur-
thermore, their impact on the computational complexity of the

Fig. 2. Sensor’s and target’s motion. Each sensor moves in 2-D with speed
vi , which is bounded by vimax . From time-step k to k + 1, the sensor can
only move within a circular region centered at its position at time-step k with
radius r = vimax �t. s i pT is the target’s position with respect to sensor-i. The
distance measurement is the norm of s i pT plus noise.

optimization algorithm used is not examined. The only ex-
ception is the work presented in [20]. In that case, however,
these constraints are used only to define the discretized re-
gion over which the heading of each sensor is optimized in-
dependently (i.e., each sensor determines its next sensing lo-
cation without considering the constraints on the motion of its
teammates).

In this paper, we address the problem of optimal target track-
ing using distance measurements collected from teams of het-
erogeneous sensors. In our formulation, we account for the ex-
istence of prior information, the impact of which can be ap-
preciated from the simple example shown in Fig. 1(a) and (b).
Furthermore, we consider constraints on the speed of the sensors
and prove that their inclusion makes the problem NP-Hard.

III. PROBLEM FORMULATION

Consider a group of mobile sensors (or robots) moving in a
plane and tracking the position of a moving target by processing
distance measurements. In this paper, we study the case of global
tracking, i.e., the position of the target is determined with respect
to a fixed (global) frame of reference, instead of a relative group-
centered one. Hence, we hereafter employ the assumption that
the global position and orientation (pose) of each of the tracking
sensors are known with high accuracy (e.g., from GPS and
compass measurements).

Furthermore, we consider the case where each sensor can
move in 2-D with speed vi , which is upper bounded by vimax ,
i = 1, . . . ,M , where M is the number of sensors. Therefore, at
time-step k + 1, sensor-i can only move within a circular region
centered at its position at time-step k with radius r = vimax�t
(cf. Fig. 2), where �t is the time-step. Note also that since the
motion of the target can be reliably predicted for the next time-
step only, our objective is to determine the next best sensing
locations for all sensors at every time-step.

In the next two sections, we present the target’s state propa-
gation equations and the sensors’ measurement model.
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A. State Propagation

In this paper, we employ the extended Kalman filter (EKF) for
recursively estimating the target’s state, xT (k). This is defined
as a vector of dimension 2N , where N is the highest order time
derivative of the position described by the motion model, and can
include components such as position, velocity, and acceleration:

xT (k) = [xT (k) yT (k) �xT (k) �yT (k) ¤xT (k) ¤yT (k) . . .]T .
(1)

We consider the case that the target moves randomly, and
assume that we know the stochastic model describing the motion
of the target (e.g., constant acceleration or constant velocity,
etc). However, as it will become evident later on, neither of
our sensing strategies depends on the particular selection of the
target’s motion model.

The discrete-time state propagation equation is

xT (k + 1) = �kxT (k) + Gkwd(k) (2)

where wd is a zero-mean white Gaussian noise process with
covariance Qd = E[wd(k)wT

d (k)].
The estimate of the target’s state is propagated by1

�xT (k + 1|k) = �k �xT (k|k) (3)

where �xT (�|j) is the state estimate at time-step �, after mea-
surements up to time-step j have been processed.

The error-state covariance matrix is propagated as

Pk+1|k = �kPk |k�T
k + GkQdGT

k

where P�|j is the covariance of the error, �xT (�|j), in the state
estimate. The state transition matrix, �k , and the process noise
Jacobian, Gk , that appear in the preceding expressions depend
on the motion model used [25]. In our paper, these can be
arbitrary matrices since no assumptions on their properties are
imposed.

B. Measurement Model

At time-step k + 1, each sensor of the team measures its
distance to the target, as shown in Fig. 2, and therefore, the
measurement equation is

z(k + 1) =

�

��

d1(k + 1)
...

dM (k + 1)

�

��+

�

��

n1(k + 1)
...

nM (k + 1)

�

��

= d(k + 1) + n(k + 1) (4)

with (for i = 1, . . . , M )

di(k + 1) =
�

si pT (k + 1)T s ipT (k + 1)

=
�

(pT (k+1)�pi(k+1))T(pT (k+1)�pi(k+1))

=
�

(xT (k+1)�xi(k+1))2+(yT (k+1)�yi(k+1))2

1In the remainder of the paper, the “hat” symbol � is used to denote the
estimated value of a quantity, while the “tilde” symbol � is used to signify the
error between the actual value of a quantity and its estimate. The relationship
between a variable x and its estimate �x is �x = x � �x.

where si pT (k + 1) is the position of the target with re-
spect to sensor-i, and pT (k + 1) = [xT (k + 1) yT (k + 1)]T ,
pi(k + 1) = [xi(k + 1) yi(k + 1)]T are the positions of the tar-
get and the sensor, respectively, expressed in the global frame
of reference. Note also that ni(k + 1) is the noise in the ith
sensor’s distance measurement, which is a zero-mean white
Gaussian process, independent of the noise in other sensors,
with variance E[ni(k + 1)nj (k + 1)] = �2

i �ij , where �ij is the
Kronecker delta.

The measurement equation (4) is a nonlinear function of the
state variables. The measurement-error equation obtained by
linearizing (4) is

�z(k + 1|k) = z(k + 1) � �z(k + 1|k)

� Hk+1 �xT (k + 1|k) + n(k + 1) (5)

where

�z(k + 1|k) = [ �d1(k + 1|k) . . . �dM (k + 1|k)]T

�di(k + 1|k) =
�
	�x

2
T i(k + 1|k) + 	�y

2
T i(k + 1|k)

	�xT i(k + 1|k) = �xT (k + 1|k) � xi(k + 1)

	�yT i(k + 1|k) = �yT (k + 1|k) � yi(k + 1)

�xT (k + 1|k) = xT (k + 1) � �xT (k + 1|k).

Note that the measurement matrix in (5) has a block column
structure, which is given by the following expression:

Hk+1 = [He,k+1 0M ×(2N �2) ] (6)

where 2N is the dimension of the state vector, and

HT
e,k+1 =


 cos �1(k + 1) . . . cos �M (k + 1)
sin �1(k + 1) . . . sin �M (k + 1)

�
(7)

cos �i(k + 1) =
	�xT i(k + 1|k)

�di(k + 1|k)
(8)

sin �i(k + 1) =
	�yT i(k + 1|k)

�di(k + 1|k)
. (9)

The angle �i that appears in the preceding equations represents
the bearing angle of sensor-i toward the estimated position of
the target, expressed in global coordinates (cf. Fig. 3).

C. State and Covariance Update

Once the distance measurements, z(k + 1), from all the sen-
sors are available, the target’s state estimate and its covariance
are updated as

�xT (k + 1|k + 1) = �xT (k + 1|k) + Kk+1�z(k + 1|k)

Pk+1|k+1 = Pk+1|k � Kk+1Sk+1KT
k+1 (10)

where Kk+1 = Pk+1|kHT
k+1S

�1
k+1 is the Kalman gain, Sk+1 =

Hk+1Pk+1|kHT
k+1 + R is the measurement residual covariance,

and R = diag(�2
i ) is the measurement noise covariance.
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Fig. 3. Geometric interpretation of the bearing angle constraints: Since the
speed vi (k) of each sensor is bounded by vimax , the bearing angle �i (k + 1)
is constrained in the interval [�imin (k + 1), �imax (k + 1)].

Our objective in this paper is to determine the active sensing
strategy that minimizes the uncertainty for the position estimate
of the target. In order to account for the impact of the prior
state estimates on the motion of the sensors, we first prove the
following lemma.

Lemma 1: The posterior (updated) covariance for the target’s
position estimate depends on: 1) the prior (propagated) covari-
ance submatrix of the target’s position (i.e., it is independent of
the uncertainty in the estimates of higher order time derivatives
of the position such as velocity, acceleration, etc, and hence, it is
independent of the target’s motion model) and 2) the measure-
ment information matrix corresponding to the target’s position,
i.e.,

Pk+1|k+1,11 =
�


Pk+1|k,11
��1 + HT

e,k+1R
�1He,k+1

��1
.

(11)
Proof: The covariance matrices appearing in (11) are defined

based on the following partition:

P�|j =

�
P�|j,11 P�|j,12

PT
�|j,12 P�|j,22

�

(12)

where the 2 × 2 matrix P�|j,11 denotes the covariance for the
target’s position estimate, �pT = [�xT �yT ]T , at time-step � given
measurements up to time-step j.

Employing the matrix inversion lemma, the covariance update
equation, [cf. (10)] can be written as

P �1
k+1|k+1 = P �1

k+1|k + HT
k+1R

�1Hk+1 . (13)

Note that if the state vector contains only the position of the
target, then (11) is identical to (13).

In the general case, when the state vector also contains higher
order time derivatives of the position (e.g., velocity, acceleration,
etc.), substituting

P �1
k+1|k =


A11 A12

AT
12 A22

�
(14)

and

HT
k+1R

�1Hk+1 =

HT

e,k+1R
�1He,k+1 02×(2N �2)

0(2N �2)×2 0(2N �2)×(2N �2)

�

on the right-hand side of (13) yields

Pk+1|k+1 =

�
A11 + HT

e,k+1R
�1He,k+1 A12

AT
12 A22

��1

. (15)

Employing the properties of the Schur complement [26] for the
inversion of a partitioned matrix, in (15) and (14), we obtain

Pk+1|k+1,11 =


A11 + HT

e,k+1R
�1He,k+1 � A12A�1

22 AT
12
��1

=
�


Pk+1|k,11
��1 + HT

e,k+1R
�1He,k+1

��1
.

�
The importance of this lemma is that both optimization al-

gorithms presented in Section V can be derived based on (11)
for the position covariance update—instead of (10) or (13) for
the whole state covariance update—regardless of the stochastic
process model employed for describing the target’s motion.

In the next section, we formulate the sensors’ one-step-ahead
optimal motion strategy as a constrained optimization problem
and show that it can be exactly reformulated as that of minimiz-
ing the norm of the sum of a set of vectors of known length with
constraints imposed on their directions.

D. Problem Statement and Reformulation

As evident from (7)–(9) and (11), after each update step,
the target’s position covariance matrix will depend on all the
next sensors’ positions pi(k + 1) = [xi(k + 1) yi(k + 1)]T ,
i = 1, . . . ,M . Assuming that at time-step k, sensor-i is at loca-
tion pi(k) = [xi(k) yi(k)]T and moves with speed vi(k), at
time-step k + 1, its position will be

xi(k + 1) = xi(k) + vi(k)�t cos �i(k) (16)

yi(k + 1) = yi(k) + vi(k)�t sin�i(k) (17)

where �i(k) � [0, 2�) is the heading direction of the sensor.
We thus see that given the current sensor positions, pi(k), the
covariance for the target’s position estimate after the update [cf.
(11)] is a function of the sensors’ speeds, vi(k), and motion
directions �i(k).

The problem we address in this paper is that of determin-
ing the sensors’ optimal motion strategy, i.e., the set C(k) =
{(vi(k), �i(k)) , i = 1, . . . ,M}, that minimizes the trace of the
target’s position estimate covariance matrix. Based on the fol-
lowing lemma, we first show that minimizing the trace of the
(posterior) covariance matrix requires optimization with respect
to the bearing directions of the sensors toward the estimated
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position of the target, while the speed of each sensor only af-
fects the constraints imposed on this problem.

Lemma 2: The following two optimization problems are
equivalent.

� Optimization Problem 1 (�1):

minimize
�1 (k),...,�M (k),v1 (k),...,vM (k)

tr(Pk+1|k+1,11)

s.t. 0 � vi(k) � vimax �i = 1, . . . ,M.

� Optimization Problem 2 (�2):

minimize
�1 (k+1),...,�M (k+1)

tr(Pk+1|k+1,11) (18)

s.t. |�i(k + 1) � ��
i(k)| � �imax(k) �i = 1, . . . , M

with2

�imax(k) = arcsin

�
vimax�t
�d�
i(k)

�

(19)

�d�
i(k) =

�
(�xT (k+1|k)�xi(k))2+(�yT (k + 1|k) � yi(k))2

(20)

��
i(k) = Atan2(�yT (k+1|k)�yi(k), �xT (k+1|k) � xi(k))

(21)

where (cf. Fig. 3) �d�
i(k) and ��

i(k) are the distance and bearing
angle from the current location of sensor-i, pi(k), to the next
(predicted) position of the target �pT (k + 1|k).

Proof: Since the measurement matrix He,k+1 [cf. (7)], and
hence, the posterior covariance matrix [cf. (11)], has an explicit
form in terms of the bearing angles, �i(k + 1), toward the es-
timated target position, minimizing the trace of the covariance
matrix can be performed using the �i(k + 1), i = 1, . . . ,M ,
as the optimization variables, instead of the heading direc-
tion, �i(k), or speed, vi(k), of each sensor. Note, however,
that although the variables {�1(k), . . . , �M (k)} are uncon-
strained, the bearing angles, {�1(k + 1), . . . , �M (k + 1)}, are
constrained by the fact that the speed, vi(k), of each sensor, is
bounded by vimax . Our objective here is to determine the con-
straints on the new optimization variables �i(k + 1) and reveal
their relation to vimax .

Consider the geometry of this problem shown in Fig. 3. At
time-step k, sensor-i is located at pi(k) = [xi(k) yi(k)]T and
predicts, based on the motion model [cf. (3)], that the target
will move to �pT (k + 1|k) = [�xT (k + 1|k) �yT (k + 1|k)]T .
Assume that sensor-i moves with speed vi and reaches a point
pi(k + 1) = [xi(k + 1) yi(k + 1)]T located on a circle of ra-
dius r = vi�t, centered at its previous position pi(k) (cf. Fig. 3,
for vi = vimax ), which does not include the target. From point
E (i.e., the target’s estimated location at time-step k + 1), we
draw two lines tangent to the circle where sensor-i will move to.
The tangent points A and B correspond to the extreme values of
the bearing angle that define the constraints on �i(k + 1), i.e.,

2Note that if �d�
i (k) < vimax �t, then �i (k + 1) � [0, 2�), i.e., no constraint

is imposed on the bearing angle to the target. We hereafter consider the most
challenging case, when all bearing angles are constrained.

�imin(k + 1) � �i(k + 1) � �imax(k + 1), with

�imin(k + 1) = ��
i(k) � �i(k) (22)

�imax(k + 1) = ��
i(k) + �i(k) (23)

�i(k) = arcsin

�
vi(k)�t
�d�
i(k)

�

(24)

where (24) results from the sine relation in the right triangle
ADE, while (22) is derived from the relation for the external
to the triangle ACE angle ��

i(k) (note that (23) can be easily
derived in a similar manner from the geometry of the problem).

Since the inverse-sine function [cf. (24)] is monotonically in-
creasing within the interval of concern (0 < �i(k) < �/2), the
angle �i(k) is maximized when r = rimax , which corresponds
to vi = vimax for sensors moving with bounded speed. For
�i(k) = �imax(k) [cf. (19)], the range of values of the bearing
angles �i(k + 1) is maximized (i.e., the constraints on the bear-
ing angles are most relaxed), which leads to a smaller or equal
minimum value for the objective function (covariance trace)
compared to when �i(k) < �imax(k). Therefore, the speeds of
all sensors are set to their maximum values and optimization is
performed with respect to the bearing angles �i(k + 1) within
the constraints defined by (22) and (23). �

Corollary 1: Given the optimal bearing angle �i(k + 1), the
optimal heading directions, �i(k) and ��

i(k), of sensor-i (cf.
Fig. 3) are computed from the following relations:

�i(k) = �i(k + 1) + �i(k) (25)

��
i(k) = �i(k + 1) + � � �i(k) (26)

where

�i(k) = arcsin
�

(�yT (k + 1|k) � yi(k))cos �i(k + 1)
vi(k)�t

�
(�xT (k + 1|k) � xi(k))sin �i(k + 1)

vi(k)�t

�
. (27)

Among these two equivalent solutions, sensor-i should choose
the one that brings it closer to the target so as to increase the
probability of redetection later on.

Proof: The proof is described in [27]. �
At this point, we should note that the preceding analysis is not

limited to the case of sensors moving with constant speed dur-
ing each time-step. In fact, Lemma 2 can be directly applied to
any higher order sensor motion model. For example, if a second-
order model with bounded acceleration ai(k) � aimax was used
to describe the sensors’ motion, then maximizing �i(k), or
equivalently r = vi(k)�t + (1/2)ai(k)�t2 , would require that
the sensors move with maximum acceleration.

From here on, we turn our attention to determining the op-
timal bearing angles to the estimated target position given the
constraints of Lemma 2. Before showing the final result of this
section, we first prove the following properties for the objective
function of the optimization problem.
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